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Frantová M. Štemberk P. (#293): Analysis of deflection of reinforced concrete elements after
demoulding . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 295
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Havelka J. Kučerová A. Sýkora J. (#249): Computationally efficient algorithms for evaluation

of statistical descriptors . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 377
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Chabičovský M. Raudenský M. Hnı́zdil M. (#52): Influence of water temperature on heat

transfer coefficient in spray cooling of steel surfaces . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 499

Chalupa M. Vlach R. (#72): Simulation of vehicle track dynamic loading . . . . . . . . . . . . . . . . . . . . . 507
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Karásek M. Preumont A. (#322): Simulation of flight control of a hummingbird like robot near

hover . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 607
Karczmarzyk S. (#313): Comparative acoustic analysis of plane double-wall and multilayered

sandwich baffles . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 621
Kharlamova I. S. Vlasák P. (#20): Dependence of saltation parameters on bed roughness and

bed porosity . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 625
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properties of nanotextiles on PLGA base - tensile strength . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 793
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Lukerchenko N. Kvurt Yu. Chára Z. Vlasák P. (#306): Collision of a rotating spherical particle

with flat wall in liquid . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 835
Lukeš V. Rohan E. (#179): Computational homogenization of acoustic problem in perforated

plates . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 843
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Pospı́šilová A. Lepš M. Rypl D. Patzák B. (#219): Shape optimization by particle swarm
algorithm utilizing isogeometric analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1061

Prochazka P. (#198): BEM shape optimization of a hole in composite for minimum lagrangian . . 1073
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Šestáková L. (#344): Mixed-mode higher-order terms coefficients estimated using the
over-deterministic method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1301
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Wünsche M. Hračov S. Pospı́šil S. Urushadze S. (#75): Cyclic loading of masonry walls and its

anti seismic strengthening . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1565
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musical singer’s voice based on MRI and acoustic measurements . . . . . . . . . . . . . . . . . . . . . . . . . . . 1087
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Adámek V. Valeš F. Červ J. (#147): Comparison of two possible approaches to inverse Laplace

transform applied to wave problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25
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Kruis J. Polák M. Koudelka T. Plachý T. (#297): Eigenvibration of road bridges: measurement

and numerical analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 775
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Michálek T. Zelenka J. (#193): Dynamic behaviour of locomotive with axle-mounted traction

motors . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 879
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Pečı́nka L. Švrček M. (#168): Vibrations of the slender rod induced by the turbulence in the
coolant flow . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 979
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Zeman V. Hlaváč Z. (#19): Kinematical excited vibration of the nuclear fuel assembly . . . . . . . . . . 1597
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Tesař V. (#73): Enigma of submerged fence skin friction sensor . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1381
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Brzobohatý T. Vlach O. Dostál Z. (#216): On effective implementation of the non-penetration

condition for non-matching grids preserving scalability of FETI based algorithms . . . . . . . . . . . . 159
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APPLICATION OF CHAOTIC DYNAMICS  
IN NATURAL AND TECHNICAL SCIENCES 

C. Kratochvíl*, P. Švéda, M. Hortel**, A. Škuderová, M. Houfek 

Abstract:  During the entire 20th century there was a gradual transformation of scientific research, 
which has produced in science and technology especially in the extraordinary interest in complex 
dynamic systems. They are non-linear systems, operating environments and the irreversible complexity in 
their name means they have complex structures, relations and interactions (often of different physical 
nature). It turned out that an inherent attribute of these complex systems and chaos (deterministic and 
stochastic). The article will focus on some aspects of the manifestations of chaos, its spread, as well as 
identification, suppression and control. We will mention also other important phenomena - the possible 
emergence of a new order out of chaos. 

Keywords:  Dynamical systems, bifurcation, chaotic attractors. 

1.      Introduction 

Our objects of interest are dynamic systems, describing changes in their status over time. There is a 
vector situated in the state space, describing system’s state in arbitrary point on timeline. Dynamical 
systems describe the system of nonlinear differential equations. Changes in the system are determined 
by the solution of these equations and their waveforms are displayed as trajectories in state space. 

The emergence of chaos in these systems can lead to extreme amplification of certain disorders. 
Systems also function as a filter, some disturbances intensify, suppress others. These failure processes 
are initially linear, but with increasing time nonlinearities are manifested precisely which systems to 
bring unstable chaotic state due to their sensitivity to character disorders, sensitivity to changes in 
initial conditions, or even change some system parameters. The result is the unpredictability of their 
future behavior. However, this orderability and identifiability can then emerge a new order, following 
the signs of chaos and conflict of chaos and order. And that is becoming one of the major themes of 
chaos in the current study of scientific knowledge not only in technology and natural sciences but also 
in other fields (economics, philosophy, etc.).   

2.      Open dynamical systems  

According to Prigogine (1998) isolated the dynamical systems (in which no exchange of energy with 
the surroundings) usually evolve to chaos, i.e. towards disorder. Their future is only in the direction of 
entropy increase to its maximum. The increase in entropy becomes “indicator for the development of 
systems” in a figurative sense “arrow of time” - unless we admit, “... that time here is forgetting the 
initial conditions, growth and development of the uniformity towards disorder” (Heczko 2003). 
Current systems are systems to exchange energy, matter and information with others. They are open 
systems that evolve from simple to complex, from less organized structures to structures more 
structured. In other words, from the systems’ structures “indistinguishable” to so-called “better 
organized”. A certain level of complexity of the system is also subject to certain internal irreversibility 
of the processes inside the system and raises the volatility and instability. And the volatility and 
instability may be a source of new order and new order, and can create a “new order from chaos” 
(Ordo ab Chaos). 
������������������������������������������������������������
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It is in this context to define the term deterministic chaos, which is self-conceived team 
deterministic nonlinear open systems, where due to extreme sensitivity to initial conditions, failure (or 
some system parameters) leads to unpredictable behavior and the possible emergence of chaos (locally 
unstable and globally stable). Chaos often plays a creative role; as a result synergic effect leads to a 
certain self-regulation of systems. The result is that the structurally distributed energy entirely 
concentrated on certain symptoms - strange or chaotic tractors, representing the final states of the 
system.   

3.      The chaos is characterized by 

- The chaotic structure is characterized by alternating states of irregular instability and dissipativity. 
These irregularities are the essence of the transition of different types of generators of chaos; 

- Images show typical Poincare “infinitely” structured point set, consisting of clusters of points with 
relatively smooth transitions; 

- In view of the phase plane (or in the state space), we see tractors strange (strange attractors), which 
are globally bounded but locally unstable display of complex non-periodic oscillations; 

- Tin phase plane is often encountered with the distribution of state trajectories around more centers 
(usually two), symmetrically spaced around the origin; 

- Frequency spectra of chaotic signals represent a significant set of isolated frequencies, among which 
are “dense areas” of local noise. 

4.      Conclusions 

Here we mention “only” about some aspects of chaos. The paper will discuss the other factors, 
characterizing chaos: in particular the role of bifurcations that characterize extremely unstable states of 
open systems. Bifurcation can occur both due to external (accidental?) Effect and increase the 
influence of disorder in the system. We will mention the classification of chaos, his identity, get 
acquainted with the important class of chaotic attractors derived from Chu electronic circuits and we 
will reflect on ways to limit and control the chaos. 

Questions unpredictable behavior of chaotic systems and the possibility of a new order will also be 
the subject of our discussion. Recall “just finding” a startling workers dealing with chaos. Chaotic 
systems can be put into an unstable state of external intervention, but it subsides after the systems 
“self” will return to its original condition. If cease interference occurs for systems to “break the 
original set of rules” and “restructuring”. For the system will apply the new rules, although built on the 
basis of the original, but adapted to new circumstances. What does this mean? Chaotic systems are 
capable of spontaneous and independent of any outside influence self-organization!   

The history of human knowledge continues to move toward discovering new patterns. However, 
each new law and the notion that it occurs, has a limited scope and duration. There is no reason to 
believe that the current instruments - differential equations - are still the best tool. I answer the 
question whether our world is deterministic or random chaotic is in fact uncertain. The answer is 
“only” that the world exists, evolves, and we observe it, and we are part of it. Our ideas about it - 
models can be deterministic or chaotic - but they are only approximate models (Pokorný, 2008). 
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TWO-SCALE MODELLING OF STRONGLY HETEROGENEOUS
CONTINUA USING THE HOMOGENIZATION APPROACH

E. Rohan∗ R. Cimrman∗∗ V. Lukeš∗ ∗ ∗

Abstract: The notion of strong heterogeneity is considered in the sense of material scaling: the idea is to
study mathematical models where the coefficients of the partial differential equations associated with one
of the material phases depend on the characteristic size ε of the microstructure. This modeling ansatz is
justified to represent high contrasts in material properties of different components; it was applied to study
wave propagation in two-phase elastic composites with “weak” inclusions, where elasticity is scaled by ε2,
or to describe poroelastic behaviour in double-porous media, where permeability of the second porosity is
proportional ε2. Perforated structures can be handled using similar mathematical tools. For homogeniza-
tion of thin structures the scaling is related to the thickness, which leads to reduced spatial dimension of
the problem. This paper summarizes some models developed using the homogenization approach; namely
applications in modelling elastic waves, acoustic transmission and fluid flow in porous media are discussed.

Keywords: homogenization, composites, wave propagation, porous media, perfusion

1. Introduction

In the context of material modeling, the notion of homogenization is related usually to some approximate
treatment of heterogeneous continua designed as mixtures of different constituents. The differences con-
cern just values of the material parameters, or they are more substantial – for instance mixtures of fluid
and solid components are considered. In the mechanical community, the homogenization is often under-
stood in the sense of various averaging techniques based on definition of the RVE, the reference volume
element. The RVE (small enough, but also sufficiently large) is subject to special loadings and the struc-
tural responses allow to compute the effective parameters characterizing the material behaviour. Apart
of this averaging technique, there is the Eshelby theory which can describe behaviour of composites with
elliptic inclusions which do not affect each other, being sparsely distributed at long distances.

The homogenization we have in mind is based on the asymptotic analysis of partial differential equa-
tions describing the continuum behaviour, whereby the small parameter describing the “microstructure
size” influences space variation of the equation coefficients. We focus on problems characterized by
strong heterogeneities — large contrasts in material coefficients; it is shown how the large contrast pro-
nounced by its relationship with the scale may lead to “limit behaviour” which is qualitatively completely
different from the one characterizing the original constituents.

Nowadays there exist several methods which allow one to obtain a model of homogenized continuum,
i.e. by studying asymptotic behaviour of partial differential equations (PDEs) which governs a given
problem characterized by the scale ε. The periodic unfolding which has been introduced and employed
within the homogenization community recently, Cioranescu et al. (2008a), is relatively easy to use for
linear, or quasi-linear problems. It presents a powerful tool for homogenization of locally periodic media
even for those who have merely a little training in functional analysis.

Challenges and limitations. The asymptotic analysis of heterogeneous media provides a modeling
tool which enables to retain important features of the structure (or microstructure) while reducing com-
plexity of the problem in its primary setting. Periodically distributed structural details inducing some
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fluctuations of the physical fields can be condensed into the homogenized coefficients of the limit macro-
scopic (i.e. homogenized) model. Its numerical discretization leads to a computationally tractable prob-
lem which can be solved much cheaper than the original problem discretized with enormously large
numbers of degrees of freedom, such that a huge computational power would be required to obtain a
solution. Obviously, the benefits of “simplified” models obtained by homogenization is even more chal-
lenging when inverse problems are treated, like optimal design of the material structure.

However, the homogenized models describe the asymptotic behaviour, so that the limit behaviour
is just an approximation of the reality which corresponds to a given scale ε0 > 0. Apparently, the
approximation becomes more accurate with decreasing ε0, i.e. when the macroscopic structure involves
more and more repeating microstructural periods.

Once the global response is known, having solved the macroscopic problem, the detail fluctuating
response at the microscopic level can be computed for a given macroscopic position x. This procedure
is often called the microscopic response recovery and is based on the corrector functions. They are
obtained by combining the macroscopic solution at x with the local corrector basis functions. Thus, also
the gradients of the quantity of interest can be obtained, like strains, stresses, or seepage velocities in
porous media.

Models with scale-dependent parameters, like models of large contrast composites as an example,
may amplify some special effects when passing to the limit with ε→ 0. For instance, limit model of the
high contrast elasticity medium exhibits the dispersive behaviour, although the standard composites lead
to a nondispersive medium which, in the limit, is characterized by the homogenized elasticity and by the
mean-value of the density. In contrast, the ε2-scaling of the elasticity coefficients in one of the composite
constituents results in a frequency-dependent homogenized mass coefficients, hence the wave dispersion
is obtained even in the limit ε→ 0.

It is worth to note that the standard homogenized model of composites preserve the homogeneous
medium when all the constituents are identical, i.e. homogenization of a homogeneous material results
in the same material. This is not possible, in principle, for a heterogeneous medium with scale-dependent
parameters which, providing a strong heterogeneity, does not allow to obtain any standard homogeneous
medium in the limit.

The main issues discussed in the paper are the following:

• Homogenization applied in wave propagation problems. Only solid composite materials are
considered here, although an extension for fluid saturated media has been addressed by Mielke and
Rohan (2012). The main focus is in the phononic materials (“band-gap materials”), characterized
by large heterogeneity in the elasticity coefficients, and in the acoustic transmission on perforated
interfaces immersed in the acoustic fluid. Extensions to electromagnetic waves and piezoelectric
composites were treated also Leugering et al. (2010).

• Homogenization of fluid-saturated porous materials (FSPM) with double porosity. It is shown
how different topologies of the microstructure with respect to double porosity lead to qualita-
tively different models. An extension for large-deforming media was proposed, which is based on
linearized subproblems. Finally, homogenization of the fluid perfusion in layered double-porous
medium is described. These topics have applications in modeling the tissue perfusion and in mod-
eling bone poroelasticity.

2. Wave propagation and dispersion in heterogeneous media

In the context of the homogenization method, waves in solid composites and solid-fluid mixtures have
been discussed e.g. in Sanchez-Palencia (1980). The classical treatment of elastic waves leads to van-
ishing wave dispersion in the limit ε→ 0, however, the approach reported by Ávila et al. (2008); Rohan
et al. (2009); Rohan and Miara (2009, 2011) allows to retain the dispersion properties even in the limit;
this is possible due to the strong heterogeneity – large contrast in the elasticity coefficients and the special
scaling ansatz of these coefficients. Besides the elastic composites, some other topics related to wave
propagation were considered, namely those related to piezo-materials and acoustic waves on a perforated
interface.
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Combinations of all these topics are natural and challenging in the view of modeling smart systems
transmitting waves:

• Piezo-phononic materials form a quite natural extension of the purely elastic phononic materials,
they provide even more flexibility in designing smart devices, due to possible interplay between
the electric field and deformations. The homogenization issues were discussed in Rohan and Miara
(2006b, 2009); Cimrman and Rohan (2010).

• It is desirable to extend the acoustic transmission conditions for compliant perforated plates, when
the plate elasticity cannot be neglected. Moreover, the surface acoustic waves propagating along
the interface may interfere with the plate structure – the plate can be constructed as a phononic,
or piezo-phononic material, so that band gaps of the plate can influence qualitatively the acoustic
transmission in the surrounding medium.

• For homogenization of the electromagnetic waves, analogical methods and modeling approaches
are applied, as those introduced in the study of elastic waves. Moreover, in combination with
piezoelectric materials, coupling between acoustic and electromagnetic waves is a relevant issue.

2.1. Phononic materials

The phononic materials (crystals) are multi-phasic (bi-phasic) elastic media with periodic structure and
with large contrasts in elasticity of the phases. Often they are called the phononic band-gap materials
due to their essential property to suppress propagation of elastic waves in certain frequency ranges. The
phononic crystals are used in modern technologies to generate frequency filters, beam splitters, sound or
vibration protection devices (for noise reduction), or they may serve as waveguides. Similar phenomena
in the propagation of the electromagnetic field were studied even before in the context of the photonic
crystals.

The method of homogenization provides a useful modeling tool which allows for prediction of the
band gap distribution for stationary or long guided waves. The “standard computational approach” based
on a full heterogeneous model requires to evaluate the whole Brillouin zone for the dispersion diagram
reconstruction; as the consequence, it leads to a killing computational complexity. On the other hand,
the homogenized model captures the essential features of the phononic material and may serve a good
approximation of the band-gap prediction, while keeping the computational complexity at a very low
level. As an advantage, the homogenized model can be employed in inverse problems like optimal
design of phononic structures.

Periodic strongly heterogeneous material We consider an open bounded domain Ω ⊂ R3 and the
reference (unit) cell Y =]0, 1[3 with an embedded inclusion Y2 ⊂ Y , whereby the matrix part is Y1 =
Y \ Y2. Let us note, that Y may be defined more generally as a parallelepiped. Using the reference cell
we generate the decomposition of Ω into the union of inclusions and the matrix. Inclusions have the size
∼ ε,

Ωε
2 = inter

⋃
k∈Kε

ε(Y2 + k) , where Kε = {k ∈ Z| ε(k + Y2) ⊂ Ω} , (1)

whereas the perforated matrix is Ωε
1 = Ω \ Ωε

2.

We assume that inclusions are occupied by a “very soft material” in the sense that the coefficients
of the elasticity tensor in the inclusions are significantly smaller than those of the matrix compartment,
however the material density is comparable in both the compartments. Such structures exhibit remarkable
band gaps; this was proved by both experiments and modeling. Here, as an important feature of the
modeling based on asymptotic analysis, the ε2 scaling of elasticity coefficients in the inclusions appears;
the following ansatz is considered:

ρε(x) =

{
ρ1 in Ωε

1,
ρ2 in Ωε

2,
cεijkl(x) =

{
c1ijkl in Ωε

1,

ε2c2ijkl in Ωε
2.

(2)

In analogy, the PZ phononic materials can be treated.
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Modeling the stationary waves We consider stationary wave propagation in the medium introduced
above. Although the problem can be treated for a general case of boundary conditions, for simplicity we
restrict the model to the description of clamped structures loaded by volume forces. We assume harmonic
single-frequency volume forces F(x, t) = f(x)eiωt, where f = (fi), i = 1, 2, 3 is its local amplitude and
ω is the frequency. Correspondingly, a dispersive displacement field with the local magnitude uε has the
form Uε(x, ω, t) = uε(x, ω)eiωt. This allows us to study the steady periodic response of the medium, as
characterized by displacement field uε which satisfies the following boundary value problem:

−ω2ρεuε − divσε = ρεf in Ω,

uε = 0 on ∂Ω,
(3)

where the stress tensor σε = (σε
ij) is expressed in terms of the linearized strain tensor eε = (eεij) by the

Hooke’s law σε
ij = cεijklekl(u

ε).

Homogenized model Due to the strong heterogeneity in the elastic coefficients, the homogenized
model exhibits dispersive behaviour; this phenomenon cannot be observed when standard two-scale ho-
mogenization procedure is applied to a medium without scale-dependent material parameters. In Ávila
et al. (2008) the unfolding operator method of homogenization (Cioranescu et al., 2008a) was applied
with the strong heterogeneity ansatz (2) and in Rohan and Miara (2006b) the analogous result was ob-
tained for the piezoelectric material with the strong heterogeneity scaling.

The resulting limit equations, as derived in Ávila et al. (2008), describe the structure behaviour at
the “macroscopic”scale. They involve the homogenized coefficients which depend on the characteristic
responses at the “microscopic” scale.

The frequency–dependent homogenized mass involved in the macroscopic momentum equation is
expressed in terms of eigenelements (λr,ϕr) ∈ R×H1

0(Y2), r = 1, 2, . . . of the elastic spectral problem
which is imposed in inclusion Y2 with ϕr = 0 on ∂Y2:∫

Y2

c2ijkle
y
kl(ϕ

r) eyij(v) = λr

∫
Y2

ρ2ϕr · v ∀v ∈ H1
0(Y2) ,

∫
Y2

ρ2ϕr ·ϕs = δrs . (4)

To simplify the notation we introduce the eigenmomentum mr = (mr
i ),

mr =

∫
Y2

ρ2ϕr. (5)

The effective mass of the homogenized medium is represented by mass tensor M∗ = (M∗
ij), which is

evaluated as

M∗
ij(ω

2) =
1

|Y |

∫
Y
ρδij −

1

|Y |
∑
r≥1

ω2

ω2 − λr
mr

im
r
j ; (6)

The elasticity coefficients are computed just using the same formula as for the perforated matrix
domain, thus being independent of the material in inclusions:

C∗
ijkl =

1

|Y |

∫
Y1

cpqrse
y
rs(w

kl +Πkl)epq(wij +Πij) , (7)

where Πkl = (Πkl
i ) = (ylδik) and wkl ∈ H1

#(Y1) are the corrector functions satisfying∫
Y1

cpqrse
y
rs(w

kl +Πkl)eypq(v) = 0 ∀v ∈ H1
#(Y1) . (8)

Above H1
#(Y1) is the restriction of H1(Y1) to the Y-periodic functions (periodicity w.r.t. the homologous

points on the opposit edges of ∂Y ).
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The homogenized equation of the “macromodel”, here presented in its differential form, describes
the macroscopic displacement field u:

ω2M∗
ij(ω)uj +

∂

∂xj
C∗
ijklekl(u) = M∗

ij(ω)fj , (9)

where M∗
ij at the r.h.s. loading term appears due to the volume forces in (3) proportional to the density.

Using this equation, the dispersion of guided waves can be studied, see Rohan et al. (2009). Het-
erogeneous structures with finite scale of heterogeneities exhibit the frequency band gaps for certain
frequency bands. In the homogeneized medium, waves can be propagated provided the mass tensor
M∗(ω) is positive definite, or positive semidefinite; this effect is explained below.

We can derive a homogenized model analogous to (9) also for the piezoelectric phononic (piezo-
phononic) materials with “soft inclusions”, i.e. the scaling (2) is adopted also for parameters of dielec-
tricity, dij , and piezoelectric coupling, gkij . In this case, however, the spectral problem analogous to
(4) comprises an additional constraint arising from electric charge conservation, see Rohan and Miara
(2006b); Cimrman and Rohan (2010) for details.

Band gap prediction As the main advantage of the homogenized model (9), by analyzing the de-
pendence ω → M∗(ω) one can determine distribution of the band gaps; it was proved in Ávila et al.
(2008), cf. Rohan et al. (2009) that there exist frequency intervals Gk, k = 1, 2, . . . such that for
ω ∈ Gk ⊂]λk, λk+1[ at least one eigenvalue of tensor M∗

ij(ω) is negative. Those intervals where all
eigenvalues γM of M∗

ij are negative are called strong, or full band gaps. In the latter case the negative
sign of the mass changes the hyperbolic type of the wave equation to the elliptic one, therefore, no waves
can propagate. In the “weak” bad gap situation only waves with certain polarization can propagate, as
explained below.

The band gaps can be classified w.r.t. the waves polarization which is determined in terms of the
eigenvectors of M∗

ij(ω). Given a frequency ω, there are three cases to be distinguished according to the
signs of eigenvalues γrM (ω), r = 1, 2, 3 (in 3D), determining the “positivity, or negativity” of the mass:

1. propagation zone – All eigenvalues of M∗
ij(ω) are positive: then homogenized model (9) admits

wave propagation without any restriction of the wave polarization;

2. strong band gap – All eigenvalues of M∗
ij(ω) are negative: then homogenized model (9) does not

admit any wave propagation;

3. weak band gap – Tensor M∗
ij(ω) is indefinite, i.e. there is at least one negative and one positive

eigenvalue: then propagation is possible only for waves polarized in a manifold determined by
eigenvectors associated with positive eigenvalues. In this case the notion of wave propagation has
a local character, since the “desired wave polarization” may depend locally on the position in Ω.

In Fig. 1 we introduce a graphical illustration of the band gaps analyzed for an L-shaped inclusions.
If inclusions (considered in 2D) are symmetric w.r.t. more than 1 axis of symmetry, than only strong
band gaps exist. More details on the band gap properties and their relationship to the dispersion of
guided waves were discussed in Rohan et al. (2009).

Piezo-electric (PZ) materials. Homogenization of a standard PZ heterogeneous medium leads to the
effective constitutive law of the standard form, whereby the effective material parameters are computed
for a specific microstructure. However, in Rohan and Miara (2006a) we show that combination of two
standard PZ materials can lead to a new material with unusual and interesting properties (new non-zero
entry in the coupling tensor) — this is the key for designing the so-called metamaterials, cf. Rohan and
Miara (2009); Leugering et al. (2010). The PZ materials with large contrasts (respected by scaling in
analogy with (2)) in all PZ coefficients were considered in homogenization of phononic materials, see
Rohan and Miara (2006b); Cimrman and Rohan (2010). It is worth noting that for HZ the above men-
tioned statements on the structural symmetry do not hold because of the material anisotropy; typically
only the weak band gaps exist (Cimrman and Rohan, 2010).

Rohan E. Cimrman R. Lukeš V. 9



Fig. 1: Left: weak band gaps (white) and strong band gaps (yellow) computed for an elastic composite
with L-shaped inclusions, the green bands are propagation zones (the solid and dashed curves describe
eigenvalues of M∗(ω)); Right: the first eigenmode of the L-shaped clamped elastic inclusion.

2.2. Acoustic wave transmission on perforated interfaces

Homogenization can be employed to develop approximate models of various transmission and transport
phenomena on thin interfaces characterized by a “microstructure” (Cioranescu et al., 2008b). In Rohan
and Lukeš (2010b) the homogenization is applied to approximate the acoustic transmission between two
halfspaces separated by an interface formed as a solid (rigid) plate perforated periodically by holes of
arbitrary shapes, so that the two halfspaces are connected. We consider the acoustic medium occupying
domain ΩG which is subdivided by perforated plane Γ0 in two disjoint subdomains Ω+ and Ω−, so
that ΩG = Ω+ ∪ Ω− ∪ Γ0. Denoting by p the acoustic pressure field in Ω+ ∪ Ω−, in a case of no
convection flow, the acoustic waves in ΩG are described by the following equations (ω is the frequency
of the incident wave related to wave number k through the speed of sound propagation c = ω/k),

c2∇2p+ ω2p = 0 in Ω− ∪ Ω+ ,

+ boundary conditions on ∂ΩG ,
(10)

supplemented by transmission conditions on interface Γ0. In Rohan and Lukeš (2010b) such conditions
were obtained by the two-scale homogenization of a layer with an immersed sieve-like obstacle. In
Figure 2 we illustrate such a layer Ωδ = Γ0×]−δ/2, δ/2[⊂ R3 embedded in ΩG = Ω+

δ ∪Ω+
δ ∪Ωδ ∪Γ±

δ .
The acoustic medium occupies domain Ωε

δ = Ωδ \ Sε
δ , where Sε

δ is the solid rigid obstacle which in a
simple layout has a form of the periodically perforated slab. However, the aim of the study by Rohan
and Lukeš (2010b) was to obtain transmission conditions which describe quite general shape of periodic
perforations.

To derive the transmission conditions, the acoustic waves in the layer were subject to asymptotic
analysis w.r.t. size of the perforation ε which is related to the thickness δ = hε, where h > 0 is fixed.
The acoustic potential pεδ satisfies the Helmholtz equation in Ωε

δ

c2∇2pεδ + ω2pεδ = 0 in Ωε
δ ,

c2
∂pεδ

∂nδ
= −iωgεδ± on Γ±

δ ,

∂pεδ

∂nδ
= 0 on ∂Sε

δ ∪ ∂Ω∞
δ ,

(11)

where by nδ we denote the normal vector outward to Ωδ. Assuming convergence of the interface fluxes
(velocities) gεδ → g0 (in a sence), by homogenization ε → 0, convergence of pεδ → p0 is obtained and
(11) transforms into the following equations involving homogenized coefficients A,B, F and the layer
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Fig. 2: Left: global problem imposed in entire domain ΩG before homogenization of the layer Ωδ. Right:
representative cell of the periodic structure. The dark patterns represent the obstacles in the fluid.

porosity f∗,

−∂α(Aαβ∂βp
0) + ω2f∗p0 − iω∂α(Bαg

0) = 0 on Γ0 ,

−iωhBβ∂βp
0 + ω2Fg0 = −iω 1

ε0
[p]+− on Γ0 ,

Aαβ∂βp
0 = 0 on ∂Γ0 ,

(12)

where [p]+−/ε0 is the jump of p relative to the “real” layer thickness hε0 > 0 and is evaluated on Γ0

by the acoustic potential field p in ΩG. To compute A,B, F , microscopic problems have to be solved
in the reference microscopic cell Y ∗ = Y \ S, where domain S represents the obstacle generating the
perforation, see Fig. 2 (right).

For the “global problem” (10), the transmission conditions are presented in an implicit form by
equations (12): they couple [p]+− with normal derivatives ∂p/∂n+ = −∂p/∂n− = −iωg0, whereby p0

describing the “in-layer” wave serves as an internal variable of the model. Out of resonances, p0 vanishes
when (Bβ) = 0, see Fig. 3, Amic #1.

To illustrate influence of the perforation design on the global acoustic response in domain ΩG, in
Fig. 3 the transmission losses for a waveguide fitted with two different perforations on Γ0 is depicted.

3. Fluid saturated porous media (FSPM) with dual porosity

The models of fluid saturated porous media (FSPM) which we have in mind are relevant to the scale
where individual fluid-filled pores are not distinguishable, so that at any point of the bulk material both
the solid and fluid phases are present, being distributed according to the volume fractions, cf. Coussy
(2004); de Boer (2000). The phenomenological description was developed by M. Biot (Biot, 1955); his
model is considered here as a basis for modeling media with large contrasts in the hydraulic permeability
coefficients, thus, presenting the strong heterogeneity. Such a modeling option is related to the notion
of the double porosity (Auriault and Boutin, 1992; Arbogast et al., 1990) which introduces yet another
scale with even smaller characteristic size than the one characterizing the “microscopic level”.

Two important phenomena can be noticed when homogenizing the FSPM:

• In high contrast media, in general, the topology of the microstructure decomposition influences
qualitatively the homogenization result.

• When evolutionary models are homogenized, the fading memory effect of the homogenized con-
stitutive laws arise from the fluid microflow governed by the Darcy law.

Rohan E. Cimrman R. Lukeš V. 11
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Fig. 3: Left: Transmission losses for three perforation types, #1,#2#3; comparison of solutions obtained
for the homogenized transmission conditions (dashed line) with the corresponding direct approxima-
tion of the perforated domains (solid line). Right: Spatial distribution of the acoustic potential in the
macroscopic domain.

3.1. Biot model and double porosity

The Biot model involves three essential constitutive laws: 1) the relationship between the drained solid
skeleton “macroscopic” deformation e(t, x), the fluid pressure in pores p(t, x) and the total stress σ(t, x),
2) the relationship between the variation of the fluid content, skeleton (macroscopic) deformation, and
the fluid pressure, 3) the Darcy law relating the seepage velocity, w(t, x), with “dynamic fluid pressure”,
i.e. the static part p(t, x) and the fluid inertia part. In the DISSERTATION , only quasistatic problems are
studied so that the following form of the equations is relevant:

−∇ · (IDe(u)) +∇ · (αp) = f ,

K−1w +∇p = 0 ,

α : e(u̇) +∇ · w +
1

μ
ṗ = 0 ,

(13)

where ID is the elasticity tensor associated to the drained skeleton, K is the hydraulic permeability (spe-
cific to a given fluid), α is the poroelastic stress coefficient and μ is the Biot modulus which depends
on compressibility of the solid skeleton and fluid. Obviously, the three field formulation can be reduced
to the two field formulation by eliminating w. Further reduction of the model is possible when both the
phases are incompressible, i.e. when 1/μ→ 0 and α→ I.

Double porosity and permeability scaling The double porous media are frequent in nature. Besides
various fissured rocks, the dual porosity is presented by the canalicular network of the so-called matrix
constituting the structure of cortical bone tissue, see Fig. 5, Rohan et al. (2012).

In the dual porosity, the permeability coefficient is proportional to ε2, where ε is the dimensionless
scale parameter. In Fig. 4, the dual porosity is represented by an array of“horizontal” channels of the
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Fig. 4: Left: schematic illustration of the osteon double porous structure. Right: a scheme explaining
the permeability δ2-dependence due to the velocity profile in an array of canals. The total perfused area
S is perforated by canals with total cross-section Tδ (bottom), each canal has the cross-section πρ2δ2;
the square periodic cell is shown (middle) as well as the velocity profile in one canal. (top).

canalicular porosity. It can be shown, Rohan et al. (2012) that if the ratio between the macro-, meso- and
micro- scales is the same, i.e. δ ∼ ε, the scale dependent permeability is ∼ ε2, so that the seepage in the
dual porosity is given by wε = −ε2Kν∇p, where Kν is disproportional to the fluid viscosity.

3.2. Homogenization of FSPM with application in biomechanics

The theory of FSPM has been developed in adherence to applications in civil engineering, oil industry,
mining and rock mechanics. Also the tissue biomechanics presents a new challenging field of applica-
tions, due to large complexity of processes and interactions undergoing in living tissues.

In contrast with soils, rocks and materials used in civil engineering, the biological materials exhibit
much larger organization of their structure. To illustrate the difference, one can consider seepage and
consolidation in moist soils, on one hand, and the sophisticated system of heart muscle perfusion, on the
other hand. In both these cases, the material contains the solid and liquid phases, however, the structure
of pores is very different.

There are several problems in the tissue biomechanics were homogenization with the dual porosity
ansatz can be employed as a convenient modelling tool.

• The smooth muscle tissue model (Rohan, 2006b) is based on the large deforming FSPM with
locally periodic structure. The representative cell contains the fluid-filled inclusion representing
the muscle cell. The cytoskeleton is approximated very roughly as a truss with prestretch corre-
sponding to the cell contraction. The extracellular space (the matrix) represents the dual porosity,
whereby fluid can flow between the matrix and the cell due permeability of the cell surface. Al-
though from the physiological point of view this model is naive, it contains some important fea-
tures and can serve as a basis for further model improvements and investigations of the mechanical
interactions related to various regimes of tissue contraction.

• The compact bone poroelasticity model (Rohan et al., 2012; Rohan and Cimrman, 2011) describes
interactions between deformation of the bone tissue and induced flow in the double-porous struc-
ture consisting of the Havers-Volkmann channels (the primary porosity) and the canaliculi (the
dual porosity). This model is being developed to understand how the flow in the canaliculi pop-
ulated by mechano-sensitive bone cells depends on the macroscopic load, since this phenomenon
influences significantly the bone tissue growth and remodeling.

• The model describing blood perfusion in deforming tissue (Rohan, 2006a; Rohan and Cimrman,
2010; Rohan and Lukeš, 2010a) is relevant to the lower levels of the “perfusion tree”. The two
systems of channels characterize the arterial and venous sectors which exchange the fluid (bood)
through the matrix representing the dual porosity. The model has been extended for the large
deformation using the linearization based on the updated Lagrangian formulation.

• The model of blood perfusion in “layered tissues” (Rohan, 2010) is an attempt to cope with
branching organization of the perfusion tree. The tissue periodicity is confined to two directions
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Ym

Yc

Fig. 5: Left: a micrograph of the osteon porosity arranged in cylindrical geometry. The Haversian
canals form the center of each osteon bounded by the cement line. The osteon matrix is penetrated by
canalicular porous network arranged almost radially with respect to the osteon axis. (The color image
provided by courtesy of Zbyněk Tonar.) Right: microstructure decomposition w.r.t. the dual porosity:
dark pink: Ωc, light pink: Ωm, and the representative periodic cell Y decomposition.

associated with the layer mean-surface, whereas there is no periodicity in the transversal direction.
Thus, the tissue volume in 3D can be decomposed into several layers and the homogenization
provides several 2D coupled problems, one per each layer.

Two compartment topology of the microstructure The two compartment topology of the microstruc-
ture is convenient for modeling bone tissue. Its structure is formed by Haversian and Volkmann channels
(the primary porosity) and by porous matrix perforated by canaliculi (the dual porosity).

For finite scale ε > 0 domain Ω ⊂ R3 is decomposed into two principal nonoverlapping parts, the
channels Ωε

c and the matrix Ωε
m, so that Ω = Ωε

m ∪ Ωε
c ∪ Γε

mc, Γ
ε
mc = Ωε

m ∩ Ωε
c is the channel-matrix

interface. Domain Ω is generated as a periodic lattice using a representative periodic cell Y = Yc∪Ym∪Γ,
see Fig. 5 (right), where Yc generating Ωε

c represent the channels of the primary porosity separated from
the matrix Ym = Y \ Yc by interface Γ.

The model of the homogenized bone tissue is obtained using the Biot model (13). Following the
double-porosity ansatz, the permeability Kε is scaled by ε2 in the dual porosity represented by Ym,
namely using the unfolding operator Tε(Kε(x)) = ε2χm(y)Km(y) + χc(y)Kc(y) with y ∈ Y , x ∈ Ω,
where χd, d = m, c is the characteristic function of domain Yd.

The homogenized equations involve stationary and non-stationary homogenized coefficients which
serve as convolution kernels and, thus, are responsible for the fading memory effects. These effects are
induced by microflows in the dual porosity, due to the fluid-structure interaction at the microscopic level.

In order to compute the homogenized coefficients, microscopic problems must be solved, so that the
characteristic responses of the computational cell Y are obtained, see Fig. 6.

All details upon derivation of the homogenized equations can be found in Rohan et al. (2012). The
macroscopic problem can be presented in the weak form: for a.a. t ∈]0, T [ find couple (u(t, ·), p(t, ·)) ∈
V × H1(Ω) (V ⊂ H1(Ω) is determined by kinematic boundary conditions) with initial condition
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Fig. 6: Characteristic response in the reference cell Y – illustration of corrector basis functions (left)
and anisotropy of the permeability in the dual porosity (right).

p(0, ·) = 0, such that∫
Ω
Eijklekl(u)eij(v) +

∫
Ω

∫ t

0
Hijkl(t− τ)ekl(

d

d τ
u(τ)) dτ eij(v)

−
∫
Ω
(Bij + Pij(0)) p eij(v)−

∫
Ω

∫ t

0

d

d t
Pij(t− τ)p(τ) dτ eij(v) =

∫
∂σΩ

g · v dΓ ,

∫
Ω
(Bij + Pij(0)) eij(

d

d t
u) q +

∫
Ω

∫ t

0

d

d t
Pij(t− τ)eij(

d

d τ
u(τ)) dτ q

+

∫
Ω
Cij∂jp∂iq +

∫
Ω
qM d

d t
p+

∫
Ω
q

∫ t

0
N (t− τ)

d

d τ
p(τ) dτ = 0 ,

(14)

for all v ∈ V0 and q ∈ H1(Ω).

Model (14) was implemented numerically, details on the FE discretization and evaluation of the
convolution integrals can be found in Rohan and Cimrman (2011).

Three compartment topology In perfused tissues the three compartments correspond to two systems
of channels (the arterial and venous sectors) separated by the matrix representing the tissue penetrated
by capillaries which form the dual porosity.

In analogy with the two-compartment model, for finite scale ε > 0 domain Ω ⊂ R3 is decomposed
into three principal nonoverlapping parts, the channels Ωε

α, α = 1, 2 and the matrix Ωε
3, so that Ω =⋃

i=1,2,3Ω
ε
i∪Γε

23∪Γε
13, where Γε

α3 are the channel-matrix interfaces. The reference cell Y is decomposed
accordingly: the channels are represented by Y1 and Y2 which are mutually disjoint, i.e. Y1 ∩ Y2 = ∅,
being separated by Y3 = Y \⋃α=1,2 Yα. Obviously, domain Ωε

3 is connected.

The homogenization procedure (Rohan, 2006a; Rohan and Cimrman, 2010) is applied to the Biot
model (13) with the incompressibility constraints, which yields α = 0 and 1/μ = 0. By virtue of the
double-porosity ansatz, the permeability Kε is scaled by ε2 in the dual porosity represented by Y3, so that
using the unfolding operator Tε

(
Kε

ij(x)
)
= ε2χ3(y)K

3
ij(y) +

∑
α=1,2 χα(y)K

α
ij(y), y ∈ Y , x ∈ Ω.

As the result of the homogenization, a two-scale system of equations is obtained. Using the Laplace
transformation, the two-scale problem is decoupled: the local microscopic problems are solved in refer-
ence cell Y to obtain the characteristic responses. Consequently, the homogenized coefficients involved
in the macroscopic problem can be evaluated using corrector basis functions, see Rohan and Cimrman
(2010): quantities.

• Eijkl is the elasticity tensor. It expresses the overall elasticity (stiffness) of the dried porous skele-
ton represented by domain Y , thus, including both the porosities.

• Hijkl(t) is the viscosity tensor related to the macroscopic creep and relaxation phenomena; it
expresses the microflow (perfusion) in the dual porosity Y3.
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������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������

������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������

�Y

�Y

�Y
�Γ

�Γ
Ω

Fig. 7: Left: a three-compartment periodic structure, Right: the scheme of the microstructure decompo-
sition.

• R1
ij(t) and P̄1

ij are the poroelastic coefficients which reflect two phenomena: the elasticity of the
dried skeleton in Y and permeability of the dual porosity.

• G̃+(t) and G∗ are the perfusion coefficients which control the amount of the fluid exchange between
sectors Y1 and Y2.

• Cαij is the homogenized permeability of the primary porosity in Yα.

The macroscopic perfusion model describes parallel flows through the two channel systems in de-
forming medium. The macroscopic displacement field, u0(t, ·) ∈ V ⊂ H1(Ω), and the two macro-
scopic pressures, p1(t, ·), p2(t, ·) ∈ H1

0 (Ω) satisfy the equilibrium equation (compare with the two-
compartment model (14))∫

Ω

[
Eijklexkl(u0(t, ·)) +

∫ t

0
Hijkl(t− τ)

d

d τ
exkl(u(τ, ·)) dτ

]
exij(v)

−
∫
Ω
exij(v)

∫ t

0
R̃1

ij(t− τ)[p1(τ, ·)− p2(τ, ·)] dτ

−
∑
α=1,2

∫
Ω

[ |Yα|
|Y | δij + P̄

α
ij

]
pα(t, ·) exij(v) =

∫
∂σΩ

g · v dS ∀v ∈ V0 ,

(15)

and the two balance-of-mass equations for α, β = 1, 2, β �= α∫
Ω
Cαij ∂x

j pα(t, ·) ∂x
i q +

∫
Ω
q G∗ d

d t
(pα(t, ·)− pβ(t, ·))

+

∫
Ω
q

∫ t

0
G̃+(t− τ)

d

d τ
(pα(τ, ·)− pβ(τ, ·)) dτ

+

∫
Ω
q

∫ t

0
R̃α

ij(t− τ)
d

d τ
exij(u

0(τ, ·)) dτ

+

∫
Ω
q

[ |Yα|
|Y | δij + P̄

α
ij

]
d

d t
exij(u

0(t, ·)) = 0 , ∀q ∈ H1
0 (Ω) ,

(16)

which govern the fluid flows in the two channels and its redistribution between them. The terms involving
the pressure difference pα − pβ reveal the amount of perfused fluid; while coefficient G∗ is related
to transition effects, the perfusion in a steady state is determined by the convolution term involving
G̃+(t− τ), since G̃+(+∞) > 0.

The three-compartment two-scale model was implemented in the SfePy FE code (Cimrman and et al.,
2011). As an example, in Fig. 8 the pressure and perfusion velocities are displayed for a deforming block
of tissue with microstructure similar to that of Fig. 7, right.
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Fig. 8: Deformed perfused block: macroscopic pressures p1 and p2 displayed by color map at time
tA = 60 s, (a), (c) and tB = 80 s, (b), (d), the associated perfusion velocities are indicated by arrows.
Deformation enlarged for visualization. (Computed by R. Cimrman, 2009)

3.3. Homogenization of perfusion in thin layers

Homogenization can be adapted also for structures where the periodicity is restricted to directions within
a given plane, as pointed out in Section 2.2..

In paper Rohan (2010) we derived a homogenized model of the Darcy flow in a thin porous non-
deformable layer comprising 3 compartments. The reference periodic cell is composed of the matrix rep-
resenting the dual porosity and of two mutually disconnected channels representing the primary porosity.
The resulting model describes macroscopic redistribution of the fluid in the plane to which the thin layer
is reduced. Due to the 3D-to-2D reduction and the two-scale decomposition it leads to computationally
feasible problem which is now implemented in our in-house developed code Sfepy, Cimrman and et al.
(2011).

One of the promising applications of the model is the blood perfusion in the brain tissue, see Fig. 9
(left). Although a detailed morphological study is not completed yet, the following assumptions, however
simplifying, seem to be relevant:

• change of the microstructure with the depth in the tissue (the radial direction), as indicated by two
layers,

• repeated patterns of the microstructure with respect to the tangential direction, so that the periodic
“artificial” lattice can be introduced.

Difficulties in modeling the blood perfusion are inherited form the structure of the vascular system
which forms vascular trees. An “ideal perfusion tree” can be decomposed into several levels (hierarchies)
which can be associated with layers (generated by curved “mean” surfaces); in each of them the vascular
network can be approximated by a (locally) periodic structures, where the “plane periodicity” is related
to the tangent planes of the generating surface. This simplified view of the real complex system give rise
to the idea of decomposing a 3D volume into N layers with a given periodic structure, see Fig. 9 (right),
so that the homogenization procedure can be applied.

Problem formulation Homogenization of the Darcy flow in a heterogeneous layer with double poros-
ity was described in Rohan (2010). In Fig. 9 (right) the layer is depicted schematically: Layer Ωδ =
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Fig. 9: Left: Representative periodic cell of the layer containing two systems channels. Right: The three
compartment heterogeneous layer and the domain and boundary decomposition of the reference periodic
cell Y .

Γ0×] − δ/2, +δ/2[ has thickness δ > 0, whereby Γ0 ⊂ R2 forms the mean surface. On the “upper”
and “lower” boundaries Γδ+ and Γδ−, the fluid exchange with the outer space is controlled by Neumann
conditions defined in terms of fluxes gε± ∈ L2(Γ±). Domain Ωδ consists of three disjoint sectors, the
matrix Ωεδ

M and the two channels Ωεδ
A , Ωεδ

B , which are generated as periodic lattices (with period ε). The
double porosity in the matrix Ωεδ

M is introduced using the standard scaling ansatz for the permeability, as
described in preceding sections.

In order to obtain a limit (homogenized) problem, the perfusion fluxes g±ε must be scaled properly
with respect to ε: we assume that the fluxes through the matrix interface Γ±ε

M are of the order ε, whereas
fluxes of the channel inlets and outlets are of the order 1. Moreover, local net sources of channels A
and B must be specified. For this we introduce Gε

D(x
′), x′ ∈ Γ0, with D = A,B, to describe the fluid

volume increase per one period ε in the channel compartment D, and assume Gε
D ∼ ε, i.e. the local

source produced in the channel A, or B due to external inlets/outlets is proportional to the thickness
δ = hε of the layer.

3.4. Macroscopic equation for single layer

The homogenized problem for pressures pA and pB , associated with the channels A and B, describes 2D
parallel flows, in homogenized layer Γ0 ⊂ R2. Each channel system forms a connected domain (so, we
assume at least a small co-lateralization of vessels in the perfusion tree). Two coupled “macroscopic”
equations (one for A and one for B) involve the homogenized coefficients: permeabilities (Kαβ)

A,B of
the channels, the transmission G and drainage (Sα)A,B,k (for channel branches k ∈ JD) coefficients.
They govern the fluid redistribution between the two channel systems A and B: for A we have the
following equation which is coupled with the similar equation for channel B (i.e. the role of indices
A and B is exchanged):

− ∂

∂xα

⎡⎣KA
αβ

∂

∂xβ
pA +

∑
k∈JA

SA,k
α g̃kA

⎤⎦+ G
(
pA − pB

)
= chAḠA −FA+ĝ+ −FA−ĝ− ,

where FA+/−, chA are constants (the summation w.r.t. repeated indices α, β applies). Fluxes ĝ+/−, ḠD

and g̃kD, k ∈ JD, D = A,B are given, such that the solvability conditions hold. The term G
(
pA − pB

)
,

evaluated at point x ∈ Γ0, expresses the amount of fluid (blood) perfused through the matrix (the dual
porosity) between sectors A and B. The details are reported in Rohan (2010).

3.5. Model of N-coupled layers

We consider N layers; in each the perfusion is described by the homogenized model involving macro-
scopic pressures. Flows between the layers are respected by coupling conditions. In the simplest case, we
assume perfect-matching microscopic cells of two attached layers, so that, at the microscopic level, the
pressures at the “channel junctions” must equal and the fluxes must be opposite. Analogous conditions
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pA, flux −KA · ∇pA pB , flux −KB · ∇pB

Fig. 10: Solutions of the macroscopic problem: macroscopic pressures and fluxes in Γ0.

element 1 element 200

Fig. 11: Perfusion reconstruction at the microscopic level — pressure pM (x′, ·) and perfusion velocities
wM (x′, ·) in matrix, as evaluated at two different macroscopic points (elements).

express coupling for the pressures and fluxes at the interface in the dual porosity. This approach allows us
to approximate the hierarchical structure of the perfusion tree: in each layer the periodic microstructure
can be different.

Numerical illustration The homogenized single layer model is implemented in code SfePy , material
coefficients involved in (3.4.) are evaluated for the microstructure of the 3D periodic cell including two
channels, see Fig. 9, left. The macroscopic problem is solved for given external fluxes: two “macro-
scopic” pressures pA, pB in Γ0 are illustrated in Fig. 10, whereby the local amount of the perfused fluid
is given by G(pA−pB). Once the macroscopic pressures are computed, at any point of Γ0, the fluid pres-
sures and perfusion fluxes can be reconstructed at the microscopic level, see an illustration in Fig. 11.

4. Conclusion

The purpose of the paper was to show various applications of the modelling approach based on homog-
enization of locally periodic structures with strong heterogeneities. The upscaling procedure consists
in asymptotic analysis of partial differential equations (PDE) with oscillating coefficients. The strong
heterogeneities are represented by scale-dependent coefficients, like elasticity in modelling the phononic
materials, or permeability in modelling fluid saturated double porous media. From the mathematical
point of view, sequencies of problems parameterized by the heterogeneity scale ε are considered and their
limit solutions for ε→ 0 are to be computed. In linear problems, as considered here, the limit model de-
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scribing behaviour of the homogenized medium is represented by macroscopic equations which involve
constant material coefficients; these can be computed independently of the macroscopic response us-
ing characteristic local (microscopic) responses – solutions of autonomous PDEs defined at microscopic
level.

The homogenization approach provides computationally efficient schemes for the multi-scale mod-
eling. Once the macroscopic response is obtained, the “microscopic” responses can be reconstructed
using the characteristic local responses. There is a remarkable difference with respect to the standard
homogenization in using such schemes: while in a standard case the homogenization result is really in-
dependent of the heterogeneity scale, in the “large contrast” case the real material coefficients are defined
for a given scale ε0 > 0. This means that the limit model must be interpreted by an extrapolation for the
scale ε > 0; for this so-called corrector result is used.

There are many important issues closely related to the topic discussed in this paper. An extension of
the homogenization approach for nonlinear problems is cumbersome; apart of the nonlinear techniques
based on the Γ-convergence we proposed a linearization approach based on an incremental formulation
and an updating scheme for locally periodic microstructures. Another issue of interest is presented by
the multi-level (i.e. reiterated) homogenization which allows for modelling heterogeneities at different
scales.
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COMPARISON OF TWO POSSIBLE APPROACHES TO INVERSE
LAPLACE TRANSFORM APPLIED TO WAVE PROBLEMS

V. Adámek*, F. Valeš **, J. Červ ***

Abstract: This paper concerns the investigation of non-stationary wave phenomena in a thin elastic disc
under radial impact by means of analytical methods. When the method of integral transforms is used for
solving the system of PDEs describing a wave problem solved, one has to overcome the problem of inverse
transform. This work focuses on two possible approaches to the inverse Laplace transform. Using the
existing analytical solution of the problem, the classic method making use of the residue theorem and the
method based on the numerical inverse Laplace transform are compared. Advantages and disadvantages
of both approaches, mainly from computational point of view, are discussed and demonstrated.

Keywords: thin disc, radial impact, non-stationary wave problem, analytical solution, inverse Laplace
transform.

1. Introduction

The utilization of analytical methods by the investigation of stationary and non-stationary wave prob-
lems in solids brings one significant benefit - the possibility of detailed insight into physical phenomena
occurred. This main advantage of this approach can be then used for further analyses related for instance
to dispersion and attenuation behaviour, to conditions under which specific types of waves can propagate
etc. Consequently, the results of such analyses can be utilized for solving of forward or inverse problems
of real components, equipments and structures. On the other hand, it is clear that the application of
analytical methods is considerably limited by geometry and material properties of solids studied and by
initial and boundary conditions assumed.

The application of Fourier method (separation of variables) in combination with appropriate integral
transform represents a classic method for solving the system of PDEs describing a wave problem solved
(Graff (1975)). In such cases, the inverse integral transform is one of the primary tasks of the process of
analytical solution evaluation. Laplace transform represents one of the most used transform in time do-
main. There exist two possible approaches to its inversion, analytical and numerical. The first mentioned
methods are based on the exact evaluation of Bromwich integral defining the inverse Laplace transform
(ILT). This is usually done by the help of Cauchy’s residue theorem (see Achenbach (1975)). The use
of residue theorem is quite limited, usually to problems of elastic solids, e.g. the existence of branch
points in problems of viscoelastic solids makes the inverse process much more complicated. On the
other hand, the second mentioned methods making use of the numerical evaluation of Bromwich integral
are more general and can be applied to more complicated problems. There exist more than one hun-
dred algorithms for numerical inverse Laplace transform (NILT), from simple ones (see Duffy (2004)) to
more sophisticated procedures which usually include sequence accelerators to improve the convergence
of numerical process (see Cohen (2007)). The main disadvantage of NILT methods lies in the fact that
they distort exact analytical solution. The utilization of modern Computer Algebra Systems (CASs), like
Maple, Mathematica etc., which enable to perform difficult symbolic manipulations and multi-precision
computations, is one of the possibilities how to overcome this problem.
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The main aim of this work is to show the possibility of application of selected NILT algorithm to a
specific wave problem without the lost of analytical results accuracy and to demonstrate its robustness
and efficiency. In particular, the problem of an elastic thin disc under radial impact is chosen for this
purpose. The exact analytical solution, which can be found in Brepta and Červ (1978), is derived in
detail in Červ (1974). The exact analytical formulae for displacement components and other mechanical
quantities are derived by the help of residue theorem in the last-mentioned work.

2. Analytical solution of chosen wave problem

In this section we will formulate the wave problem used for the testing of analytical and numerical
approach to ILT at first. Then a brief description of technique used in Červ (1974) for the derivation of
analytical solution will be given and resulting formulae for displacement components transforms will be
presented.

2.1. Problem formulation, governing equations

Let us assume a thin elastic disc of constant thickness, of finite radius r1 and of homogeneous isotropic
material properties described by Young modulus E and Poisson’s ratio ν. This disc is loaded in radial
direction by a uniformly distributed pressure of amplitude σ0 acting on a part of its rim defined by the
angle 2α0 (see Fig. 1). The time history of applied load is described by Heaviside function in time so it
invokes non-stationary wave phenomena in the disc studied. Introducing the polar coordinates r and ϕ
as depicted in Fig. 1 and taking into account previous description, the external load can be expressed as

σr(r, ϕ, t)|r=r1
=

{
σ0H(t) for ϕ ∈ 〈−α0, α0〉,
0 otherwise. (1)

The hyperbolic system of PDEs representing equations of motion of the disc can be derived from
momentum conservation formulated for a disc element and using appropriate constitutive and strain-
displacement relations. It consists of two coupled PDEs for unknown functions of radial ur(r, ϕ, t)
and circumferential uϕ(r, ϕ, t) displacement components (see Červ (1974)). Introducing the well known
relation between shear modulus G and parameters E and ν which holds under the assumption of material
isotropy, it is useful to rewrite the original system of equations to a system for new unknown functions
of dilatation Δd(r, ϕ, t) and rotation ωz(r, ϕ, t) of the form

∂2ur
∂t2

= c3
2 ∂Δd

∂r
− 2c2

2

r

∂ωz

∂ϕ
,

∂2uϕ
∂t2

=
c3

2

r

∂Δd

∂ϕ
+ 2c2

2 ∂ωz

∂r
, (2)

where Δd(r, ϕ, t) and ωz(r, ϕ, t) are defined by formulae

Δd =
∂ur
∂r

+
1

r

(
ur +

∂uϕ
∂ϕ

)
, ωz =

1

2

[
∂uϕ
∂r

+
1

r

(
uϕ −

∂ur
∂ϕ

)]
. (3)

Fig. 1: The geometry of solved problem
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Constants c2 and c3 correspond to the velocity of equivoluminal (shear) waves and to the velocity of
dilatational waves in two-dimensional continuum, respectively (see Červ (1974)).

To complete the problem formulation, initial and boundary conditions have to be defined. For sim-
plicity, the zero initial conditions for both displacement components and their time derivatives are con-
sidered. With respect to previous problem description, boundary conditions for stress components can
be expressed as

τrϕ|r=r1
= 0 and σr|r=r1

= − 2α0σ0
π

(
1

2
+

∞∑
n=1

sin (nα0) cos (nϕ)

nα0

)
H(t) , (4)

when the expansion of (1) to the Fourier cosine series is used.

2.2. Derivation of final formulae for integral transforms of displacement components

The system (2) will be now solved by the application of Laplace transform in time domain following
by Fourier method in spatial domain. When the Laplace transform is applied to (2), taking into account
zero initial conditions, we obtain a system of PDEs for Laplace transforms of original time dependent
functions, which can be converted to the system of uncoupled Bessel’s type equations for the Laplace
transforms of dilatation Δ̄d(r, ϕ, p) and rotation ω̄z(r, ϕ, p)

∂2Δ̄d

∂r2
+

1

r

∂Δ̄d

∂r
− p2

c23
Δ̄d +

1

r2
∂2Δ̄d

∂ϕ2
= 0 ,

∂2ω̄z

∂r2
+

1

r

∂ω̄z

∂r
− p2

c22
ω̄z +

1

r2
∂2ω̄z

∂ϕ2
= 0 , (5)

where p ∈ C. The solution of system (5) can be then found using the separation of spatial variables r
and ϕ and resulting relations for Δ̄d(r, ϕ, p) and ω̄z(r, ϕ, p) can be derived (for more details see Červ
(1974)). Introducing these formulae into (3) we obtain required relations for integral transforms of radial
ūr(r, ϕ, p) and circumferential ūϕ(r, ϕ, p) displacement components in the form

ūr(r, ϕ, p) = −
c23
p2

J1

(
ip

c3
r

)(
ip

c3

)
P0(p)−

1

p2
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n=1

{
c3

2

[
n

r
Jn

(
ip
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r

)
−

−
(
ip
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)
Jn−1

(
ip
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r
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Pn(p) + 2 c22
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Jn

(
ip
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r
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Qn(p)

}
cos (nϕ) ,

ūϕ(r, ϕ, p) = −
1

p2

∞∑
n=1

{
2 c22
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n

r
Jn
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ip
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ip
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(
ip
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+ c23
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Jn

(
ip

c3
r

)
Pn(p)

}
sin (nϕ) , (6)

in which the symbol Jn denotes Bessel function of the first kind and n-th order.

The complex functions Pn(p) (n = 0, 1, 2, . . .) and Qn(p) (n = 1, 2, . . .) are unknown for now and
they can be derived by the help of boundary conditions (4). Rewriting these conditions using constitutive
and strain-displacement equations in term of displacement components and introducing (6) into their
Laplace transforms, we obtain a system of algebraic equations for Pn(p) and Qn(p). The final formulae
of these functions, which are derived in detail in Červ (1974), are quite complicated and can be found
in compact form in Brepta and Červ (1978). Subsequently, Laplace transforms of other mechanical
quantities (e.g. velocity components, stress components etc.) can be derived on the basis of (6) with
relative ease (see Brepta and Červ (1978)).

3. Inverse Laplace transform

This section deals with the basic description of two confronted approaches to ILT applied to the wave
problem formulated above. The results of radial velocity transform inversion back to time domain are
presented, analysed and discussed. This quantity is suitable for the purpose of this work because it is
able to register steep fronts of waves propagated in the disc such that appropriate accuracy analysis of
methods being compared can be made.
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3.1. Analytical approach to ILT

The analytical ILT procedure is based on the Cauchy’s residue theorem (see Achenbach (1975)) which
can be written for p ∈ C in the form∮

f(p)dp = 2πi
∑
ai∈A

Res
p=ai

f(p), (7)

i.e. the value of a contour integral of an arbitrary analytic (holomorphic) function f(p) for any enclosed
contour is equal to the sum of residues in poles ai ∈ A, where A is the set of poles contained inside the
contour. It can be proved that both integral transforms (6) and other mechanical quantities transforms are
holomorphic in complex plane except of their isolated singular points (poles) and hence the application
of (7) is possible. To do so, we have to apply the Cauchy’s integral theorem at first (Achenbach (1975))
to make the Bromwich-Wagner integration path of the integral defining ILT enclosed.

Using mentioned technique one can derive final exact analytical formula for required radial velocity
vr(r, ϕ, t). Due to the complexity of this relation (see Červ (1974)) it is not possible to present it in
this work and we confine only to some remarks regarding this solution. The first note is related to
singular points of transforms (6). As shown in the last-mentioned work, these points are simple poles,
i.e. complex functions (6) have no essential singularities. These poles can be found as the roots of
appropriate frequency equation and for different wavenumber values they represent points of dispersion
curves. This means that the use of analytical approach to ILT requires the determination of dispersion
curves at first which causes added demands on CPU time. Additionally, it should be mentioned here that
the accuracy of dispersion curves determination significantly influences the accuracy of analytical results
obtained. The number of terms which are summed during the evaluation process is another important
factor which affects the correctness of analytical results. The analytical formula for vr(r, ϕ, t), as well as
the formulae of others quantities, contains two infinite sums: the first one follows from the application of
Fourier method (see relations (6)) and the second one represents the summation over an infinite number
of singular points (dispersion curves) following from (7). For subsequent usage in the following text, let
us denote corresponding summation indices by n and s in sequence.

In spite of the presence of mentioned ”numerical factors”, the knowledge of actual formula in time
domain, which follows from this ILT approach, enable us to determine the physical meaning of each
term of derived analytical solution which can be then used for other analyses. In this case, the function
vr(r, ϕ, t) consists of two parts: the first one represents the long-term (stationary) effect of inertial forces
following from constant acceleration of all disc particles and the second one expresses the transient wave
component of solution (see Červ (1974)).

The evaluation of analytical formula for vr(r, ϕ, t) has been done using the above mentioned pro-
cedure for following material and geometric parameters: r1 = 0.05m, ρ = 7800kgm−3, ν = 0.3 and
E = 2.07 · 1011Pa. The disc response to radial load specified by σ0 = 1Pa and α0 = π/60 have
been studied in time interval t ∈ 〈0, 50〉μs with constant step Δt = 0.05μs at the disc rim and for
ϕ ∈ {0, π/2, π}. Dimensionless plots of vr time histories in selected points are depicted in Fig. 2.
These results were obtained by computations performed in the system Maple using 17 significant digits.
Fig. 2(a) presents the results in all three selected points for n = 180 and s = 100. It can be deduced from
these curves, mainly from the oscillating character of vr in the vicinity of steep fronts, that the values
of n and s are too low for the solution to be able to represent the disc response correctly. This follows
not only from the comparison of curves from Fig. 2(a) and Fig. 4(b) corresponding to ϕ = π but also
from Fig. 2(b) in which the results for ϕ = π

2 and for different values of n and s are presented. It is
clear from this figure that results for n = 360, s = 200 and n = 500, s = 300 are nearly identical. But
this conclusion can not be made in case of ϕ = π as was verified by additional computations. Finally,
one should mention that increasing number of significant digits used does not lead to higher accuracy of
analytical results, but causes significant increase of total CPU time, as proved by computations carried
out with 34 significant digits.

3.2. Numerical approach to ILT

Numerical approach to ILT consists in the numerical evaluation of Bromwich integral. As stated in Abate
and Valkó (2004), algorithms for numerical inverse Laplace transform (NILT) can be usually divided
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(a) (b)

Fig. 2: Results obtained by analytical approach to ILT, dimensionless time plots of vr: (a) results for
n = 180, s = 100 in three different points at the disc rim, (b) the influence of n and s for ϕ = π

2

into following four categories considering the methods which are based on: algorithms making use of
Fourier series or deformation of Bromwich-Wagner contour and algorithms based on Gaver functionals
or Laguerre functions. Many of them include the problem of infinite series, usually with low rate of
convergence. In such cases, the methods are combined with a suitable sequence accelerator. A great
overview of different NILT algorithms and accelerators is given in Cohen (2007).

Based on our previous experiences acquired by the analytical solution of analogous wave problem
of a viscoelastic disc (see Adámek and Valeš (2011a), Adámek and Valeš (2011b)), the combination of
FFT-based algorithm and non-linear Wynn’s epsilon accelerator (ε-algorithm) was used. This method
was adopted mainly from Brančı́k (1999) where it is used for NILT by the study of wave phenomena in
electric circuits. The basic idea of this method consists in a discrete formula of Bromwich integral (see
Brančı́k (1999)) such that the functional value of f in a discrete time kT (k = 0, 1, . . . , N − 1), where
T is a sampling period in time domain, can be approximated by relation

f(kT ) ≈ fk = Ck

{
2Re

[ ∞∑
n=0

FnE
k
n

]
− F0

}
, (8)

where

Ck =
Ω

2π
eckT , Fn = F (c− inΩ), Ek

n = e−ikTnΩ, Ω =
2π

NT
and c ≈ α− Ω

2π
logEr, (9)

in which Er denotes the desired relative error and α is an exponential order of the real function f(t) (for
more details see Brančı́k (1999) or Cohen (2007)).

Considering relations (8) and (9), the NILT procedure can be divided into two basic steps: in the
first one, the functional values of the transform F in specific complex points are calculated; the second
step involves the calculation of fk including the infinite summation using chosen ε-algorithm. First
numerical computations performed have shown that the first phase of NILT procedure is sensitive to
cumulative numerical errors, therefore it must be carried out precisely to avoid the lost of ”analytical”
results accuracy. The system Maple, which enables to perform symbolic operations and multi-precision
computations, has been used for this purpose. The second step of NILT process, which has not so high
precision demands, has been implemented into the Matlab environment, in which the multi-dimensional
array operations are much more faster compared to Maple. Using the combination of two mentioned
systems, we obtain quite effective and stable tool for NILT of required formulae.

All numerical computations have been done for parameters stated in the section 3.1.. Performed
computations have shown that the accuracy of evaluation process depends mainly on the number of
digits used during the first phase of evaluation procedure mentioned above, namely on the number of
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(a) (b)

Fig. 3: Results obtained by NILT, dimensionless time plots of vr: (a) the influence of number of digits
used during computations for ϕ = π, (b) the influence of nmax for ϕ = π

2

digits DigB used for the computation of Bessel function values and number of digits DigV used for
following operations needed for the determination of functional values of radial velocity transform Vr.
The second significant factor, which is obvious from (6), is represented by the number of terms nmax

which are summed in the infinite sum. The influence of mentioned factors is clear from Fig. 3 in which
dimensionless time plots of vr for different values of ϕ are presented. The detailed analyses have shown
that if DigB < 10 and DigV < 16, the results for longer times are of pure accuracy (see Fig. 3(a)).
In particular, when DigV < 16 and DigB ≥ 10 the functional values of Vr for n ≥ 75 are due to a
large number of operations calculated incorrectly (their imaginary or real parts tend to infinity). On the
other hand when DigB < 10 the increasing value of DigV can not compensate the errors of Bessel
function values. If we use DigB = 10 and DigV = 16 or DigB = 15 and DigV = 16, we obtain nearly
identical results (the green curve coincides with the blue one, see Fig. 3(a)). Further increasing of DigB
and DigV does not bring significantly better results and leads to slow increasing of CPU time. Based on
these results, further computations have been done using DigB = 15 and DigV = 16.

The dependence of ”analytical” results on the second main factor nmax is obvious for ϕ = π
2 from

Fig. 3(b). It can be said that the low number of summed terms leads to the solution oscillation and to the
reduction of dominant peaks in the disc response. This is caused by the fact that low value of nmax act as
a ”frequency filter”. But contrary to previous factor, it does not cause the distortion for long times, so the
time shape of vr for different values of nmax is preserved in the whole time interval studied. Finally, one
should mention that analogously to the method presented in the section 3.1., the right number of terms
which could be summed to obtain results of required accuracy depends on the position of points in which
the responses are studied, both in radial and tangential direction.

4. Results comparison and discussion

In this section, we present the comparison of ”analytical” results achieved by means of both methods
described. Fig. 4 confronts the most accurate results obtained using the analytical ILT approach (curves
RES), i.e. for n = 500 and s = 300, with those resulted from the application of chosen NILT algorithm
(curves NILT) and of a comparable accuracy, i.e. for nmax = 500 and nmax = 300. It is evident that
the dimensionless time plots of vr are in good agreement both for ϕ = π

2 and for ϕ = π in the whole
time interval of interest. The main discrepancies occur in times corresponding to dominant peaks of vr,
as obvious from detailed views in Fig. 4(a) and from Fig. 4(b). The curves representing results of NILT
coincide in the last mentioned figure. Additionally, the results of NILT are probably of higher accuracy,
which is indicated by slightly oscillating character of curve RES in the vicinity of dominant peak, see the
detail in Fig. 4(b).
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(a) (b)

Fig. 4: Comparison of results obtained by analytical ILT and by NILT: (a) ϕ = π
2 , (b) ϕ = π

Based on these results, we can make the first conclusion, such that the ”analytical” results of compa-
rable quality can be achieved by both approaches. But analogous conclusion can not be made in the case
of total CPU time required by each method. These times in hours are stated in the legends of both figures
in Fig. 4. Their values correspond to the computations performed on one 2.66 GHz processor. NILT
approach requires only several hours depending on the value of nmax whereas the method based on the
residue theorem needs non-comparably longer time to obtain results of the same accuracy. This extreme
difference is mainly caused by the necessity of dispersion curves computation and by doing the double
summation without the usage of a suitable sequence accelerator. Moreover, the total CPU time of NILT
method could be significantly reduced if the process of Bessel functions evaluation, which consumes
more than 95 % of computational time, is speed up by the help of well-known recurrent formulae for
Bessel functions. But taking into account the increase of cumulative numerical errors, this improvement
can be used only when the number of terms nmax, which have to be summed to achieved results of re-
quired accuracy, is approximately up to 35. This is applicable only in special cases when the response is
investigated near the disc center, i.e. for small values of r.

If we should summarize advantages and disadvantages of both approaches tested, we can say that
the analytical method making use of residue theorem, contrary to the NILT based method, gives us the
insight into the physical meaning of each term of the analytical solution in time domain. But its numerical
implementation is much more time demanding compared to the obtaining results of the same accuracy by
the help of NILT procedure. Another significant advantage of the second mentioned method lies in the
possibility of its application to the larger set of problems. Since this approach requires the knowledge of
the solution in transform domain only, which can be derived easier than that in time domain, it can be used
for more complicated wave problems, from geometrical, material and boundary/initial conditions point
of view. But this method should be used cautiously because, as stated e.g. in Abate and Valkó (2004),
there does not exist any universal NILT algorithm suitable for arbitrary problem so the verification of
correctness and accuracy of obtained results by another method is important.

5. Conclusion

This work concerned the comparison of two different approaches to the matter of inverse Laplace trans-
form in the solving process of a chosen non-stationary wave problem. It is demonstrated on the problem
of a radial impact on an elastic disc that the results of required accuracy can be obtained not only by
the help of an analytical method making use of residue theorem but also by strictly numerical procedure
based on the combination of FFT algorithm and Wynn’s epsilon algorithm. Presented results clearly
show that the numerical approach to ILT does not cause the lost of analytical solution accuracy and that
it is much more efficient than the analytical one. Furthermore, it can be applied to other more com-
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plicated wave problems, as proved by several works of authors dealing with the non-stationary wave
problems of elastic and viscoelastic beams and discs.
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	������	���������	���������
���������������	���-���	���L�����	L	������
�������	�����	���-��		����������L�����	L	���������������������������	��	����������	
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THE STUDY OF POLYMERIC HOLLOW FIBER 
 HEAT EXCHANGERS 

I. Astrouski*, M. Raudensky**  

Abstract: The polymeric hollow fiber heat exchanger (PHFHE) is a modern type of apparatus which uses 
polymeric fibers, with a small diameter around 1 mm, for separation of the heat transfer mediums. The 
main goal of this work is to study different factors which affect heat transfer in polymeric hollow fibers 
(diameters, length and material of fibers, liquids temperatures and velocities) and to obtain conclusions 
concerning hollow fiber application. The values of external, internal as well as overall heat transfer 
coefficient, heat transfer rate, number of transfer units (NTUs), efficiency and pressure drops were 
obtained for both water-water and water-air applications. The special performed Delphi-based software 
was prepared to accelerate the computation process. 

Keywords: Polymeric hollow fibers, heat exchanger, heat transfer. 

1. Introduction 

The first attempts to use polymers as a material for heat exchange equipment started over 40 years ago 
because of some benefits in comparing them with conventional metals (Whitley, 1957). Polymers as 
common are less expensive and easier to shape, form and machine than metals. Moreover, the energy 
required to produce a unit mass of plastics is about 2 times lower than that of common metals, making 
them environmentally attractive. The smoothness of the polymer surface begets low friction, hence a 
drop in pressure as well as to good fouling characteristics. Long-term fouling data of polymer heat 
exchangers is not available, but 76 h test with hard water was performed by Githehens (1965). 
Polymers have excellent chemical resistance and moreover, their hydrophobic surface promotes 
dropwise instead of filmwise condensation and, consequently, much higher heat transfer coefficients 
(Bigg et al., 1989). 

In accordance with Malik (2005) most of the commercially available polymer heat exchangers are 
being used in a corrosive environment or in low temperature applications (ice storage or solar heating 
of domestic hot water and swimming pools). In particular, plastic heat exchangers were also used for 
heat recovery in greenhouses (Rousse et al., 2000), in superfluid Stirling refrigerators or 3He-4He 
dilution refrigerators (Patel & Brisson, 2000). Lately, an interest in the application of polymeric 
materials in solar water heating systems has also emerged (Tsilingiris, 2000). Also a lot of different 
fields of plastic heat exchangers application (in the desalination industry, heat recovery, cooling and 
cryogenic industry, humidification, solar energy industry, microelectronics and computer industry) 
were quoted by Zaheed (2004). 

On the other hand, polymer materials thermal conductivity is low, usually between 0.1 and 0.4 
W/m·K which is 100-300 times lower than that of metals and considerably limits the use of polymers 
for heat exchanges equipment because of big magnitude of wall thermal resistance (Zarkadas & Sirkar, 
2004). In order to overcome this deficiency two approaches exist. The first one is to increase thermal 
conductivity of material. Excellent review of current state of the art of polymers utilizing was 
performed by T’Joen et al. (2008). In this review the material properties of polymers and polymer 
matrix composites were examined. It was shown that these materials do hold promise for use in the 
construction of heat exchangers, but that a considerable amount of research is still required into 
material properties and life-time behavior. The status of worldwide research in the thermal 
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conductivity of carbon nanotubes (CNT) and their polymer composites was done by Han & Fina 
(2011) as well as Guarded Hot Plate Method of increasing the through-thickness thermal conductivity 
of CNT composites was described by Han & Chung (2011). The investigation of finned-tube heat 
exchangers produced from pure and modified polypropylene was performed by Chen (2008). For the 
heat exchangers designed in that paper, when the plastic thermal conductivity can reach over 15 
W/m·K, it can achieve more than 95% of the titanium heat exchanger performance and 84% of the 
aluminum or copper heat exchanger performance with the same dimension. Using of increased 
conductivity polypropylene was investigated by Qin et al. (2012). Heat-conducting medium was 
developed by melt-mixing polypropylene with graphite particles (PP-g-MA). The overall heat transfer 
coefficient of graphite modified polypropylene hollow fiber heat exchangers reached 1228.7 W/(m2K) 
and the overall conductance per unit volume 1.1·106 W/(m3K). 

The second approach to decrease wall thermal resistance is to use thin walls between heat transfer 
mediums. The study of different construction thin wall polymeric heat exchangers was done by 
Scheffler (2008). Cross-flow plate heat exchangers made of crosscorrugated films of poly(ether ether 
ketone) (PEEK) were used to study air-air and water-water flow configurations by Zaheed (2004). The 
heat transfer and the hydrodynamic response of microcapillary films (MCFs) within round and 
elliptical channels (diameter 30 up to 500 �m) were investigated by Hornung et al. (2005). MCFs are a 
class of novel, extrusion-processed, polymer films containing an array of continuous, parallel, 
capillaries that run along the film’s length. These studies were added by Hallmark et al. (2005). 

Polymeric hollow-fiber based heat exchangers (PHFHEs) are also a type of thin-wall polymer heat 
exchangers, which were firstly proposed by Zarkadas & Sirkar (2004) as a useful alternative for lower 
temperature applications. The small devices containing a few hollow PP-based fibers with the liquids 
in parallel flow at temperatures up to 74�C were studied. The overall heat transfer coefficients of these 
devices were 647-1314 W/m2K for the water-water application. As more, proposed heat exchangers 
had very low values of the height of transfer, large numbers of transfer units (NTUs) for so 
comparably short devices, high values of heat exchanger effectiveness and overall 
conductance/volume rate. However, a number of important questions remained unanswered. Part of 
them were answered by Song et al. (2010) which study a lot of different PHFHEs with emphasis of 
application for thermal desalination processes and Qin et al. (2012) which study PHFHEs constructed 
from the modified thermal conductivity polymers.  

2. Theoretical consideration  

As usual polymeric hollow fibers and films have internal diameters around 0.05 – 2 mm and can be 
classified as the so-called microdevices (Herwig, 2001). The development of micro-mechanics during 
the last decades stimulated a great interest in heat transfer studies in micro-channels. A lot of 
theoretical and experimental investigations devoted to this problem were performed. There is no 
convincing explanation of the difference between experimental and theoretical results for laminar 
flow, and between experimental and semi-empirical results for turbulent flow (Yarin et al., 2009). On 
the one hand, several researchers argue that some new effects exist in micro-channels, e.g., Tso & 
Mahulikar (2000), Gad-el-Hak (2003). On the other hand, the phenomenon can be related to the 
discrepancy between the actual conditions of a given experiment and theoretical or numerical solution 
obtained in the frame of conventional theory (Herwig 2001; Herwig & Hausner 2003). 

Thus, there are some additional factors which possible can influence the heat transfer in 
microchannels can be determined in comparing with conventional theory: dissipation effects which 
determined by Eckert number (or Brickman number in accordance with Tso & Mahulikar (2000)), 
axial conduction which determined by Peclet number, conjugate effects and variable properties effects 
(Herwig, 2001). However, in accordance with Song et al. (2010) and Zarkadas & Sirkar (2005), the 
axial heat conduction, flow work and viscous dissipation are negligible for laminar flow in polymeric 
hollow fibers. Two different methods of determining the temperature profile inside the polymeric 
hollow fiber heat exchanger or the inside, outside and wall heat transfer coefficients were proposed. 
These methods are a simplified correlation suggested by Hickman and a rigorous solution of the 
extended Graetz problem by Hsu (Zarkadas & Sirkar, 2004). The simple relationship to calculate 
internal mean Nusselt number of thermal developing region was proposed by Zarkadas & Sirkar 
(2005) based on Hickman’s one and incremental heat transfer number calculated by Hsu’s approach. 
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2.1. Calculation of fiber heat transfer performance 

Firstly, the physical properties of the air and water were calculated based on inlet temperatures of 
liquids. The formulas obtained from ThermalSpreadsheets were used for determine the specific heat, 
dynamic viscosity, kinematic viscosity, thermal conductivity and density of air: 
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 ������� � 
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# � ���	�����$�  (5) 
where " and � are temperatures on a scale of Celsius and Kelvin respectively. The results of 
calculations in adequate range were compared and matched with data from Incropera & DeWitt (1996) 
so these formulas were chosen for use. The required physical properties of water were taken from the 
NIST Chemistry WebBook. The Prandtl and Reynolds numbers were calculated as followed: 

%&�� � '( 
 ��) �  (6) 

*+ � �, 
 -
   (7) 

where '(,   and �, ) are specific heat, kinematic and dynamic viscosities, thermal conductivity 
respectively. 

The outside and inside diameters of fibers -. and -/, the outside bulk flow velocity ,. and 
average inside velocity ,/ were used respectively for calculation of outside (around the fibers) and 
inside (lumen) Reynolds numbers. Average inside velocity was calculated as followed: 

,0 � � 123"
���	4 
 5 
 -0�

  (8) 

where 1637 and 5 are volumetric flow rate through the tube (fiber) side and number of fibers 
respectively. The outside Nusselt number was calculated in according with Hilbert formula for single 
circular tube in cross-flow (Incropera & DeWitt, 1996): 

5,. � � 
 *+8 
 %&������ (9) 
where � and 9 are constants were determined in accordance with respective value of Reynolds 
number (Incropera & DeWitt, 1996). The outside convective heat transfer coefficient was calculated 
as: 

:. � �5,. 
 !.-.
  (10) 

where !. is thermal conductivity (W/m·K) of external liquid (water or air with the relevant 
temperature). 

The inside Nusselt number was calculated in accordance with asymptotic solution for thermal 
developing region proposed by Hickman (Song et al., 2010): 

�
;<

� -/
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@ (11) 

5,< � ;<-/
!/ �  (12) 

5,A� � B��$��C � 5,<
� � B	�$���C5,<  (13) 

where are !< � ���� W/m·K is thermal conductivity of isotactic polypropylene which quoted by Mark 
(1999) in the 0.12 – 0.22 range. Equation (13) yields 5,A� values that fall between 3.66 and 4.364. 
The lower limit of this Nusselt number range is the limiting Nusselt number corresponding to the 
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constant wall temperature boundary condition (5,< = �) and the upper limit is the limiting Nusselt 
number corresponding to the constant heat flux boundary condition (5,<�= 0) (Song et al., 2010). 
This simplified formula doesn’t take into account the influence of developing flow region, but have 
enough good accuracy for relatively long ducts (hollow fibers of small diameters, for example). Thus, 
the internal heat transfer coefficient was calculated based on internal Nusselt as: 

:/ � 5,A� 
 !/
-/

  (14) 

where !/ is tube liquid thermal conductivity. Linear thermal resistance and linear overall heat transfer 
coefficient were calculated as followed: 

*D � �
-. 
 :. �
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 :/  (15) 
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  (16) 

Furthermore, to estimate the influence of local thermal resistances on overall one the inside, wall and 
outside local to overall resistance ratios (*/ *DG , *< *DG  and�*. *DG ) were calculated: 

*/ *DG � �
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 :. *D 
 ���HI   (17) 

*< *D �G EF�B-.$-/C
�!< *D 
 ���HI   (18) 

*. *DG � �
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Overall heat transfer coefficient was calculated based on heat transfer area of outside surface of fibers 
as: 

;.J � :D
-.

  (20) 

To obtain a thermal performance characteristics and predictions of outlet liquid temperatures the 
effectiveness-NTU method was used. Both outside �. and inside �/ heat capacity rates of liquids were 
calculated as: 

� � �( 
 # 
 1K  (21) 
where �(, #, 1K are isobaric specific heat, density and volumetric flow rate respectively, and heat 
capacity ratio: 

�L � �8/M
�8NO

  (22) 

where �8/M � PQFQPRP�B�.3 �/C and �8NO � PSTQPRP�B�.3 �/C. The number of transfer units 
(NTU) was obtained by the following relationships: 

5�; � :.J 
 U
�8/M

  (23) 

where U is a heat transfer area of outside surface of fibers and calculated based on external surface of 
fibers: 

U � 4 
 -. 
 = 
 5  (24) 
Because tube liquid flows through a large amount of small diameter fibers we must assume that tube 
liquid is unmixed. On the other hand the outside liquid flows without separation and so should be 
considered mixed. If the outside flow heat capacity rate value �. was bigger than inside one �/ then 
effectiveness was calculated as (Incropera & DeWitt, 1996):   

V � ? ��L@ B� � +W�X��LY� � +W�B�5�;CZ[C  (25) 

And vice versa, for bigger inside unmixed flow heat capacity rate value �/ effectiveness was calculated 
as: 

V � � � +W�B��L�X� � +W�Y��LB5�;CZ[C  (26) 
The maximum possible and actual heat transfer rate were obtained by 

18NO � �8/M 
 B�7 � �6C  (27) 
1 � �V 
 18NO  (28) 
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STRUCTURES WITH UGLI IMPERFECTIONS 

I. Baláž*, Y. Koleková** 

Abstract: Derivation of the basic formulae for determination of the flexural buckling resistance of frames 
with members with non-uniform cross-sections and/or non-uniform axial compression forces. Similar 
formulae given in EN 1993-1-1 (2005) are limited to frames with uniform cross-sections and compression 
forces. Detailed description of the procedure of iterative calculation (Baláž, I., 2008). Graphical 
interpretation of the method proposed by the authors and numerical examples for members with uniform 
cross-sections and uniform axial compression forces.  

Keywords: stability, metal structures, flexural buckling resistance,  imperfections in the form of first 
buckling mode.  

1. Introduction 

The proposed procedure was the first time published in Baláž, I. (2008) and was verified by 
calculating of several numerical examples. The procedure is based on Chladný`s method. Derivation 
of the basic formulae used in this paper differ from the ones published by Chladný in publication 
Baláž, I. et al. (2007, 2010). The way of calculation proposed by Baláž, I. (2008) was used also in PhD 
thesis written by Ková�, M. (2010).  

Prof. Chladný developed his method with the aim to derive a formula for the lateral forces acting 
on U-frames of open truss bridges in Chladný, E. (1958) and in Chladný, E. (1974). He showed there 
the importance of the curvature of the initial imperfection. The results were used in Czechoslovak 
Bridge Standard �SN 73 6205 (1984), cl. 39.  See also Chladný, E. (1998).  

In 2000 proposed Prof. Chladný his method in more generalized form for Eurocode 3, and it was 
the first time accepted in draft prEN 1993-1-1 (5 June 2002). His contribution is acknowledged in 
publication (Sedlacek, G. et al., 2004). See there item [52]. Chladný derived the formula for d0,e  and 
is the author of the method given in EN 1993-1-1 (2005), 5.3.2(11). He later generalized it also for 
non-uniform cross-sections and non-uniform compression forces. This generalization is used in STN 
EN 1993-1-1/NA (2007) and in EN 1999-1-1 (2007), 5.3.2(11). Chladný applied his method in the 
design of bridges in practice, e.g. in design of basket handle arch type Apollo bridge in Bratislava, 
Pentele bridge in Dunaújváros and in investigations of continuous truss bridges. He further modified 
his method to be convenient for basket handle arch type bridges in the National Annex STN EN 1993-
2/NA (2009). Chladný described details of his method and published numerical examples in Baláž, I. – 
Ároch, R. – Chladný, E. – Kme�, S. – Vi�an, J. (2007, 2010).   

2. Flexural buckling resistance of frames with non-uniform members and non-uniform 
compression normal forces 

Flexural buckling resistance of the frame, which consists of members with variable cross-sections, 
with any boundary conditions, supports and/or variable foundation and under variable axial forces may 
be verified by the following condition 

                                                 
*   Prof. Ing. Ivan Baláž, PhD.: Department of Metal and Timber Structures, Fakulty of Civil Engineering, Slovak University 
of Technology, Radlinského 11; 813 68, Bratislava; SK, e-mail: ivan.baláž@stuba.sk 
**  Assoc. Prof. Ing. Yvona Koleková, PhD.: Department of Structural Mechanics, Faculty of Civil Engineering, Slovak 
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where 

� �xNEd        is the axial force distribution, positive if compression, which is effect of the actions. The 

                    design values of the axial forces may be calculated by the 1st order theory, 

)(II
ugliEd, xM  is the bending moment distribution, which is the result of axial forces acting in members 

                    of frame having “unique global and local initial imperfection” („ugli“ imperfection). The 

                    design values of this bending moment shall be calculated by the 2nd order theory. The 

                    „ugli“ imperfection is an equivalent geometrical imperfection, which purpose is to cover 

                    in numerical model all imperfections (geometrical and structural) of real structure. 

)(Rd xN        is the distribution of the axial force resistance depending on the cross-section class, 

� �xM Rd       is the distribution  of the bending moment resistance depending on the cross-section class. 

The characteristics relating to critical cross-section, which is the cross-section relevant for 
assessment of flexural buckling resistance of the frame, are below denoted by index „ m “. The most 
onerous condition (1) occurring in critical cross-section „ m “, may be then rewritten in the form 
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The “ugli” imperfection is defined as follows 

                                                          � � � �xx crmugli,0,ugli ��� �                                                              (3) 

where 

)(cr x�    is the first elastic critical buckling mode, with the amplitude 1)( maxcr �x� . 

mugli,0,�  is the amplitude of „ugli“ imperfection depending on characteristics of critical cross-section 

              „ m “. Index „ 0 “ will in this paper indicate that a value is amplitude of a deflection. The 

              amplitude of „ugli“ imperfection may be determined from the condition requiring the 

              following: the critical member of the frame, when under compression axial force, should have 

              the same flexural buckling resistance as its “generalized equivalent member” („gem“). The 

              „gem“ is the member simply supported on its ends, having the same cross-section properties 

              ( mm, AEI ) and axial force ( mEd,N ) as the critical member of the frame in its critical cross- 

              section „ m “, and having such buckling length crL , that its elastic critical axial force is the 

              same as the elastic critical axial force mcr,N of the critical member of the frame in its critical  

              cross-section „ m “.  

The „ugli“ imperfection amplitude depending on the characteristics of the critical cross-section 
„ m “ is then defined by 
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where 

m�cr,M  is the absolute value of the fictitious bending moment at the critical cross-section „ m “, due 

               to )(cr x� , 

mEd,N     is the design value of compression axial force at the critical cross-section „ m “, positive if 

               compression, 

mRk,M    is the characteristic value of bending moment resistance of the critical cross-section „ m “, 

mRk,N    is the characteristic value of axial force resistance of the critical-cross section „ m “, 

md,0,e , mk,0,e  are the design (index „ d “) and characteristic (index „ k “) values of amplitude of  

              “local initial” („li“) imperfection of the “gem” depending on the characteristics of the critical 

              cross-section „ m “. It can be easily shown, that „li“ imperfection is used when analysis of  

              individual member is done, 

m	         is the imperfection factor for the critical cross-section „ m “ and the relevant buckling curve, 

              see Table 6.1 and Table 6.2 in EN 1995-1-1 (2005), 

M1       is the partial factor, which should be applied to the various characteristic values of resistance 

              of members to instability, 

                                                             
mcr,

mRk,
m N

N
��                                                                          (7) 

                             is the relative slenderness of the structure, relating to the critical-cross section „ m “, 

m�         is the reduction factor depending on the relevant imperfection factor m	   and the relative 

               slenderness m� , see 6.3.1 in EN 1995-1-1 (2005),  

)(cr xN   is the distribution of elastic critical force, 

cr	         is the minimum force amplifier for the values of the axial force configuration )(Ed xN  in 

               members to reach the values of elastic critical force configuration )(cr xN . For the given 

               frame, cr	  is constant. The ratio �cr	 � �xNxN Edcr /)(  gives for all cross-sections „ x “ the 

               same numerical value. 

The location of the critical cross-section „ m “ is generally not known, because it depends on the 
location of maximum of the sum of two functions in the left side of the condition (1). The value of the 
second term of the sum in (1) depends on the characteristics of the critical cross-section „ m “.  The 
location of the maximum of the first function in (1): � � � �xNxN RdEd /   usually does not coincide with 

the location of maximum of the second function in (2): )(/)( Rd
II

ugliEd, xMxM , which is given by the 
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location of the maximum of the function  � � maxcr )(/x xI� 

 . Generally it is therefore necessary to use 

iterative calculation.  

In the special case, when � � � �xNxN RdEd /  is constant, the location of critical cross-section „ m “ is 

determined by the location of 
maxRd

II
ugliEd, )(/)( xMxM  or  � � maxcr )(/x xI� 

  and when also � �xEI  is 

constant, by the location of � �maxc xr� 

 . 

Distribution of bending moment )(II
ugliEd, xM , which is the effect of axial forces acting in members of 

frame having the „ugli“ imperfection � � � �xx crmugli,0,ugli ��� � , may be calculated in the following 
way: 

1) The first eigen-value cr	  and the first buckling mode � �xcr�  and its derivates � �xcr�
  and � �xcr� 

  
are obtained by numerical methods using a computer program. 

2) The „ugli“ imperfection amplitude mugli,0,� depending on the characteristics of the critical cross-
section „ m “ is calculated for the estimated location of the critical cross-section „ m “ 
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crmugli,0, M

eN
	� �                                                         (8) 

3) The distribution of the “ugli” imperfection is then 

                                                           � � � �xx crmugli,0,ugli ��� �                                                             (9) 

4) The amplitude m0,� of the additive deflection � �x� , which is the result of axial forces acting in the 
members of frame with „ugli“ imperfection, may be calculated as 

                                                                 
1cr
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5) The distribution of the additive deflection � �x� is then 
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6) The distribution of the bending moment )(II
ugliEd, xM  due to „ugli“ imperfection having shape of 

)(cr x� , may be calculated from the formula 
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where 

k  is the well known ratio of the bending moment calculated according to the 2nd order  

     theory to the bending moment calculated according to the 1st order theory, which  

     is in the case of using elastic critical buckling mode )(cr x�  constant value for the      

     whole frame 
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It may be also written 
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where 

                                                           � �  x)( cr0crC, �� Cx �                                                               (15) 
is the first elastic critical buckling mode with amplitude 0C , which may have any numerical value, 
and 

                                                     md,0,mEd,
II

mugli,Ed,0, ekNM �                                                            (16) 

 

From (14) it may be seen that, the first elastic critical buckling mode )(crC, x�  with any value of the 
amplitude 0C  may be used, and not only � �xcr�  having 10 �C , when computing ratio of bending 
moments  

                                                           m�cr,�cr /)( MxM .                                                                    (17) 

 

7) After the distribution of the function on the left side of the condition (1) is known, the condition (2) 
may be evaluated and checked, if the location of maximum of this function will coincide with 
estimated location of the critical cross-section „ m “ from the first iteration. If the answer is no, the 
procedure shall be repeated in an iterative way. 

8) If the answer is yes, the condition (2) may be evaluated and the frame verified. 

3. Numerical examples 

Example 1: Given input values: uniform member with cross-section HE 260 B (ARBED), steel grade 
S 355, partial safety factor 1.1M1 � , member length m6.4�L , action: axial normal force EdN  
equals to the resistance, which means that for EdN  utilization grade 1�U . Two cases are 
investigated:  

a) flexural buckling about major axis y-y (buckling curve “b”, 34.0�	 ),  

b) flexural buckling about minor axis z-z (buckling curve “c”, 49.0�	 ).  

Boundary conditions are the same in both planes: left end is fixed, right end is simple supported.´ 
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a) Flexural buckling about major axis y-y (Figure 1-4) 
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        Fig. 1:  The first elastic buckling mode �cr(x) valid for both cases: a) buckling about y-y and  

                                                                                                                  b) buckling about z-z 

 

 

         Fig. 2: Uniform global and local initial (“ugli”) imperfection valid for buckling about y-y  
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             Fig. 3:  Additive deflection �(x) due to NEd  for flexural buckling about major axis y-y 

 

 

 

                                 Fig. 4: Direct stresses for flexural buckling about major axis y-y 
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b) Flexural buckling about minor axis z-z  
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           Fig. 5: Uniform global and local initial (“ugli”) imperfection valid for buckling about z-z  

 

 

         Fig. 6:  Additive deflection �(x) due to N for flexural buckling about minor axis z-z 
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                                Fig. 7: Direct stresses for flexural buckling about minor axis z-z 

 
Example 2: Input data see in Lindner, J. – Heyde, S. (2009) in Fig. 42. Fig. 43 and results on page 
305-306 in Lindner, J. – Heyde, S. (2009) are incorrect. Correct values may be obtained very easy by 
proposed procedure as follows: 
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Example 3: Verification of in plane stability of steel large span arches using three different methods 
given in Eurocodes EN 1993-1-1 (2005), EN 1993-2 (2006), EN 1999-1-1 (2007): a) by equivalent 
column method and by global analysis taking into account the second order effects and relevant 
imperfections b) according to 5.3.2(11) in EN 1993-1-1 (2005) and 5.3.2(11) in EN 1999-1-1 (2007) 
and c) according to Tab.D.8 in EN 1993-2 (2006). The internal forces were calculated by IQ 100 
(Rubin, H. – Aminbaghai, M. – Weier, H., (2004)) using 1st and 2nd order analysis with and without 
imperfections. Details of calculation and distributions of internal forces for hingeless arch are 
presented here (see Fig. 11-14). Comparisons of all results including ones valid for the same but two-
hinged arch are given in Table 1. Details of calculation and internal forces distributions for two-hinged 
arch are not presented here. 

Characteristics of given structure: steel parabolic arch with span m320�L , rise/span ratio 
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L
s , respectively. 

Material properties: Young modulus GPa210�E , steel grade 355S , )mm40(MPa335 �� tf y , 

1.1M1 � . Properties of uniform cross-section: area 2m381.0�A , in plane second moment of  area 
4m714.1�I , height of the cross-section ,m5�h  in plane elastic section modulus 3m686.0�W , in 

plane radius of inertia m121.2�i . Class 3 cross-section; buckling curve „c“. Boundary conditions of 
hingeless arch:  

a) in plane: translation fixed and rotation fixed on both ends, 

b) the arch is laterally supported and no lost of stability out of plane may occur. 

Design values of actions: 

a) Permanent action uniform along the length of arch span MN/m13.0�dg , 

b) Variable action along the left half of arch mMNqd /.020�  (real value would be greater). 

c) In plane imperfection according to table D.8 in EN 1993-2 (2006): the shape of two asymmetric 
waves with design value of amplitude m8.0400/m320400/ ������ Leo  (hingeless arch, buckling 
curve „c“ in table D.8). Mean value of uniform action along the length of arch span 

MN/m14.002.0*5.013.05.0 ddm, ����� qgq d . 

Influence of shortening of arch centre line due to normal force for hingeless arch 

032.0
40
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4
45

4
45 22
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Horizontal component of thrust MN426.43
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1
40*8
320*14.0

1
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�f
LqH . 

Replacement of initial imperfections according to table D.8 by equivalent action 

� � � �
MN/m0109.0

320*5.0
8.0*426.43*8

5.0
8

22
o

equ.eo �����
L

Heq . 

d) Combination of design values of actions:  

for 1st and 2nd order analysis without imperfections (results see in Fig. 11 and Fig. 13 respectively): 

in left half of arch span length MN/m15.002.013.0ddl.d ����� qgq , 
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in right half of arch span length MN/m13.0dr.d �� gq , 

for 1st and 2nd order analysis with imperfections (results see in Fig. 12 and Fig. 14 respectively) 

in left half of arch span MN/m16.0MN/m)0109.002.013.0(equ.eoddl.d ������� qqgq  

in right half of arch span length MN/m12.0MN/m)0109.013.0(equ.eodr.d ����� qgq . 

Internal forces 

Parabolic arch was replaced by structure having form of polygon. Arch span was divided into 100 
equal parts. Uniform loading q  was replaced by point loads .Q  Structure, values of point loads, 
reactions, deformations, distributions and values of internal forces N , M , V  for hingeless arch may 
be found in Fig. 11-14. 

Values in Fig. 11 and 12 were calculated by 1st order analysis without and with imperfections 
respectively, and values in Fig. 13 and 14 by 2nd order analysis without and with imperfections 
respectively.  Computer program IQ 100 (Rubin, H. et al., 2004) was used to obtain results. In all 
calculations the influence of normal force deformations was taken into account. 

Verification of arch stability 
Characteristic and design values of cross-section resistances 

MN619.127MPa335m381.0 2
yRk ��� AfN ,       MNm714.229MPa335m686.0 3

yRk ���WfM  

MN1161.1/MPa335m381.0�/ 2
M1yRd ��� AfN ,

MNm8.2081.1/MPa335m686.0/ 3
M1yRd ��� WfM . 

a) Stability verification by using equivalent column method for hingeless arch 

Internal forces (Fig. 11): 

,MN2122.49)(qI,Ed, ��aN  MNm7498.66)(qI,Ed, �aM . 

Buckling length factor calculated using academic Dinnik`s values for critical loading (Dinnik, A. N., 
1939) 
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In plane buckling length factor according to table D.4 in EN 1993-2 (2006) 67.0� . 
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In plane critical buckling force 
� � � �

MN729.285
320*52.0*67.0

714.1*000210
2

2

2

2
cr ���

�
 
�

s
EIN , 

More exact value was taken into account MN257.2902122.49*8982.5)(qI,Ed,crcr ��� aNN 	 ,  

where 8982.5=cr�  is minimum force amplifier, which was calculated by IQ 100 (Rubin, H. et al., 
2004). 

Relative slenderness 663.0
257.290
619.127

cr

Rk ���
N
N� . 

Measure of imperfection 49.0�	  (buckling curve „c“). 

Factor � �! " 833.0663.02.0663.049.015.0)2.0(15.0 22
�������

�
��
� ���� ��	# . 

Reduction factor 747.0
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2222
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�

�##
� . 

In plane buckling resistance MN711.86
1.1

335381.0*747.0
M1

Rdb, ���


� yf
AN . 

Equivalent uniform moment factor for sway buckling mode obtained by using method 2 from 

Annex B in EN 1993-1-1 (2005). 9.0, �ymC  and interaction factor is as follows 
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b) Verification of strength by using 2nd order analysis with imperfections according to table D.8 
EN 1993-2 (2006) for hingeless arch 

Internal forces (Fig. 14): 

,MN0777.50)(eoq,II,Ed, ��aN  MNm621.103)(eoq,II,Ed, �aM , 

Utilization grade  

0.1928.0496.0432.0
8.208
621.103
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M
aM
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U . 

c) Verification of strength by using 2nd order analysis with imperfections having shape of 1st 
buckling mode according to clause 5.3.2(11) in EN 1993-1-1 (2005) and EN 1999-1-1 (2007) for 
hingeless arch 

The total maximum normal stress )( MN %% �  acts in support a, therefore critical point m is located in 
support a. In critical point m we have (index m is omitted in the following quantities): 

Internal forces (Fig. 13) 

,MN6309.49)(qII,Ed, ��aN MNm9147.67)(qII,Ed, �aM , 

Minimum force amplifier for hingeless arch 8982.5cr �	  was calculated by IQ 100 (Fig. 8). 
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Fig. 8: First buckling mode ,1)3029(max,cr ��� 999267.0)7170(cr ���� . Minimum force amplifier 
for the axial force configuration NEd to reach the elastic critical buckling force 8982.5cr �	 .        

 
In plane critical force MN733.2926309.49*8982.5)(qII,Ed,crcr ��� aNN 	 . 

Relative slenderness 66.0
733.292
619.127

cr

Rk ���
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N� . 

Measure of imperfection 49.0�	  (buckling curve „c“). 
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Fig. 9: Bending moment due to )(cr x�  ( 1)( maxcr �x� ). In the critical section m (located in left 

support a) the value kNm071.196mcr,
II

m�cr, �&� �EIM . It was calculated by IQ 100 (Rubin, H. et 

al., 2004). 
 

Amplitude of unique global and local initial (“ugli”) imperfection depending on quantities in critical 
point m 
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Fig. 10:  Bending moment [MNm] in the structure due to )()( ugliinit xx �� '  with allowing for 2nd 

order effects 'II
m�init,M  M(a) = - 25.3311, M(32) = 25.5385, M(68) = - 25.5267, M(b) = 25.2534 

(note opposite signs to signs in moment line distribution). 

 

Bending moment in the structure due to )()( ugliinit xx �� '  with allowing for 2nd order effects  

may be calculated from the formula 
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The similar calculation as for hingeless arch, which is presented in details, was done also for the same 
but two-hinged arch. Numerical results of stability verification of hingeless and two-hinged arches 
obtained by using three different Eurocode methods are given in Table 1. Comparisons show good 
agreement of utilityzation grades. It is necessary to mention that safety margin of method given in 
5.3.2(11) is a little bit greater comparing with safety margin of equivalent member method and that the 
closer we are to utilitization grade 1�U  the lesser is difference between safety margins. Method 
proposed by Chladný for 5.3.2(11) in EN 1993-1-1 (2005) and for 5.3.2(11) in EN 1999-1-1 (2007) 
uses characteristic value of imperfection amplitude ko,e . The value ko,e , should be based on statistical 
evaluations of measurements on real structures. In example presented here the value ko,e is taken 
according to EN 1993-1-1 (2005), because such evaluations are not available. 
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Tab. 1: Results of analysis of steel large span parabolic hingeless arch and the same but two-hinged 

           arch using three different procedures of Eurocodes EN 1993-1-1 (2005),  EN 1999-1-1 (2007) 

 1st order analysis 2nd order analysis 

 

according to 
5.2.2(3)c) in 

EN 1993-1-1(2005) 
without imper-

fections (they are 
hidden in � ). 

Method 2, 
Annex B 

with im-
perfections 

according to 
Tab.D.8 in 
EN 1993-2 

mm800
400/o

�

�� Le

 

without 
imper-

fections 

according to 5.2.2(3)a) in 
EN 1993-1-1 (2005) 

with imperfections according to 

5.3.2(11) in 
EN 1993-1-1(2005) 
EN 1999-1-1(2007) 

mugli,�  

Tab.D.8 in 
EN1993-2(2006) 

mm800
400/o

�

�� Le
 

HINGELESS ARCH  ( 8982.5cr �	 , 506/mm8.632mugli, L��� , mm800400/o ��� Le ) 

! "MNH  43.4493 43.906 

)(aN  - 49.2122 - 49.6467 - 49.6309 - 50.0777 

')(aM  

minM'  

! "MNm  

- 66.7498 - 98.0327 

- 67.9147 

- 103.621 
- 67.9147 

�minM - 67.9147 - 

- 25.3311= 

= - 93.2458 

maxM  

! "MNm  

)37(M  =  

= 31.4032 

)34(M  = 

= 48.714 

)3736( �M = 35.6816 

)34(M = 

= 56.9085  

)32(II
�initM  = 

= 25.5385, 

maxM < 61 .22 = 

= (35.68+25.54) 

Utilitiz. 
grade 

in left half of 
arch 0.920   in point m � a     

0.874 
in point a     

0.928 

TWO-HINGED ARCH  ( 7187.2cr �	 , 431/mm1.742mugli, L��� , mm800400/o ��� Le ) 

! "MNH  44.5596 44.926 

)(aN  - 50.1205 - 50.4683 -50.4376 - 50.7848 

! "MNN  
)27(N  = 

=  - 45.7754 

)26(N = 

= - 45.8839 
)25(N = - 46.3515 

)25(N = 

= - 46.359 

maxM  

! "MNm  

)27(M = 

= 39.3754 

)26(M = 

= 71.297 

)25(M = 58.2369 

)25(M = 

= 109.323  

)25(II
�initM  = 

= 57.80, 
M(25) = 

= 58.24+57.80 = 

= 116 .04 

Utilitiz. 
grade 

in left half of 
arch 1.019   

in point (25) � m 

0.955 

in point (25) 

0.923      
�

Baláž I. Koleková Y. 77



 

11a) Point loads: 240 kN + 49 x 480 kN + 448 kN + 49 x 416 kN + 208 kN, 

       reactions [MN, MNm]: H = 43.4493, Va = 23.3955, Vb = 21.4045, Ma = 66.7498, Mb =  4.18383 

 

  

 
11b) Maximum deformations [m]:  

      vertical deflection v(40) = 0.40449, (horizontal deflection u(30) = 0.059595) 

 

 

 
11c) Bending moments [MNm]:  

      M(a) = - 66.7498, M(25) = 21.4133, M(37) = 31.4032, M(83) = - 13.0495, M(b) = - 4.18383 

 

 

 
11d) Shear force [MN]: maximum value V(a) = 1.47707 

 

 

 
11e) Normal force [MN]: N(a) = - 49.2122, N(.25) = - 44.9711, N(50.) = - 43.4528, N(b) = - 48.3431 

 

Fig. 11: Hingeless parabolic arch. Span L = 320 m, rise 40 m, rigidities EA = 80 000 MN, EI = 
360 000 MNm2. 1st order analysis without imperfections. Shortening due to normal force is taken into 
account. Vertical loads qleft = 0.15 MN/m in left side of arch and qright = 0.13 MN/m in right side of 
arch were replaced by vertical point loads in 101 points. 
�
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12a) Point loads: 256 kN + 49 x 512 kN + 448 kN + 49 x 384 kN + 192 kN, 

       reactions [MN, MNm]: H = 43.4493, Va = 24.391, Vb = 20.409, Ma = 98.0327, Mb = - 27.0991 

 

 

  
12b) Maximum deformations [m]:  

      vertical deflection v(35-36) = 0.48801, (horizontal deflection u(29-30) = 0.097073) 

 

 

 
12c) Bending moments [MNm]:  

      M(a) = - 98.0327, M(25) = 37.7718, M(34) = 48.714, M(74) = - 27.7523, M(b) = 27.0091 

 

. 

 
12d) Shear force [MN]: maximum value V(a) = 2.35493 

 

 

 
12e) Normal force [MN]: N(a) = - 49.6467, N(.25) = - 45.0293, N(50.) = - 43.4547, N(b) = - 47.9085                          

 

Fig. 12: Hingeless parabolic arch. Span L = 320 m, rise 40 m, rigidities EA = 80 000 MN, EI = 
360 000 MNm2. 1st order analysis with imperfections. Buckling curve „c“. Shortening due to normal 
force is taken into account. Vertical loads qleft = 0.16 MN/m in left side of arch and qright =0.12 MN/m 
in right side of arch were replaced by vertical point loads in 101 points. 
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13a) Point loads: 240 kN + 49 x 480 kN + 448 kN + 49 x 416 kN + 208 kN, 

       reactions [MN, MNm]: H = 43.9052, Va = 23.4183, Vb = 21.3817, Ma = 67.9147, Mb = - 3.4664  

 

 

 
13b) Maximum deformations [m]:  

       vertical deflection v(39) = 0.4295, (horizontal deflection u(30) = 0.06689) 

 

 

 
13c) Bending moments [MNm]:  

M(a) = - 67.9147, M(25) = 23.9468, M(36-37) = 35.6816, M(79) = - 16.5234, M(b) = 3.4664 

 

 

 13d) Shear force [MN]: maximum value V(.1) = 1.3276 

 

 

 
13e) Normal force [MN]: N(a) = - 49.6309, N(.25) = - 45.4245, N(50.) = - 43.9086, N(b) = - 48.7416 

 

Fig. 13: Hingeless parabolic arch. Span L = 320 m, rise 40 m, EA = 80 000 MN, EI = 360 000 MNm2. 
2nd order analysis without imperfections. Shortening due to normal force is taken into account. 
Vertical loads qleft = 0.15 MN/m in left side of arch and qright = 0.13 MN/m in right side of arch were 
replaced by vertical point loads in 101 points. 
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14a) Point loads: 256 kN + 49 x 512 kN + 448 kN + 49 x 384 kN + 192 kN, 

       reactions [MN, MNm]: H = 43.9075, Va = 24.4384, Vb = 20.3616, Ma = 103.621, Mb = - 39.1536 

 

 

 
14b) Maximum deformations [m]:  

      vertical deflection v(35) = 0.5307, (horizontal deflection u(29-30) = 0.111524) 

 

 

 
14c) Bending moments [MNm]:  

      M(a) = - 103.621, M(25) = 43.7785, M(34) = 56.9085, M(73) = - 35.8893, M(b) = 39.1536 

 

 

 
14d) Shear force [MN]: maximum value V(a) = 2.19176 

 

 

 
14e) Normal force [MN]: N(a) = - 50.0777, N(.25) = - 45.4846, N(50.) = - 43.9137, N(b) = - 48.2988                          

 

Fig. 14: Hingeless parabolic arch. Span L = 320 m, rise 40 m, rigidities EA = 80 000 MN, EI = 
360 000 MNm2. 2nd order analysis with imperfections. Buckling curve „c“. Shortening due to normal 
force is taken into account. Vertical loads qleft = 0.16 MN/m in left side of arch and qright = 0.12 MN/m 
in right side of arch were replaced by vertical point loads in 101 points. 
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Example 4: The analysis of two-hinged arch with geometrical and loading parameters of Ž�ákov 
bridge was published in Baláž, I. – Koleková, Y. (2011 b). 

Example 5: Show how it is easy to find location “m” and to calculate the value of maximum bending 
moment due to equivalent uniform global and local initial imperfection )()( ugliinit xx �� '  acting in 
the structure in the point “m”. The authors developed graphical interpretation of the method valid for 
members or frames with uniform cross-section and/or with uniform normal force distribution. The 
graphical interpretation of the method is shown in Fig. 15-17 for 14 structures. The steps of the 
graphical method: 

- draw the first buckling mode, 

- identify the buckling length crL . Keep in the mind that the elastic critical force crN is 
transmitted in the direction of the line, which connects two neighbouring inflexion 
points, 

- find the location of the point “m”, where the maximum normal stress acts. This stress 
consists from the normal stress due to uniform normal force and from the normal 
stress due to maximum bending moment due to equivalent “ugli” imperfection 

)()( ugliinit xx �� ' . The point “m” is located: (i) in the middle of the buckling length 

crL  (see 6 cases in Fig. 15 and 2 non-sway frames in Fig.16 and 2 in Fig.17), or (ii) in 
the cross-section of the sway frames, where the part of the sinus wave defining 
buckling length has the maximum displacement (see 2 sway frames in  Fig.16 and 2 in 
Fig.17).  

- the value of amplitude d0,e  is defined by the formula derived by Chladný. This 
formula is today in EN 1993-1-1, (2005), 5.3.2(11), formula (5.10) and in EN 1999-1-
1, (2007), 5.3.2(11), formula (5.7). Not convenient symbol 0e  instead of d0,e is used 
in Eurocodes. The amplitude  d0,e  is located in the point “m”. 

- calculate factors 

                                        
Ed

cr
cr N

N
�	 ,    

cr

cr

cr

k
	
	

	

1
11

1 ��
�

�                                   (18) 

- calculate bending moment due to equivalent “ugli” imperfection )()( ugliinit xx �� '  
from simple formula (16, 19) by hand 

                                                      md,0,mEd,
II

mugli,Ed,0, ekNM �                                       (19) 

Examples 6, 7, 8: relating to the structures with the non-uniform cross-sections and/or the non-
uniform normal force distribution were published by Chladný in (Baláž, I. et al., 2007, 2010) and by 
Ková� in Ková�, M. (2010). 

4. Conclusions   

New very promissing and useful method for design and verification of stability and flexural buckling 
resistance of metal members and frames with equivalent uniform global and local initial imperfections 
is presented. The original method was developed by Chladný and today is used in Eurocodes EN 
1993-1-1 (2005) and EN 1999-1-1 (2007). It may be used also for frames with non-uniform cross-
sections and/or non-uniform axial force distribution. In the paper new way of derivation of basic 
formulae of the method and clear step by step description of its application based on this derivation are 
presented. The original graphical interpretation of the method developed by authors is valid for frames 
with uniform cross-sections under uniform axial compression forces and enables to obtain very easy 
the maximum value of bending moment due to equivalent “ugli” imperfection. Several numerical 
examples show in details application of this method, which may be further developed and used also 
for lateral torsional buckling of beams.  
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Fig. 15: Bending moments due to equivalent “ugli” imperfections 
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Fig. 16: Bending moments due to equivalent “ugli” imperfections 
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Fig. 17: Bending moments due to equivalent “ugli” imperfections 
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NATURAL ASHLARS OF HISTORICAL MONUMENT – MODERN 
METHODS OF DATA PROCESSING AND STORAGE 

M. Bednarik*, K. Kovářová**, R. Holzer*, M. Laho***  

Abstract:  The aim of the introduced contribution is to present the methodology for the research and 
maintenance of facing ashlars of historical structures. The natural building stone of historic monuments 
is subjected to various types of deterioration and damages mostly due to weathering processes. If the 
stone has to be completely changed during the reconstruction, it should be preferentially replaced by 
variety of the same lithological composition, the same or similar appearance and with the sufficient 
durability. It is methodologically necessary to generate the ashlars façade plan based on digital 
photographic procedure in the real scale before the restoration. The aim of this paper is to bring a 
modern look for the processing, visualization and storage of information obtained in mapping facades of 
historic buildings. The data processing and their storage in GIS were implemented on the façade of St. 
Martin’s Cathedral in Bratislava. There are also described the basic processes of stone deterioration in 
this article. 

Keywords:  Natural ashlars, data processing, GIS, databases, spatial and non-spatial data. 

1. Introduction 

       The natural building stones in historical monuments ashlars undergo to weathering processes and 
therefore they are damaged. If the stone has to be completely changed during the reconstruction, it 
should be preferentially replaced by variety of the same lithological composition, the same or similar 
appearance and with sufficient durability. Nowadays, it is practically impossible to use the resources 
of original material, therefore is necessary to find new source of a suitable replacement material. The 
use of the alternative stone must not change the visual character (color, texture) of monument or 
ornamental façade elements. From that point of view, the deteriorated façade has to be detailed and 
well researched and mapped. 

The aim of this paper is to bring a modern look for the processing, visualization and storage of 
information obtained in mapping facades of historic buildings. Processing and visualization of spatial 
data is processed within Geographic Information Systems (GIS), where used are not only the tools for 
vectorization (digitalization) of analog data and visualization modulus, but also advanced tools of map 
algebra. Map algebra is implemented directly in a GIS environment and provides basic and advanced 
analytical operations with raster and vector data model. Non-spatial data - data stored in the attribute 
table when processed in the GIS environment and database systems are information about different 
types of façade damages and their causes, physical and mechanical properties of individual lithological 
types represented in the object as well as the proposed replacement of whole building blocks. This 
paper presents the direct examples of the above mentioned approaches of processing of spatial, as well 
as non-spatial data. 

                                                
*  Doc., RNDr. Martin Bednarik, PhD.: Department of Engineering Geology, Comenius University in Bratislava; Mlynská 
dolina; 842 15, Bratislava; SK, e-mail: mbednarik@fns.uniba.sk 
**  Mgr. Kateřina Kovářová, MBA.: Department of Geotechnics, Czech Technical University in Prague; Thákurova 7; 166 
29, Prague; CZ, e-mail: katerina.kovarova@fsv.cvut.cz 
*  Doc. RNDr. Rudolf Holzer, CSc.: Department of Engineering Geology, Comenius University in Bratislava, Mlynská 
dolina; 842 15, Bratislava 4; SK, e-mail: holzer@fns.uniba.sk 
***RNDr. Marek Laho, PhD.: National Highway Company; Mlynské Nivy 45; 821 09, Bratislava; SK,                           
e-mail: Marek.Laho@ndsas.sk  
 

m
2012

. 18thInternational Conference
ENGINEERING MECHANICS 2012 pp. 87–95
Svratka, Czech Republic, May 14 – 17, 2012 Paper #320



 

To be able to provide the required and quality information about building material (physical-
mechanical properties, detailed lithology analysis, rate and cause of deterioration, etc.) is sometimes 
necessary to take samples during the process of façade photo documentation. The use of indirect 
nondestructive methods of properties assessment is useful, if sampling is impossible.  

2. Facades damages and their causes 

First, in the process of mapping façade, is necessary to know the cause of damage of building stone 
ashlars and to determine the main weathering processe that is responsible for the decay. 

The weathering of stone ashlars is natural process during which physical and chemical processes take 
place (Winkler, 1997). The weathering processes cause physical disintegration and chemical changes 
having the effect on changes of rock structure and its physical properties. The weathering forms are 
macroscopically (also microscopically) observable phenomena on the stone surface. The cause of the 
stone decay is obvious in some cases and therefore the identification of concrete weathering process is 
possible (Smith et al., 1992). The durability of stones is influenced by certain factors. Warke (1996) 
distinguishes the factors between those factors, which influenced the stone before its placement into 
the building structure (e.g. way of extraction, processing of surface), and such factors, which modify 
the stone after the placement into building structure (e.g. internal environment, surroundings materials, 
cleaning and conservation).  

The degree of damage depends on the stone petrography and stone genetic classification. The 
characteristic component of stone internal structure is its pore space, which is significantly modified 
during weathering processes. On the other hand, the properties of pores, such as e.g. their shape, 
interconnection and size distribution also influence the stone durability and consequently the degree of 
damage. The presence of intergranular spaces influences the porosity, presence and transport of the 
liquid phase inside the rock.  

Physical weathering 

Physical weathering is a set of processes during witch stone is negatively influenced as the effect of 
physical forces (Ollier, 1969). Neither chemical nor mineralogical composition is affected during these 
processes, but the grain cohesion may be broken and thus the technical properties may be exacerbated 
(Winkler, 1997). Physical weathering also causes the changes of internal structure. Among the agents 
causing the physical weathering belongs e.g. temperature changes (frost, insolation), salt 
crystallization pressure, mechanical influence of organisms. 

Influence of water presence 

The presence of water in stone is one of the most significant weathering agents, especially during 
winter. The freezing water in pores can cause large pressures and can lead to the degradation and 
disintegration of stone grains. Presence of water in the pore system affects the cohesion of grains if 
their state changes.  The action of frost can cause swelling and shrinking of stone surface (Winkler, 
1997; Thomachot & Jeannette, 2002). When water freezes, it increases in volume of approximately 
9% (Johannesson, 2010). This can cause large pressure and consequently changes in the pore 
structure. Hardness of frozen water crystals is 1.5 degrees of Mohs scale at 0°C and 6 degrees at - 
60°C. The total porosity and pore radius increase depending on the number of freeze/thaw cycles 
(Winkler, 1997).  

Sedimentary rocks often contain clay minerals and therefore they may be sensitive by wetting. The 
presence of water can cause the swelling of expansive clay minerals. The outward forces of the 
expansion produce tensile stresses in the stone structure (Bortz & Wonneberger, 1997).  

The process of hydration, contribute to the degradation as well. The volume of phase increases 
during the hydration due to the sorption of water and thus more pressure is exerted on the surrounding 
area. Hydration and dehydration processes take place in response to changes in temperature and 
relative humidity. 
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Influence of salts presence 

Crystallization of salts in pores can exacerbate the process of degradation. The origin of salt crystals 
forming from the solution in the pore space can cause large pressure. According to Goodman (1989) 
the growth of salt crystals depending on temperature causes pressure of several tens to hundreds of 
MPa, which exceeds the tensile strength of most rocks. Besides crystallization pressures of forming 
salts, the process of their hydration, contribute to the degradation as well.  

On the other hand, not every salt action results in stone deterioration. The production of surface 
efflorescence is often impressive and highly visible, but generally causes only little damage. 
Previously fractured material can be actually bound together by various salts (Doehne, 2002). Besides 
the influence on the process of physical weathering, crystallization of salts may be accompanied by 
chemical processes and action of organisms (Goudie & Viles, 1997). 

The relationship between the action of salt crystallization and frost action was pointed out by e.g. 
Williams and Robinson (2001). The authors extended the range of salts, which intensify the frost 
action, and also shown that the degree of stone damage depends on the combination of salts involved. 

Chemical weathering 

Chemical weathering is a very complicated process during which the interaction among minerals and 
present solutions causes mineralogical changes and may lead to the degradation of stone. Factors 
controlling chemical weathering are following (Ollier, 1969; Winkler 1997): i) concentration of 
hydrogen ions in system (pH); ii) its ionic potential; iii) and its oxidation/reduction potential. The 
chemical weathering processes especially are dissolution, oxidation and reduction, carbonatization, 
hydration and hydrolysis. 

Chemical weathering is influenced by the presence of water and dissolved chemicals and gases. 
Temperature, humidity, presence of organic acids and dissolved carbon dioxide are particularly most 
relevant to the extent of damage caused by chemical weathering (Winkler, 1997).  

3. Processing of ashlars facade plan and data storage results 

Preparation of input data and assumptions of technical processing issues 

                                                                           The main instruments, except of external graphics modulus for processing, vectorization, analysis 
and visualization are Geographic Information Systems environment (GIS) and database systems.     

There are many definitions that describe the Geographic Information System. Concise definition is 
according to Maguire (1991), which describes the GIS as an organized set of computer hardware, 
software and geographic data for the efficient acquisition, storage, editing, management, analyzing and 
displaying all forms of geographic information. For façade plan processing the vector data model was 
applied. Vector representation of conceptual models of reality is based on the object; position the 
explicit modeling of space. Object reality is represented by geometric types (elements) composed of 
points, lines and polygons. Vector data are stored in computer memory using the coordinates of points 
and topological relations (Hofierka, 2003). 

            The basic requirement placed on the facade plans is their positional accuracy. Important problem is 
the heterogeneity of different sources (http://sk.wikipedia.org/wiki). Positional accuracy varies and 
results from the scale, method and precision of data scanning, as well as other factors. Therefore, it 
needs accurate and correct mutual superposition of all inputs. When processing the façade plans a 
commercial product by ESRI (Environmental Systems Research Institute) - ArcGIS 9.1, working 
under the Microsoft Windows had been used. 

Database System (often RDBMS or DBMS) is a software system for efficient storage, 
modification and selection of large amounts of persistent data. At present, almost all used database 
systems are based on relational data model. The performance and capabilities they provide, we can 
roughly be divided into "high end" (Oracle Database, Microsoft SQL Server, IBM DB / 2) and "low-
end" (MySQL, MiniSQL, ...) and systems between (PostgreSQL, ...). Besides these there are also so 
called desktop relational database systems, which unlike "full" systems do not provide a high level or 
even advanced features such as transaction processing, authorization, and robustness, multi-user 
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access but on the other hand, are much cheaper (Microsoft Access, dBASE, Microsoft FoxPro, 
Firebird, Interbase, ...). Microsoft Access database in package Microsoft Office 2003 was used for our 
targets as the database system. 

GIS based processing 

  Based on detailed photo documentation of historic building within frame of field research, the 
subsequent generation of facade plans using GIS is very useful. The output of this stage is a detailed 
and accurate plan of the facade, which has incorporated elements of architectural characteristics, 
lithological composition of individual building blocks and their properties (including those laid down 
in the laboratory research) and determination of weathering forms. 

The first step is facade mapping and identification of individual ashlars of the object using existing 
paper plans. Those results are usually scanned to digital raster form (.tiff) and georeferenced in GIS 
environment (Fig. 1). Usually we use large-scale cylindrical scanner with high resolution. Paper plans 
often do not correspond to the actual state, so during the mapping phase these should be updated. 

 
Fig. 1: Left - mapping and identification of individual building blocks, right - an example of existing 

paper facade plan (Vician et al., 1957). 

The second step is using of photogrammetric approach, to create photo documentation of the 
object façade, predominantly for bottom part of the objects, which is the most affected by chemical, 
mechanical weathering as well as by human activities. These records should be rectify, georeferenced 
and digitize using vectorization tools within GIS environment (Fig. 2). Using polygon entities per each 
building block, the vectorization had been completed. 

The third step after the vectorization is visualization of the vectorized parts of facade plans. The 
visualization is based on non-spatial information stored in attribute table directly connected with 
individual layers (Fig. 3). We can use the non-spatial data for providing of various analyses using map 
algebra, e.g. how many and which blocks are damaged due to concrete type of weathering, how many 
and which ashlars of same lithological type should be replaced, percentually which lithological type is 
predominantly used on the object and many others. 
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  Fig. 2: Using of photogrametry approach: a) photodocumentation, b) rectification, c) vectorization 

(Laho et al., 2010). 

 
Fig. 3: Processing of part of St. Martin Cathedrale in Bratislava in ArcGIS: left - the visualization 

represented lithological types; right - the information stored in the attribute table. 

Database processing 

 The modern trend of processing information electronically enables to store a large set of data in a 
relational database in accordance with modern standards of information technology. Such a process of 
storage and arrangement of data provides an efficient operation, completion and retrieval of interactive 
relations.      

The methodology used for the database was assembled from generally valid rules for the creation 
of information structures and for the type and extent of data input assembled in documentation 
records. The relational database generates an information unit and a tool assembled in documentation 
records which enables their efficient presentation and processing as specified by the requests of the 
user. An example of database scheme is presented in Fig. 4. Microsoft Access database in package 
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Microsoft Office 2003 was used as the database system (Fig. 5). This solution belongs to the cheaper 
desktop relational database systems. 

 
Fig. 4: Database system scheme for data storage (Holzer et al., 2009).   

 
Fig. 5: An example of "user friendly" database using Microsoft Access environment (Holzer et al., 

2009). 

Spatial and Non-spatial data  

Spatial data are bound predominantly to GIS environment. Those data can be presented it two data 
models. First is vector data model, where all objects are described by point, line or polygon entity and 
second is raster data model characterized by size of basic cell. Here-in, polygon entity of individual 
blocks as a vector had been applied to create façade planes.  
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Non-spatial data can be bound both within GIS environment in the form of attribute tables as well as 
in database systems. Those data presents huge amount of information from field and laboratory 
research. For our purposes non-spatial data which are needed for appropriate ashlars replacement can 
have following structure (modified according to Holzer et al., 2009)):   

(1)  Position of the object consisting of the object name and district and county name according to 
the territorial divisions. 

(2)  The geographical co-ordinates of the JTSK system provide subsequent processing of 
information for the application of the GIS environment.   

(3)  The documentation date represents useful information with regard to the history of research. 

(4)  Façade damages and their causes (see the chapter 2). 

(5)  Descriptive characteristics of the rock material contain the set of basic data on the character and 
state of rocks described according the rules of the standard STN EN ISO 14689-1. It concerns: 

–  Colour of the rock material which predominantly characterizes the weathering degree of the 
rock; 

–  Grain size of the rock which is the basic structural characteristic of the rock material. It is 
described semi-quantitatively according the standard; 

–  Carbonate content in the rock material which could influence its properties in contact with 
water. According to the standard three possible states are distinguished: rock without 
carbonates, carbonate rock and highly carbonate rock;  

–  Weathering characterizes changes of the rock material, caused by external factors.  According 
to the Technical standard criteria four degrees of rock material weathering are distinguished: 
fresh – discoloured – disintegrated – decomposed; 

–  Resistance in water that is one of the most important properties, especially for rocks containing 
clayey minerals. The water resistance is expressed based on the rock state after         a 24 
hours submerge in water according to the scale: rock material stable –partly stable – non 
stable.   

(6)  Physical properties express the physical state of rock material. They are detected by laboratory 
tests or by calculation. Within physical properties a Specific rock density (ρs in kg.m-3, 
determined according to standard STN EN 1936), Bulk density of dry rock (ρd; kg.m-3; STN EN 
1936), Porosity (n; determined according to formula n = (ρs - ρd)/ρs. 100 (%)), Absorption 
capacity (N; %; STN EN 13755) and Absorption capacity by capillarity (Cf; g.m-2.s0,5; STN EN 
1925) can be presented. 

(7)  Deformation properties of rock material express behaviour of rock during its loading and 
unloading. Deformation properties of rock material are detected by laboratory tests or by 
calculation.  Within deformation properties Modulus of rock elasticity (E; MPa; determined 
according to standard STN EN 14580), Deformation modulus (Edef; MPa; STN EN 14580), 
Dynamic modulus of rock elasticity (Edyn; MPa; which is calculated from the measured velocity 
of ultrasonic waves and value of bulk density of rock) and Poisson ratio (υ; non-dimensional; 
STN EN 14580) can be presented. 

(8)  Strength properties - express the highest resistance of rock material to actuating strength. 
Regarding to anisotropy of some types of rocks the orientation of strength in axis x (y) or z is 
expressed in the corresponding rows.  Within strength properties the uniaxial compressive 
strength on dry samples (σc1; MPa; STN EN 1926), on saturated samples (σc2; MPa; samples 
immersed in water for 48 hours) and on freezing samples (σc3; MPa; samples after 25 cycles of 
freezing and thawing) can be presented.  

(9)  Index properties include mechanical properties of rock material, determined by simple and 
quick tests. The results of these tests have usually good correlation with conventional strength 
tests of rock material.  Point strength of rock (or Schreiner strength; σvtl; MPa), Rebound 
hardness by Schmidt hammer (R; non-dimensional), Velocity of ultrasonic waves spread (v; 
m.s-1) and Point Load Test (Is(50); MPa). 
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(10)  Technical properties of rocks characterize rock material as a material used for various 
purposes, but foremost in engineering practice. Selection of properties was limited by the 
possibilities of laboratory testing.  Resistance against water expressed by coefficient of softening 
(k1 = σc2/σc1; non-dimensional), resistance against frost expressed by a coefficient of freezing (k2 
= σc3/σc1; non-dimensional), Slake Durability Test (Id; %), Abrasiveness of rock expressed by 
coefficient of abrasiveness micro-Deval (MDE; non-dimensional; STN EN 1097-1) and 
resistance against salt crystallisation ΔM; %; STN EN 12370).  

(11)  Resources of rock – original or for potential replacement.  

(12)  Photography of location which contains a general view on location and a more detailed view 
on the documented part. 

(13)  Microscopic snap (created at parallel and crossed Nicol prism) with a description of the 
mineral content and fabric of rock material.  

(14)  Photography of the glazed surface of the rock sample. 

4. Conclusions 

The use of the modern approach of façade research and mapping enables to generate a quality façade 
plan using GIS. This plan provides rich variety of information, especially at the time of reconstruction 
planning.  There are included all the important and useful information about the ashlars material and 
ornamental façade elements, such as lithological composition, rate of deterioration, weathering forms 
and as well as the proposal which blocks should by replaced. The modern trend of information 
electronic processing enables storage of a large set of non-spatial data in a relational database in 
accordance with modern standards of information technology. At the end, we have the “user friendly” 
database, which contains all the necessary information. 
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1. Introduction 

The result of the requirements to build turbines operated under constantly increasing admission 
pressures and higher unit ratings is the necessity to steer the momentary power of the turbine via 
control valves with relief. As of now, ŠKODA POWER a. s. does not yet offer these valve types in its 
product portfolio. After the rather limited success of the application of licence to a relief valve for the 
1000 MW turbine, the topics of operational reliability and shape of the control valve cone have 
received systematic attention. Individual variants of the potential valve designs are subject to thorough 
testing at various laboratory stands. Among the highly useful benefit is the possibility to visualise the 
flow inside the valves that is realised by CKTI in St. Petersburg under the supervision of ŠKODA 
POWER (Feldberg 2005). Calculations of flow inside the valves are useful as well (Matas 2004). 

Numerous experiments have indicated that designs using a single central relief port are not 
suitable. New publications (Zarjankin & Simonov 2005) recommend that the cone use a perforated 
wall. In the valve for the 1000 MW turbine, the perforated ring – damper assisted in the suppression of 
extreme pressure pulsation during startup at high pressure loss with elevated local values of Mach 
numbers. A disadvantage of the damper is that it is present also at rated operating conditions. This 
disadvantage could be removed by controlled steam discharge through the perforated wall of the cone. 

The CKTI laboratory has carried out tests to verify the shaped valve cone with relief holes. The 
needs of the visualisation process required that a desk model of the valve cone be prepared, including 
the holes. Visualisations were realised using the shadowing method in a Töpler machine and using a 
Mach – Zehnder interferometer. Pressure pulses are evaluated according to the change in the local 
optical signal. The relative change of specific gravity is proportional to the relative change of light 
intensity: 
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�J, J0  change of intensity in the interference image and its basic value, 
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FLOW VISUALIZATION IN CONTROL VALVE 
WITH PROFILING CONE 

L. Bedná�*, L. Taj�**, M. Miczan***, L. A. Feldberg**** 

Keywords:  valve, profiling cone, visualization. 
 

Abstract:  The results from aerodynamic research on the model control valve with profiling cone of steam 
turbine �KODA are presented. Experimental work was realized in the research laboratory CKTI Sankt 
Petersburg. Pressure pulsations under cone in a big range of operational parameters were measured. 
Measurements were realized by means of optical interferometry.
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��, �  change of specific gravity and specific gravity of steam, 

�, K  wavelength of light and constant k = 22.7 · 10-5 m3/kg, 

L width of work section. 

The following equation governs pressure pulsation: 
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T temperature, 

R  gas constant.  

 

 

Figure 1:  Actual rendering of a cone 
in a relief valve 

Figure 2:  Model of a valve featuring a shaped 
cone and relief port 

  

Figure 3  Tested variants of the cone Figure 4:  Operational characteristics of the valve, 
MEI 

2. Design of Experiment and Valve Model 

The design of the valve assumed for verification by experiment is shown in Figure 1. The cone profile 
has been prepared using information from the MEI (Moscow Power Engineering Institute). The model 
for visualisation of flow requires the transition and 3D realisation of the part of interest into a 2D 
system. For that reason, the number of holes in the model was reduced to preserve the proportional 
flow area relevant to the neck area. The model of the cone has been simplified against the original 
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part – see Figure 2. Pressure above the cone is assumed equal to that at the valve intake port. The 
tested variants are shown in Figure 3. While the first variant shows the cone without perforation, the 
second models two rows of relief holes. The wind tunnel at CKTI allows the modelling of pressure 
situations in the valve ranging from p2/p0 = 0.27 ÷ 0.97, which corresponds to relative cone lift 
h/D0 = 0.05 and p2/p0 = 0.66 as well as h/D0 = 0.1 with p2/p0 = 0.92. 

3. Flow Visualisation 

Visualisation of flow using the shadow method has been realised for a wide variety of operating 
modes. Figure 5 provides an overview of three pressure ratios and lift for variant 1 (cone without 
perforation). Low lift and low pressure ratio delivers irregular distribution of flow fields. At one side 
of the cone, separated flow occurs while at the other side of the cone, flow attraction to the cone 
prevails. 

As the lift and pressure ratio increases, the flow fields become balanced and the flow adheres to 
the cone constantly. The entire area under the cone becomes filled at a lift h/D0 = 0.11 and pressure 
ratio p2/p0 = 0.87. 

 

   

Var.1.: h/D0=0.02, p2/p0=0.35 Var.1.: h/D0=0.06, P2/P0=0.41 Var.1.: h/D0=0.11, P2/P0=0.87 

Figure 5:  Visualisation of flow under the cone without perforation 

 

   

Var.2.: h/D0=0.01, P2/P0=0.35 Var.2.: h/D0=0.06, P2/P0=0.41 Var.2.: h/D0=0.09, P2/P0=0.75 

Figure 6:  Visualisation of flow under the cone with perforation 

 

The effects of the relief holes can also be inferred from a series of images of flow fields 
in Figure 6. Relief holes promote stabilisation of flow fields in separating the flow from the cone. 
The flow lines from the holes possess an ejection effect that leads to partial intake of steam from 
the environment. A certain asymmetry in specific gravity distribution shows at h/D = 0.06 and 
p2/p0 = 0.41. However, symmetrical distribution of pressure remains preserved on the cone surface. 
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4. Measuring of Pressure Pulses 

Interferometric measuring enables the assessment of velocity fields, Mach numbers, and changes 
in pressure pulsation in the location of interest. Locations of pressure pulsation measurement are 
shown in Figure 7. Assumed are measuring locations in the valve axis under the cone as well as 
locations across the diffuser neck. Distribution of Mach numbers for cones with and without relief, 
respectively, is shown in Figure 8. They are compared at identical valve lift h/D0 = 0.02 and pressure 
ratio p2/p0 = 0.92. The maximum velocities occur on the surface of the diffuser seat. In cones without 
relief, a considerable loss of velocity occurs in the central section of the diffuser. Relief holes assist 
in balancing the velocity in the central section of the diffuser channel. The higher velocities in the seat 
area assist in limiting the potential separation of flow from the diffuser wall, which promotes 
the efficiency of the diffuser.   
 

  

Figure 7:  Locations for measuring 
pressure pulsation 

Figure 8:   Distribution of Mach numbers in the neck of the 
diffuser for two variants of cone design 

 

A comparative study of the frequency spectra at light intensity acquired via the shadow and 
interference methods show higher sensitivity when the interference method is used. The higher 
sensitivity shows especially in the low frequency range. The interference method looks at changes in 
specific gravity while the shadow method records changes in the gravity gradient. A comparison of the 
light intensity spectra in response to frequency taken in location 3 under the cone is shown in Figure 9. 
Individual peaks of discrete frequencies correspond to the inherent frequencies of the system. Light 
intensity records taken in the axis under the cone (locations 0 ÷ 7) are shown in Figure 10. Thus 
a wide band of vibration with the values made visible at inherent frequencies is confirmed. Pulsation 
in the valve inlet chamber (location 0) are a digit place lower than in the area under the cone. The 
distribution of the integral value of pulsation intensity in relation to the value in location 1 is shown in 
Figure 11. As the distance progresses, pulsation intensity becomes up to 3.5 times stronger. Maximum 
values occur where the flow of media from both sides of the cone coalesce. In the analysed model, 
the distance was 30 mm from the bottom of the cone. 

 

 
Figure 9:  Measuring of pulsation using various 

optical methods 
Figure 10:  Pulsation spectra in the axis under 

a cone without relief 
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Attention was also given to the effect of cone perforation to the intensity of pulsation in the flow. 
Figure 12 brings a comparison of the pulsation spectra in the neck of the diffuser used in cones with 
and without perforation, respectively. Perforation clearly assists in damping the pressure pulsation. In 
the frequency range 90 ÷ 100 Hz, the damping ratio is 10 ÷ 15; in the frequency range 100 ÷ 1000 Hz, 
the damping ratio is 5 ÷ 10, and in the frequency range 1000 ÷ 10000 Hz the damping ratio is 3 ÷ 5. 
The assessment of pressure pulsation intensity shows that it is present in various sections of the flow 
field in the range from 2 to 10%. 

 

 

Figure 11:  Distribution of pulsation intensity 
along the channel axis 

Figure 12:   Pulsation spectra in the diffuser neck 
at cones with and without relief, respectively 

5. Conclusions 

Flow under the cone of the control valve having the shape as suggested by the MEI may, under certain 
pressure conditions and at low lift, be unstable with differential flow arrangement on the opposite 
sides of the cone. 

Cone perforation assists in stabilising the flow in the diffuser and under the cone. It also provides 
symmetrical flow field in the surroundings of the cone. The velocities become balanced in the neck of 
the diffuser. Flow separation from the cone is evident. 

Pressure pulsation ranging from 2 to 10% is present in a non-relief cone. 

Maximum pulsation occurs in the area under the cone where the flow from both sides of the cone 
amalgamates. 

Cone perforation assists in damping the pressure pulsation. Damping ratio amounts to 10 to 15 in 
the low frequency range. 
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EFFECT OF PATCH REPAIR ON FATIGUE BEHAVIOR 

M. Benachour*, N. Benachour**, F.Z. SERIARI***, M. Benguediab****

Abstract: In this paper, effect of patch repair on fatigue crack growth was investigated. In additional 
loading parameters associated with patch repair was studied in order to shown theirs influence on 
fatigue life and fatigue crack growth rate.

Keywords: Composite patch repair, aluminum alloy, fatigue crack, stress ratio.

1. Introduction

During navigation, aircrafts are subject to cyclic loading when damage was created in theses 
structures. In these situation fatigue problems become an important topic in the maintenance of 
damaged aircraft structures. Efficient repair technique, called composite patch repair, was used to 
reinforce the damaged (cracked) structures and extend the service life of aging aircraft. This technique 
offers significant advantages over traditional repair methods (riveting, fastening, welding). Repair of 
cracked components by an adhesively bonded composite patch has gained acceptance in aerospace 
structures (Baker et al., 2002). Beneficial effects of bonded repair can be summarized as: (1) reduction 
of the stress field near the crack, (2) leads to retardation or complete arrest of the crack growth, (3) 
provides a high structural efficiency and extends the life of cracked structural components at an 
economical cost. Investigation into the crack growth behavior of the bonded patch repaired structures 
has been the primary focus of the majority of previous studies (Sabelkin et al., 2006).

In experimental fatigue investigation conducted by Sabelkin et al. (2006) performed on 2024 T3 
aluminum alloy and patched Boron/epoxy composite patch material, fatigue results shown that bonded 
composite patch repair increase fatigue life about fivefold in the case of stiffened panels while it 
increased about ten fold in the case of un-stiffened panels. In other work of Sabelkin et al. (2007), 
experimental and analytical investigation was conducted on 7075 T6 aluminum alloy panel repaired 
with one sided adhesively bonded composite patch. In this study, crack growth rate was primarily 
dominated by stress intensity factor of the repaired panel near the bonded patch and the bonded patch 
repair of a cracked panel provides a considerable increase in the residual strength as well as fatigue 
life. In review paper established by Jones et al. (2004) revealed that for composite repairs to through 
cracks in thin sheets the growth of small to medium length cracks, that have low to mid range (K’s, 
follows the law proposed by Frost & Dugdale (1958) and Frost et al. (1974). Whenever to the 
precedent conclusion is valid and bending effects are negligible then the effect of the patch is 
primarily due to the reduction of the net section stress. In the investigation of Hosseini-Toudeshky 
(2006), it is experimentally and numerically shown that the crack growths non-uniformly from its 
initial position along the thickness of a single-side repaired panel and the crack-front shape are an 
important parameter influencing the stress intensity factor and crack propagation rate. In study 
conducted by Ong & Shen (1992), various factors affecting the repair of 2.5 mm thick 2024-T3 
                                               
* Dr. Mustapha BENACHOUR, MC_A : IS2M Laboratory, Mechanical Engineering Department, Faculty of Technology, 
University of Tlemcen, BP 230; 13000, Tlemcen; Algeria (DZ), e-mail: mbenachour_99@yahoo.fr
** Ms. Nadjia BENACHOUR, MA_A : IS2M Laboratory, Department of Physics, Faculty of Sciences, University of 
Tlemcen, BP 230; 13000, Tlemcen; Algeria (DZ), e-mail: nbenachour2005@yahoo.fr
*** Ms. F.Z. SERIARI, PhD : IS2M Laboratory, Mechanical Engineering Department, Faculty of Technologie, University of 
Tlemcen, BP 230; 13000, Tlemcen; Algeria (DZ). e-mail: bmf_12002@yahoo.fr
**** Pr. Mohamed BENGUEDIAB, LMPM Laboratory, Mechanical Engineering Department, Faculty of Technology, 
University of Sidi Bel Abbes; 22000, Tlemcen; Algeria (DZ), e-mail: benguediab_m@yahoo.fr

m
2012

. 18thInternational Conference
ENGINEERING MECHANICS 2012 pp. 103–108
Svratka, Czech Republic, May 14 – 17, 2012 Paper #27



aluminium plates have been investigated, especially patch materials. Effect of patch materials on FCG 
was studied namely boron/epoxy patch and graphite/epoxy patch. Modified walker equation was used 
to calculate fatigue crack growth. Results show that both boron/epoxy and graphite/epoxy composite 
patches attain sufficiently high fatigue lives to meet the damage tolerance requirement.

Fatigue behavior of patched aluminum alloys 2024 T3 and 7075 T6 was investigated by 
Duquesnay et al. (2005). Under constant amplitude loading, effect of stress ratio, R (R=-1, 0, 0.5), on 
stress life behavior was highlight. At same cycles of failure (� 105 cycles), an increasing in maximum 
shear stress was shown in increasing of stress ratio for the both aluminum alloys. In the same study, it 
was shown that patched bare 2024 T3 aluminum alloy present a good resistance comparatively to the 
unpatched bare. In recent work (Pastor et al., 2009), lifetime extension of the reinforced specimens is 
significant assuming the same load level for patched and unpatched specimens.

2. Fatigue crack growth behavior 

2.1. Material and stress intensity factor for unpatched and patched specimen

Materials used in this study are 2024 T351 and 7050-T74 aluminum alloys obtained on rolled plates in 
L-T orientation. Basic mechanical properties for this material are presented in Table 1 (see Afgrow 
database). Mechanical properties of composite patch (Graphite/Epoxy) are indicated in Table 2. 
Simulation of fatigue crack growth in mode I used thin middle tensile plate specimen M(T) subjected 
to uniform tensile cyclic load. Geometrical parameters of tested specimens are indicated in Fig. 1. 

Fig. 1:  M(T) specimen detail a) Unpatched specimen b) Patched specimen

Table 1. Mechanical properties of 2024 T351 Al-Alloy

E

(GPa)
%%0.2

(MPa)

KIC

(MPa.m1/2)

KC

(MPa.m1/2)
�

73.08 372.32 37.36 74.72 0.3

Table 2. Mechanical properties of Graphite Epoxy 

EL

(GPa)

ET

(GPa)

GXY

(GPa)
�

172.37 10.342 4.826 0.3

The stress intensity factor for the studied specimen implemented in AFGROW code depends on 
several parameters is written bellow:

( )wa�a��K� /.= (1)
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Function  is the geometry correction factor, proposed by Newman (1976), is expressed below :

[ ] ( )[ ] 5042 wa��060�02501� .sec.+.= -   (2)

where �=2a/w and a/w � 0.5

In patched specimen function  was modified and depend on presence of composite patch and 
width of the patch and numbers of plies (Wp = 100 mm, 8 plies). Variation of recalculated function  
is given on Fig. 2. 

Fig. 2: Geometrical correction function  for patched M(T)specimen

2.2 Fatigue crack growth model 

AFGROW code developed by NASA (Harter, 2006) is used for simulation of fatigue crack growth. In 
NASGRO model used in this study, is expressed bellow:
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f presents the contribution of crack closure and the parameters C, n, p, q were determined 
���������	
���
����th is the crack propagation threshold value of the stress–intensity factor range. 
In constant amplitude loading, function f was determined by Newman (1984). Parameters of 
NASGRO model for the studied materials are presented in Table 3.

Table 3. Parameters of crack growth model for 2024 T351 

%%max/%0 C n p q

0.3 1,7073e-10 3.353 0. 5 1

3. Results & discussions 

Patched and unaptched M(T) specimen in L-T orientation are subjected to a constant cyclic 
loading (%a=100 MPa) under variation of stress ratio. The Kmax criterion was adopted for the limit of 
crack growth. Fig. 3 and Fig.4 showed respectively the effect of stress ratio on fatigue life for 
unpatched and patched specimen. For two configuration specimens, stress ratio presents the same 
effects. It is noticed that an increasing in stress ratio increase the fatigue life. It is found that fatigue 
life of repaired specimen using eight (08) plies of composite patch is affected highly at high stress 
ratio (i.e R = 0.5) comparatively to the low stress ratio. In all stress ratios, Fatigue life ratio 
patched/unpatched M(T) specimen is about twice (2) for crack length greater than 10 mm. In 
experimental fatigue life results (Seo & Lee, 2002) performed on CCT specimen at R =0.1, fatigue life 
ratio is about 3.5. 
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The fatigue crack growth rates for different stress ratio in unpatched specimens are shown on Fig. 
5. Curves illustrate a general increase in da/dN with R. An important effect of R has been observed 
clearly for this material at high (K stress intensity factor. Also the same effect was shown in patched 
specimen. It is noticed that at same stress ratio, FCGRs for patched and unpatched specimen have the 
same slope and threshold stress intensity factor was influenced by patch repair (Fig. 6). Result shown 
that patched M(T) specimen crack at 5.6 MPa(m)1/2 but for unpatched case, M(T) specimen crack at 
2.8 MPa(m)1/2 at zero stress ratio. For positive stress ratio, cracks grow at the same stress intensity.    

Fig. 7 shows the comparison of predicted fatigue crack growth between patched specimen repaired
by Graphite/Epoxy and unpatched specimen. It was showing clearly that patch repair retard crack 
growth.  Aslo, it was noticed that after 10 mm of crack length, the difference in crack growth for the 
botch configuration specimen (Fig. 1) remains almost constant and between initial and 10 mm crack 
length, da/dN present a nonlinear variation.  

Fig. 3: Effect of stress ratio on fatigue life for unpatched M(T) specimen 

Fig. 4: Comparison and effect of stress ratio “R” on fatigue life 
for patched “Pat.”and unpatched “Unp” M(T) specimen
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Fig. 5: Effect of stress ratio on FCGRs for unpatched M(T) specimen 

Fig. 6: Effect of stress ratio “R” on FCGRs for patched “Pat.” And unpatched “Unp”M(T) specimen 

Fig. 7: Effect of patched and unpatched specimen on FCGRs 
    performed on 2024 T351 Al-alloy M(T) specimen
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4. Conclusions

Fatigue crack growth behavior of cracked plate with bonded composite patch repair was investigated 
through empirical study with numerical integration. This study involved fatigue behavior of 3 mm thin 
specimens with center crack M(T) unrepaired and repaired with four directional graphite/epoxy patch.
Conclusions drawn from this study are cited below: 

- Fatigue life for repaired and unrepaired specimen was affected by stress ratio. 

- In repaired specimen fatigue life was affected highly at high stress.

- Fatigue crack growth rate (FCGR) increased by increasing in stress ratio. 

- At the same stress ratio, patch repair affect threshold stress intensity factor and initial crack 
growth.

- Fatigue crack growth rate was compared for repaired and unrepaired specimen and shown 
beneficial effects of composite patch to extend the service life of damaged structures.  
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SHORT-SPAN RAILWAY COMPOSITE BRIDGES:TEST AND RATING 

J. Ben�at*  

Abstract: This paper presents an overview of the in–service performance assessments of a steel–concrete 
composite (SCC) short–span railway bridge superstructure. A field load testing and visual inspections for 
the assessments of the SCC bridge durability under an actual service environment were conducted. The 
test result indicates that the SCC bridge superstructure has no structural problems and is structurally 
performing well in–service as expected. The results may provide a baseline data for future field SCC 
bridge load bearing capacity assessments and also serve as part of a long–term performance of SCC 
bridge superstructure. 

Keywords: Dynamics of bridges, load bearing capacity assessments, bridges static and dynamic loading 
test, railway steel–concrete composite bridges, DLF, spectral analysis. 
  

1.    Introduction  

To investigate its in–service performance, field load testing was conducted under an actual service 
environment. Field load testing is an attractive tool for re–evaluating the capacity rating of bridges. 
For the first time, the capacity rating for an SCC railway bridge under in–service environment is 
calculated and discussed with various existing methods for the rating factors such as allowable stress 
and DLF (Ba`a, et al.1994; Ben
at, 2003). As the SCC railway bridge superstructure was 
instrumented, the real load test was conducted (Ben
at, 2007) under similar loading and weather 
conditions as during initial field loading tests in the 2002 (Ben
at, 2003). This was done to ensure the 
structure’s integrity before opening it to the public, to establish base line conditions for a future in–
service field load test program, and to compare actual performance with theoretical calculations. After 
the initial field load test, the follow–up field load test was conducted to ensure that the SCC railway 
bridge structure was behaving satisfactorily and to check out any signs of degradation. The SCC 
bridge superstructure was tested using conventional tractile locomotion E 662.2. The results of this test 
were later used to evaluate bridge in–service bearing capacity. 

2.    The bridge case – study 

The short–span railway bridge on ŽSR (Slovak Republic Railways) line Žilina – �adca (Fig. 1) was 
built in 2002. The bridge load bearing structure is created by one span two concrete plates reinforced 
by rolled I sections. Each line direction is supported by two single span plates which are shifted one 
another with distance 2,425 m. Length of the span is 13 m and width of structure is 9,8 m. Thicknesses 
of the plates are 0,82m and they are increased on the border to shape � – Fig. 2.  The soil conditions 
for foundations of the two abutments are very similar on both riversides the resistant substratum 
(gravel and sandy gravel). The bridge uppers structure creates continuous track with gravel bed 
(Bencat, 2002, 2007).     
      Foundations of the supports are reinforced concrete blocks on the same substratum as the both 
abutments. For both dilated bridge parts supports are reinforced concrete gravity abutments.  Fig. 2 
shows the bearing structure cross–section and Fig. 3 depictures schematic plan view of the bridge 
plates.  
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Fig. 1:   View of the short–span bridge on ŽSR line Žilina – �adca 

Fig. 2:   Cross – section of the load bearing structure 

Fig. 3:   Schematic plan view of the load bearing structure  
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3    Finite Element Model Analysis 

3.1 Natural frequencies 

Bridge static and dynamic numerical analysis was performed using the IDA NEXIS software. The 3D 
global model incorporated all primary and secondary load – carrying members in the bridge were 
excluded at this stage. Computing system enable to create slab – beam stiff connection. FE model of 
bridge structure was composed from two main plate using 2D elements stiff connected on beam 
elements with I shape cross section (reinforcement) respecting bridge load bearing structure geometry. 
Also supports were modelled respecting bridge bearings positions – one side stiff joints and other side 
slip joints (SUDOP Košice, 2001; The Steel Construction Inst., 20014; Slovak Standard 73 6203).   

For the static and dynamic FEM computations the bridge superstructure (continuous track with 
gravel bed) is considered as a continuous distributed mass and locomotive type E 669.2 is considered 
as a singular mass. The simplified FE model consists of 1758 joints, 1904 beam elements and 1503 
shell elements. Rendered computational model layout is presented on Fig. 4. 

Fig. 4: Global FEM model layout 

Using FE model of the bridge structure the first twenty natural frequencies and modes of natural 
bridge vibration were calculated to compare to their experimental values from the Dynamic Loading 
Test (DLT) measurements. As an example, some of them are shown in the Fig. 5. Comparison of the 
calculated and experimental natural frequencies values is explained in Tab. 2. 

3.1. Bridge deflections calculation for SLT and DLT

The maximum static vertical deflections values in the middle of the spans, positions of measured 
points, load positions and the effectiveness of the testing loads (Locomotive type E 699.2 of  100 t 
mass) according to Slovak Standard 73 6203 for the Static Loading Test (SLT) were taking into 
account and also calculated via IDA Nexis software package. Results from the calculation of static 
deflections were also used for DLT testing load effectiveness. Fig. 6 shows an example of computed 
static deflection of bridge due to testing load. Comparison between FEM computed and measured 
static deflections  in the years 2002 and 2007 is in Tab. 1. 
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             Natural mode 1                                                      Natural mode 6 

                                                       
            Natural mode 2                                                      Natural mode 7 

                                                        
        Natural mode 3                                                      Natural mode 8

                                                   

        Natural mode 4                                                      Natural mode 9

                                                  
        Natural mode 5                                                      Natural mode 10

Fig. 5: Calculated modes of the bridge natural vibration 

4.   Dynamic Loading Test 

To investigate bridge in–service performance for the two years, field load testing and visual 
inspections were conducted under an actual service environment in September 2007. Field load testing 
is an attractive tool for re–evaluating the capacity rating of bridges. Before the bridge dynamic loading 
test performance the static loading test was carried out using load locomotive type E699.2 with weight 
of 100 000 kg. The deflections values in the middle of the tested span were measured using LVTD 
inductive sensors Bosh.   

112 Engineering Mechanics 2012, #141



Fig. 6: Calculated deflection of bridge structure due to locomotive E 699.2 

Tab. 1:  FEM calculated and experimental static deflection values comparison 

BRIDGE   

STATIC 

DEFLECTIONS

MAXIMAL VERTICAL DEFLECTION - MIDDLE SPAN  (mm) 

Track 1: 

	adca–Žilina 

(2002) 

Track 2: 

Žilina–	adca 

(2002) 

Track 1: 

	adca–Žilina 

 (2007) 

Track 2: 

 Žilina–	adca 

(2007) 

Border Inner Border Inner Border Inner Border Inner 

    FEM  (wCAL) 3,158 3,158 3,158 3,158 3,158 3,158 3,158 3,158 

Measured el.(wE) 1,84 1,86 1,88 1,82 1,71 1,70 1,78 1,79 

Permanent (wR) 0,05 0,05 0,00 0,05 0,05 0,05 0,05 0,05 

wE / wCAL   (�1, �) 0,58 0,59 0,60 0,58 0,54 0,54 0,56 1,62 

wR / wTOT
    (�2) 0,03 0,03 0,00 0,03 0,03 0,03 0,03 0,03 

For static strains analysis Kistler 9232A (piezoelectric gauges instrumented on steel part of the 
plate – I sectional bars) and M 502 (string strain gages built in to concrete part of the plate for SLT) 
were installed on concrete and steel members surfaces.  

The dynamic response of the bridge was also induced by passing load locomotive type E 699.2 in 
the both directions with various speeds. The operating dynamic loading test (DLT) started with a load 
speed of v = 12 km/h (crawling) which increased up to the maximum achievable speed v = 72 km/h. 

A computer – based measurement system (CBMS) was used to record the dynamic response of the 
bridge excitations induced by testing locomotive over DLT period. The investigated vibration 
acceleration, deflection and stress amplitudes were recorded at selected points with maximum 
calculated deflection in the middle of the span – Fig. 7. Output signals from the accelerometers 
(Brüel–Kjaer, BK4500), strains (Kistler 9232A – steel, M 502 – concrete) and deflection sensors 
(BOSCH)  were  preamplified and recorded on two PC facilities with A/D converters software 
packages DAS 16 and DISYS. The experimental analysis has been carried out in the Laboratory of the 
Department of Structural Mechanics, University of Žilina. Natural frequencies were obtained using 

Border plate 

Inner plate 
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spectral analysis (Bendat & Piersol, 1993) of the recorded bridge response dynamic components of the 
structure vibration, which are considered ergodic and stationary. The frequency response spectra have 
also been obtained by using two – channel real time analyzer BK–2032 in the frequency range 0 ÷10 
Hz. Output signal in the form of Fourier frequency spectrum (power spectrum) was also recorded by 
computer and printed by laser printer and x – y plotter. Spectral analysis was performed via National 
Instruments software package NI LabVIE. Vibration energy redistribution was observed via stress 
measuring on steel and concrete surfaces. One of the most important parameter – the Dynamic Load 
Factor (DLF) were evaluated using stress and deflection time histories measured during DLT. 
      There are presented below (Fig. 9) first of all the values of dynamic load factor – �OBS  of the 
bridge (right bridge, line Žilina – �adca), as an illustrative results example. The bridge vibration 
forcing was assumed by the run of the locomotive moving with various velocities in the tested parts of 
the bridge. The function �OBS   against speed of the locomotive motion is plotted in Fig. 9. As an 
example, Fig. 8 also shows a part of the experimental analysis procedure results of the dynamic 
components structure vibration from the bridge DLT. Fig. 8 also shows: (a) deflection time history –
w(t) due to in–service slow train, (b) stress time history – �(t), (c) acceleration time history – a(t),     
(d) stress time history – �(t) due to locomotive  and  (e) corresponding  power spectrum – SD(f).  

Fig. 7: Accelerometers with amplifiers – a part of CBMS 

Tab. 2: Calculated and measured natural frequencies

Natural 

mode 

NATURAL FREQUENCY   f(j) [Hz]

FEM 

RESULTS 

EXPERIMENTAL VALUES 

(DLT - 2002) 

EXPERIMENTAL VALUES

 (DLT - 2007) 

Track 1 Track  2 Track 1 Track  2 

1 1,918 1,950 1,945 1,995 1,986 

2 2,785 2,795 2,790 2,803 2,816 

3 5,910 6,054 6,102 6,121 6,152 

4 7,534 7,356 7,326 7,359 7,336 

5 13,090 12,859 12,891 12,889 12,901 

6 13,677 13,206 13,873 13,287 13,804 
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Fig. 8:  Experimental analysis procedure results examples   
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Legend: 

Fig. 9: Dynamic load factor �OBS   against speed of the testing locomotive motion 
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5.    Conclusions 

     This paper presents an overview of the in–service performance assessments of an SCC 
short–span bridge superstructure. A field load testing and visual inspections for the  
assessments of the SCC bridge durability under an actual service environment were 
conducted. Based on the presented results the following conclusions can be drawn: 

• The maximum deflection from two SLT (2002, 2007) was max w = 1.88 mm from 
both SLT. The maximum value of SLT is 59.53 % lower than the maximum theoretical 
value of FEM. It means that the SCC bridge superstructure may be designed with a less 
restrictive design deflection. 

• The dynamic responses in 2002, 2007 (monitoring) also show that the passage of the 
trains produces insignificant vibrations, the maximum dynamic deflection effective value 
wrms = 0.48 mm (2002) and wrms = 0.32 mm (2007). This is attributed to the difference 
between the natural frequency of the SCC bridge superstructure and the forcing 
frequency of the passing locomotive and trains.  

• After five years of bridge service, DLF values of the SCC bridge are well compared 
with values DLT measured in the initial tests (2002). All experimental DLF values are 
lower than prescription by the Slovak standards DLF values. Therefore there is no need 
to post the load limit and the capacity–rating evaluation and for the SCC bridges can use 
rating factor of the existing methods for the conventional materials such as the allowable 
stress and load–factor.             

•The predicted dynamic behavior of the bridge by a simplified FEM analysis 
calculation was compared to the measured one. Despite both the complex structural 
layout of the bridge (Fig. 2,3) and simplifying assumptions of the model (Fig. 4), 
obtained results showed good agreement for all experimentally identified damped natural 
frequencies in the basic frequency range 0 – 11 Hz (2002, 2007) and these are well 
compared with the theoretical values, Tab. 2.    

• Although the data on the in–service performance of SCC Bridge are not enough, the 
results may provide a baseline data for the future capacity rating assessments and also 
serve as part of a long-term performance of the examined SCC bridge superstructure. 
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INPUT SHAPING CONTROL OF ELECTRONIC CAMS 

P. Beneš*, M. Valášek**, O. Marek*** 

Abstract: The paper deals with the input shaping control of electronic cams that eliminates their residual 
vibrations. The models of several different kinds of electronic cams are described, i.e. the simple 
traditional one, the serial one, the parallel one, the multi-input one. Then the input shaping control and 
its generalization is described. The generalization means the shaper of arbitrary time length and/or of 
arbitrary rate combined with the set of shaping functions of reentry kind. It is demonstrated and 
explained that some more complex shaping functions in comparison with the simple Heaviside pulse 
shapers are more robust against model misalignment. This generalized input shaping control is applied 
to different kinds of electronic cams. 

Keywords:  Input shaping, electronic cams, residual vibration, reentry commands 

1. Introduction 

Conventional cam drives in modern machines can be replaced by properly controlled servomotors 
(Jirásko, 2010). This concept is generally called an electronic cam and can be further divided into 
several groups according to system structure – e.g. serial, parallel or multi-input electronic cams. The 
demand for fast and precise positioning is crucial in all mentioned cases but it could be easily 
corrupted by the residual vibration. To suppress the unwanted dynamics of flexible system the 
standard control input can be reshaped in such a way that it doesn’t excite flexible modes or, more 
generally, that all the energy put into flexible modes is completely relieved at the end of the travel 
(Miu, 1989). The difference between original unshaped and shaped signal as well as the response of 
the two-mass model is shown in Fig. 1.  

 
Fig. 1:Comparison of shaped and unshaped control input. 

2. Necessary conditions  

The control input that ensures no-vibration positioning has to fulfill some necessary conditions. For 
the system described using state space formulation as 

 (1) 
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these conditions can be derived in the form 

 (2) 

where Ul(s) is the finite time Laplace transform (Miu, 1989) of the l-th input, bl is the corresponding 
column of B matrix, t1 and t2 is the start and the finish time, n is the number of inputs. The solution 
ul(t) in the time domain is the inverse Laplace transform of Ul(s).  

Now this approach would be applied to the simple electronic cam that can be modeled as a two 
mass spring-dumper system in Fig. 2. 

 
Fig. 2: Two-mass model of the electronic cam. 

This system is described by the equation 

 (3) 

where 

 (4) 

No-vibration conditions in the final position �f of point-to-point translation are  

 (5) 

The differential equation of the second order (3) can be rewritten as a set of first order 
equations and transform to the Jordan canonical form  

 (6) 

where p and p* are complex conjugated poles of flexible modes. 

The boundary conditions (5) are transformed to the equation 

  (7) 

Assuming  and zero initial conditions equation (2) can be rewritten in the component form  

 

 

 

. 

(8) 

This simple analytical formulation of necessary conditions for no-vibration translations used by 
Bhat & Miu (1991) is the result of the system description in the canonical form. Other state space 
representations usually need a numerical solution of (2). 

I1 I2 

b 

k 
�2 �1 

u 
I2II 
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Described approach leads to the control input in the form of pre-computed curve. However if it is 
rewritten to the form of a dynamical block it acts like a filter that transform any arbitrary signal to 
no-vibration one (Beneš & Valášek, 2008). And in contrast with patented input shaping technique by 
Singhose & Seering (1990) the length of this shaper is not dependent on the system natural frequency 
and can be set arbitrary. 

3. Additional conditions and the control input synthesis 

There are an infinite number of input functions  that fulfill equations (8). But these only ensure 
zero residual vibration. Therefore additional restrictions have to be applied e.g. for the to time domain 
continuity of the input signal  

(9)

Other restrictions are defined by maximal torque and rate of the actuator available etc.  

The straight forward method of the control input synthesis is to assume analytical form of the 
control input with some variable parameters, e.g. the polynomial function with unknown coefficients 

(10)

The exact value of parameters  is then calculated with respect to (8) and all other defined 
restrictions. It is possible to use some optimization methods as well. 

Generally the number of parameters should be at least the same as the number of restricted 
conditions, however a smart choice of an analytical form of the input could automatically filled some 
of them. For example this form of a control input 

(11)

automatically filled conditions (9).  

4. Serial electronic cam

The two-mass model in Fig. 2 is probably the most common demonstrator of different input shaping 
methods. Speaking about electronic cams the two masses represent the actuator (index 1) and the cam 
(index 2). The solution of the two-mass problem ensures precise positioning of the cam only. But in 
real systems the cam is connected to the rest of the system that usually has its own flexibility. The 
modified serial structure consisted of three bodies is in Fig. 3.

Fig. 3: Serial structure of electronic cam. 

This system has two pairs of complex conjugated flexible modes and the rigid body mode. For 
simulation experiments it was described according to (1) and the control input was considered in the 
form of a polynomial function. Coefficient were calculated using (2) for ,   and 

. The value of all masses was set to 1 Nm2, stiffness 100 Nm/rad and the dumping was 
neglected. The simulated system response is shown in Fig. 4.   

I2I3
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u
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Fig. 4: Serial electronic cam – system response. 

5. Parallel/two-input electronic cam  

Input shaping techniques are usually applied only to systems with a single input. However many 
systems has two or more actuators. The schema of simple electronic cam with two parallel inputs is 
shown in Fig. 5. The position of the cam I2 is controlled by actuators I1 and I3. Both actuators act on 
the same axis. The real application of this structure is that I3 is primary force element, e.g. 
asynchronous motor, but with low accuracy of positioning. The I1 is a fast servo motor that ensures 
precise positioning and/or vibration suppression. 

 
Fig. 5: Parallel/two-input structure of electronic cam. 

 
Fig. 6: Two-input electronic cam – system response. 

Parameters of the model were the same as in the previous chapter and the control input u1 was 
considered in the form of a polynomial function (10). The input u3 was set as a constant. The values of 
coefficients were calculated using (2). Simulated system response is shown in Fig. 6. Note that there is 

 I2 I3 

k23 
�3 �2 

u1  I1 

�1 
k12 
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u3 
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no residual vibration but all the masses slightly “overshoot” the final position during the travel. The 
reason is that no restrictions were defined to deal with this problem, but it is possible to add them to 
existing calculating procedure.    

6. Robustness 

Being a feed-forward method all control shaping techniques need precise system models. The 
vibration suppression is in fact caused by placing zeros of the control input into the poles of the 
system. Therefore incorrect system model causes that the control input is not design properly and 
vibrations are not canceled. To increase robustness to modeling errors it is possible to formulate 
additional constrains that either introduced more zeros to the control input or increase the order of 
existing ones. The price for that is the increase of necessary acting force or longer settling time. 
Comparison of spectral analysis of a standard shaper and a robust one is in Fig. 7. 

 
 

Fig. 7: Spectral analysis of a) standard shaper b) robust shaper. 

 

7. Experiment  

The test stand that was used for an experimental evaluation of simulations is in Fig. 8. Its structure is 
similar to Fig. 2, but the gearbox with ratio 1:5 was added. So for desired position  
the motor position has to be . The settling time was . The control input 
was in the form (11) and two zeros were added to control input nearby modeling system poles. 

 

 
Fig. 8: Test stand. 

The computed control input and the system response are in Fig. 9 and Fig. 10. The experiment 
proved simulation results and no vibration appeared. 
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Fig. 9: Experiment – control input. 

 
Fig. 10: Experiment – system response. 

8. Conclusions 

The presented approach to control of electronic cams and other flexible systems combines advantages 
of two different control shaping techniques. It produces command shapers of arbitrary length with 
reentry property as well. It is opened to formulation of additional constrains that ensure robustness to 
modeling errors. 
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IMPLEMENTATION OF DIRECT NUMERICAL SIMULATION OF 
VISCOUS INCOMPRESSIBLE FLOW

�����	
*, B. Patzák **

Abstract: The method for solving viscous incompressible flows, based on Glowinski, Pan,Hesla &
Joseph (1998), is presented for the direct numerical simulation of viscous incompressible flow.It uses a 
finite element discretization in space and an operator-splitting technique for discretization in time. 
Quadratic approximation is employed for velocity flow and linear approximation for pressure on triangle 
elements. The goal is to develop more efficient and accurate numerical tool for computing viscous flows. 
The accuracy of the presented method has been confirmed on two common cases by implementation in 
Matlab program: the Poiseuille flow test, and on driven cavity flow test. 

Keywords: finite element, liquid flow, operator splitting, Navier-Stokes equations. 

1. Introduction
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2. Problem formulation

2.1. The governing equations 
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� �� ���� = �� + �. �����	 ��������������������®� �¡�¤�

 �. � = 0 ���	��������������������¥����������®� �¡�¤�

�����������������¥�������������®�������������¥�������������®������������������������°���������������������
�����������������������®������������������������������������¥������������������������������®�

� � = ��� + 2��[�]®� �¡�¤�

������������¥�������������������������������®������������������¥�¡����������������¤®�����2��[�]���������
������������������

�������������������������������������������������
±� �� ²����¦���³�«���¯�°�����¥����´�����µ����������®�´ ����~���������¶��������¥¸�~�¹�������º¸��»»��§®�¬�����¸�´¼®�������¯�
����³�����½���������� �
±±��¬�����¾���²����«�¿���¬�� ¹�¯�°�����¥����´�����µ����������®�´ ����~���������¶��������¥¸�~�¹�������º¸��»»��§®�¬�����¸�´¼®�
������¯��������� ��½���������� �
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À���������¡�¤�¡�¤�������������������������¥�������������������������������������(0) = �! ���	®� �¡Â¤�

� �����. �! = 0®� �¡Ã¤�

���������������¥������������ � = �"(�) ���®� �¡»¤�

� # �"(�)" $% = 0®� �¡º¤�

������$%���������������������������������������������

2.2. Finite Element formulation

¨����������������������������ª�����������������������������������������������������¯�&' = {*' � -!(	)�, /� � 1'}®�&3' = {*' � &', *' = 0 45  }®�6' = {7' � -!(	), /� � 1'}®�

6!' = 87' � 6'9 # 7':� = 0; <��

«¥��������������������������������������������������������������������������������������ª��������
���������������¡�¤�¡º¤¯�

°�����' � &!'®�� � 6!'�������¥���¯�

� # >� >��?�� @ + (�'. �)�'@ . A':� � # �'; �. A':� + # 2��[�] B;  �[A]:� = 0 ; � �¡Ä¤�

��������A' � &!'®�

� # 7' �. �' = 0 ; ���������7' � 6'®� �¡§¤�

�C(0) = �!' ���	®� ¡�£¤�

�������!'������������ª������������! ������¥��������������������¥������������

� # 7' �. �!' = 0 ; ���������7' � 6'�� ¡��¤�

�����®����¡Ä¤®��������������������������������������¾����������������¥���������������������®��������
�����¯�

# 2��[�D] B;  �[AD]:� = # ���D B; �AD :����������A' � &!'��

3. Time discretization by operator splitting

3.1. Principle operator splitting:

©�� ������� �¥� ¢��������� ¡�££�¤� ���������� ���������� ��� ���� ���������� ¡�¤�¡º¤� ��� ���� �������� ���� ��� ����
�����������������¯�

o ~���������������������������������

o �������������������������������¥�����������¡�¤�

o ~������������������������¥��������������������������������������®�������������������������������
�����(� . �)�®���������������������¥������������. � = 0®����������������������������������¥�
������������

²�� ���� ���������� ��������®� ��� ����� ����� �� ����� �������� ������ �¥� ��������� ���������� ����� �����¥�
��������� ���� ������ ������������¸� ��� ����������®� ����������� ��� ������������� ����������� ����� ����
�����������¥� ����� ������ ����������� ����� ���� ����������������¥� ����������� ~�� ���������� ���������
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���������®���������������¥�¢���������Å�¬���������¡�§§�¤���������������¨��������������������������������
�������������¯�

�E�� + F(G) = 0®�

G(0) = G!®�

������©����������������¡�������¥����������®���������������������¤����������������������������������
����������H! � H��~������������������������������������������������������������¡����¢����������££�¤���

3.2. Fractional-step scheme

²�� ����� ����®� ���� ���������������� ������� ���������� �¥� ¦������� ¡�§§£¤� ��� �����¥���� ¨��� �������
������������������������������©��������������������������������������������¯�F = F� + F� + F3®�

¡�¥�����������®���������©�®�©������©�����������������¥��������������©¤��²���������������®�K������������
������

����G! = G!®������ÆÇ�£®�GL�������������������������GLM�/O®�GLM�/O�����GLM�������������

EPQRSTEP
K� + F� >GLMRS@ = U�LM�®�

EPQVSTEPQRSK� + F� >GLMVS@ = U�LM�®�

EPQRTEPQVSK� + FO(GLM�) = UOLM���

«¥�����¥��������������������������������������¡Ä���¤�����������¡�����0 W X, Y W 1�����X + Y = 1¤¯�

°���¯��LM�/O � &'������LM�/O � 6'�

� � # �PQR/ST�P
K� . A:� � # �LM�/O; �. A:� = 0 ; ���������A' � &!'� ¡��¤�

� # 7�. �LM�/O:� = 0 ; ���������7' � 6'�� ¡��¤�

°���¯��LM�/O � &'�

� # �PQV/ST�PQR/S
K� . A:� � � # \�^M�/O. �_�^M�/O; . A :� + 2`� # �a�^M�/Ob B;  �[A] :� = 0 ; �� ¡�Â¤�

��������A' � &!'��

°�����¥�������LM� � &'�

� � # �PQRT�PQV/S
K� . A:� + 2c� # �[�^M�] B;  �[A] :� = 0 ; ���������A' � &!'�� ¡�Ã¤�

3.3 Finite element approximation 

~��� ����������� ~�¥�������� �������� ���� ����� ����®� ����� ���� ���������� �������¥� ���� ������� ���������
��������������¡����°�������¤��

�
Figure 1: The Taylor-Hood element. 
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~��������������������������������������¥��������������������¯�d� = 1 � 3e � 3� + 4e� + 2e� + 2��®�d� = �1e + 2e�®�dO = �1� + 2��®�dg = 4e � 4e� � 4e�®�dh = 4e�®�di = 4� � 4e� � 4��®�

������������®������������������������������ 6� = 1 � e � �®�6� = e®�6O = �®�

������e®����������������������������������

~���������������������������������ª���������������������������������������������������������������
��������������������������¯� �(e, �) = j d���i��� ®�*(e, �) = j d�*�i��� ®��(e, �) = j 6���O��� ®�

������uk®�vk���pk�������������������������������������~��������������������������������������������®�
�����������������¥�����������������������ª������������������������������������¯�x(l, m) = j Nkxkik�� ®�o(e, �) = j d�o�i��� ®�

������xk����o��������������������������������������������������������«¥���������������������®�����ª������
����������������������������

q rrsrrt
w = qrsry rtryrsrz rtrz

w q rryrrz
w®�

~������������������������������������������������������¥�����������¢���������������������������
¡�����������������³��£�£¤��

~���������������������������������������¦�����¸�¥����������®����������������������ª�������������
���������������������������������������������������������¥�����������������������´ÈÈ��

4. Numerical validations:

~����������¥����������¥���¦�������������������������������������������������������������������¯�
����¬�������������������������������������������������������¥�������

4.1. Poiseuille flow

²�������������������®����������¥��������������¥������������������������������������������������������������
��������¥��������������������������������������������������������������������������������������������
~����������¥®��������¥�������������������������������������������°������~��������������������������Â££�
��������®�����������������������������������Â��~������������¥�������������������¥�����������������������
�����������~��������������¥����� = 1.0 |~/�O®�����������������¥����� = 10T��� ���~�����������
��������������������¥��������������
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É��������������K� = 0.005����������������������������������������������������������������� = 1,5 ���
�

�

Figure 2: The geometry and the boundary conditions of flow in tube test. The used mesh consists of 
861 nodes and 400 elements.

4.2. Driven Cavity flow

~���������������¥������������¥������������������������������¥���������������������������¥��������É��
�������������������������������������¥���������������������������������������������������¥�����������
����������� ¡«������� ���� ¬�¥���®� �§§Ä¸� À�������®� �££Ã¤�� °������ �� ������ �������¥� ��� ���� �������®�
��������������������������������������¥�������������~�����������¥������������ = 10T��� �®���������
À�¥����Ê������������������������1/��¡����������������¥������ ����������ª������������¥��¤��~���
�����������¥� ���� = 1.0 |~/�O®��������� ���������� ���K� = 0.01��~��������������� �����������������®�
������������������������������������������������������£ª�£�������������¡���������������¤���

�

Figure 3: The geometry and the boundary conditions of driven cavity flow test. The used mesh consists 
of 961 nodes and 450 elements.

Tab. 1: Velocity extreme through cavity centerlines at �� = 100
method ���L *��L *��s
¬������� �£���»Ã� �£��Â§�� £��ºº�� �

«�����������¬�¥���� �£����º§� �£��Ã�»»� £��ºÄÃÂ� �

À�������� �£���Â£Â�Â� �£��Ã�Ä£�£� £��º§Ãº�Ä� �
�
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� �
Figure 4: Velocity profiles through cavity centerlines at � = 10T��� � and 30 x 30 grid size. 

5. Conclusion

¬��������� ����� ���������� ������������ ���� ��������������� ��� �������������¥®� ��������������� �����
������� �������� �������� ~��� ~�¥�������� ��������� ¡¬��¬�¤� ����� ����� ������������� °��� �����
�������� ���������������������������������������������������������������������������������¥��������������
��������� ������� ����� ���������������� ��������� ������������¥��������¥� ��� ������ ��������~��������� ���
�������������������������������������������������������������
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COMPLEX MODEL OF THE LOWER URINARY TRACT

M. Brandner *, J. Egermaier **, H. Kopincová ***, J. Rosenberg∗∗∗∗

Abstract: The complex model of the lower part of the urinary tract is introduced. It consists of the detru-
sor smooth muscle cell model and the detailed 1D model of the urethra flow. The nerve control is taken
into account. In future this model will allow to simulate the influence of different drugs and mechanical
obstructions in the bladder neck and urethra. A general muscle model involving the calcium dynamics in
the smooth muscle cell and the growth and remodelling theory will be shortly introduced. For the modelling
calcium dynamics the approach from Koenigsberger at al. (2008) was adopted. The model includes the ATP
consumption calculation according to Hai and Murphy (1992). The main part is devoted to the development
of a simple bladder model and the detrusor contraction during voiding together with the detailed model of
the urethra flow.

Keywords: urinary tract, bladder, urethra fluid flow, steady state preserving

1. Introduction

The voiding is a very complex process. As we can see from Fig. 1 it consists of the transfer of information
about the state of the bladder filling in to the spinal cord. Next part is the sending of the action potentials
to the smooth muscle cells of the bladder. Even this process is not simple and includes the spreading of
the action potential along the nerve axon and the transmission of the mediator (Ach - acetylcholine) in
the synapse. The action potential starts the process of the smooth muscle contraction.

The smooth muscles have a lot of different forms in contradiction with the striated muscles. They
are present in vesicles, arteries and others hollow organs.

Although the own biological motor - sliding between actin and myosin fueled by hydrolysis of ATP-
is the same here as well as in striated and heart muscles, there are important differences between these
basic types of muscles and also between smooth muscles in different organs. The sliding between actin
and myosin causing the change of the form (length) of the muscle cell and its stiffness can be observed
as a kind of growth and remodeling. This approach described e.g. in Rosenberg and Hynčı́k (2008) and
Rosenberg and Hynčı́k (2007) is used in this model. It should be mentioned that a lot of different smooth
muscle cells (SMC) models exist. They are based either on Huxley model where the calcium dynamics
is not taken into account in details or on the contrary the calcium dynamics and the phosphorilation is
modeled very precisely but the mechanochemical coupling is based on the work on Hai and Murphy
(1992) where the stress in the muscle cell depends linearly on the amount of the bonded crossbridges
either phosphorilized or unphosphorilized (e.g. Parthimos at al. (2007), Koenigsberger at al. (2008),
where the model is applied to the SMC in the vessels).

To be able to describe the very complex processes in the SMC in the efficient form it is necessary to
use the irreversible thermodynamics. This approach was described in Rosenberg and Svobodová (2010).

Using all these approaches the algorithm published in Rosenberg (2011b) was developed. In this
contribution we join on the results of this paper. The simple model of the whole bladder and the detailed
1D model of the urethra flow is added. Some examples of the numerical experiments are shown.
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Fig. 1:

2. Bladder contraction

As it was already mentioned, the whole model of the bladder contraction is described in Rosenberg
(2011a). It consists of the following parts:

• Model of the time evolution of the Ca2++ concentration - five equations Koenigsberger at al.
(2008). The Ca2++ intracellular concentration is the main control parameter for the next processes
and finally for the smooth muscle contraction. Its increase depends on the flux Jagonist of the
mediator (in this case acetylcholine) via the nerve synapse.

• Model of the time evolution of the phosporilation of the light myosin chain - three equations Hai
and Murphy (1992). The muscle cell contraction is caused by the relative movement of the myosin
and actin filaments. For this it is necessary that the phophorilation of the mentioned light myosin
chain on the heads of the myosin occurs. Knowing this process also the time evolution of the
ATP consumption (Jcycl) can be determined. The ATP (adenosintriphosphate) is the main energy
source for the muscle contraction.

3. Model of the own contraction based on the GRT and the irreversible thermodynamics

The growth and remodelling theory Dicarlo and Quiligotti (2002) together with the laws of irreversible
thermodynamics with internal variables was applied in Rosenberg and Svobodová (2010) to describe the
mechano-chemical coupling of the smooth muscle cell contraction. The product of the chemical reaction
affinity (the ATP hydrolysis) with its rate plays an important role in the discussed model. Further it can
be assumed that the rate of the ATP hydrolysis depends on the ATP consumption. The corresponding
equations in the non-dimensional form are following:

ẋ =
g

h

[
τ ′ − zy(x− 1)

]
= k1

[
τ ′ − zy(x− 1)

]
, (1)
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ẏ =
y

k2

[
xτ ′ − 1

2
zy(x− 1)2 + C ′

]
, (2)

where

ż = sgn(m) ·
[
r − 1

2
z(x− 1)2

]
,

x =
l′

l′r
, y = l′r, z = k,

l

l0
= x · y (3)

k′ = k

√
|m|
g

,

l′r =
lr
l0
,

t′ =
t√
g|m|

.

l0 is the initial length of the muscle fibre, lr its length after stimulation when the fibre is unloaded (s.
c. resting length), l the actual length ( when the contraction is isometric this is the input value), t′ the
stress and k is the fibre stiffness. The non-dimensional values are labeled with the single quote mark.
The others symbols are the parameters. The most important parameter is C ′. Using the irreversible
thermodynamics we can obtain the following relations

C ′ = p · (C − achemY )

√
|m|
g

,

C

√
|m|
g

= C0 + Cte
q

“
l
l0
− l

l0
|opt

”2

, (4)

p = p0e
s
“

l
l0
− l

l0
|opt

”2

,

where for the afinity of the chemical reactions especially for the hydrolysis of the ATP gilt

achem = −Q · Y. (5)

Q is the constant and Y is the concentration of ATP. For its time evolution gilts Pokrovski (2005)

Ẏ = −QQ · Y + L · Jcycle. (6)

Here QQ is the damping parameter. Than the whole model is finished because the ATP consumption
Jcycl as a function of the Ca2+ concentration in the cytoplasm was already determined.

4. Bladder and voiding model

To model the contraction of the bladder during the voiding process we will use the very simple model
according Laforet and Guiraud (2007) and Arts at al. (1991). The bladder is modelled as a hollow sphere
with the output corresponding to the input into urethra.

For the pressure in the bladder the following formula is introduced in Laforet and Guiraud (2007)

p =
Vsh

3V
· τ, τ =

F

S
, (7)

where Vsh is the volume of the wall, V the inner volume, τ stress in the muscle fibre, S the inner surface
and F the force in the muscle cell.
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For the flux q gilts

q =
dV

dt
, (8)

where ρ is the density of the fluid.

Using the formulas for the isotonic contraction, we can at first obtain the relation for the volume. It
gilts

l′ =
l

l0
= x · y (9)

and then
V = κ · (x · y)3, (10)

where κ is the constant which in the theoretical case if only one cell will occupy the circumference of
the spherical bladder will be 1/6π2. Putting this formula into the equation for q and using the equations
for the derivatives of x and y mentioned before we obtain the equation, from which we can calculate τ :

τ =

q
3κ(x·y)2 +

[
k1zy

2(x− 1) + zy2x
2k2

(x− 1)2 − xy
k2
C ′

]
k1y +

x2y
k2

. (11)

For the pressure gilts then

p =
Vsh

3κ · (x · y)3 ·
q

3κ(x·y)2 +
[
k1zy

2(x− 1) + zy2x
2k2

(x− 1)2 − xy
k2
C ′

]
k1y +

x2y
k2

. (12)

This will be putted into the equations for the isotonic contraction.

5. Urethral flow

We now briefly introduce a problem describing fluid flow through the elastic tube represented by hyper-
bolic partial differential equations with the source term. In the case of the male urethra, the system based
on model in Stergiopulos at al. (1993) has the following form

at + qx = 0,

qt +
(
q2

a + a2

2ρβ

)
x

= a
ρ

(
a0
β

)
x
+ a2

2ρβ2βx − q2

4a2

√
π
aλ(Re),

(13)

where a = a(x, t) is the unknown cross-section area, q = q(x, t) is the unknown flow rate (we also
denote v = v(x, t) as the fluid velocity, v = q

a ), ρ is the fluid density, a0 = a0(x) is the cross-section of
the tube under no pressure, β = β(x, t) is the coefficient describing tube compliance and λ(Re) is the
Mooney-Darcy friction factor (λ(Re) = 64/Re for laminar flow). Re is the Reynolds number defined
by

Re =
ρq

μa

√
4a

π
, (14)

where μ is fluid viscosity. This model contains constitutive relation between the pressure and the cross
section of the tube

p =
a− a0

β
+ pe, (15)

where pe is surrounding pressure.

Presented system (13) can be written in the compact matrix form

ut + [f(u, x)]x = ψ(u, x), (16)

with q(x, t) being the vector of conserved quantities, f(q, x) the flux function and ψ(q, x) the source
term. This relation represents the balance laws. For the following consideration, we reformulate this
problem to the nonconservative form.

140 Engineering Mechanics 2012, #140



5.1. Nonconservative problems

We consider the nonlinear hyperbolic problem in nonconservative form

ut +A(u)ux = 0, x ∈ R, t ∈ (0, T ), (17)
u(x, 0) = u0(x), x ∈ R,

The numerical schemes for solving problems (17) can be written in fluctuation form

∂Uj

∂t
= − 1

Δx
[A−(U−

j+1/2,U
+
j+1/2) +A(U−

j+1/2,U
+
j−1/2) +A+(U−

j−1/2,U
+
j−1/2)], (18)

where A±(U−
j+1/2,U

+
j+1/2) are so called fluctuations. They can be defined by the sum of waves moving

to the right or to the left. The directions are dependent on the signs of the speeds of these waves, which
are related to the eigenvalues of matrix A(u). In what follows, we use the notation U+

j+1/2 and U−
j+1/2

for the reconstructed values of unknown function. Reconstructed values represent the approximations
of limit values at the points xj+1/2. The most common reconstructions are based on the minmod func-
tion (see for example Kurganov and Tadmor (2000)) or ENO and WENO techniques Črnjarič-Zič at al.
(2004).

The reconstruction can be applied to each component of u. But this approach does not work well in
general. It is better to apply the reconstruction to the characteristic field of u. It means that each jump is
decomposed to the eigenvectors r of Jacobian matrix A(u).

Uj+1 −Uj =

m∑
p=1

αp
j+1/2r

p
j+1/2. (19)

Then the reconstruction based on minmod function can be defined by following

U+
j+1/2 = Uj+1 +

∑
p

φp,+
I+1/2α

p
j+1/2r

p
j+1/2, (20)

U−
j+1/2 = Uj +

∑
p

φp,−
I+1/2α

p
j+1/2r

p
j+1/2,

where
φp,±
I+1/2 = ∓

1

2

(
1 + sgn(θpI+1/2)

)
min(1, |θpI+1/2|) (21)

and

I =

{
j − 1/2, if spj+1/2 ≥ 0,

j + 3/2, if spj+1/2 < 0.
(22)

The function θpj+1/2 can be determined by the following way

θpj+1/2 =
αp
j+1/2r

p
j+1/2 · r

p
I+1/2

αp
I+1/2r

p
I+1/2 · r

p
I+1/2

. (23)

When the problem (17) is derived from the conservation form (16), i.e. f ′(u) = A(u) is the Jacobi
matrix of the system, fluctuations can be defined as follows

A(U−
j+1/2,U

+
j−1/2) = f(U−

j+1/2)− f(U+
j−1/2),

A−(U−
j+1/2,U

+
j+1/2) = F−

j+1/2 − f(U−
j+1/2),

A+(U−
j−1/2,U

+
j−1/2) = f(U+

j−1/2)− F+
j−1/2.

(24)
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5.2. Decompositions based on augmented system

This procedure is based on the extension of the system (13) by other equations (for simplicity we omit
viscous term). This was derived in George (2008) for the shallow water flow. The advantage of this
step is in the conversion of the nonhomogeneous system to the homogeneous one. In the case of urethra
flow we obtain the system of four equations, where the augmented vector of unknown functions is w =
[a, q, a0β , β]T . Furthermore we formally augment this system by adding components of the flux function
f(u) to the vector of the unknown functions. We multiply balance law (16) by Jacobian matrix f ′(u) and
obtain following relation

f ′(u)ut + f ′(u)[f(u)]x = f ′(u)ψ(u, x). (25)

Because of f ′(u)ut = [f(u)]t we obtain hyperbolic system for the flux function

[f(u)]t + f ′(u)[f(u)]x = f ′(u)ψ(u, x). (26)

In the case of the urethra fluid flow modelling we add only one equation for the second component of
the flux function i.e. φ = av2 + a2

2ρβ (the first component q is unknown function of the original balance
law), which has the form

φt + (−v2 + a

2ρβ
)(av)x + 2vφx −

2av

ρ

(
a0
β

)
x

− a2v

ρβ2
βx = 0. (27)

Finally augmented system can be written in the nonconservative form⎡⎢⎢⎢⎢⎣
a
q
φ
a0
β

β

⎤⎥⎥⎥⎥⎦
t

+

⎡⎢⎢⎢⎢⎢⎣
0 1 0 0 0

− q2

a2
+ a

ρβ 2 q
a 0 −a

ρ − a2

ρβ2

0 − q2

a2
+ a

ρβ 2 q
a 2 q

ρ − aq
ρβ2

0 0 0 0 0
0 0 0 0 0

⎤⎥⎥⎥⎥⎥⎦
⎡⎢⎢⎢⎢⎣

a
q
φ
a0
β

β

⎤⎥⎥⎥⎥⎦
x

= 0, (28)

briefly wt +B(w)wx = 0, where matrix B(w) has following eigenvalues

λ1 = v −
√

a

ρβ
, λ2 = v +

√
a

ρβ
, λ3 = 2v, λ4 = λ5 = 0 (29)

and corresponding eigenvectors

r1=

⎡⎢⎢⎢⎢⎣
1
λ1

(λ1)2

0
0

⎤⎥⎥⎥⎥⎦, r2=
⎡⎢⎢⎢⎢⎣

1
λ2

(λ2)2

0
0

⎤⎥⎥⎥⎥⎦, r3=
⎡⎢⎢⎢⎢⎣

0
0
1
0
0

⎤⎥⎥⎥⎥⎦, r4=
⎡⎢⎢⎢⎢⎣

−a
ρλ1λ2

0
a
ρ

1
0

⎤⎥⎥⎥⎥⎦, r5=
⎡⎢⎢⎢⎢⎢⎣

−a2

ρβ2λ1λ2

0
a2

2ρβ2

0
1

⎤⎥⎥⎥⎥⎥⎦. (30)

We have five linearly independent eigenvectors. The approximation is chosen to be able to prove the
consistency and provide the stability of the algorithm. In some special cases this scheme is conserva-
tive and we can guarantee the positive semidefiniteness, but only under the additional assumptions (see
Brandner at al. (2009)).

The fluctuations are then defined by

A−(U−
j+1/2,U

+
j+1/2) =

[
0 1 0 0 1
0 1 0 0 1

]
·

m∑
p=1,sp,n

j+1/2
<0

γpj+1/2r
p
j+1/2,

A+(U−
j+1/2,U

+
j+1/2) =

[
0 1 0 0 1
0 1 0 0 1

]
·

m∑
p=1,sp,n

j+1/2
>0

γpj+1/2r
p
j+1/2,

A(U+
j−1/2,U

−
j+1/2) = f(U−

j+1/2)− f(U+
j−1/2)−Ψ(U−

j+1/2,U
+
j−1/2),

(31)

where Ψ(U−
j+1/2,U

+
j−1/2) is a suitable approximation of the source term and rpj+1/2 are suitable ap-

proximations of the eigenvectors (30).
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5.3. Steady states

The steady state for the augmented system means B(w)wx = 0, therefore wx is a linear combination of
the eigenvectors corresponding to the zero eigenvalues. The discrete form of the vector Δw corresponds
to the certain approximation of these eigenvectors. It can be shown Brandner at al. (2009) that

Δ

⎡⎢⎢⎢⎢⎣
A
Q
Φ
a0
β

β

⎤⎥⎥⎥⎥⎦ =

⎡⎢⎢⎢⎢⎢⎣
Ā
ρ

1

λ1λ2

0
Ā
ρ
λ̃1λ2

λ1λ2

1
0

⎤⎥⎥⎥⎥⎥⎦Δ

(
a0
β

)
+

⎡⎢⎢⎢⎢⎢⎣
Ā2

ρβj+1βj

1

λ1λ2

0
Ā2

ρβj+1βj

λ̃1λ2

λ1λ2
− Ã2

2ρβj+1βj

0
1

⎤⎥⎥⎥⎥⎥⎦Δβ, (32)

where Ā =
Aj+Aj+1

2 , β̄ =
βj+βj+1

2 , Ã2 =
A2

j+A2
j+1

2 , Ṽ 2 = |VjVj+1|, V̄ 2 =
(
Vj+Vj+1

2

)2
and

λ̃1λ2 = −Ṽ 2 +
Āβ̄

ρβj+1βj
, λ1λ2 = −V̄ 2 +

Āβ̄

ρβj+1βj
. (33)

Therefore we use vectors on the RHS of (32) as approximations of the fourth and fifth eigenvectors of
the matrix B(w) to preserve general steady state.

5.4. Positive semidefiniteness

Positive semidefiniteness of this scheme is shown in George (2008) for the case of shallow water equa-
tion. It is based on a special choice of approximations of the eigenvectors (30). This, in the case of urethra
flow, is more complicated because of the structure of the eigenvectors. Some necessary conditions for
approximation of these eigenvectors are presented in Brandner at al. (2009).

pressure outflow

mediator flux Ca++ concentration

Fig. 2: Time evolution of the quantities at the bladder neck.
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6. Numerical experiment

Now we present numerical experiment based on the system of differential equations described detrusor
smooth muscle cell model (12 equations) and urethral flow (30 equations). The equations describing ure-
thral flow are based on spatial high-resolution discretization of the urethra (15 finite volumes) described
in section 5.2. The parameters used in this experiment are the same as in Rosenberg (2011a). The figures
2 illustrate time evolution of the quantities at the bladder neck. For the further application it is necessary
to fit the parameters because of non-dimensionality of the equations describing the muscle contraction.

1. For the simplicity the precious modelling of the synapse is neglected and the mediator flux Jagonist
is chosen - see Fig. 2. The IC units are used although in the medical paper are used for intravesical
pressure cmH2O ( 1 cmH2O = 0.1 kPa) and for the outflow ml/s. The concentration is measured
in μM where M=mol/l.

2. At the Fig. 3 there are shown the cross-section area, velocity and flow rate along the whole urethra
in two different times after beginning of voiding.

Fig. 3: Time evolution of the quantities through the urethra (cross section area, velocity, flow rate, tube
compliance).
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7. Conclusion

We presented the complex model of the lower part of the urinary tract. A simple bladder model and the
detrusor contraction model were developed during voiding together with the detailed model of urethra
flow. The urethra flow was described by the high-resolution positive semidefiniteness method, which
preserves general steady states. For the practical application the identification of the parameters is nec-
essary.
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FLOW BASED VIBRATIONS OF SLUICE GATES – PHYSICAL AND 
NUMERICAL MODELLING 

M. Brou�ek*, V. Jirsak**, M. Králík***, P. Nowak†, L. Satrapa‡, M. Zukal§ 

Abstract: The first part of the paper presents results from laboratory experiments simulating 
hydrodynamic load acting on the large model of sluice gate located on spillway. Vibrations of the gate as 
one of the key aspects of durability and reliability of sluice gates as outlet works were measured together 
with forces in operating mechanism and pressures in surroundings. The second part is focused on 
numerical modelling of the executed experiments and aims at possible approaches for reliability 
assessment of sluice gates. The influence of the shape of the gate bottom on induced vibrations and 
possible cavitation is discussed in both parts. 

Keywords:  Sluice gates, Physical modelling, Numerical modelling, Vibration  

1. Introduction 

Reliability of flood gates installed on emergency spillways of hydraulic structures become widely 
discussed topic after major flood events struck Czech Republic in 1997 and 2002. Malfunction of 
flood gates followed by overtopping of the dam with all the related impacts is a primary cause in more 
than 25 % cases worldwide (Cassidy, 2000). Although no serious case of malfunction on important 
hydraulic structures during floods was reported in Czech Republic so far, increased probability of 
accidents can be expected despite regular maintenance as most of the gates are rapidly approaching the 
end of their designed service life. 

The scope of the present contribution involves hydraulic and dynamic analysis of flow under the 
sluice gates. The importance of the issue of discharge under the sluice gate and possible vibration of 
the gate and foundation structure follows from operational grounds as well as from the reliability point 
of view. Hygienic standards also influence the necessity for deep understanding of this topic. 
Theoretical part of the paper is aimed at discharge under and over the sluice gate.  

The experimental part focuses on description of principles used for measurement and evaluation of 
values on physical model constructed in the hydraulic laboratory at the CTU in Prague, Faculty of 
Civil Engineering. Pressures acting on the foundation structures and vertical forces acting on the gate 
structure under the steady state, gate lifting or lowering conditions measured on the physical model are 
presented in the experimental section.  

The last section of this paper describes numerical model of sluice gate created in ANSYS 
Workbench environment while using ANSYS CFX code for modelling of flow and ANSYS 
Mechanical code for structural analysis. It comments the results obtained by applying one-way fluid-
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structure interaction where hydrodynamic forces calculated in fluid part are used as boundary 
condition for the structural part. First ten eigenfrequencies and corresponding shapes of the laboratory 
model were determined by modal analysis and are presented in the final part of the numerical section.     

2. Theory 

2.1. Overfall spillway discharge 

Water flowing over obstruction or construction called spillway is generally regarded as overfall. The 
highest point of the spillway is called spillway crest or the edge of spillway. Flow over spillway results 
in changes in pressure and flow velocity. Upstream and downstream water surface level difference is 
of importance.    

 
 (a) (b) 

Fig. 1: Calculation schemes: (a) Overfall spillway, (b) Discharge under sluice gate 

Bazin`s equation can be used for calculation of spillway discharge under the conditions of steady 
flow which is not influenced by the tailwater level.: 

 1 � 9_�`�ab� �I   (1) 

Where Q stands for spillway discharge [m3.s-1], m  for coefficient of discharge [-], b0 for effective 
width of spillway [m], g for gravitational acceleration = 9,81 m.s-2 and h for head [m]. 

2.2. Discharge under sluice gate 

Discharge under the sluice gated which is not influenced by tailwater is regarded as free flow 
discharge or perfect discharge. For discharge calculation the tailwater level, the shape of the edge of 
sluice gate and channel bottom, the influence of side structures, the height of gate opening, the 
transition of outflow stream into the tailwater all have to be taken into consideration. Assumptions 
used for calculation of model discharge are as follows. Atmospheric pressure is acting on both head 
and tailwater and the gate opening has rectangular shape. The characteristic value is therefore flow 
rate calculated on one meter of width of sluice gate denoted as q. Under the assumption of free and 
steady flow following equation can be used to calculate the discharge: 

  1 � �Jcd`�aBe� � fgC    (2) 

Where Q stands for discharge under the gate [m3.s-1], ©v for discharge coefficient [-], b for width of 
gate opening [m], a for height of gate opening [m], g for gravitational acceleration = 9,81 m.s-2, E0 for 
energy head and yc for smallest the flow depth [m]. 

2.3. Basic Static analysis – material for model 

Basic static analysis using elastic theory was carried out for the purpose of material selection for 
laboratory model. Static scheme selected for skin plate and cross beam is clear from following figure. 
Material SIMOLUX was selected based on the calculated values of deflections. Table 1 presents 
results calculated from simple static and 3D numerical analysis for selected material under the 
hydrostatic conditions as well as measured value of deflection and deflection calculated using finite 
code ANSYS Mechanical, where loading was derived from fluid dynamic calculations (more in 
Section 4.3.), for the hydrodynamic load with 30 mm gate opening. 
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Fig. 2:  Static scheme for basic 2D calculations of skin plate and cross beam 

 
Tab. 1: Stress and deformation of laboratory model of sluice gate made of SIMOLUX 

Source Hydrostatic load Hydrodynamic load 

Deflection at point e – top middle  (mm) 

Simple 2D analysis 2.9 ---- 

FEM 3D analysis 2.8 1.10 

Measured ---- 1.45 

3. Physical modelling 

Physical model can faithfully represent the structure, under the certain conditions, and thus provide 
answers to numerous hydraulic, static and dynamic conditions. In order to obtain valid results from 
hydraulic research it is necessary to follow restrictions based on the type of the problem. In this case 
Froud`s Law of Comparison was used. Several similar models, which complement and extend each 
other’s range of interest, have to be built, so that obtained results can be generalized. The models 
should cover whole range of possible topologies, hydraulic conditions and loading cases. 

During the physical modelling all sorts of variables are measured and logged. For example, both 
static and dynamic action of water on the foundation structure, on the sluice gate structure, on the 
operating rod and their response and also hydraulic conditions in front and behind the gate. Typically, 
water pressure, force in operating rod and water levels are measured for selected flow or discharge 
rate. Thomson’s spillway was used to measure flow rate, pressure probes to gather pressure 
distribution along the spillway, cylindrical gauges to measure deformations of the sluice gate and 
position of the water surface and force transducers to gain the force in time distribution in the 
operating rods. Table 2 shows typical result of measured and derived hydraulic variables on models 
with different shape of a spillway crest. 

 
Tab. 2: Stress and deformation of laboratory model of sluice gate made of SIMOLUX 

Variable Spillway no. 1 Spillway no. 2 Spillway no. 3 Spillway no. 4 

Description Negative pressure 
overfall shape 

Negative pressure 
overfall shape 

Jambor sill Jambor sill 

h / ha (-) 2.2 1.3 - - 

s (m) - - 0.03 0.1 

ha (m) 0.05 0.085 - - 

h (m) 0.12 0.12 0.12 0.5 

b (m) 0.53 0.53 0.53 0.5 

m (-) 0.53 0.52 0.52 0.55 
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 (a) (b) 

Fig. 3: Laboratory models: (a) Spillway no. 1 – set-up 9, (b) Spillway no. 5 – set-up 2 

Coefficient of discharge m derived from measured values on spillway no. 3 varies in range 0.51 to 
0.54 and discharge coefficient ©v varies between 0.782 and 0.87 both depending on the head. These 
values are different from usually used and published (e.g. Gabriel et. al., 1989; Kolá�, Pato�ka and 
Bém, 1983) as the standard range for m is 0.43 to 0.5 and for ©v it is 0.7 to 0.75.  All these differences 
obtained by physical modelling will be subjected to future detailed research and the influence of 
tailwater will be included. Left part of the following figure presents measured values of pressure 
variations acting on foundation structure Fig. 4 (a) while on the right side the force in the operating 
rod is plotted against time during lifting the gate. Both figures contain data for different shape of the 
spillway model (i.e. spillway no. 1, no. 2 and no. 3)  

 

  
 (a) (b) 

Fig. 4: Measured values during gate lifting for different spillway models: (a) Pressure acting on the 
foundation structure, (b) Force in operating rod 

 

Presented results clearly demonstrate the differences in pressure and force fluctuations and the 
time where bottom part of the gate loses contact with the water surface and free overfall state is 
reached.  Fig. 5 (a) shows force fluctuation in operating rod measured on the spillway no. 5 under the 
steady conditions. The position of the gate opening (20 mm) was kept constant as well as the flow rate. 
The tailwater was not influencing the discharge under the gate and so all the observed vibration are 
only induced by the water flowing under the gate. Force magnitude is related to the net self-weight of 
the gate, which was used to set 0 on transducers. Fig. 5 (b) on the other hand presents absolute values 
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of forces in case of 30 mm gate opening but influenced by the tailwater, i.e. with submerged hydraulic 
jump that affects the downstream part (beams) of the gate structure.  

 

   
 (a) (b) 

Fig. 5: Measured forces: (a) Without the influence of tailwater, (b) Tailwater influenced 

All the measured sets of data were carefully analysed using FFT. The logging frequency of the 
transducers was 1 Hz. Vibrations induced without the influence of tailwater did not show any 
significant differences from vibrations induced only by water flowing under the gate. 

4. Numerical modelling 

Numerical model of sluice gate was created in ANSYS Workbench environment while using ANSYS 
CFX code for solving the flow based problem (CFD) and ANSYS Mechanical for structural analysis. 

4.1. Model description for CFD�

Axis symmetry of the problem was applied in order to decrease the computation time. Sufficient 
length of the intake and outlet channel was incorporated into the model geometry to stabilize the flow 
conditions around the gate and also to exclude the direct influence of boundary conditions. Otherwise 
all the dimensions were taken from the physical model in laboratory. The CFD model topology was 
created in the Rhinoceros 4.0. software and consequently imported and modified in the ANSYS 
Geometry. Mesh was created in the ANSYS Meshing tool using the automatic mesh generator. The 
mesh consists of tetrahedron elements with significant refinement in the area around the bottom edge 
of the gate. The model consists of total three million elements.  

 

� �

 (a) (b) 

Fig. 6: CFD model: (a) Topology with boundary conditions, (b) Velocities distribution in m.s-1 
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4.2. Fluid flow modelling�

The flow problem was calculated in ANSYS CFX code using following boundary conditions: 
ontake channel edge – constant water surface level; outlet channel edge – free flow with zero 
hydrostatic pressure for set-up no. 1 and raising tailwater level so the hydraulic jump will be 
positioned just under the gate for set-up no. 2. Top of the model was opened to the air pressure while 
the rest of the surfaces are considered impermeable. The model setup is clear from Fig. 6 (a). 

The initialization of the steady computation of the free discharge under the sluice gate without the 
influence of the tailwater was executed employing homogenous multiphase water-air model with time 
step 0.1 s and a standard k-+,model of turbulence. Subsequently, the time step was increased to 0.5 s 
and the multiphase model was set to “mixture”. Figures 6 (b) and 7 (a) present calculated velocity 
distribution and pressure acting on the gate respectively.  

 

� �

 (a) (b) 

Fig. 7: CFD model: (a) Pressure acting on the gate without the tailwater influence, (b) hydrostatic 
pressure (water surface) with the rising tailwater level 

Unsteady solver with a time step 0.01 s and 5 iterations in each step was used to calculate the 
discharge influenced by the tailwater. Example of the results can be seen in Fig. 7 (b).  Rising 
tailwater changes nature of the hydraulic jump and shifts into the close proximity of the bottom edge 
of the gate.  The stream interacts with the bottom part of the gate and together with small wave action 
on the upstream face causes vibration of the entire gate construction. Time dependent forces with 
dynamic part having frequency approximately 2.1 s were obtained by the integration of pressures 
along the surface of the gate. Figure 8 shows fluctuation of forces acting on the bottom and 
downstream side.  

 

�

Fig. 8: Fluctuation of forces in numerical model obtained by pressures integration  
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4.3. Structural analysis – stress, strain and modal analysis�

ANSYS Mechanical was used to perform structural analysis of the sluice gate model. 
Hydrodynamic load calculated using CFD as described in the section above was used as the loading 
boundary condition. The used method corresponds with the one-way fluid-structure interaction 
analysis.  

The model topology was, as in the case of CFD, prepared in Rhinoceros 4.0 code and meshing was 
done in ANSYS Meshing code using automatic mesh generator. Hexahedral elements with nodes in 
the middle of sides of the elements were used.  The structural model consists of approximately twenty 
thousand elements. Isotropic elastic material model with SIMOLUX parameters, i.e. 1270 kg.m-3 
density, Young’s modulus equals 1900 MPa and 0.2 for Poisson ratio. 

The boundary conditions for structural analysis were set as follows: axes of symmetry – 
frictionless support; operating rod – vertical displacement constrain; wheels – horizontal displacement 
constrain; whole domain – self weight; skin plate – hydrodynamic load calculated by CFD for 
discharge uninfluenced by tailwater. All the applied boundary conditions are clear from Fig. 9. 

����� �

Fig. 9: Boundary conditions applied in stress-strain analysis (pressures in Pa) 

Calculated deflection of the middle top of the sluice gate under the conditions described above was 
1.1 mm. Maximal principal stress in wheels was 10 MPa while in cross beams 0.5 MPa. Typical 
results are shown in the following figure. 

����� �

 (a) (b) 

Fig. 10: Stress-strain analysis (a) horizontal deflection (mm), (b) Von-Mises stress (MPa) 
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First ten eigenfrequencies and corresponding shapes were obtained by modal analysis and are 
presented in Fig 11.  

 

� � � � � � � � � �

1 2 3 4 5 6 7 8 9 10 
22.8 83.9 98.4 128.4 139.4 176.8 221.9 240.7 245.5 276.4 

Fig. 10: Eigenfrequencies (Hz) and corresponding shapes 

Although agreement between calculated discharge 30.4 l/s and measured discharge 29.9 l/s present 
suitability of CFD for numerical modelling of discharge under the sluice gate mounted on the Jambor 
sill, the difference in deflection calculated in the structural analysis part and measured is, however, 
larger than expected.  

5. Conclusions 

An extensive experimental program was started in order to properly evaluate vibration of sluice gates 
induced during discharge and their influence on the safety and reliability of the gates. As a part of this 
program CFD simulations and one-way fluid structure interaction calculations were carried out to 
verify the possibility of substituting numerical modelling for demanding physical modelling. Even 
with no calibrating procedure employed the hydraulic results are in reasonably good agreement with 
measured values of discharge and pressures. The results obtained from structural analysis show, 
however, the necessity of calibration of the material characteristics and model topology.  

Hydrodynamic loading acting in the horizontal direction on the gate structure is mainly caused by 
the upstream water surface wave action and tailwater influence which shifts the hydraulic jump 
backwards to contact with the gate. Oscillations of the pressure in the hydraulic jump are then 
transferred to the gate structure. Hydraulically sharp or unsuitably shaped bottom edge of the gate can 
be the source of vibration even without the tailwater influence. 
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ON EFFECTIVE IMPLEMENTATION OF THE NON-PENETRATION
CONDITION FOR NON-MATCHING GRIDS PRESERVING

SCALABILITY OF FETI BASED ALGORITHMS

T. Brzobohatý*, O. Vlach**, Z. Dostál***

Abstract: The point of this work is to extend our results obtained for elastic contact problems to the con-
tact problems with non-matching grids which necessarily emerge, e.g., in the solution of transient contact
problems or in contact shape optimization. We want to get good approximation and the constraint matrix B
with nearly orthogonal rows. We consider both standard engineering approaches such as node to segment,
or mortar elements. We give simple bounds on the singular values of the resulting matrix B and results of
numerical experiments, including both the academic examples and some problems of practical interest. We
conclude that the normalized orthogonal mortars proposed by Wohlmuth can be used to approximate the
non-penetration conditions in a way that complies with the requirements of the FETI methods.

Keywords: contact problems, Mortar elements, TFETI, scalability.

1. Introduction

Mathematical models of contact include the inequalities which make the contact problems strongly non-
linear. In spite of this, a number of interesting results have been obtained by modifications of the meth-
ods that were known to be scalable for linear problems, in particular of the FETI domain decomposition
method introduced by Farhat and Roux for parallel solution of linear problems. Using this approach,
a body is partitioned into non-overlapping subdomains, an elliptic problem with Neumann boundary
conditions is defined for each subdomain, and intersubdomain field continuity is enforced via Lagrange
multipliers. The Lagrange multipliers are evaluated by solving a relatively well conditioned dual prob-
lem of small size that may be efficiently solved by a suitable variant of the conjugate gradient algorithm.
Later Farhat (Mandel and Roux) introduced a “natural coarse problem” whose solution was implemented
by auxiliary projectors so that the resulting algorithm became scalable.

It has been soon observed that duality based domain decomposition methods may also be successful
for the solution of variational inequalities that describe equilibrium of a system of elastic bodies in
unilateral contact. Recently, we obtained the theoretical results that guarantee the scalability also for
contact problems, see Dostál et all (2010, 2012, 201x); Sadowská et all (2011).

The scalability results were originally proved for matching grids. In this case, the boolean matrix B
which imposes the “gluing” conditions and non-penetration conditions has nearly orthogonal rows, which
turns out to be a key ingredient of the proofs of optimality. By nearly orthogonal we mean that the matrix
B has singular values distributed in a given positive interval that does not depend on the discretization
parameter. For linear problems, B can be effectively reduced to the matrix with orthogonal rows; this was
used by Klawonn and Widlund to improve the estimates of the rate of convergence. The orhogonalization
of constraints that they use comprises multiplication of constraints that is not admissible for inequalities
that describe the non-penetrations.

The point of this paper is to extend the results mentioned above to the contact problems with non-
matching grids which necessarily emerge, e.g., in the solution of transient contact problems or in contact
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shape optimization. We want to get both good approximation and B with nearly orthogonal rows. We
consider both standard engineering approaches such as node to segment, (see Wriggers (2005)) or mortar
elements (see Wohlmuth (2001, 2011); Laursen et all (2005)). We give simple bounds on the singular
values of the resulting matrix B and results of numerical experiments, including both the academic
examples and some problems of practical interest such as the the gears in fig. 1. We conclude that the
normalized orthogonal mortars proposed by Wohlmuth can be used to approximate the non-penetration
conditions in a way that complies with the requirements of the FETI methods.

Fig. 1: von Misses stress in the real world example
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HIERARCHICAL MULTISCALE MODELLING OF POROUS MEDIA
WITH APPLICATIONS IN BIOMECHANICS

R. Cimrman*, E. Rohan**

Abstract: We consider materials with different levels of porosity at different scales. Homogenization theory
provides a natural way of upscaling fluid-structure interaction problem posed at the smallest scale to higher
levels of porosities in a sense that effective material coefficients (stiffness, permeability, Biot coefficients
etc.) at a higher level are obtained by applying homogenization to the lower level. This approach leads
to a convenient hierarchical description of the porous medium, suitable for multiscale modelling - in the
contribution we present numerical examples motivated by bone tissue poromechanics.

Keywords: poroelasticity, homogenization, multiscale modelling, double porosity.

1. Introduction

Porous fluid saturated materials with different levels of porosities are abundant in nature and can be en-
gineered as well to conform with requirements in technical practice. This paper describes one approach
to modeling of the mechanical behavior of fluid-saturated cortical bone tissue. The multiscale model
presented here is based on the theory of homogenization and provides an efficient computational tool
which can be used firstly to study influence of the bone structure on the mechanical properties, namely
on the stiffness and on the overall strength, secondly to study the mechano-transduction: how the macro-
scopic loading determines local deformation and microflows in the hierarchical porous structure. The
latter phenomenon is tightly related to evolutionary processes which on a longer time scale lead to tissue
remodeling and growth.

In the present study we focus on one sub-topic of the homogenization-based bone modelling. Namely,
we provide homogenization-based formulae which enable to compute the poroelasticity coefficients for
a given geometry and topology of micro- and mesoscopic levels. We describe an arrangement of porosi-
ties, each one forming a separate connected system, which are connected by a quasipermeable, or an
impermeable interface; then the homogenized problem results in two different pressures. At the meso-
scopic scale we take into account the Darcy flow in the poroelastic matrix, although in the mesoscopic
channels the fluid is assumed to be static with no pressure gradients.

Only the main results relevant for computer implementation are reported here, as the derivation of
the homogenization formulae is beyond the scope of this paper. In Section 2. we discuss modelling
assumptions and introduce all formulae and equations constituting the two-level homogenized model.
The hierarchical homogenization is implemented in our in-house finite element code; in Section 3. we
illustrate the hierarchical upscaling procedure using a numerical example.

2. Hierarchical model of double porosity

We consider a poroelastic medium saturated by fluid. The porosity of the medium is formed at two
levels, distinguishable by different sizes of pores, see Fig. 1. These are connected by a weakly permeable
interface, so that the model also describes a situation of disconnected porosities, see Rohan and Cimrman
(2012).
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Fig. 1: The two-level heterogeneous structure: α-level is formed by a single connected porosity Y α
c ; the

matrix Y α
m is formed by the solid. At the β-level, the homogenized structure of the α-level forms the

material situated in the matrix Y β
m. Representative periodic cells are depicted.

The two levels, further labeled by superscripts α and β are associated with the “microscale” and the
“mesoscale”, respectively. In bone modelling, the two levels correspond to the canaliculo-lacunar and
the Haversian porosities.

At the microscale level, we consider an elastic solid phase forming a porous skeleton filled with fluid.
We assume only moderate pressure gradients at the mesoscopic scale, such that the fluid is static. The
pores can form a connected porosity, or mutually separated inclusions: in the first case only one scalar
pressure value represents the pressure field in the porosity. By homogenizing this two-phase medium
we obtain a Biot-type model describing at the mesoscale the upscaled poroelastic microstructure α,
cf. Auriault and Sanchez-Palencia (1977).

At the mesoscale the above mentioned α-poroelasticity model describes the material occupying the
matrix of the meso-structure β; at this “higher” level the canals can exchange the fluid with the micro-
scopic pores of the α level due to a weakly permeable interface. For upscaling from the meso- to the
macroscopic scale, we take into account a slow flow in the “dual porosity” associated with the micro-
scopic scale.

In this paper we only report the main results relevant for a computer implementation. Homogeniza-
tion at each scale level proceeds in two steps:

1. Find effective (homogenized) coefficients by solving auxiliary problems for several characteristic
(or corrector) functions, cf. Rohan et al. (2012b); Rohan and Cimrman (2011);

2. Compute the homogenized coefficients that can be used for the higher level and/or “global” (ho-
mogenized) model of the current level. Due to linearity of the problems, those steps are decoupled
in a sense that the computation of the homogenized coefficients for the global level is valid for any
point having the corresponding “microstructure”.

Let us consider the scale parameter ε, describing the ratio of the characteristic sizes, Lα and Lβ , of the
two levels, i.e. ε = Lα/Lβ . By superscript ε we indicate dependence of functions and other parameters
on ε. We use the same symbol also for upscaling from meso- to macro-scale: ε = Lβ/Lmacro.

Let us denote Ω� the domain at level � = α, β. We assume that the domain Ω� is obtained from a
periodic microstructure generated by a representative unit cell Y � decomposed as follows

Y � = Y �
m ∪ Y �

c ∪ Γ�
Y , Y �

c = Y � \ Y �
m , Γ�

Y = Y �
m ∩ Y �

c , � = α, β , (1)

where Y �
m is the matrix, Y �

c are the channels and Γ�
Y is the matrix–channels interface. Without loss of

generality we can define Y = (]0, 1[)3 to be the unit cube, so |Y | = 1. As a result of (1), the domain Ω�

is defined by
⋃

k∈Kε ε(Y � + k) with Kε = {k ∈ Z3, ε(Y � + k) ⊂ Ω�}.
The homogenization procedure starts with a model at the microscale, see Rohan and Cimrman

(2012), written in terms of the displacement vector uα,ε of the matrix and the fluid pressure pα,ε in
pores, and the following material parameters, which form the input of the model:
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• Dε: the elasticity fourth-order tensor of the matrix,

• γ: the fluid compressibility,

• ν: the fluid viscosity.

For each microstructure we also compute the porosities (volume fractions of pores) φ� = |Y �
c |/|Y �|,

� = α, β.

The upscaling procedure of the heterogeneous continuum consists in the limit analysis of the ε de-
pendent model with respect to ε → 0. For this we use the periodic unfolding method Cioranescu et al.
(2008); Griso and Rohan (2007).

2.1. Homogenization results for level α

The two steps of the solution algorithm involve:

Corrector problems First, let us introduce some notation:

aαm (w, v) = −
∫
Y α
m

(Dey(w)) : ey(v) ,

Πij = (Πij
k ) , i, j, k = 1, 2, 3 with Πij

k = yjδik ,

(2)

where denotes ey(w) is the small strain tensor (derivatives w.r.t. Y domain coordinates y). By H1
#(Ym)

we mean H1 space of vector functions periodic in Ym. The problem for the characteristic responses then
reads: Find (ωij ,ωP ) ∈ H1

#(Ym)×H1
#(Ym) satisfying

aαm
(
ωij +Πij , v

)
= 0 , ∀v ∈ H1

#(Ym) ,

aαm
(
ωP , v

)
=∼
∫
ΓY

v · n[m] dSy , ∀v ∈ H1
#(Ym) .

(3)

Homogenized coefficients Using the characteristic responses (3) obtained at the microscopic scale the
effective properties of the deformable porous medium are given by

Aα
ijkl = aαm

(
ωij +Πij , ωkl +Πkl

)
, Bα

ij = − ∼
∫
Ym

divyωij , Mα = aαm
(
ωP , ωP

)
, (4)

where Aα is the skeleton stiffness corresponding to the dried medium, Bα are the Biot-type stress co-
efficients associated with pressure in channels Y α

c and Mα is effective Biot compressibility modulus.
Obviously, the tensors Aα = (Aα

ijkl) and Bα = (Bα
ij) are symmetric; moreover Aα is positive definite

and Mα > 0.

2.2. Homogenization results for level β

The two steps of the solution algorithm involve:

Corrector problems To define the local problems for corrector functions, we need the following bi-
linear forms which involve the homogenized coefficients computed in (4):

aβm (w, v) =∼
∫
Y β
m

Aαey(w) : ey(v) ,

bβm (p, v) =∼
∫
Y β
m

pB̂α
: ey(v) , B̂α

:= Bα + φαI.

(5)

It is worth noting that upscaling from the meso- to the macro-level does not lead to any fading memory
terms involving time convolutions, in contrast with upscaling of the double porosity media, cf. Rohan
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et al. (2012b); Rohan and Cimrman (2010). As a counterpart to the α level, see (3), the characteris-
tic responses, i.e., displacement modes at the mesoscopic level, satisfy the following problems: find
wij , ŵ, w̄ ∈ H1

#(Y
β
m) such that

aβm
(
wij +Πij , v

)
= 0 ∀v ∈ H1

#(Y
β
m) ,

aβm (ŵ, v) = bβm (1, v) ∀v ∈ H1
#(Y

β
m) ,

aβm (w̄, v) = −(1− φα) ∼
∫
Γβ
Y

v · n[m] ∀v ∈ H1
#(Y

β
m) .

(6)

The pressure fluctuation associated with the α-level porosity is driven by the characteristic pressure
response: find η1 ∈ H1

#(Y
β
m)/R such that

∼
∫
Y β
m

K∇y(η
i + yi) · ∇yψ = 0 ∀v ∈ H1

#(Y
β
m) . (7)

The permeability K can be computed using the standard homogenization of the Stokes flow considered
in a connected α-porosity generated by Y α

c , see e.g. Hornung (1997); Sanchez-Palencia (1980).

Homogenized coefficients The homogenized coefficients describing the material behaviour at the β
level are computed as follows:

Aβ = (Aβ
ijkl), Aβ

ijkl = aβm

(
wij +Πij , wkl +Πkl

)
,

Bβ = (Bβ
ij), Bβ

ij = bβm
(
1, wij +Πij

)
,

B̄β
= (B̄β

ij), B̄β
ij = (1− φα)φβδij + aβm

(
wij , w̄

)
,

Kβ = (Kβ
ij), Kβ

ij =∼
∫
Y β
m

K∇y(η
i + yi) · ∇y(η

j + yj) ,

(8)

where Aβ is the skeleton stiffness corresponding to the dried medium, Bβ and B̄β are the Biot-type stress
coefficients associated with two pressures, pα pressure field in the matrix (in the α-level pores) and p̄β

a single scalar pressure in the β-level channels, respectively, and Kβ is the effective permeability. There
are three effective Biot compressibility modulae

Mβ = aβm (ŵ, ŵ) , M̄β = aβm (w̄, w̄) , Nβ = aβm (ŵ, w̄) , (9)

which constitute the following compressibility matrix:

IMβ =

[
Mβ +Mα + γφα Nβ

Nβ M̄β + γφβ

]
. (10)

Macroscopic equations The macroscopic behaviour of the double porosity fluid saturated medium is
described by the triplet (u, pα, p̄β) ∈ H1(Ωβ)× L2(Ωβ)× R which satisfies the macroscopic equations
(we use the abbreviation Ω = Ωβ)∫

Ω
Aβe(u) : e(v)−

∫
Ω

e(v) :
[
Bβ , B̄β

]
[pα, p̄β ]T =

∫
∂Ω

(1− φβ)ĝα · v dSx

+

∫
Ω
(1− φβ)f̂

α · v ,∫
Ω
[qα, q̄β ]

[
Bβ , B̄β

]T
: e(u̇)

+

∫
Ω

Kβ∇pα · ∇qα +

∫
Ω
κβ(pα − p̄β)(qα − q̄β)

+

∫
Ω
[qα, q̄β ] · IMβ [ṗα, ˙̄pβ ]T = −Jβ

extq̄
β +

∫
∂Ω

(1− φβ)qαw̄n dSx ,

(11)
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for all triplets (v, qα, q̄β) ∈ H1(Ωβ)×L2(Ωβ)×R, where κβ =∼
∫
Γβ
Y κ̄

is the average interface permeability,

f̂
α

, ĝα are given forces, w̄n is a draining flux outwards the α porosity and Jβ
ext is a given overall drainage

of the β-level connected pores. Obviously, the data must satisfy some solvability conditions.

If Kβ or κβ are nonvanishing, initial conditions must be supplied; one may consider the unloaded
and undeformed state, or a steady state characterized by a single pressure value, i.e. pα(x, ·) = p̄β(·),
x ∈ Ωβ .

3. Numerical example

The homogenization results presented in previous sections were discretized by the finite element method
and implemented in a standalone computer code based on our code SfePy, see Cimrman and contributors
(2012). In this section we show some results obtained by this code.

For numerical illustration of effects of geometry of connected porosities on the level α we used the
reference periodic cells of the micro structures shown in Fig. 2. Three cases were considered:

• #1: α-level porosity in Fig. 2 (a), β-level porosity in Fig. 2 (d),

• #2: α-level porosity in Fig. 2 (b), β-level porosity in Fig. 2 (d),

• #3: α-level porosity in Fig. 2 (c), β-level porosity in Fig. 2 (d),

that is, the diameters of α-level channels increased with the case number. The following material/geometrical

(a) (b) (c) (d)

Fig. 2: (a)-(c): reference cells for level α, case #1, #2 and #3. (d) reference cell with connected porosity
for level β for all cases.

parameters were used:

coefficient units where level values
stiffness D GPa Ym α λ = 17, μ = 1.7

kinematic fluid viscosity ν m2/s Yc α ν = 10−6

fluid compressibility γ GPa−1 Ωβ macro β γ = 1.0
interface permeability κβ m / (GPa s) Ωβ macro β κβ = 10−6

porosity φ 1 case #1 α φ = 0.119
1 case #2 α φ = 0.236
1 case #3 α φ = 0.376
1 all cases β φ = 0.185

where the Lamé parameters defined the stiffness tensor as follows:

D : Dijkl ≡ μ(δikδjl + δilδjk) + λδijδkl .

Because a practical computation has to be related to a real scale of an existing microstructure, and be-
cause of scaling assumptions for fluid viscosity and interface permeability, we assumed the real value of
ε = 10−3 and scaled the values given above accordingly, when solving for the homogenized coefficients
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coef. Kα Kβ

#1
⎡
⎣

4.44 · 10−5 0 0
0 4.44 · 10−5 0
0 0 1.40 · 10−4

⎤
⎦

⎡
⎣

3.62 · 10−5 0 0
0 3.62 · 10−5 0
0 0 1.14 · 10−4

⎤
⎦

#2
⎡
⎣

2.95 · 10−4 0 0
0 2.95 · 10−4 0
0 0 5.91 · 10−4

⎤
⎦

⎡
⎣

2.40 · 10−4 0 0
0 2.40 · 10−4 0
0 0 4.82 · 10−4

⎤
⎦

#3
⎡
⎣

1.06 · 10−3 0 0
0 1.06 · 10−3 0
0 0 1.74 · 10−3

⎤
⎦

⎡
⎣

8.63 · 10−4 0 0
0 8.63 · 10−4 0
0 0 1.42 · 10−3

⎤
⎦

Tab. 1: Homogenized permeability coefficients on levels α, β for cases #1, #2 and #3.

(ν → ν/ε2, κβ → κβ/ε). The computations resulted in the homogenized coefficients. Here we report
only the permeabilities that are summarized in Tab. 1 for the three cases.

The macroscopic equations of level β (11) were solved on a cube domain with the following initial
and boundary conditions:

• u(0, ·) = 0, pα(0, ·) = 0, p̄β(0, ·) = 0,

• u(t, x) = 0 for x in bottom face,

• pressure traction load on the top face, with magnitude equal to time step ×10−2 [GPa] up to step
10, then held on the value 10× 10−2, for 20 time steps, t ∈ [0, 0.1].

In Fig. 3 we compare time histories of macroscopic solutions for the three cases and in Fig. 4 several
snapshots of macroscopic solutions are shown. It can be seen that the connected porosity behaves in
a viscoelastic manner because of the fluid flow in the interconnected pores. The influence of the pore
geometry (radius) is clearly demonstrated.
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Fig. 3: Comparison of time histories of macroscopic solutions for the three cases: (a) difference between
pα in a point on the top face xt and bottom face xb; (b) p̄β , (c) z-displacement in xt.

4. Conclusion

We have developed a two-level homogenized model of poroelastic media with weakly permeable in-
terface between the two porosities. The two upscaling levels allow representing three scales which,
however, should be separated in the sense of different enough characteristic lengths. As an advantage,
the poroelastic coefficients can be computed for a given geometrical arrangement of micro- and meso-
structures.

Since the model is intended to describe hierarchical structure of pores in the canaliculo–lacunar
porosity of bone, we consider two “microscopic” levels with connected pores (Rohan et al., 2012a).

The homogenization procedure reported in this paper makes possible to treat an arbitrary geometry
and topology of the pores, whereby the localization tensors and coefficients can be calculated as the
response of the autonomous microscopic problems; this was demonstrated using a numerical example
computed by our code (Cimrman and contributors (2012)). The assumption of the weakly permeable
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#1

step 2 step 10 step 20

#2

step 2 step 10 step 20

#3

step 2 step 10 step 20

Fig. 4: Snapshots of macroscopic solutions (10× magnified u, color = pα) in time steps 2, 10 and 20 for
the case #1 (top), #2 (middle) and #3 (bottom).

interface disables full connection of the two porosities; this situation is treated in a separate paper Rohan
et al. (2012a), cf. Rohan et al. (2012b) for related issues of the double porous materials.
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AEROELASTIC CERTIFICATION OF LIGHT SPORT AIRCRAFT 
ACCORDING "LTF" REGULATION

J. Čečrdle*; V. Hlavatý **

Abstract: Submitted paper deals with the aeroelastic certification of a light sport aircraft 
according the German regulation standard "LTF-UL". The procedure is simple, fast and low-cost, 
however it keeps the high standard regarding the quality and reliability of the obtained results. 
The procedure is based on the ground vibration test of the aircraft and flutter analyses based on 
the measured mode shapes. Paper is focused to the used experimental and analytical tools and 
methodologies. Whole process is demonstrated on the example of the FM-250 "Vampire II" light 
sport aircraft certification.

Keywords: aeroelasticity, ground vibration testing, light sport aircraft, LTF regulation

1. Introduction
In the Czech Republic, there have been a considerable growth in development and production 
of the light sport aircraft recently. New generation aircraft are lighter, aerodynamically 
refined and equipped by more powerful engines. It allows installation of advanced equipment, 
also flight performances are increasing. In many aspects, they expand to the higher aircraft 
category. However the design of such aircraft is ordinarily made with no regard to the 
aeroelasticity (e.g. under-balanced controls), also home-made alteration of the structure with 
possible negative influence to the aeroelastic stability (see Čečrdle (2010)) is a typical 
practice. Aeroelastic certification of these aircraft is based on the formal flight flutter tests, 
however due to the mentioned factors, there are additional requirements regarding 
aeroelasticity in some regulation standards. The typical example is the German national 
regulation standard "LTF-UL". It requires the ground vibration test and flutter analyses prior 
the flight flutter test for the aircraft with the design velocity over 200 km.h-1 (section 629(3)). 
It is obvious, that the aeroelastic certification of the light sport aircraft must be fast, simple 
and low-cost. On the other side, the high standard of the results quality and reliability must be 
kept. The paper describes the certification procedure used at the VZLU. It is based on the 
ground vibration test of the aircraft and the flutter analysis using the measured modal 
characteristics. The procedure is demonstrated on the FM-250 "Vampire II" aircraft example 
(fig.1). The duration of the whole procedure was about 20 workdays from the aircraft delivery 
to the analytical results available.
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Fig. 1:   FM-250 Vampire II aircraft (source: Flying Machines s.r.o.)

2. Ground Vibration Test
The purpose of the ground vibration test (GVT) is to get the modal parameters of the 
structure. These parameters, it means natural frequencies, mode shapes and modal masses are 
the input parameters for the follow-on flutter analyses. The FM-250 aircraft test was 
performed on the completely equipped and weighted aircraft. The empty weight was 
280.5 kg, plus 2 pilots of 75 kg each and 26 lt. of fuel representing 50% of loading. The 
aircraft total mass was 450 kg. The control system (rolling, pitching, yawing) was free, there 
was used only soft rubber spring to fix a stick with no significant influence to the measured 
system. Due to the unstable vibrations, the elevator tab was fixed excluding the measurement 
of the tab flapping mode. Flaps were at the zero position excluding the skin modes and flap 
2nd modes measurements.

The aircraft was suspended in the flight position by means of the rubber springs. The front 
belt was placed on the front fuselage and the rear belt was behind the wing. The natural 
frequencies of the aircraft on the suspension were 1.1 Hz vertical, 0.6 Hz lateral and 0.5 Hz
longitudinal.

Fig. 2:  GVT test arrangement (source: VZLU)
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Tab. 1:   GVT results summary

# mode title f0 [Hz]

1 Rudder Flapping  (Fixed Pedals) 6.941

2 1st Symmetric Wing Bending 8.575

3 Tailplane Rolling 9.697

4 1st Fuselage Lateral Bending 10.57

5 1st Fuselage Vertical Bending 11.17

6 Antisymmetric Aileron  Flapping  (Fixed Sticks) 14.63

7 1st Antisymmetric Wing Bending 15.03

8 Symmetric Elevator Flapping  (Fixed Sticks) 15.06

9 Symmetric Elevator Flapping  (Free sticks) 15.21

10 1st Antisymmetric Wing In-plane Bending + 
Lateral Engine Vibrations 15.22

11 1st Symmetric Wing In-plane Bending 16.97
12 Symmetric Aileron Flapping 23.51

13 Antisymmetric Tailplane In-plane Vibration 24.39

14 Elevator Balance Tab Flapping 24.50

15 1st Symmetric Tailplane Bending 24.92

16 1st Engine Vertical Vibration 27.48

17 1st Fin Bending 28.93

18 1st Antisymmetric Wing Torsion 31.61

19 1st Symmetric Wing Torsion 32.33

20 2nd Symmetric Wing Bending 37.57

21 Antisymmetric Elevator Flapping 42.57

22 2nd Fuselage Vertical Bending 47.71

23 2nd Antisymmetric Wing Torsion 54.09

24 2nd Symmetric Wing Torsion 54.26

25 2nd Fuselage Lateral Bending 55.89

26 2nd Antisymmetric Wing Bending 62.97

27 2nd Symmetric Tailplane Bending 63.22

28 1st Symmetric Tailplane Torsion 68.42

29 1st Antisymmetric  Tailplane Torsion 71.97

30 3rd Symmetric Wing Torsion 73.39

31 2nd Engine Vertical Vibration 75.46

32 1st Fin Torsion 86.98

The test arrangement is shown in fig.2. The measurements were performed by means of the 
PRODERA 2008 test system. It includes circuits for the excitation, measurements and data 
acquisition as well as the algorithms for the vibration evaluation and the test control. There 
were used 50 N exciters, the elevator tab flapping mode was excited by means of  4 N exciter. 
The acquisition points grid contained 139 uni-axial accelerometers with the mass of 0.001 kg

Čečrdle J. Hlavatý V. 171



each. The rigid chord of surfaces was assumed. The rough estimation of the natural modes 
distribution was measured by means of the swept sine excitation. Then the particular modes 
were investigated by means of the phase resonance method. Each mode was characterized by 
the natural frequency, mode shape, modal mass and damping ratio. The modal masses and 
damping ratios were obtained by means of the complex power method and by supplied energy 
method respectively. The exception was the elevator tab flapping mode for which the modal 
mass was set analytically due to the large play inside the actuation mechanism. Quality of the 
measured parameters were assessed by criteria functions (!! and MIF) characterizing the 
quality of the particular mode excitation. Natural frequencies and modal masses were 
corrected with respect to the additional mass and stiffness of the test device. Also the 
nonlinearities were evaluated by means of dependence of the natural frequency on the 
reference point displacement and as mechanical impedance respectively.

Fig. 3:  GVT Example of mode shape visualization

The measured modes were divided into two sets: 1) significant modes of the main 
aerodynamic surfaces, controls and tabs and: 2) modes of auxiliary parts as flaps, landing 
gear, propeller blades etc. The former modes were used for the flutter calculations. These 
modes are summarized in tab.1. Fig.3 demonstrates the specific graphic format for the 
visualization of the mode shapes showing node lines and phase relations.

3. Flutter Analysis
According the LTF-UL, section 629c regulation, there must be performed the flutter analysis 
to prove no flutter appearance up to 1.2*VD for the aircraft with VD over 200 km.h-1. Note that 
the VD is the aircraft design velocity which usually exceeds the 200 km.h-1 threshold. The 
analyses were based on the experimental modal model given by the GVT. It is a common 
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practice, that the usage of the GVT based modal model is the only possibility due to no 
structural data (stiffness, inertia) available. For the purpose of analyses, the measured modal 
deformations were recalculated to the grid of points with 3-directional deformation. Also, the 
points were moved to the leading and trailing edge respectively in order to avoid the errors 
due to splining extrapolation. Finally, the data were transformed to the free format. For these 
purposes, the in-house SW tool was used. The grid of the measurement points used for the 
analyses is demonstrated in fig.4. It includes 70 points in total.

Fig. 4:  Points used for analysis

Fig. 5:  Aerodynamic model - mesh

For the aeroelastic flutter analysis, the ZAERO system was used. The aerodynamic 
unsteady loads were given by the ZONA6 Subsonic Unsteady Aerodynamic Theory. This 
theory solves the respective unsteady three dimensional linearized small disturbance potential 
equations of the subsonic aerodynamics. The FM-250 aircraft aerodynamic model included 
the lifting surfaces only, influence of the fuselage body was neglected.  The model includes 
both left and right hand side respecting the wing and tail unsymmetry (fixed aileron tab and 
elevator balancing tab on starboard side only). The aerodynamic mesh is shown in fig.5, it 
consists of 2405 aerodynamic elements in total. Aerodynamic matrices were calculated for the 
selected values of reduced frequency ranging from k = 0.02 to k = 2.0. Reduced frequency is 
dimensionless parameter including both flow velocity and frequency of vibrations.
Aerodynamic forces are assumed to be dependent on the reduced frequency at a gentle rate, 
thus aerodynamic matrices are calculated for the selected values of reduced frequency and 
then interpolated. Considering the velocity range of interest (up to 1.2*VD), the Mach number 
was considered M = 0.0 (incompressible flow). This feasible simplification save the analysis 
effort. For the interpolation between structural grid and aerodynamic model, the "Infinite 
Plate splines" were used. The wing and fin surfaces were extended also to the fuselage area in 
order to avoid the unrealistic induced effects, however elements within the fuselage area were 
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splined by means of the "Zero Displacement Splines" which do not transfer the displacements 
and forces to the structure. The same is applied to the winglets as well, since there was no 
measurement point there. For the flutter stability solution, the g-method was employed. This 
method is based on the widely used P-K method, which includes the aerodynamic matrix into 
the stiffness matrix (real part) and the damping matrix (imaginary part). In addition, the 
g-method includes also first order damping term to the solution. Calculations were performed 
for a several altitudes ranging from H = 0 to H = 3000 [m]. The velocities were ranging from 
V = 10 m.s-1 to V = 200 m.s-1. The Mach number was considered M = 0.0 for the whole range 
of velocities. Thus, the results for high velocities (over 100 m.s-1) must be considered as 
artificial due to incompressible flow aerodynamics used. This is ordinary practice in the 
aeroelastic analysis, also called non-matched analysis. The artificial results are used to 
evaluate the rate of reserve in terms of the flutter stability with respect to the certification 
velocity (1.2*VD). The structural damping was included via viscous model. There were 
considered: 1) no structural damping as a conservative estimation and 2) damping ratio of 
0.02 as realistic estimation considering the GVT results. Analyses included those modes listed 
in tab.1.

Tab. 2:   Flutter states list

# abbr. title approx.
fFL [Hz]

1 RUDD Rudder  flutter 9.9
2 AILA Antisymmetric wing aileron flutter 16.7
3 AILS Symmetric wing aileron flutter 14.5
4 ETAB Elevator tab flutter 15.2
5 ELEV(1) Elevator control flutter 24.2
6 ELEV(2) Elevator control flutter 23.3
7 WHTS Wing and tail flutter 27.0
8 HTLA Horizontal tail surface flutter 63.0

The list of the flutter states found is given in tab.2. There were found the flutter of the main 
lifting surfaces, controls and tabs. The most important ones are rudder, wing aileron and 
elevator flutter. Other instabilities with a character of low hump mode were suppressed by 
considering the non-zero structural damping (e.g. elevator tab flutter). The analysis was 
complex in order to assess the most critical flutter issues and major contributing factors. The 
lowest flutter speed has the rudder flutter. It was approaching the certification speed, 
nevertheless the flutter speeds considering the realistic structural damping are all over this 
threshold.  The main contributing factor is low rudder flapping frequency. The next flutter 
states has a character of the wing bending torsional aileron flutter. The main contributing 
factor is the aileron static under-balancing as well as the flapping frequency. The elevator 
flutter appeared as two separated instabilities due to the structural and aerodynamic 
unsymmetry. The example of the V-g-f diagram is shown in fig.6.

Flutter speed dependence to the flight altitude is at a gentle rate. The most critical is the 
altitude of H = 0 in the most cases. The influence of the structural damping shows the rate of 
change in terms of the stability increasing the velocity, the low influence of the structural 
damping means a high rate of change and vice versa. The summary of the flutter speeds is 
given in fig.7.
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Fig. 6:  V-g-f diagram example (g = 0.02; H = 0)

4. Conclusion
The paper deals with the assessment of the flutter stability of the light sport aircraft. It 
demonstrates the simple and fast certification procedure suitable for this aircraft category 
based on the ground vibration test of the aircraft and flutter analysis by means of the ZAERO 
system. The procedure is simple and fast, however it keeps the high standard with regard to 
the used experimental and analytical tools and the results reliability. The solution is 
demonstrated on the FM-250 "Vampire II" light sport aircraft certification according 
German national airworthiness regulations LTF-UL-2003, section 629. Doing this, there was 
evidenced no flutter issue within the aircraft flight envelope.
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Fig. 7:  Flutter speeds summary
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�?@Q$(�QW� It is necessary to use quite a big gear ratio (from 150 to 300) to ensure an accurate control of 
the angular motions of passive optoelectronic rangefinder (POERF).Used zero-backlash gearings 
together with the features of rolling-contact bearings generate relatively high nonlinearities which make 
the achievement of demanded control accuracy of POERF complicated or even totally precluded. 
Experimental (Test) device for the described drives was constructed in OPROX company. The device was 
set into function by the composite authors of this article and at the moment, relevant measurements are 
being made. The aim is to use the testing measurements made on the device in order to design and verify 
a method and SW for initial and continuous identifications of the parameters of POERF nonlinear model 
of servo-drive. In this article we will provide basic information on mechanical design of the experimental 
device construction, control and power parts of servo-drive and on communication protocol including the 
measurement protocol (output data).      

X�YZ
$[@W�Experimental (Test) device, servo-drive, nonlinear system, passive optoelectronic 
rangefinder (POERF), measurement.  
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During the work on project KT-TA3/103 between 2007 and 2009 we discovered that zero-backlash 
servo-drives suitable for POERF are very nonlinear and it is impossible to achieve the demanded 
control quality when control algorithms based on linear theory of automatic control are used 
(Composite authors (2009)). 

At that time, preliminary theoretic analyses were made (Čech, V. & Jevický, J. (2008a), Čech, V. 
& Jevický, J. (2008b), Čech, V. & Jevický, J. (2009)), and they verified the results acquired in 
experiments with servo-drives of POERF. Nevertheless, it was obvious that it is necessary to 
accomplish systematic experiments in order to form the basis for design of nonlinear model of servo-
drive that must be implemented into servo-drive controllers so as to achieve the demanded quality of 
control. At the same time it was apparent that in order to accomplish these operations it will be 
necessary to construct a specialized experimental (test) device. In addition, it is essential to state that 
results of measurements mentioned in literature search are inadequate for our purposes.       

The experimental (test) device (Fig. 1, 2, 3) was designed by composite authors of this article 
according to the conceptual design elaborated by V. Čech. The device was constructed and activated 
in OPROX company in cooperation with other sub-suppliers in 2011. Consequently, exploratory 
measurements have been made since August 2011 and they are about to be finished now. Mechanical 
structure was designed by M. Červenka. Power and control electronic units were designed and realized 
by P. Snopek and V. Václavík. Control and communication SW was realized by I. Trávníček.  The 
measurements are made by I. Trávníček under the supervision of  V. Čech.     
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The aim of this article is to acquaint the specialists with the experimental device construction. In 
final part, examples of measurement results are stated to prove that zero-backlash drive with a set 
structure is really nonlinear.  
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Experimental device consists of (Fig. 1) the device 1, control computer 2 with particular SW and of 
power supply 3. 

 
Fig. 1 General view of the Experimental device I. 

 

In order to describe the full construction of the device we will use Fig. 2, 3, 4. In these pictures, there 
are single items/parts marked by identical arrowheads. The weight of the device is c. 32 kg and with 
side shanks for placement of weights it is c. 42 kg.  

Output shaft (controlled object) 1 is placed with the use of rolling-contact bearings in the frame 2 
of the device. The frame of the device 2 is pivoted on a base plate 3 with the use of a shaft 4. A control 
bar 12 is used to turn the frame 2 manually towards the base plate 3. 

Manual turning will be used in the future to accomplish special experiments. For basic 
experiments that are being currently accomplished, the frame 2 is rigidly fixed to the base plate 3 by 
the use of stopping mechanism with a fixation screw 10. 

On both sides of the output shaft 1 there are three side shanks where discs of different weights 11 
can be placed and thus it is possible to change the moment of inertia of the output shaft (controlled 
system) in relatively high limits (bounds). The moment of inertia of the output shaft without the 
weights and side shanks (Fig. 2) is 0,014125 kgm2. Maximal moment of inertia (6pcs of discs ea. 5 kg) 
is 1,205460 kgm2. 

Lightweight rolling-contact bearings 61818-2RS with inside diameter 90 mm by company SKF are 
used for placing the output shaft 1 into the frame 2. 

Angular displacement of the output shaft 1 towards the frame 2 is measured by means of optic 
incremental sensor “SIGNUM RESM angle encoder” (arrowhead 8) by company RENISHAW plc, 
UK (www.renishaw.com ) with outside diameter of the incremental ring 115 mm. On the surface of 
the incremental ring there are 18 000 line counts which correspond to basic resolution 0,35 mrad = 72 
arc seconds. Overall resolution is amplified by the use of digital interpolation and the digital resolution 
can be up to 4000 higher (interpolation factor = 4, 20, ...., 4000). For example if the interpolation 
factor is 20 then the digital resolution equals 2,75 arc seconds = 0,013 mrad. In the following text we 
will use abbreviation RESM to refer to the sensor.  

The respective servo-drive consists of (Fig. 2, 4) mechanical gearings, DC motor 5 with 
accessories, control and power unit 7 and power supplies 9. 
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Fig. 2 General view of the Experimental device II. 

 

 
Fig. 3 Assembly of mechanical parts of the Experimental device 

 

 
Fig. 4 Assembly of the servo-drive 

 

Mechanical gearings comprise a harmonic drive gearing 17 and a belt drive 6.  

Harmonic drive gearing (arrowhead 17) is type CPU-14A-100-M-06.XX-SP with gear ratio i1 = 
100 by company Harmonic Drive AG (www.harmonicdrive.de ). Moment of inertia reflected to the 
gear input is 33·10-7 kgm2. It is filled with special grease for ambient temperature range from -30 to 
+50°C.  The shaft of the DC motor (diameter 6 mm) is fastened to a hub of input shaft of the gearing 
by means of grub screws.  
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The belt drive is set from parts produced by company Gates Corporation, USA (www.gates.com). 

The drive is based on an indented belt PowerGrip® GT3 625 5MGT 25 (teeth pitch 5 mm, number of 
teeth 125, pitch length 625 mm, width of the belt 25 mm).  

The belt 6 transmits motion from a driving indented pulley 15 to a driven indented pulley 14, 
which is fixed to the output shaft 1. The driven indented pulley 14 has 78 teeth. The driving indented 
pulley 15 is interchangeable. We have driving pulleys with 26, or 39 or 52 teeth at disposal so the gear 
ratio of the belt drive can be i2 = 1,5 or 2,0 or 3,0. As a result we can make experiments with overall 
gear ratios iC = i1·i2 = 150 or 200 or 300. 

Tightening indented pulley 13 (22 teeth) placed on a slide carriage is used for tightening of the 
indented belt 6. Horizontal shift of the carriage is done with the use of an adjusting screw.  

The driving pulley together with harmonic drive gearing and DC motor are fastened to the frame 3 
by means of a console 16. 

DC motor RE 35 (Graphite Brushes, 90 W) order number 273 759 is turned out by company 
Maxon motor (Switzerland), www.maxomotor.com. The DC motor 5 is fastened to a radial face of the 
harmonic drive gearing 17 with the use of a union flange.  

The DC motor has the following basic parameters: number of pole pairs 1, number of commutator 
segments 13, nominal voltage 48 V, nominal current 0,915 A, nominal speed 2970 rpm, nominal 
torque 0,105 Nm, no-load speed 3810 rpm, starting current 4,16 A, stall torque 0,493 Nm, terminal 
resistance 11,5 Ω, terminal inductance 3,16 mH, rotor inertia 65,5·10-7 kgm2. 

Accessories of the DC motor 5 mounted on its shaft: Brake AB 28 (24 V) order number 228 387 
(arrowhead 18) and Encoder HEDL 5540 (5 V, 500 CPT, 3 channels) order number 110 512 
(arrowhead 19). The whole set has order number 368 267.  Resolution of encoder HEDL is 0,72° = 
2592 arc seconds = 12,56 mrad. In the following text we will use abbreviation HEDL to refer to the 
sensor.  
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Control and power electronics unit 7 (Fig. 2, 4) is placed on the frame 3. Its photograph is in the 
picture Fig. 5. 

Block diagram can be seen in the picture Fig. 6. 

 
Fig.5  Assembly of power and control units 

Servo-amplifier unit represents a basic element for proportional angular control of the servo-
amplifier. The unit fulfils the requirements for highly precise settings of the required angular 
displacement whereas demanding power requirements of regulation are also met. In order to achieve 
these goals, modern methods for distributed measurement and control are applied. The unit has a 
maximum output power approx. 220 W at 24 V of continuous output power.  
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In order to fulfil the requirements for regulation the following characteristic components were used 
for assembling the servo-amplifier:  

- hybrid controllers integrating standard peripheral circuits and powerful processing core usually used 
by digital signal processors DSP in one case    

- highly integrated power stages with modern switching elements for fully digital power control  

- modern communication standards  

- sophisticated topology of multi-level feedback control  

 
Fig. 6  Block diagram of power and control units  

 

Description of block diagram (Fig. 6): 

-control and measurement unit - control and measurement unit is based on PC compatible computer 
with Microsoft Windows operation system. PC computer is equipped with application SW, which 
sends commands via application interface and communication interface and receives status 
messages via CAN bus to which the control unit of the servo-amplifier is connected.  

-CAN bus transceiver and optocoupler  - galvanic isolated connection to CAN bus,   

-optional external device - optional bi-directional communication line for additional devices,   

-RS-232 interface - converts signal levels between optional external devices and digital signal 
controller 

-primary incremental encoder (HEDL) - primary incremental encoder measures shaft turning angle  

-secondary incremental encoder (RESM) - secondary incremental encoder measures  turning angle of 
output shaft (controlled object) of the servomechanism   

-RS-422 interface - converts signal levels between angle sensors and quadrature encoders of the digital 
signal controller  

-digital signal controller - digital signal controller is equipped with DSP core, powerful timers for real 
time control, A/D convertors (12 bit), multi-channel quadrature input, CAN communication 
interface and PWM outputs (16 bit).  

-LED panel - user interface for operational status of the servo-amplifier indication 

-isolated power supply - power source for sensors, control electronics and isolated parts of output 
circuits  

-relay outputs - high current outputs for general purpose  
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-isolated current sensor - Hall sensor for bipolar measuring of instantaneous current value in DC 
motor winding   

-power stage and optocoupler - intelligent galvanic isolated power stage for proportional control of 
DC motor  

-gearbox fan and gearbox heating - fan and heating elements for temperature stabilisation of the gear  

-motor brake - permanent magnet single-face brake  

-DC motor – DC motor  with gearing and output shaft (controlled object) 
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In the picture Fig. 7 there is a basic layout of the measuring system. DC motor is controlled by means 
of the servo-amplifier. Control commands for the servo-amplifier are sent through the use of CAN 
bus.   

Sensors, that are connected to the same CAN bus, monitor the experimental device status.   

In this developmental stage of the experimental device, usual PC (Fig.1, arrowhead 2) connected 
with the measuring system through the CAN bus is used for its controlling and monitoring the 
measured physical quantities.  

Access of the user application to the CAN bus is provided by communication library (Fig. 7) 
connected with the communication circuit controllers.  

The picture Fig. 8 shows the users interface Generator 1.3 that enables setting of measuring 
parameters.  Generated measurement can be sent by means of pressing “Send to Stend (17)” and it 
starts moving according to the required signal. The measured results can be then monitored on PC and 
at the same time they are stored on a hard disk. 

At current developmental stage the measurement is made only in an open loop, i.e. the control 
signal is not dependent on measured values from the sensors. It is possible to invoke a dialogue (Fig. 
9) with an open regulation loop scheme of the system with the DC motor by pressing “Loop Settings 
(14)” – Fig. 8. The control loop (Fig. 9) starts with “Command signal” which represents position 
reference trajectory.  

The DC motor functions as an integration part. The position reference signal needs to be 
differentiated with respect to time (Fig. 9) as it is necessary to get an output position response again in 
the open control loop. Servo-amplifier, DC motor and position sensor change the signal magnitude and 
therefore the signal has to be boosted by correction factor Kp (1), that provides units transition. After 
the boost of the signal by the correction factor Kp, we get voltage u in volts [V], that will be 
transmitted to motor clamps.  

Application adjusts the voltage u to a form which is received by the servo-amplifier. Servo-
amplifier needs the voltage to be divided into PWM duty cycle and direction DIR, and then it is 
transmitted to the DC motor (Fig. 9).  

 

 
Fig. 7  Communication scheme 
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Fig. 8 Graphic interface – signal generator for the experimental device  

 

 
Fig. 9 Open regulation loop 

 

Statuses are measured by means of DC motor and servo - amplifier sensors and those are then 
transmitted back into the PC by CAN bus.  In order to get the measured quantities in SI units, the form 
in Fig. 9 is supplemented by another editing fields where it is possible to set correction coefficients for 
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voltage (2), current (3), turning angle of the rotor (4), angular velocity of the rotor (5) and angular 
acceleration of the rotor (6) of DC motor.     

At present, the program Generator 1.3 can be used to develop only few basic command (referential) 
signal processes such as step in a position, step in speed, step in acceleration, and step in a jerk and 
harmonic signal. In part “Signal” (9) see Fig. 8 there are fields for command (referential) signal 
adjustment for DC motor control. Command (reference) signal shall be calculated as follows: 
 

                                                         )t()t(com 21 ϕϕϕ += ,                                                      (1) 

where 

                                            ∑
=

−
⋅⋅−=

3

0

0
01

j

j
)j(

C !j
)tt()tt(H)t( ϕϕ ,                                           (2) 

where 
        H(t)          is Heaviside step function (unit step function) 

       t ∈〈t00, tK〉 is continuous time (arrowhead (4)) with sampling period T (arrowhead (5)) [s] 
       t0               is a moment from which the  command signal is nonzero (arrowhead (6)) [s] 

       )j(
Cϕ           is the size of the step of  jth derivation (j = 0, 1, 2, 3) – part „Signal“  -  

                         arrowhead (10) 
 

                                      ))tt(fsin(A)t(H)t( 002 2 ϕπϕ +−⋅⋅⋅⋅= ,                                      (3) 

where 
       CW/CCW – direction of motor rotation (“Reverse” - arrowhead (7)) 

       f  is frequency of harmonic command signal [Hz] (arrowhead (11)) 
       A is amplitude of command signal [rad]  (arrowhead (11)) 

       φ0 is initial stage of command signal [rad]  (arrowhead (11)) 

Command signal – reference voltage (arrowhead (2)) can also be limited from bottom and top of 
its levels and its integration component can be saturated (arrowhead (8)).  

Generated command signal can be displayed (arrowheads (12, 13)), set to zero (arrowhead (16)), 
and saved (arrowhead (15)) under the selected file name (arrowhead (3)). 

“Send to Stend” – arrowhead (17) can initiate the simulation in connection with recording of 
measured data into the database.    
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After the command signal parameters are defined, the measurement is made and measured values are 
sent back to PC. Results of each measurement are saved as text files that are labelled by key name and 
time when the measurement was made. Such file with results can be processed by e.g. MS Excell or 
Matlab.  

Example of measurement outputs processing in programme Matlab is in Fig.10, where results of 
frequency analysis of measured signals are listed. Constant step in speed was set for the measurement 
i.e. the output shaft (controlled object) should have rotated (after the transient response) with constant 
speed. However, the speed of output shaft rotation actually changes due to nonlinear behaviour of the  

184 Engineering Mechanics 2012, #88



�

 
Fig. 10  The spectrum of positional inclinations depending on the position of the output shaft 

 

 
Fig. 11  Gain of the system at different tensions of the belt gear  

 

system. This speed shift is not random but has a periodical pattern in dependence on absolute turning 
of the output shaft (sensor RESM). Fig. 10 shows, on a relative frequency r = 200 [-], a phenomenon 
which corresponds to a transfer of disturbed torque from DC motor rotating shaft to output shaft. 
Other significant harmonic items are at frequencies 198, 202, 196, 204 etc. These are effects of 
nonlinear behaviour of the system.  

In Fig. 11 there are results of analysis for successive measurement which detects harmonic transfer 
function of the system and the effect of belt tension on system response.  Gain of the system consists 
of point estimates of amplitude gain. Each curve in the graph connects point estimates of 
measurements with the same parameters, only the frequency f of harmonic command signal is 
changing. The system was excited by a concrete frequency for each point estimate and braking and 
damping down of the system preceded each new measurement.  

First measurement was made without a belt (1), i.e. only gain to output shaft of the gearing was 
measured. In accordance with the graph in Fig. 11 we can assume that the system behaves as an 
inertial item.    

While making the second measurement (2) the belt was added however it was not tense which means 
that the system works with a backlash. From the graph it is obvious that the process differs 
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significantly and a large drop of frequency about 8 Hz demonstrates nonlinear behaviour caused by the 
backlash. The experimental device is designed as a zero-backlash gearing so if the belt is tense 
enough, the nonlinearity of backlash type is not demonstrated. When measuring with slightly tense 
belt (3) and very tense belt (4) only decrease in gain around the frequency 12 Hz is reflected. It was 
found out that this decrease is caused by anti-resonance of output shaft 1 and the frame 2 against the 
base plate 3. When the frame structure with a base plate 3 were reinforced (stiffness reinforcement) 
this phenomenon in measured excitation range was not demonstrated. The effect of belt tense can be 
seen in Fig. 11 with excitation range about 26 Hz, where the increase of resonance arises (see 
measurement with very tense belt (4)).  

<� �
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We are currently working on improvements of the experimental device. We will report about their 
realisation and acquired results at some of the following conferences.  

In the following period we will focus our effort on development of methodology for measurements 
and on design of software for automatic evaluation of measurements.  

The design of nonlinear model of the servo-drive will be in progress concurrently with the 
evaluation of sufficiently extensive sets of measurements.  
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THE  SECULAR  EQUATION  FOR  SURFACE  WAVES  IN  2D  
ANISOTROPIC  ELASTODYNAMICS 

J. {erv*, J. Plešek* 

Abstract:  

+

The secular equation for the surface (Rayleigh–edge) waves propagating in a thin semiinfinite 
anisotropic elastic continuum is derived. The secular equation is obtained as a quartic one for the 
squared wave velocity. Some numerical examples are shown. 

Keywords: Composite laminates, Crystals, 2D anisotropic elasticity 

1. Introduction 

 The traditional way of deriving the secular equation for Rayleigh-edge waves propagating in the 
direction of the x1-axis in an anisotropic elastic half-plane x2 - 0 is to find a general steady-state 
solution for the displacement components that vanishes at x2 = .. This involves the computation of 
quartic equation roots that depend not only on material constants but also on wave velocity. The 
secular equation (explicit or implicit) is then obtained by vanishing of the surface traction at x2 = 0. 
For the solution of such secular equation it is necessary to precompute some roots of characteristic 
quartic equation. The method shown in this paper leads to explicit secular equation that depends on 
material constants only. 

2. Preliminaries  

We suppose that material and body axes of the 2D anisotropic linear elastic medium in the state of 
plane stress are denoted by X1, X2 and x1, x2 respectively. Third axis x3 is identical with material axis 
X3 and constitutes axis of possible rotation of principal material axes X1, X2 from body axes x1, x2. Due 
to the plane stress it holds %33 = %23 = %13 = 0. In this paper we will assume that principal material 
axes X1, X2 coincide with body axes x1, x2.  For considered material the relationship between the stress 
%ij and strain +ij components is given by 
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22 12 22 26 22

12 16 26 66 122

C C C
C C C
C C C

% +
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% +
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0
1) 3
15

,                                               (1) 

where Cij denote the elastic stiffnesses. The strain components +ij are related to the displacement 
components u1, u2 through  

� �, ,2 , ( ,ij i j j iu u i j+ � � � 1,2).                                                      (2) 

The equations of motion, written in the absence of body forces, are  

, ,ij j iu% *� ) ��                                                                        (3) 

where * is the mass density and the comma denotes differentiation with respect to xj (j=1,2). 
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3. Rayleigh waves 

The propagation of a Rayleigh wave along an edge of a semiinfinite 2D anisotropic medium is 
modeled. It is supposed that corresponding displacement and stress fields have the forms 

1 1( ) ( )
1 2 2 1 2 2( , , ) ( ) , ( , , ) ( ) ( , 1,2) ,i k x c t i k x c t

s s rs rsu x x t U k x e x x t k k x e r s%) � ) ) � )� ) ) � )6 ) ) �      (4) 

where k is the wave number and c is the wave velocity. The boundary conditions of the problem are 

2 (0) 0, ( ) 0 , ( 1,2)j jU j6 � . � � .

2c U*

                                                       (5) 

Substituting (4) into (3), the equations of motion reduce to (the prime denotes differentiation with 
respect to k)x2) 

2
11 12 1 12 22 2, .i c U i*
 
)6 � 6 � � ) ) )6 � 6 � � ) )                                       (6) 

Since no boundary conditions are prescribed for %11 and consequently also for 611 , this component 
may be eliminated. After some algebra we obtain a system of four ordinary differential equations of 
the first order for unknowns U1, U2, 612, 622 . The system may be written in a matrix format 
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where d, d1, d2, d3  are coupled by the relation 

11 1 12 2 16 3 .d C d C d C d� ) � ) � )                                                               (8) 

It is easily seen that the symbol d represents the determinant of stiffness matrix C  (see (1)) and d1, d2, 
d3 are subdeterminants of . From the positive definiteness of stiffness matrix  it follows that d, dC C 1 
are positive. So we have 

10 & 0 .d d� �                                                                           (9) 

Denoting the stress vector T and displacement vector U as 

7 8 7 81 2 1 2,
TTT T U U� �T U ,                                                                  (10) 

where T1 = 612 , T2 = 622 then the above system of four equations may be rewritten as 
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Besides this, it holds that 
2

1 1 2 2 2 3 3 3 4 1 1, , ,T Ti c*� ) � � � � � ) ) � � � )M N M N N M N I M M M N                (13) 

Symbols N1, N2, N3 appearing in the relation (13) are submatrices of the fundamental elasticity matrix 
N introduced by Ingebrigtsen and Tonning (1969). Symbol I is identity matrix of size 2. It is supposed 
that matrix M3 is not singular. It means that the Rayleigh wave propagates at a velocity distinct from 
that given by 2

1
.dc d* ) �  With this assumption, the derivative of the second vector line of the 

system (11) yields relation for . Substituting for 
U 
U  into first vector line of (11) we get the relation 
for . Inserting the relation for  into second vector line of the system (11) gives after some matrix 
manipulations  

U U
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where real and symmetric matrices 	   are given by  , , 
1 1 1

3 1 3 3 1 2 1 3, ,T Ti� � �� ) � ) � ) � � ) )M M M M M M M M	                         (15) 

The system (14) for traction components T1 = 612 , T2 = 622 is more convenient to work with than the 
corresponding system for displacement components, because the boundary conditions, instead of (5), 
are now homogeneous. It holds 

(0) ( ) 0 , ( 1,2) .j jT T j� . � �                                                         (16)                         

The solution of (14) is assumed in the form 
2

2 0( ) i p k xk x e ) ) )) � )T T                                                               (17) 

where  is a constant vector and p is a complex number with  to fulfil the 
boundary conditions at infinity. Introducing the solution (17) into the equation (14) we arrive at the 
following problem. It is necessary to solve the homogeneous system of two linear equations for 
unknowns T
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01 and T02 which are the components of the vector . The system has the form 0T
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The homogeneous system (18) will have a nontrivial solution if and only if its determinant of the 
matrix is zero. This leads to a quartic characteristic equation in p. It has the form 

4 3 2
11 22 22 11 11 22 22 11 11 22 11 22( )p p p p	 	 	  	  	     ) ) � ) ) � ) � ) ) � ) ) � ) � 0 ,          (19) 

where the real coefficients , ,ij ij ij	   correspond to matrices , ,	    , respectively. If a quartic 
equation has real coefficients, then either i) all roots are real or ii) there is an even number of complex 
roots (i.e. 4 or 2 complex roots), in conjugate pairs, see Schwarz (1958). First case i) may be discarded 
due to assumption . Second case ii) falls into three possibilities. There are two distinct 
roots p

Im( )p � 0
1 9 p2 with positive imaginary parts. Then the general solution to (14) takes the form 

1 2 2 2(1) (2)
2 1 0 2 0( ) i p k x i p k xk x q e q e) ) ) ) ) )) � ) ) � ) )T T T .                                        (20) 

where  correspond to p(1) (2)
0 0,T T 1 , p2 respectively. Symbols q1, q2 are arbitrary constants. Second 

possibility covers the case p1 = p2. It gives the general solution to (14) as 
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The case p1 = p2 seems to be not important from point of view of practical application. Third 
possibility is represented by only one root p1 with positive imaginary part. Then the general solution to 
the equation of motion (14) has the form 

1 2(1)
2 1 0( ) i p k xk x q e ) ) )) � ) )T T                                                        (22) 

Due to boundary conditions at x2=0 (see (16) where T1(0)= T2(0)=0 and the conditions that T01
(1), T02

(1) 
are not simultaneously zero we obtain q1=0. It leads to trivial solution 2( ) 0k x) �T  and therefore 
this possibility may now be safely discarded. 

Applying zero boundary conditions at x2=0 into (20) we get another homogeneous system in 
unknowns q1, q2. This system will have a nontrivial solution if the determinant is zero. It leads after 
some algebra to the desired secular equation that is quartic one in *)c2. All the coefficients of the 
secular equation are real and depend on material constants only. 
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SCALABLE ALGORITHM FOR NON-LINEAR PROBLEMS OF
SOLID MECHANICS

J. Dobiáš, S. Pták∗, Z. Dostál, T. Kozubek, A. Markopoulos∗∗

Abstract: The paper is concerned with a novel algorithm for solution to contact problems stemming from
the TFETI (Total Finite Element Tearing and Interconnecting) domain decomposition method. The TFETI
method is based on idea that the compatibility between non-overlapping sub-domains, into which the orig-
inal domain is partitioned, is enforced by the Lagrange multipliers. The distinctive feature of the TFETI
consists in the fact that the method also enforces the Dirichlet boundary conditions by means of the La-
grange multipliers. The TFETI based technique converts the original contact problem to the quadratic
programming one with the equalities and simple bound constraints. Our new algorithm exhibits both paral-
lel and numerical scalabilities so that it enables us to effectively solve steady-state problems of deformable
bodies undergoing contact, geometric and material non-linear effects. In this paper we propose algorithm
with nested iteration strategy, where its inner part consists of a new version of our previously developed
MPRGP and SMALBE algorithms and the outer loop iterates on the geometric and material non-linearities.
Numerical experiments include solutions to steady-state problems with non-linear effects and their results
document that the proposed algorithms are robust, highly accurate and exhibit both parallel and numerical
scalabilities.

Keywords: Contact non-linearity, Geometric non-linearity, Material non-li-nearity, Domain decompo-
sition, Scalability.

1. Introduction

Dostál et al. analysed in (1) problem of frictionless contact problem between solid bodies, while they
considered both geometrically and materially linear cases. Therein they suggested a new in a sense
optimal version of their own previously developed algorithm based on TFETI (Total Finite Element
Tearing and Interconnecting) domain decomposition method. The goal of this paper is to apply this new
algorithm to the contact problems accompanied by both geometric and material non-linear phenomena,
and to show that it can yield, even under these conditions, good results.

The FETI domain decomposition method was introduced by Farhat and Roux (2) as a parallel finite
element solver for the self-adjoint elliptic partial differential equations. Its key idea is a decomposition
of the spatial domain into non-overlapping sub-domains that are ‘glued’ by Lagrange multipliers, so
that, after eliminating the primal variables, or displacements, the original problem is reduced to a small,
relatively well conditioned, typically equality constrained quadratic programming problem that is to be
solved iteratively. Later Farhat, Mandel and Roux (3) modified the basic FETI algorithm so that they
were able to prove its numerical scalability, i.e. asymptotically linear complexity.

The partition of the original domain into sub-domains usually generates some ‘floating’ sub-domains
with not enough prescribed displacements, so that their stiffness matrices are singular in steady-state
cases and implementation of FETI then includes the computation of their kernels. However, stable
evaluation of the bases of the kernels, though theoretically clear in exact arithmetic context, is tricky in
the presence of the round-off errors. To overcome this difficulty, Dostál et al. (4) suggested enforcement
of all the Dirichlet boundary conditions by the Lagrange multipliers so that all the sub-domains were
treated as totally unconstrained. This version of FETI is referred to as the Total FETI (TFETI). Since the
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Republic, Dolejškova 5, 182 00 Praha 8, Czech Republic, e-mail: jdobias@it.cas.cz
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kernels of stiffness matrices of all the sub-domains are the same and known beforehand, this approach
removed the problems with identification of these kernels.

Even though the FETI class methods were originally developed for numerical solution to linear
elliptic partial differential equations, it turned out that they were even more successful for the solution
to contact problems. The reason is that any FETI method reduces in effect for free the more general
inequalities introducing the conditions of non-penetration of bodies to the bound constraints. The FETI
based algorithm for contact problems was proposed by Dostál et al. in (5). The numerical scalability of
this algorithm was demonstrated by numerical experiments.

The organisation of the paper is as follows. Section 2. introduces the TFETI for contact problems.
Section 3. is briefly concerned with a new version of SMALBE and MPRGP, which are the algorithms
stemming from the TFETI. The concepts of numerical and parallel scalabilities are explained in Section
4.. Section 5. outlines the overall computational strategy and we present there an algorithm that enables
TFETI to be applied to solution to the contact, geometric and material non-linear effects. Section 6.
shows results of numerical experiments and Section 7. concludes the paper.

2. Problem Formulation

For simplicity, let us consider a system of two solid deformable bodies in contact which occupy in
reference configuration domain Ω = Ωm ∪ Ωs, where m denotes master body and s stands for slave
body. Assume that their boundaries are subdivided into three disjoint parts Γi

u, Γi
f , and Γi

c, i = m, s,
with prescribed Dirichlet, Neumann, and potential contact conditions, respectively.

The strong version of governing equations of the static equilibrium is as follows

σij(u),j = fi in Ω, (1)

where σ, u, and f denote stress tensor, displacement vector and loading vector, respectively. The Dirich-
let and Neumann boundary conditions are, respectively, as reads

u = 0 on Γu, (2)

σij(u) · νj = pi on Γf . (3)

The variational formulation is to be obtained if we consider the constrained minimisation problem

u ∈ K, J (u) ≤ J (v) ∀v ∈ K, (4)

where K is a non-empty, closed, convex set of all feasible displacements. The quadratic functional

J (v) =
1

2
a(v,v)− �(v) (5)

is generated by a self-adjoint, positive definite bilinear form

a(v,w) =
∑

i∈{s,m}

∫
Ωi

σ(vi) : ε(wi)dx (6)

and accounts for internal forces. The linear functional

�(v) =
∑

i∈{s,m}

∫
Ωi

f · vdx+
∑

i∈{s,m}

∫ f

Γi

p · vdx (7)

accounts for the volumetric forces and tractions on the Neumann boundary.

To apply the TFETI domain decomposition, we tear each body from the part of the boundary with
the prescribed Dirichlet boundary conditions, decompose each body into sub-domains and introduce
new connecting conditions on the fictitious intersubdomain boundaries and on boundaries with imposed
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Dirichlet conditions. The connecting conditions requires continuity of the displacements and of their
normal derivatives across the intersubdomain boundaries.

Applying the standard finite element procedures while in addition considering TFETI method, we
can express the governing equations of a contact problem in discretised form as follows

Ku = f −B�
I λI −B�

EλE , (8a)
BIu ≤ cI , (8b)
BEu = cE , (8c)

where K denotes a stiffness matrix with sparse positive semidefinite diagonal blocks corresponding
to individual sub-domains. In accordance with the TFETI method, the kernels of all the sub-domains
are the same and known beforehand. The matrix BI and the vector cI introduce the linearised non-
interpenetration conditions. Similarly the matrix BE and the vector cE enforce the prescribed displace-
ments along the part of the boundary with the Dirichlet conditions. λI and λE stand for the components
of the vector of Lagrangean multipliers, while we shall use

λ =

[
λI

λE

]
, B =

[
BI

BE

]
and c =

[
cI
cE

]
.

Eqn. (8a) has a solution iff f −B�λ belongs to the range of K and therefore the following relation-
ship holds

R�(f −B� λ) = 0, (9)

where R denotes the full rank matrix with columns spanning the kernel of K. Since all the sub-domains
are totally unconstrained, the kernels of the sub-domains are known beforehand and are to be assembled
directly.

It is necessary to eliminate the primal variable u from eqn. (8a). It can easily be verified that if u is
a solution to eqn. (8a), then there exists such a vector α that

u = K†(f −B
�
λ) +Rα, (10)

where K† is any symmetric positive definite matrix satisfying the first Moore–Penrose condition KK†K = K,
or it is the {1}-inverse.

Substituting eqn. (10) into eqn. (8a), we get the following minimisation problem

min
1

2
λ�BK†B�

λ− λ�BK†f s. t. λI ≥ 0 and R�(f −B
�
λ) = 0. (11)

Let us now introduce the standard FETI notations

F = BK†B�, G = R�B�, e = R�f , d = BK†f . (12)

After some algebraic manipulation, we obtain the following formulation

min
1

2
λ�PFPλ− λ�Pd s. t. λI ≥ 0 and Gλ = 0, (13)

where
P = I−Q and Q = G�(GG�)−1G (14)

stand for the orthogonal projectors on the kernel of G and the range of G�, respectively. The point of
the last step is to introduce preconditioning by the natural coarse grid projector.

The problem (13) is to be solved efficiently by the algorithms presented in the following section.
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3. MPRGP and SMALBE Algorithms

We have shown that application of the TFETI methodology to the contact problems converts the orig-
inal problem to the quadratic programming problem with bound and equality constraints and well-
conditioned regular part of the Hessian matrix. Such problems are to be solved very efficiently by
the recently proposed algorithms. A unique and qualitatively new feature of these algorithms is the rate
of convergence in the bounds on the regular part of the Hessian, independent of the representation of
constraints. See (1) for details.

The problem (13) is first reduced by Semi-Monotonic Augmented Lagran-geans with Bound and
Equality constraints (SMALBE) method to the se-quence of bound constrained quadratic programming
problems. SMALBE accepts inexact solutions of auxiliary bound constrained problems solved approx-
imately in the inner loop until the norm of the projected gradient is proportional to the feasibility error,
and updates the regularisation parameter until the value of the Lagrangian increases. These auxiliary
problems are to be solved efficiently by the Modified Proportioning with Reduced Gradient Projection
(MPRGP) method in the inner loop. It was proved by Dostál and Horák (6) that application of FETI or
TFETI with natural coarse grid preconditioning to a contact problem can be combined with SMALBE
and MPRGP to obtain algorithm with asymptotically linear, i.e. optimal, complexity. A unique feature
of MPRGP is the rate of convergence which is independent of the inequality constraints. Moreover, the
algorithm enjoys the finite termination property even for dual degenerate problems, so that it does not
suffer from oscillations often attributed to this type of algorithms.

Detailed description of these algorithms is beyond the scope of this paper.

4. Numerical and Parallel Scalabilities

The performance of a domain decomposition based iterative method depends on two important proper-
ties, namely numerical and parallel scalabilities. Such a method is said to be numerically scalable if the
condition number of the problem does not grow or grows weakly with the ratio of the sub-domain size
and the mesh size. The parallel scalability represents ability of an algorithm to achieve larger speed-ups
for a larger number of processes.

5. Non-linear Algorithm

The primary interest of this work is the development of effective strategy for fully non-linear problems,
where, in addition to the contact interaction, the kinematics of the body system are not confined to small
strains, and where the material response is potentially non-linear and inelastic.

The strains can be evaluated by means of the following in general non-linear relationship

ε = Bs(u) · u, (15)

where Bs denotes an appropriate matrix relating strains with nodal displacements.

The stresses are computed by solving this constitutive equation

σ =
∑
nelem

ε∫
0

Ddε, (16)

where D stands for the tangent material matrix. Its particular form depends on applied material model.
We sum over nelem elements.

The MPRGP and SMALBE algorithms are directly applicable to solution to the contact problem,
which itself is a strongly non-linear phenomenon indeed, but with other conditions linear. Any addi-
tional non-linear effect necessitates employment of the nested iteration strategy, where the inner loop is
concerned with TFETI based solver, while the outer loop iterates on the material/geometric non-linear
effects and contact geometry update so that it might achieve equilibrium.
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Consider the state of equilibrium of the system. Employing the modified Newton-Raphson iterative
method, the governing equilibrium equations is as follows

K(i−1) Δu(i) = fext − f
(i−1)
int . (17)

K, fext and fint denote the stiffness matrix, the vector of external nodal loading, and vector of
internal nodal forces, respectively. The right superscript (i) stands for the current number of iteration.
Δu(i) denotes the displacement increment at each iteration, while the total displacement is updated as
follows

u(i) = u(i−1) +Δu(i). (18)

Then we can in turn compute the strain tensor, stress tensor and internal forces as reads

ε(i) = Bs

(
u(i)

)
u(i), (19a)

σ(i) =
∑
nelem

ε(i)∫
0

Ddε, (19b)

f
(i)
int =

∑
nelem

∫
Ω(i)

Bs
�(u(i)) σ(ε(i)) dΩ(i). (19c)

Equations (17) to (19) describe the problem in terms of the primal variables, i.e. displacements. The
stiffness matrix and RHS vector of eqn. (17) have to be transformed in the sense of Section 2. in order
that the problem might be computed by MPRGP/SMALBE algorithms for the Lagrangian multipliers.
Then we can return to the primary variables, i.e. the displacement increments.

The simplified solution algorithm is shown in the following flowchart.

Initial step: Assemble stiffness matrix K and BE ;
Set i = 0, u0 = 0, f0int = 0;

Step 1: Evaluate contact conditions B(i)
I ;

Step 2: Solve contact problem by MPRGP/SMALBE for λ→ Δu,
u(i) = u(i−1) +Δu.

Step 3: Compute the strain tensor ε(i) and stress tensor σ(i).

Step 4: Integrate the equivalent internal forces f (i)int.

Step 5: Assemble the residual load vector res(i) = f
(i)
int − fext;

check on convergence criteria ‖Δu‖
‖u(i)‖ < η1 ,

‖res(i)‖
‖fext‖ < η2;

If fulfilled then STOP,
otherwise set i← i+ 1 and go to Step 1.

6. Numerical Experiments

This section presents results of two sets of numerical experiments with the proposed algorithms. The
first one is concerned with analysis of a bolt and nut contact problem and the second one shows results
concerning the numerical and parallel scalabilities. All the numerical experiments were carried out with
our in-house general purpose finite element package PMD (Package for Machine Design) (7).
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F (a) (b)

Fig. 1: Bolt & nut problem; (a) schematic sketch, (b) mesh.

6.1. Bolt and Nut Contact Problem

Consider a bolt and nut of 30 mm diameter and the metric thread. The nut rests on a washer and the
bolt is loaded by a force F according to fig. 1(a). The problem is semi-coercive in the sense that we did
not prescribe any constraints for the bolt in the direction of its axis. The motion of the bolt is restricted
only by the surfaces in contact. Fig. 1(b) shows the finite element mesh, which was strictly created in
accordance with the corresponding technical standard, apart from the thread that is not in form of the
helix but rings. The problem is modelled with linear penta/hexahedra and we modelled only one quarter
because of the symmetry. Numbers of primal and dual variables are 95052 and 1296, respectively,
for the case with decomposition into two sub-domains. We consider both the geometric and material
non-linear effects. The material properties for linearly–elastic–perfectly–plastic material model are as
follows: Young’s modulus E = 2.1×1011 Pa, Poisson’s ratio ν = 0.3 and yield stress σY = 250MPa.
We used the von Mises yield criterion.

Fig. 2 shows distribution of von Mises stresses for three levels of loading. The first column depicts
results for load F = 3.8kN , the second one for F = 11.3kN , and the third one for F = 22.6kN .
The upper row represents results with applied elastic material model and the lower one with the plastic
model.

6.2. Numerical and Parallel Scalabilities

Consider contact of two identical elastic cubes of size a = 10 mm and of the following material prop-
erties: Young’s modulus E = 2.1 × 1011 Pa and Poisson’s ratio ν = 0.3. The computational model
is discretised by tri-linear cubical elements and decomposed into cubical sub-domains, while their ratio
H
h = 10. Considering parallel treatment, each sub-domain is assigned one processor.

The upper part of table 1 shows numbers of primal and dual variables for various decompositions.
The lowest row demonstrates the numerical scalability of our algorithm. It reads numbers of the Hessian
multiplications, which are the most important indicators of the performance of the algorithm and corre-
spond to the numbers of iterations. It is obvious that the number of iterations increases only mildly with
refinement of the mesh in the case that the ratio H

h is held constant, which is in good agreement with
theory.

It is clear from table 2 that our algorithm exhibits the parallel scalability.
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Fig. 2: Von Mises stress distribution.

Tab. 1: Numerical Scalability.

Subdomains 16 54 128 250

Primal variables 196 608 663 552 1 572 864 3 072 000

Dual variables 21 706 81 652 214 699 443 920

Hessian multiplications 60 63 67 69

Tab. 2: Parallel Speed-up.

Processors 2 4 8 16 24

Solver 1.76 3.66 7.57 15.30 22.89

Preprocessor 1.70 3.61 7.55 15.24 22.81

Total 1.73 3.63 7.56 15.27 22.85
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7. Conclusion

New version of the algorithms MPRGP and SMALBE stemming from the TFETI domain decomposition
method were applied to solution to contact problems accompanied by geometric and material non-linear
effects. It was shown that they yield accurate solution, their converge rate is high and they exhibit
both numerical and parallel scalabilities, which is essential for their application to the high performance
computers.
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LATTICE MODELING OF CONCRETE FRACTURE
INCLUDING THE EFFECT OF MATERIAL SPATIAL RANDOMNESS

J. Eliáš*, M. Vořechovský **

Abstract: The paper presents stochastic discrete simulations of concrete fracturing. The spatial material
randomness of local material properties is introduced into a discrete lattice-particle model via an autocor-
related random field generated by the Karhunen–Loève expansion method. The stochastic discrete model is
employed to simulate failure of three-point-bent beams with and without a central notch notch. The effect
of spatial randomness on the peak load and energy dissipation is studied.

Keywords: lattice model, concrete, fracture, stochastic simulations, material randomness, fracture en-
ergy, flexural failure.

1. Introduction

It has been widely recognized that mechanical properties of materials exhibit a spatial variability. The
seminal theory of Weibull (1939) offered simple and powerful tool to determine the probabilistic distri-
bution of structural strength. However, applicability of the Weibull theory is limited to brittle structures
with no redistribution prior to the peak load. The Weibull theory lacks any length scale and rupture of
infinitely small volume directly causes failure of the whole structure. The absence of any characteristic
length scale also results in spurious infinite strength of infinitely small structures (Vořechovský, 2010).
Moreover, the Weibull theory assumes that strength of every material point is independent of its sur-
roundings. However, many structures are made of quasibrittle materials like concrete, ceramics, rocks
or ice. These structures have the ability to partially redistribute released stresses and thus their failure is
triggered by rupture of some representative volume of finite size. Also the Weibull assumption of inde-
pendence stands out against the natural expectation that the local strength fluctuate rather continuously
inside a structure.

The advantage of Weibull theory comes from the fact that the mechanics of failure does not interact
with the stochastic model – only elastic stress field is needed. Extension of the Weibull theory for finite
internal material length scale requires knowledge of changes in the stress field during the redistribution
prior to the peak load. The redistribution can be mimicked by the nonlocal Weibull theory of Bažant and
Xi (1991) and Bažant and Novák (2000), where probability of failure of material point depends not only
on its local stress but also on stress in its surroundings. Therefore, local stress is replaced by nonlocal
stress obtained by nonlocal averaging of the (local) elastic stress field (Bažant and Jirásek, 2002). The
nonlocal Weibull theory agrees for the large sizes with the local one. For intermediate structural sizes, it
predicts higher strengths than the local Weibull theory thanks to possible stress redistribution. Unfortu-
nately, in the in the case of very small structures, the theory is not applicable because the approximation
or stress redistribution by nonlocal averaging is too simplistic. Though the nonlocal averaging helps to
introduce the material internal length, it is not able to correctly reflect possible spatial correlations of
local material properties.

A laborious option of structural strength estimation is represented by stochastic failure simulations
that include proper mechanics of stress redistribution. Such a stochastic analysis can be performed
using the finite element method with a sophisticated material constitutive law (Vořechovský, 2007;
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Vořechovský and Sadı́lek, 2008). Failure of highly heterogeneous materials can also be advantageously
modeled via discrete models. These models can be deterministic: Grassl and Rempling (2008); Van Mier
and Van Vliet (2003); Bolander and Saito (1998) or stochastic: Grassl and Bažant (2009); Alava et al.
(2006). In this study, we adopt the lattice particle-model developed by G. Cusatis (Cusatis and Cedolin,
2007) for modeling of concrete fracturing. Spatial material fluctuations are introduced by modeling the
material properties as realizations of a random field.

The following Section 2. briefly describes the deterministic mechanical (lattice) model and Section 3.
elucidates how the spatial randomness is incorporated into the model. The model is then used for numer-
ical simulations of failure of notched and unnotched three-point bent beams. The results are presented in
Sections 4. (notched beams) and 5. (unnotched beams).

2. Deterministic model

Modeling of the initiation and propagation of cracks in quasibrittle materials exhibiting strain softening
has been studied for several decades. Although this is a difficult task complicated by the distributed
damage dissipating energy within a fracture process zone (FPZ) of non-negligible size, realistic results
have been achieved by several different approaches; see e.g. Bažant and Planas (1998). The present
study is based on the cohesive crack model (Barenblatt, 1962; Hillerborg et al., 1976; Bažant and Planas,
1998) called sometimes the fictitious crack model. It relies on an assumption that the cohesive stress
transmitted across the crack is released gradually as a decreasing function of the crack opening, called
the cohesive softening curve. Its main characteristic is the total fracture energy, GF – a material constant
representing the area under the softening curve.

In heterogeneous materials, the dissipation of energy takes place within numerous meso-level cracks
inside the FPZ. Direct modeling of such distributed cracking calls for representation of the material
meso-level structure. Models capable to efficiently incorporate the concrete meso-structure should be
used. For this purpose, the present analysis will be based on the discrete lattice-particle developed by
Cusatis and Cedolin (2007), which is an extension of Cusatis et al. (2003, 2006).

The material is represented by a discrete three-dimensional assembly of rigid cells. The cells are
created by tessellation according to pseudo-random locations and radii of computer generated aggre-
gates/particles. Every cell contains one aggregate (Fig. 1a,b). The cells are interconnected by set of
three nonlinear springs (normal - n and two tangential - t1, t2) placed at the interfaces between the cells,
representing the mineral aggregates in concrete and its surroundings. On the level of rigid cell connec-
tion, the cohesive crack model is used to represent cracking in the matrix between the adjacent grains.
The inter-particle fracturing is assumed to be of damage-mechanics type and is modeled using a single
damage variable ω applied to all three directions i = n, t1 and t2. Forces Fi in the springs can thus be
evaluated from their extensions Δui by

Fi = (1− ω)kiΔui (1)

where ki is elastic spring stiffness. The damage parameter ω depends on Δui and on the previous loading
history of each connection. For a detailed description of the connection constitutive law or other model
features, see Cusatis and Cedolin (2007). The confinement effect (present in the full version of the
model) is neglected here as it was estimated that confinement does not play any important role in the
studied type of experiment.

Beams of depths D = 300 mm, span-depth ratio S/D = 2.4 and thickness t = 0.04 m, were
modeled. The maximal aggregate diameter was 9.5 mm. The minimal grain diameter was selected
as 3 mm. Aggregates’ diameters within the chosen range were generated using the Fuller curve. The
parameters of the connection constitutive law, which were mostly taken similar to those in Cusatis and
Cedolin (2007), were: matrix elastic modulus Ec = 30 GPa; aggregate elastic modulus Ea = 90 GPa;
meso-level tensile strength σt = 2.7 MPa; meso-level tensile fracture energy Gt = 30 N/m; meso-level
shear strength σs = 3σt = 8.1 MPa; meso-level shear fracture energy Gs = 480 N/m; meso-level
compressive strength σc = 42.3 MPa; Kc = 7.8 GPa; α = 0.25; β = 1; μ = 0.2; nc = 2.

To save computer time, the lattice-particle model covers only the region in which cracking was
expected. Surrounding regions of the beams were assumed to remain linear elastic and were therefore
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Fig. 1: a) One cell of the lattice-particle model and b) its section revealing the aggregate. c) Geometry
of the beams simulated in three-point-bending.

modeled by standard 8-node isoparametric finite elements. The elastic constants for these elements
were identified by fitting a displacement field with homogeneous strain to displacements of particle
system subjected to low-level uniaxial compression. The macroscopic Young’s modulus and Poisson
ratio were found to equal Ē = 34.7 GPa and ν̄ = 0.19. The finite element mesh was connected to the
system of particles by introducing interface nodes treated as auxiliary zero-diameter particles (Eliáš and
Bažant, 2011). These auxiliary particles have their translational degrees of freedom prescribed by shape
(or interpolation) functions of the nearest finite element. The rotations of the auxiliary particles were
unconstrained.

3. Stochastic model

In the described discrete model, we assign material properties of each inter-particle connection according
to a stationary autocorrelated random field. The value of the c-th realization of the discretized field at
spatial coordinate x will be denoted Hc(x). For a given coordinate x0, H(x0) is a random variable
H of cumulative distribution function (cdf) FH(h). Since we work with stationary random fields, the
cdf FH(h) is identical for any position x0. Recent studies by Bažant and co-workers (Bažant and Pang,
2007; Bažant et al., 2009) showed that, when H represents strength of a quassibrittle material, FH(h)
can be approximated by a Gaussian distribution onto which a power-law tail is grafted from the left at
a probability about 10−4–10−3.

FH(h) =

⎧⎪⎪⎨⎪⎪⎩
rf

(
1− e−〈h/s1〉m

)
0 ≤ h ≤ hgr (2a)

FH(hgr) +
rf

δG
√
2π

∫ h

hgr

e−(h−μG)2/2δ2Gdh h > hgr (2b)

where 〈x〉 = max(x, 0), s1 = s0r
1/m
f , m is the Weibull modulus (shape parameter) and s0 is scale

parameter of the Weibull tail, μG and δG are the mean value and the standard deviation of the Gaussian
distribution that provides the Gaussian core. The Weibull-Gauss juncture at point at hgr requires that
that (dFH/dh)|h+

gr
= (dFH/dh)|h−

gr
. rf is a scaling parameter normalizing the distribution to satisfy

FH(∞) = 1. The distribution has in total 4 independent parameters.

The spatial fluctuation of the field is characterized through an autocorrelation function. It determines
the spatial dependence pattern between the random variables at any pair of nodes. The correlation co-
efficient ρij between two field variables at coordinates xi and xj can be assumed to obey the squared
exponential function:

ρij = exp

[
−

(‖xi − xj‖
d

)2
]

(3)

It brings a new parameter d called the autocorrelation length.

To digitally simulate the stationary random field described by the random variable cdf FH and cor-
relation length d in the discrete model, we need to generate N realizations of the discretized random
field H0(x), H1(x), . . . , HN−1(x) at the facet centers of the model. This is achieved using the
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Fig. 2: Left: one realization of the autocorrelated random field H on a grid of spacing d/3 for d =
80 mm (top) and d = 40 mm (bottom). Right: realization of the field H at the element centers of the
lattice-particle model.

the Karhunen–Loève expansion based on the spectral decomposition of covariance matrix C, where
Cij = ρij . This procedure decompose the correlated Gaussian variables Ĥ(xi) into independent stan-
dard Gaussian variables ξk that are easy to generate. c−th realization of the Gaussian random field
Ĥ

c
(x) is then obtained using K standard Gaussian random variables by the following expression

Ĥ
c
(x) =

K∑
k=1

√
λkξ

c
kψk(x) (4)

where λ and ψ are the eigenvalues and eigenvectors of the covariance matrix C. The value K is the
number of eigenmodes/variables considered. In practice, it suffices to employ only a reduced number
of eigenmodes K � order of C. In particular, K can be selected such that

∑K
k=1 λk corresponds to

about 99% of the trace of the covariance matrix C (Vořechovský, 2008). The vectors of independent
standard Gaussian variables ξ are generated by Latin Hypercube Sampling using the mean value of each
subinterval. The spurious correlation of the variables is then minimized by reordering their K realizations
(Vořechovský and Novák, 2009).

A non-Gaussian random field can be generated by isoprobabilistic transformation of the underlying
Gaussian field as

Hc(x) = F−1
H (Φ(Ĥ

c
(x))) (5)

Such a transformation, however, distorts the correlation structure of the field. Thus, when generating
Gaussian field Ĥ , the correlation coefficients must be modified (Vořechovský, 2008). This is here per-
formed using the approximate method of HongShuang et al. (2008).

The realizations of the random field need to be evaluated for every shared facet (inter-particle bond)
of the discrete mechanical model (at its center). This can be computationally extremely demanding for
a large number of facets (large covariance matrix) and a short correlation length d (many eigenvalues
needed, large K). We therefore adopted the expansion optimal linear estimation method - EOLE (Li
and Kiureghian, 1993), which can significantly reduce the time of random field generation. Instead of
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Fig. 3: Load-deflection curves for simulations of TPB beams with notch.

the facet centers, the random field is initially generated on a regular grid of nodes with spacing d/3 (see
Fig. 2). The values of the random field at the facets are then obtain from expression

Ĥ
c
(x) =

K∑
k=1

ξck√
λk

ψT
kCxg (6)

where λ and ψ are now eigenvalues and eigenvectors of the covariance matrix of the grid nodes, and
Cxg is a covariance matrix between facet center at coordinates x and the grid nodes. After the Gaussian
random field values at facet centers are obtained by EOLE (Eq. 6), they need to be transformed to the
non-Gaussian space by Eq. 5.

Besides the significant time savings, another advantage of using EOLE is that one can simply use
the same field realization for several different granular positions. By keeping the c-th realization of
decomposed variables ξc unchanged, the field realization can be adapted for any configuration of the
facets in the discrete model.

Structural strength of a quasibrittle material is typically governed by two important material proper-
ties, namely the material strength and fracture energy. Realistic fracture models should therefore incor-
porate random spatial variability of at least these two variables. It is reasonable to consider the material
strength fully correlated with the fracture energy (Grassl and Bažant, 2009). Furthermore, in the pro-
posed lattice model, we also include the shear strength fs and mode-II fracture energy Gs, which are
again assumed to fully be correlated to the tensile strength ft and mode-I fracture energy Gt, respec-
tively. Assuming identical coefficient of variation (cov), we can use the same realizations of the random
field to generate values of material strengths and fracture energies. For X substituted by any of the four
mentioned mechanical properties, we can write

X(x) = X̄H(x) (7)

where X̄ stands for mean value of the particular property. The mean value of the (field) random variable
H has to equal 1.

In this study, the following parameters of the Weibull-Gauss grafted distribution (Eq. 2a) were used:
m = 24; s1 = 0.486 MPa; hgr = 0.364 MPa; δG = 0.25. These values provide overall mean value
μH=1; standard deviation δH ≈0.25 and grafting probability FH(hgr) ≈ 10−4. Two correlation lengths
d were considered: a shorter length d4 = 40 mm (according to Grassl and Bažant (2009)) and a longer
length d8 = 80 mm (according to Vořechovský (2007)). The computation is performed with N = 24
realizations of the random field for each correlation length.

4. Simulations of bending of notched beams

The first set of beams (depth D = 300 mm, span S = 2.4D, thickness t = 40 mm) loaded in three-point-
bending were modeled with a central notch up to 1/6 of its depth. Ten deterministic simulations were
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Fig. 4: Realizations of random field H (left) and corresponding damage patterns developed in bent
notched beams at the peak force (middle) and after the load dropped to 1/3 of its maximum (right).

computed. These simulations exhibit a certain scatter because of the pseudo-random granular positions
differing for each realization. For both correlation lengths 40 and 80 mm, 24 simulations with spatial
material randomness were performed. All the simulations were terminated when the magnitude of the
loading force dropped to 1/3 of the maximal reached load Fmax. To ensure numerical stability in the
presence of softening, the simulations were controlled by prescribing an increase of the crack mouth
opening displacement (CMOD) in every step.

The notch present in the model induces a stress concentration at the notch tip. Therefore, high stresses
occur only in a small area above the notch tip. Therefore, a crack initiates and propagates always from
the notch tip. In stochastic calculations with rather large correlation length, local strength fluctuations
within the region of high-stresses diminishes because of the imposed spatial correlation. Thus, the peak
load Fmax depends mostly on a single value of the random field realization at the notch tip location. In
other words, a random field with correlation length greater than the length/width of FPZ can be, in the
vicinity of the crack tip, viewed as a random constant – random field becomes a random variable at that
region.

The obtained load-deflection curves are shown in Fig. 3. The figure also shows the maximal loads
Fmax in its upper left corner. The effect of the spatial strength fluctuations on the mean value of maxi-
mum load is negligible. The mean value of Fmax is, for the deterministic calculation, μd = 11.3 kN and,
for stochastic simulations with d = 40 and 80 mm μ4 = μ8 = 11.0 kN. However, the standard devia-
tions of the peak load are significantly influenced by the material randomness. The standard deviation
of deterministic calculations (given solely by random aggregate position) is δd = 0.4 kN. Significant
increase in the standard deviation is observed for both correlation lengths: δ4 = 1.5 kN (d = 40 mm)
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Fig. 6: Points of crack initiation of unnotched beams for various degrees of randomness.

and δ8 = 1.8 kN (d = 80 mm). Since the maximal load of the beam is given by local meso-level strength
of a small area above the notch tip, we believe that the fluctuation rate does not influence the standard
deviation (unless it is so small that material parameters vary significantly inside the FPZ).

For several selected realizations, the computed damage patterns (damage parameter ω from Eq. 1) at
the peak load and at the termination of the simulations are showed in Fig. 4 together with the correspond-
ing random field realization. Even though one can notice that the crack is slightly attracted (repelled) by
areas of low (high) strength, the macrocrack trajectory is similar to the deterministic case (dictated by
the singular stress field).

In order to compare energy dissipation in the beams, we need to determine simulation stages where
the same portion of the ligament has already been damaged. Therefore, we select a stage when equivalent
crack lengths (according to LEFM) are equal. Thus, all the models should have at that (reference) stage
the same (reference) compliance, chosen as 1/45 mm/kN (Fig. 3). The depth of specimen was divided
into horizontal stripes of depth s (Fig. 1c). All the energy dissipated at inter-particle contacts within
a specific stripe was summed into variable Gd. One can normalize that energy by ligament area as
gd = Gd/st. The mean values and standard deviations of gd are plotted in Fig. 5 for every stripe at the
peak load and at the reference compliance stages. The figure confirms that the mean energy dissipation
in notched tests does not change when the spatial material randomness is applied. Similarly to the peak
force behavior, standard deviations of dissipated energy increase when randomness is present.

5. Simulations of bending of unnotched beams

The second simulation set focused on bending of unnotched beams where cracks initiate from a smooth
bottom surface. Ten deterministic simulations and N = 24 simulations with random field for each
correlation length were performed. To control the simulation, one needs to find some monotonically
increasing variable, here again the CMOD was used. For unnotched beams with spatially fluctuating
meso-level strength, the location of the macrocrack and thus the position of the crack mouth is not
known in advance. Therefore, several short overlapping intervals were monitored simultaneously and
the controlling CMOD was chosen to be the maximum one over them. Note, that other possibility of
controlling variable might be the total energy dissipation in the specimen (Gutiérrez, 2004).
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Fig. 7: Load-deflection curves for simulations of TPB beams without notch.

The variations in position of the crack mouth of the macrocrack are documented in Fig. 6. The
Figure demonstrates the fundamental difference between notched and unnotched simulations. When no
notch is present, the high-level stress region is much larger, located along the bottom central part of the
specimen. Material strength and fracture energy fluctuate within the region and allow the macrocrack
to “choose a weak spot” to initiate from. The higher is the distance form the midspan, the lower tensile
stress appears. In the process of crack(s) formation, the stress field with a certain ability of redistribution
increases towards the barrier (randomly varying strength and energy). The crack would start far from the
midspan only when the material strength (and energy) of all points closer to the midspan is higher than
in the surrounding. It is thus expectable (and confirmed by Fig. 6) that short correlation length, resulting
in fluctuations that generate the weak spots more frequently, shrinks the zone where the macrocrack
initiates. Indeed, the initiation zone for correlation length d = 80 mm is wider than for d = 40 mm.

Load deflection curves obtained from all the performed simulations are plotted in Fig. 7. The upper
left corner shows the mean values and standard deviations of the peak load Fmax. The more fluctuating
is the local strength, the weaker spot is statistically present and thus the lower is the mean value: μd =
22.4 kN (deterministic), μ8 = 17.0 kN (d = 80 mm), μ4 = 16.2 kN (d = 40 mm). The standard
deviation of the maximal force is low for the deterministic set, where δd = 0.6 kN (covd=2.7%). For
the correlation length 80 mm, it increases rapidly to δ8 = 3.5 kN (cov8=21%). When the fluctuation
rate increases more (d = 40 mm), the standard deviation of Fmax decreases back to δ4 = 2.1 kN
(cov4=13%). This trend simply comes from the fact that the standard deviation of the local strength in
the weakest spot inside some fixed region decreases with decreasing correlation length. Theoretically,
the maximal standard deviation of Fmax should be obtained for d ≈ ∞ (a situation when the random
field can be represented by a random variable – a random constant over the specimen volume).

Fig. 8 presents several selected realizations of the random field H and the computed damage patterns.
One can see that the damage patterns differ for different levels of randomness. In the deterministic case,
the damaged region at the peak load stage spans continuously the whole bottom area and the damage
intensity directly depends on the distance from the midspan. For a random local strength and local
fracture energy, the damage regions are more localized around low random field values. There is usually
one such region for correlation length d = 40 mm and several low strength regions for d = 80 mm.

To compare the energy dissipation, we again choose some reference compliance that marks stages
with the same LEFM crack length. The reference compliance now equals to 1/100 mm/kN (Fig. 7).
Contrary to results from notched simulations, summation of total energy dissipated in stripes (per unit
ligament area) is dependent on material randomness. In Fig. 9, deterministic calculations show higher
values of dissipated energy gd both for the peak force stage and for the stage at the reference compliance.
This is caused by two factors: i) the localized macrocrack propagates in stochastic simulations through
areas of lower meso-level strength and meso-level fracture energy, thus less energy is dissipated in total;
ii) Distributed pre-peak cracking outside the macrocrack occurs mostly for deterministic simulation and
thus it increases its total energy dissipation. Note that from about the middle of the specimens depth
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Fig. 8: Realizations of random field H (left) and corresponding damage patterns developed in bent
beams without notch at the peak force (middle) and after the load dropped to 1/3 of its maximum (right).
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upwards, the energy dissipation of deterministic and stochastic simulations again match each other. This
is because the crack at that depth cannot choose the weak region as it has already localized and the stress
field forces the crack to grow from the current crack tip; and no pre-peak distributed cracking takes place
there.
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Finally, we focus on a deeper analysis of the energy dissipation along the bottom surface. In the
bottom boundary stripe of width 2dmax = 19 mm, the dissipated energies (per unit ligament area) inside
and outside the macrocrack were evaluated for stages at the peak load and at the reference compliance.
These values are plotted in Fig. 10 separately for each simulation. The results document that distributed
cracking outside macrocrack in the most bottom layer after the peak is reached is close to zero. The
amount of energy dissipated outside a macrocrack is much higher for the deterministic simulations than
for those with random fields. Some of the simulations for d = 80 mm reached the value of the deter-
ministic model, which can be explained by an absence of a locally weak spot and subsequent extensive
pre-peak distributed cracking (see Fig. 8, third row). The energy dissipated inside the macrocrack at the
reference compliance is clearly higher in the deterministic case than in the stochastic one. This is due
to the positive correlation of local meso-level energy and meso-level strength at the inter-particle bonds.
Since the macrocrack propagates through locally weaker areas, it also dissipates less energy there. As-
pects related to correlation between the local tensile strength and fracture energy have been discussed by
Vořechovský and Novák (2004).

6. Conclusions

We analyzed the influence of material spatial randomness on the peak load and the energy dissipation
using a discrete lattice-particle model that reflects the concrete meso-scopic structure, i.e. the aggregate
composition. The spatial material randomness was introduced by simultaneous scaling of the local meso-
level strength and fracture energy of inter-particle bonds by realizations of autocorrelated random field.
Two basic cases of three-point-bent beams were investigated: i) beams with a notch and ii) beams without
a notch (the modulus of rupture test). Numerical results generally confirm theoretical expectations.

It has been found that:

• for the simulation with a sufficiently deep notch, the crack is forced to start at the notch tip.
Therefore, the mean value of the maximal load for notched beam simulations does not change
when material spatial randomness applies. However, the standard deviation of the maximal load
increases when strength randomness is introduced. Also, the energy dissipation in deterministic
and random media exhibit the same mean but an increasing standard deviation for the random
cases.

• In the case of unnotched beams, the macrocrack initiates in a locally weaker spot.When a shorter
correlation length of material properties is applied, the weaker is statistically the initiation spot
and therefore the mean of the maximal load is lower. Standard deviations of the maximal load
increase when randomness applied, however the shorter correlation lengths lead to a decrease of
the standard deviation.
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• Energy dissipated in unnotched beams is dependent on the randomness of the material. Two effects
responsible for the dependency were identified. i) Change of the dissipated energy due to corre-
lation of the local meso-level fracture energy and low meso-level strength of inter-particle bonds
through which the macrocrack propagates. Depending on the sign of the energy-strength cross-
correlation, this effect may increase or decrease the dissipated energy. For the current settings of
the model, the lower is the local meso-level strength, the lower is also the local fracture energy and
the lower is the energy dissipated inside the macrocrack. ii) The pre-peak distributed cracking has
a tendency to localize only in weaker areas and thus the material dissipated less energy outside the
macrocrack when random field is applied.

Acknowledgments

The financial support received from the Czech Science Foundation under Project No. P105/11/P055
and the Ministry of Education, Youth and Sports of the Czech Republic under Project No. LH12062 is
gratefully acknowledged.

References
Alava, M. J., Nukala, P. K. V. V., and Zapperi, S. (2006). Statistical models of fracture. Advances in Physics,

Vol. 55, No. 3-4, pp. 349–476.
Barenblatt, G. I. (1962). Mathematical theory of equilibrium cracks in brittle fracture. Advances in Applied

Mechanics, Vol. 7, pp. 55–129.
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TIME-DISCRETE INTEGRATION OF FINITE DEFORMATION

Z. Fiala*

Abstract: Some necessary implications for the time-discrete integration of finite deformations will be dis-
cussed together with particular schemes, when the geometrical structure of the space of Cauchy-Green
deformation tensors, implicitly contained in the principle of virtual power, is taken into account. All these
time-discrete schemes reflect this geometrical structure in that the actual integration of corresponding evo-
lution equation of deformation process takes place in the subset of positive-definite symmetric matrices (with
non-Euclidean geometry), instead of in the linear space of symmetric matrices (with Euclidean geometry)
as usual.

Keywords: Finite deformation, time-discrete integration, Runge – Kutta – Munthe-Kaas method.

1. Introduction

The conference paper is intended to draw attention to one of consequences, namely, the time-discrete
approximation of finite deformation, when seeing a deformation process as a curve in the space of de-
formation tensors – in the sense of Noll and Seguin (2010), though using a rather different mathematical
infrastructure and, moreover, employing natural geometry of this space, inherited from the principle of
virtual power, see Fiala (2011, 2008). This approach provides exact and geometrically consistent proce-
dure for linearization and integration of deformation process in time variable.

STARTING POINT: From the viewpoint of finite deformations, a deformation process can be represented
pointwise by a trajectory C : I → Sym+(3,R) – the configuration space consisting of the set of all
positive-definite symmetric matrices (right Cauchy-Green deformation tensors).

Note that ∂Ct = 2FTdF ∈ sym(3,R) – the linear vector space of all symmetric matrices, where d is
the rate-of-deformation tensor (stretching) – symmetric velocity gradient, and F is deformation gradient.
One can then prove (Fiala (2011, 2008)) the following proposition.

PROPOSITION: Within small deformations, a deformation process superposed on initially strained body,
characterized by the initial deformation field C, is represented by a trajectory in the linear vector space of
all symmetric matrices sym(3,R) ≡ TCSym

+(3,R) – the tangent space to the manifold Sym+(3,R)
at a point C, i.e. the space of all vectors emanating from C.

Based on the power of internal forces, we introduce Riemannian metric on Sym+≡ Sym+(3,R) to
become a manifold with Riemannian geometry, so that we shall be able to analyse deformation process
by means of tools of differential geometry. Similarly we set sym ≡ sym(3,R). Let us consider the
stress power

δEi

δt
: =

∫
S
(σ : d) dv =

∫
S
gikgjlσkl dij dv =

∫
B
Bik

t Bjl
t Kkl

1
2 ∂Ct ij dV = (1)

=

∫
B
tr(BtKtBt(

1
2 ∂Ct)) dV =

∫
B
tr(C−1

t KtC
−1
t (12 ∂Ct)) dV =

∫
B
tr(Pt(

1
2 ∂Ct)) dV, (2)

where symbol σ, as usual, stands for the Cauchy stress field, Kt for the convective stress and Pt =
C−1

t KtC
−1
t for the 2nd Piola-Kirchhoff stress.

Now, consulting the analytical mechanics (Marsden et al. (1999)), we can interpret

ΩC( . , . ) : = tr
(
C−1(.)C−1(.)

)
(3)
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as the Riemannian metric on Sym+ at the point C – a particular deformation state, and, as a consequence,
the convective stress Kt as the vector and the 2nd Piola-Kirchhoff stress Pt as the covector fields along
deformation process Ct. Interestingly – in view of the logarithmic strain log(C), a geodesic (i.e. straight
line) Ct connecting two deformation states C1 and C2 then reads

Ct = ExpC0
(tH) : = C0 exp(tC

−1
0 H), (4)

where H = C0 log (C
−1
0 C1), and exp, log stands for matrix exponential, resp logarithm.

Now, we can draw conclusions of the geometrical structure of Sym+ for the time-discrete integration
of finite deformations. If we calculate, starting from a given deformation state of a body Ct, a defor-
mation increment ∂Ct, based on linearized equations and prescribed increments of external loading and
displacement, the new resultant deformation Ct+Δt then is obtained by mapping this deformation incre-
ment to the space of all deformations Sym+ starting at the initial state – i.e. by mapping the vector ∂Ct

from the tangent space TCtSym
+ at the point Ct into the space Sym+. This mapping can be formally

expressed in terms of a general formula

Ct+Δt = ExpCt
(Δt ∂Ct) . (5)

In our context of Sym+, the generalized exponential map (2) adds up an increment of deformation
H ≡ ∂C0 ∈ TC0Sym

+ to the deformation C0 ∈ Sym+, so that the resulting deformation C1(H) =
ExpC0

(H) stays in the space of deformations Sym+. This would not be the case if we just set C1(H) =
C0+H due to neglecting the “shape” of Sym+ within the linear vector space of symmetric tensors sym.

CONSEQUENCE: Resulting deformation C1(H) from adding an increment of deformation H to the
deformation C0 is given by

H �−→ C1(H) ≡ ExpC0
(H) : = C0 exp(C

−1
0 H) = (6)

= C0 +H+ 1
2! HC−1

0 H+ 1
3! HC−1

0 HC−1
0 H+ . . . (7)

The approach mentioned above is nothing but the forward or explicit Euler’s scheme, only conditionally
stable, for evolution equation of deformation process

∂Ct = 2CtD (8)

evolving on Sym+, where D = F−1dF, which is constant along geodesics.

After having summed up basic facts related to time-discrete integration of finite deformations in this
introduction, we shall first discuss the geometry of the underlying configuration space Sym+ and the
properties of evolution equation of finite deformation on this space. Then we introduce methods of its
solution in terms of Runge – Kutta – Munthe-Kaas (RKMK), and finely briefly mention another closely
related method – again based on Lie group approach.

2. Configuration space Sym+ – a playing field for finite deformations

Geometry of this space is explained in Fiala (2009), where further references are included. Here, I am go-
ing to highlight just some facts, which are substantial for exposition of time-discrete integration. Sym+

is made up of all possible Cauchy-Green deformation tensors C, in any point X of reference configura-
tion B.

C = FTF (9)

As usual, F denotes deformation gradient of Φ. Cauchy-Green deformation tensors are represented by
positive-definite symmetric matrix, and describe local geometry in the vicinity of x = Φ(X) ∈ S in
actual configuration from the viewpoint of an observer in reference configuration. In fact, C(X) in
X ∈ B is related to an image of metric tensor g(x) in x ∈ S via the deformation Φ.

Since F ∈ GL – the group of nonsingular matrices with group operation of matrix multiplication,
we have a natural map

p : GL→ Sym+ F �→ C := FTF. (10)
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Let us consider two successive deformations resulting in one single deformation and their deformation
gradients

Φ = Φ2 ◦ Φ1 F = F2F1. (11)

Then
C = FT

1C12F1, (12)

where the resulting Cauchy-Green deformation tensors C is obtained by “translating” by an “amount”
F1 of the Cauchy-Green deformation tensor C12 (standing for the deformation in state 1 with respect
state 2). This is nothing but an operation of symmetry on Sym+ with respect to already introduced
metric (3) via group GL:

R : GL× Sym+ → Sym+ (F,C) �→ FTCF. (13)

This operation is called right translation, since R(F2F1, .) = R(F1, R(F2, .)).

There is also similar approach leading to left translation L related to the Piola deformation tensor
B = FFT, for which order of composition of transformations L(F2F1, .) = L(F2, L(F1, .)), compared
to order of matrix multiplication in GL, does not reverse.

Before turning to evolution equation we need yet to specify some properties of Sym+. Since many
elements of GL have the same image in Sym+, the map (10) does not have an inverse. But taking into
account polar decomposition of nonsingular matrices F = RU, we can introduce the isotropy subgroup
O ⊂ GL, which is the group of orthogonal matrices

O : =
{
R ∈ GL |RTR = I

}
, (14)

so that all elements in the right coset [U] : = {RU |R ∈ O} will have the same image U2 ∈ Sym+,
and resulting in factorisation of GL into disjoint right cosets. The correspondence between right coset
space GL/O and Sym+

π : GL/O → Sym+ [F] �→ C : = GTG for some G ∈ [F] (15)

is now one-to-one, and in addition to that, it is diffeomorphism.

Moreover, we can carry over the operation of matrix multiplication in GL to operation of right
translations on GL/O via

ρ : GL×GL/O → GL/O (G, [F]) �→ [FG], (16)

so that the folowing diagram is commutative

GL/O
π �� Sym+

GL/O

ρG

��

π �� Sym+

RG

��

That is
π ◦ ρG = RG ◦ π, (17)

where ρG(.) : = ρ(G, .) and RG(.) : = R(G, .) for any G ∈ GL. We call this property equivariance,
which means that instead of studying the action of GL on Sym+, we can equally well study the action
of GL on GL/O.

3. Evolution equation for finite deformations

After having computed an increment of deformation d(v) = sym(∇v) superposed on a deformed
configuration Φ1 with deformation gradient F1 and deformation tensor C1, we have then to update
deformation tensor to get the resulting C2 in terms of the initial C1 and computed deformation rate
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∂C1 = 2FT
1d(v)F1. Since FTdF = CtF

−1dF = CtD, see Fiala (2008), we thus obtain the evolution
equation for deformation process in finite deformations

∂Ct = 2CtD
(
= 2DTCt

)
∈ TCtSym

+, (18)

evolving on Sym+⊂ sym. Its time-discrete integration then gives us the desired formulae for updating
deformation tensors Ct. Note that D = F−1dF is constant along geodesics.

If the equation (18) evolved on the space of symmetric tensors sym, which is linear vector space,
we could use Runge – Kutta method, but not in our case of Sym+⊂ sym. In fact, the curve Ct lies in
Sym+, and so ∂Ct ∈ TCtSym

+ is the tangent to this curve, i.e. a vector in Sym+ at its initial point
Ct. Since Sym+ has non-Euclidean geometry, we cannot identify the space of points with the space of
all vectors emanating from a point, as is the case for linear vector spaces (with Euclidean geometry), and
so the classical Runge – Kutta method is inapplicable. Nevertheless, due to correspondence between the
right coset space GL/O and Sym+, and specific properties of Lie groups GL and O, it is still possible
to extend this approach into modified Runge – Kutta – Munthe-Kaas method, which is now usable in our
space. The key point is that these spaces possess “sufficient” amount of “basic” movements, so that we
can still compare different vector spaces at different points, though with a bit complicated formulae in
comparison with linear vector spaces (cf. section 5.), for which they simply reduces to identities.

In general, consider a differential equation of the form

∂C = H(C), t ≥ 0, C(0) = C0, (19)

where H(C) is a tangent vector field on Sym+. Whenever convenient, we allow H to be a function of
time H = H(t,C). The flow of a vector field H is the solution operator

Ψt,H : Sym+ → Sym+, (20)

such that
C(t) = Ψt,H(C0) (21)

solves (19). Note that the vector field H and the solution operator Ψt,H are related by differentiation

H(Ct) =
d

dt
Ψt,H(Ct)

∣∣∣∣
t=0

. (22)

Let us now discuss the right-hand side of equation (18) from the viewpoint of basic movements. It is
a simple task to prove that

∂Ct = DTCt +CtD (23)

= Ut

(
R−1dR

)
Ut, (24)

where Ft = RtUt and U2
t = Ct.

Now, denoting by RC0 : = R(.,C0), i.e.

RC0 : GL→ Sym+ F �→ FTC0F, (25)

and by QU0

QU0 : Sym+→ Sym+ B �→ U0BU0, (26)

then evidently

RC0(I) = C0 (27)

QU0(I) = U2
0 = C0, (28)

and the corresponding vector spaces at I for both GL and Sym+ transforms into TC0Sym
+ by

RC0∗ ≡ TIR
C0 : TIGL→ TC0Sym

+ D �→ DTC0 +C0D (29)

QU0∗ ≡ TIQ
U0 : TISym

+→ TC0Sym
+ D̂ �→ U0D̂U0. (30)
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Remind that TCSym
+ is a vector space of all vectors emanating from a point C ∈ Sym+, and similarly

for the vector space TGGL.

That is,

D = F−1dF ∈ TIGL (31)

D̂ = R−1dR ∈ TISym
+ (32)

and equation (18) reads

∂Ct = RCt∗ (Dt) ≡ R ∗(Dt)(Ct) (33)

= QUt∗ (D̂t) ≡ Q ∗(D̂t)(Ct) , (34)

where now Dt is a curve in the vector space of all matrices gl : = TIGL, and D̂t a curve in the vector
space of all symmetric matrices sym : = TISym

+. These equations are called equations of Lie type
(Munthe-Kaas (1999); Iserles et al. (2000)).

Actually, we made use of an identification TGL ≈ GL × gl and TSym+ ≈ TSym+ × sym,
called the right trivialization, where TSym+ stands for a disjunct union of all vector spaces TCSym

+

indexed by C ∈ Sym+ and similarly for TGL. Note also that gl : = TIGL = sym ⊕ skew, that is
T[I]GL/O ≡ sym and TIO = skew, see Fiala (2009) and references therein. Notation skew stands for
the vector space of all skew-symmetric matrices.

4. Limitations of Runge – Kutta method

The classical ν-stage Runge – Kutta method (Hairer et al. (1993)) is defined by constants {ak,l}νk,l=1,
{bl}νl=1 and {ck}νk=1, usually written as a Butcher tableau

c1 a1,1 a1,2 . . . a1,ν
c2 a2,1 a2,2 . . . a2,ν
...

...
...

. . .
...

cν aν,1 aν,2 . . . aν,ν

b1 b2 . . . bν

(35)

Applied to a standard vector equation y′ = f(t,y) on Rn, a single step of length h from yn = y(tn) to
updated yn+1 = y(tn + h) is given first by solving following system of equations for f l

fk = f(tn+ ckh,yn+ hθk)

where θk =
∑ν

l=0 ak,lf l

⎫⎬⎭ k = 1, . . . , ν (36)

and then followed by

yn+1 = yn+ hθ, where θ =
ν∑

l=0

b lf l . (37)

That is, the Runge – Kutta method starts by calculating the the rate of change θ as a weighted average of
estimates of the rate of change of y at several points tn+ ckh within the interval tn to tn+1.

Notice that y is a point whereas f(t,y) a vector at y, which can be translated to the origin of
coordinates without a change. In fact, Rn plays a triple role here: the space of points, then the additive
group of translation operating on the space of point, and finally the vector space, on which the actual
integration is carried out.

In our case, the space of points is the space Sym+ made up of all Cauchy-Green deformation tensors,
and the transformation group GL stands for the group of translation. Since Runge – Kutta method (RK)
demands for Rn, we have to resort to a related linear vector space, which is naturally isomorphic to Rn,
provided we properly transform all the quantities and desired operation to this vector space and back to
Sym+. The previous section suggests two of them: either the tangent space TISym

+ at the identity
matrix I, being equal to the space of all tangents to deformation processes passing through undeformed
state – the vector space of all symmetric matrices sym, or TIGL identified with the vector space of all
matrices gl.
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5. Runge – Kutta – Munthe-Kaas method (RKMK)

Following Munthe-Kaas (1999), we point out the role of actions (25) and (26) for constructing modi-
fied RK method on general homogeneous spaces: First, instead of seeking the discretization directly on
a homogeneous space, we find an element of the group whose action induces the approximation. In fact,
in (33) and (34) we expressed evolving equation (19) in the form

∂Ct = Λ∗(Δt)(Ct), t ≥ 0, C(0) = C0, (38)

where either Λ∗ : gl×Sym+ → TSym+ with a curve Δt = Dt ⊂ gl, or Λ∗ : sym×Sym+ → TSym+

with Δt = D̂t ⊂ sym. In case of time-independent Δ, the solution of (38), and thus of (19), is given
explicitly (Theorem 2.8, Iserles et al. (2000)) in terms of the actions (25) or (26)

C(t) = Λ(Γt,C0), t ≥ 0, Γ0 = I, (39)

where
Γt = EXP(tΔ0), i.e. ∂Γ0 = Δ0. (40)

EXP stands for the matrix exponential. Otherwise, (39) approximates the solution for short times. Equa-
tion for Γt on corresponding spaces then reads

∂Λ(Γt,C0) = Λ∗(Δt)(Ct), t ≥ 0, Γ0 = I. (41)

That is, instead of approximating C(t), we seek an approximate action Γt that carries C(0) to C(t).
Moreover, even though the group GL, resp the space Sym+ are nonlinear objects, it is possible to
transform the problem to their related linear spaces gl = TIGL, resp sym = TISym

+. In these spaces
we can already apply calssical RK method and so, after transformating back, we get desired numerical
approximation. Coming to terms with all the subtleties results in RKMK method presented in section 5.
Notice that the first approach relies on group action GL, whereas the second one makes use of a direct
map between the homogeneous space Sym+ and the linear vector space sym.

As for EXP, let us remind relation of the spaces Sym+ and GL with their tangent spaces sym and gl.
For more see, for example, Marsden et al. (1999). Denote by exp and exp the usual matrix exponential,
but related to different spaces. Whereas exp maps all sym onto all Sym+ in one-to-one way, for GL
this property does not apply completely. Still, the map exp : gl → GL is one-to-one in some vicinity of
gl at the null matrix 0, which is maped onto near vicinity of GL of the identity matrix I, see Fiala (2009).
That is, only for those G ∈ GL sufficiently close to I = exp(0), there exists precisely one g ∈ gl, such
that G = exp(g), with its line segment exp(tg) completely lying in this vicinity for | t| ≤ 1. In other
word, for any g ∈ gl, one can still find sufficiently small ε > 0, such that a line segment exp(tg) is all in
this vicinity for | t| ≤ ε.

During an analysis of the evolution equation for finite deformations, we naturally established two
linear vector spaces, namely sym ≡ TISym

+ and gl ≡ TIGL. In appendix, a transformation of de-
formation rate fields on Sym+ and corresponding vector fields on these linear vector spaces is briefly
summarized, so that we can now express the evolution equation here.

The equation on linear vector space (sym or gl) for sufficiently small t reads (see Appendix)

∂Θt = dEXP−1
Θt

(Δt)(Ct), t ≥ 0, Θ0 = 0. (42)

Now, we can apply RK method to obtain ν-stage Runge – Kutta – Munthe-Kaas method (Munthe-Kaas
(1999)) solving our equation ∂Ct = Λ∗(Δt)(Ct), which evolves on Sym+. Using the Butcher tableau
(35), one step of RKMK method consists in solving following system of equations for δ l

Δk = Δ
(
tn + ckh,Λ

(
EXP(hΘk),Cn

))
where Θk =

∑ν
l=0 ak,lδ l

δ l = dEXP−1
Θl

(Δl)

⎫⎪⎪⎪⎬⎪⎪⎪⎭ k = 1, . . . , ν (43)
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then followed by an update

Cn+1 = Λ
(
EXP(hΘ),Cn

)
, where Θ =

ν∑
l=0

b lδl . (44)

Again, Λ stands for the actions (25) or (26), EXP and dEXP−1 for their corresponding matrix exponen-
tials and their inverse differentials.

In particular:

• forward Euler (ν = 1), cf. (5)

0 0

1
Θ = Δ(tn,Cn) (45)

• trapezoidal = modified Euler (ν = 2), for example

0 0 0
1 1/2 1/2

1/2 1/2

δ1 = Δ(tn,Cn)

δ2 = Δ
(
tn+ h,Λ

(
EXP(12 h(δ1+ δ2),Cn)

))
Θ = 1

2 (δ1+ δ2)

(46)

6. Conclusions

We analysed the evolution equation for finite deformations. We proved that instead of considering it on
the linear vector space of symmetric matrices sym, it actually evolves on its subset – the manifold of
symmetric positive definite matrices Sym+⊂ sym, so that the usual time-discrete integration schemes
are inapplicable. However, thanks to the specific geometry of Sym+, due to the principle of virtual
power, the modified RK method, namely the Runge – Kutta – Munthe-Kaas method applies. Moreover,
the closely related Magnus expansion method, based on the same geometric approach, might prove
especially useful for highly-oscillatory problems, see Iserles et al. (2000).

Appendix

To find out the evolution equation on linear vector space, we have yet to work out how to transform
deformation rates. For details, see Engø (2000), for preliminaries, for example Marsden et al. (1999).
This section is rather technical and is meant only as a reference.

In T exp, the symbol T denotes the tangent lift of a map exp between manifolds to a map between
corresponding tangent bundles (manifolds of vectors) Tsym and TSym+. Since for vector space sym in
general Tsym ≈ sym×sym, and for Sym+ in particular TSym+≈ Sym+×TISym

+≡ Sym+×sym,
a vector space TΘsym at Θ ∈ sym can be directly identified with sym and a vector space TCSym

+ at
C with sym through the translation QU by U, for which C = U2. That is

sym
id �� Tsym

T exp �� TSym+
(QU)

∗
�� sym

sym

∂Θ

��

id �� sym

∂Θ

��

exp �� Sym+

∂C

��

Id �� Sym+

Δ

��

where (QU)∗ = (QU)−1
∗ . Id and id are respective identity mappings, and in the upper rightmost corner,

we made use of the equivalence TISym
+ ≈ sym. Due to commutativity of the diagram, we eventually

conclude
∂Θ = d exp−1

Θ

(
Δ

)
(C), C = expΘ (47)

where ∂Θ is a vector field on sym, and Δ a vector field on Sym+ in right trivialization. Both fields
correspond to ∂C – the deformation rate field on Sym+. The diagram for gl and GL looks similar, see
Engø (2000).
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Finally, we cite expressions for the inverse of differential of the exponential mapping dEXP (inverse
of the right-trivialized tangent of the exponential map TEXP).

First consider case of exp : sym → Sym+. Let now Θ = RΛRT =
∑

λiPi be the spectral
decomposition of Θ, where Λ is the corresponding diagonal matrix with diagonal entries λi and Pi

corresponding projectors, then (Bhatia (2007))

d exp−1
Θ (Δ) : = R

[
log[1](Λ) ◦ (RTΔR)

]
RT (48)

=
∑
i

∑
j

log[1](λi, λj)PiΔPj , (49)

where the Hadamard (or Schur) product A ◦ B of two matrices A and B is defined to be the matrix
whose (i, j)-entry is A j

iB
j
i , and the 3×3 symmetric matrix log[1](Λ) has numbers

log[1](λi, λj) =
log(λi)− log(λj)

λi − λj
if i �= j (50)

log[1](λi, λi) = log
′
(λi) =

1

λi
(51)

as its (i, j)-entries. At point 0 ∈ sym the mapping d exp−1
0 = I.

Second, making use of the relation exp : gl→ GL between vector space gl and the original space GL
results in following relations. Denoting by [Θ,Δ] : = ΘΔ−ΔΘ, it can be proved, see Munthe-Kaas
(1999); Iserles et al. (2000); Engø (2000),

dexp−1
Θ (Δ) = Δ− 1

2 [Θ,Δ] + 1
12 [Θ, [Θ,Δ]] + ... =

∞∑
j=0

Bj

j!
[Θ, [Θ, [... , [Θ,Δ]...]]], (52)

where Bj are j’th Bernoulli numbers. The first few coefficients are

Bj

j!
=

{
0 for k odd, and k �= 1

1,−1
2 ,

1
12 ,− 1

720 ,
1

30240 ,− 1
1209600 for k = 0, 1, 2, 4, 6, 8.

(53)
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COMPARISON OF COMPOSITE MATERIAL DEGRADATION
ASSESMENT METHODS USING ACOUSTIC ANALYSIS AND LASER

VIBROMETRY

T. Fı́la *, S. Urushadze **, D. Kytýř *, J. Valach *, M. Šperl **

Abstract: Assessment of degradation rate of material can be carried out by many experimental techniques
differing in complexity and sophistication. A relatively simple method based on acoustic analysis is de-
scribed in this contribution. Degradation of material’s properties due to fatigue loading is detectable in
decrease of their modulus of elasticity that can be derived from natural frequencies of specimens, which
were acquired by the presented method. These measurements utilize self-designed device capable of speci-
men excitation and acquisition of its vibration. The recorded signal is then processed by spectral analysis
enabling determination of natural frequencies. Usefulness of the above mentioned acoustic method can be
seen in the fact that the measured changes of material’s parameters are comparable to those obtained by
laser vibrometry, which is by several orders more expensive technique.

Keywords: natural frequency, material degradation, laser vibrometer, acoustic measurement

1. Introduction

Reliable assessment of material degradation rate is very actual and discussed problem. Degradation
rate can be carried out by many experimental techniques. Measurement of material sound exposure
and so its typical acoustic characteristic is one of them. The characteristic is mainly represented by
natural frequency and attenuation decrement. These magnitudes correspond with Young’s modulus.
Their changes represent material state and its degradation [Pirner & Urushadze, (2004)]. Use of these
premises led to development of custom-designed acoustic measurement device that has been able to
determine specimens natural frequencies and their decreases due to continuous material degradation
[Fı́la et al., (2011)]. Effort to prove that data acquired by this device and technique are correct and can
be compared with other similar method led to comparative experiment. Laser vibrometer was selected
as comparative device. Experiment setup, progress and conclusion are discussed in this paper.

2. Basic principles of acoustic testing device

Basic principle of acoustic testing is based on fact, that if it was possible to measure sound characteristics
of specimen repeatedly with constant conditions, any measurable change in natural frequency value
would be labeled as material degradation indication [Rojek et al., (2007)]. Custom-designed testing
device was fabricated in order to accomplish this premise. Device description can be divided in two
parts. Their functions are following:

– Specimen fasteners - Specimen is hanged up by two needles. This constraint enables specimen’s
moves with one degree of freedom (rotation round fasteners). Specimen can rock on needles during
mechanical impacts on its surface. Fastening scheme is shown in Fig. 1.

– Working part - This part consists of alluminium tube that can be set and locked in four directions
(angulary vertical, angulary horizontal, tube’s end height and tube’s end distance from specimen surface).
This arrangement allows testing repeatedly at same conditions. Overall view of the acoustic measurement
device is displayed in Fig. 2
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Fig. 1: Fastening of specimen to the acoustic device

Small pellet made of steel is inserted in alluminium tube that provides rigid lead to specimen surface.
Sound emitted during impact is recorded by microphone fixed to the device and analyzed. Sound analysis
is provided by transformation to get frequency spectrum. Sound is filtered and trimmed to normalized
length prior natural frequency peaks determination.
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Fig. 2: Acoustic device with fastened specimen and external sound card

3. Material

Specimens of C/PPS composite material were measured. Carbon fiber/polyphenylene sulphide (C/PPS)
composite is relatively new material used in aerospace industry and in other hi-tech applications. The
matrix, that is made of thermoplastics, represents the main difference to more common composites based
on epoxy resin, i.e. thermosets. Young modulus of this composite reaches 400 GPa and material me-
chanical properties are fully comparable with metal alloys [Kytýř et al., (2011)].

4. Experiment description

Comparative experiment of acoustic measurement and laser vibrometer was done. Laser vibrometer uses
principles similar to acoustic measurement and is suitable for measurement of dynamic response and
determination of fatique degradation [Pirner & Urushadze, (2002)].

Places appropriate for pellet impacts and for microphone and vibrometer positioning were selected.
Pellet has to strike on specimen’s surface clearly without any double-clicks or secondary impacts on
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laboratory desk. Furthermore, impact has to be sufficiently strong to produce enough sound energy for
appropriate recording. Constant position of microphone during whole experiment had to be carefully
adjusted and strictly adhered. Close distance causes distorted recordings (limitations of sound card
sensitivity). By constrast, large distance causes absence of higher frequencies in the spectrum because
of their higher attenuation. The setup could not be determined exactly with use of any empirical rules.
It had to be adjusted by sensitive measurement and calibration. Aluminium tube gradient was set to 45
degrees and microphone distance was maintained 135 mm from specimen surface during all tests.

Every specimen was marked on three places. First two places served as a designation of impact zone
(approximately in the center and on the bottom of specimen). Third place secured constant positioning
of laser vibrometer sensor. The points were selected on basis of natural modes calculated using finite
element simulation of modal analysis and are shown in Fig. 3.

Fig. 3: Measured specimen with designated impact zones

Sound recordings were taken with 96 kHz sampling frequency and 24-bit quality. Vibrometer record-
ings were taken with 100 kHz sampling frequency and in maximal possible 24-bit quality. Recordings
were captured simultaneously for each specimen. Every click had its own ordinal number that allowed
data evaluation for both recordings with synchronous time. Specimens were repeatedly measured after
degradation by given number of cycles. Measurement were made for 0, 1000, 10 000, 50 000 and 100
000 cycles.

Recorded data were evaluated using MATLAB and DEWESOFT software. Data influented by neg-
ative noise (in case of vibrometer floor vibrations and undesirable sound in case of microphone) were
excluded from the analysis. The data were then normalized to identical length. This was very important
for time synchronization and consequential results comparation. Bandpass filter was applied for elimi-
nation of undesirable low and high frequencies (below 50 Hz and above 5000 Hz in this case). Finally,
spectral analysis was carried out and natural frequency was determined. Overall experiment setup is
shown in Fig. 4.

5. Results

Four specimens (no. 1, 2, 3, 4) were used at the beginning of experiment. Results seemed to be satisfac-
tory after evaluation of first two tests. Therefore, only two specimens (no. 1, 2) were selected to continue
in rest of the experiment (due to lack of samples for other research). Unfortunately, specimen no. 2
cracked prematurely with degradation of only 77 000 cycles. This was probably caused by combination
of large loading force (75 percent of material strength), high frequency of loading and repeated fastening
into fatique testing machine [Meyers & Chawla, (2009)]. For these reasons results of first two tests are
presented for all four specimens and last results only for specimen no. 1.

First results consists of evaluation of the first natural frequency that was very easy to be measured by
laser vibrometer. Results of the measurement are shown in Tab. 1 (abbreviation M means microphone
data and D represents vibrometer data). Values in the table represent mean values of natural frequencies
calculated for each click (every specimen was measured ten times). The highest values of standard
deviation were 0.47 Hz in case of laser vibrometer and 2.17 Hz in case of microphone. Data in Tab. 1
representing first natural frequency value was not be able to determine degradation rate of specimen.

However, potentional decrease of lower frequencies was hidden in measurement inaccuraccy. The
decrease was more significant in higher frequencies and could be measured. Natural frequency approx-
imately 3 000 Hz was chosen for determination of the decrease. The frequency was still able to be
satisfactory measured by laser vibrometer and its occurrence in vibrometer frequency spectrum was al-
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Fig. 4: Acoustic testing device and laser vibrometer during measurement

Tab. 1: First natural frequency results (mean values)

No. Position 0 cycles 1000 cycles 10000 cycles 50000 cycles 100000 cycles

M V M V M V M V M V

[Hz] [Hz] [Hz] [Hz] [Hz] [Hz] [Hz] [Hz] [Hz] [Hz]

1 Center 154.857 151 150.25 151 151 152 153.8 151 149.4 151

Bottom 149.375 151 149.222 151 149 152 148.1 151 146 151

2 Center 146.5 150 148.09 149 148.778 149 151.5 149

Bottom 153 150 148.875 150 148.778 149 146.5 149

3 Center 153.143 151 148.875 150

Bottom 149.6 150 148.222 150

4 Center 147.875 149 146.333 149

Bottom 149.6 149 144.44 149

most regular. Characteristic frequency spectrum measured by vibrometer and by microphone is shown
in Fig. 5.

Mean values of selected natural frequency near 3 000 Hz are shown in Tab. 2 and Tab. 3 (abbreviation
C means center mark on specimen surface, B represents bottom mark). Its decrease values are shown in
Tab. 4. Graphical summary of the data is displayed in Fig. 6.
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Fig. 5: Frequency spectrum measured by microphone (left) and by vibrometer (right) - (specimen no. 2,
1000 cycles, click no. 9). Red dot represents first natural frequency peak, green dot represents natural
frequency peak used for evaluation of degradation.

Tab. 2: Selected natural frequency (approx. 3000 Hz) results measured by vibrometer (mean values)

No. 0 cycles 1000 cycles 10000 cycles 50000 cycles 100000 cycles

C B C B C B C B C B

[Hz] [Hz] [Hz] [Hz] [Hz] [Hz] [Hz] [Hz] [Hz] [Hz]

1 2960 NaN 2940 2941 2933 2933 2900 2900 2886 NaN

2 2933 2934 2909 2909 2899 2899 2881 2881

3 2933 NaN 2917 2916

4 2921 NaN 2900 2901

Tab. 3: Selected natural frequency (approx. 3000 Hz) results measured by microphone (mean values)

No. 0 cycles 1000 cycles 10000 cycles 50000 cycles 100000 cycles

C B C B C B C B C B

[Hz] [Hz] [Hz] [Hz] [Hz] [Hz] [Hz] [Hz] [Hz] [Hz]

1 2959 2959 2941 2941 2930 2930 2901 2901 2887 2886

2 2934 2931 2909 2910 2898 2897 2881 2881

3 2932 2931 2916 2916

4 2920 2922 2901 2899
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Tab. 4: Mean values of natural frequency decrease (approx. 3000 Hz)

No. 1000 cycles 10000 cycles 50000 cycles 100000 cycles

M V M V M V M V

[Hz] [Hz] [Hz] [Hz] [Hz] [Hz] [Hz] [Hz]

1 -18 - 19.5 -29 -27 -58 -60 - 72.5 - 74

2 -23 - 24.5 -35 -34.5 -51.5 -52.5

3 -15.5 - 16.5

4 -21 - 20.5

Fig. 6: Frequency decrease measured by microphone (left) and by vibrometer (right)

6. Conclusions and discussion

Correlation between natural frequency value and number of cycles of the specimen was confirmed. Data
measured using acoustic method are fully comparable with data measured by laser vibrometer. Dif-
ferences of spectral density peaks position (natural frequencies) reached repeatedly maximally 5 Hz.
Absolute error of natural frequency determination remained constant through whole frequency spec-
trum. However, natural frequency decrease could not be determined in case of first natural frequency.
The decrease was too small to be measured at lower frequencies (in this case up to 1000 Hz). The
decrease was able to be determined at higher natural frequency (about 3000 Hz) where measurement
using laser vibrometer began to be more complicated because of higher level of noise. Measurement by
acoustic method at these frequencies did not produce any problems and results reached high accuracy.
To conclude, the acoustic measurement using custom-designed experimental device proved ability to
evaluate material degradation. This was proved in terms of precision, reproducibility and reliability by
the comparative experiment.
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DESIGN AND USE OF NOVEL COMPRESSION DEVICE FOR
MICROTOMOGRAPHY UNDER APPLIED LOAD

T. Fı́la, P. Zlámal, P. Koudelka, O. Jiroušek, T. Doktor, D. Kytýř *

Abstract: This paper deals with modification and usage of custom-designed compression device, that al-
lows real time X-ray tomography scanning of specimen under applied pressure. In this case microtomogra-
phy is used to obtain data required to determine specimens morphology and to develop 3D material model
(especially for cellular materials such as bones, metal foams and quasi-brittle materials or particle com-
posites such as concrete or cementitious composites). Important design changes were made in the existing
device frame to increase its load capabilities, stiffness and to accomodate a larger specimen. Finally device
displacement measurements were conducted and calibration experiment was carried out.

Keywords: X-ray, microtomography, compression device, optical strain measurements

1. Introduction

X-ray tomography is a method that facilitates generation of reliable and accurate 3D models of solid
bodies and also development of material models using scanning of loaded specimens [Jiroušek & Jande-
jsek et al., (2011)]. These models can be used to study material morphology and additionally to use the
data for development of finite element (FE) model of a studied material, e.g. trabecular bone [Jiroušek
& Zlámal et al., (2011)] and quasi-brittle materials (such as stones, concrete). According to these tech-
niques many design requirements had to be met. Loading device has to be very compact to fit in the
X-ray scanning device and simultaneously it has to be as X-ray transparent as possible. Such material
testing method is specific and the testing device has to be constructed with utilization of a custom design.
Significant upgrade of previously designed machine capable of performing material measurements in
X-rays is described in this paper.

2. Original device design

Described machine was designed and built in 2008. Primary, it was designed for compressional loading
of trabecular bone specimens during X-ray tomography [Zlámal et al., (2008), Jiroušek & Zlámal et al.,
(2011)]. Nowadays, it is used also as a general purpose material testing machine. The device is displayed
in Fig. 1. The loading frame of the device has been fabricated using high tech polymer [Zlámal et al.,
(2008)]. Polymeric material used as a body of machine is transparent for X-ray. However, the machine
has been equipped by two oval holes in the body (see Fig. 1) for better manipulation and fastening of the
specimen. The main disadvantage of the holes inheres in complicated reconstruction of the object using
the filtered back projection method. Further development of the device has led to significant change in
the device design.

The following requirements had to be satisfied:

– to accomodate larger specimen (cube with edge length 100 mm)

– ability to perform tests with very high loading forces (up to 25 kN)

– to increase the overall stiffness of the device
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Kytýř Ph.D., Academy of Sciences of the Czech Republic, Institute of Theoretical and Applied Mechanics, v. v. i, Prosecká
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Following limitations had to be eliminated:

– diversion of upper jaw under large loading force applied to heterogenous porous material

– X-ray noise caused by existing openings in the machine’s polymeric body

Fig. 1: Device design prior to the modification

3. Modified design

To avoid the problems with manipulation windows in the existing design, construction with bayonet lock
has been introduced. Bayonet lock allows for better manipulation with specimen and easier change of
machines experimental setup. Both bayonets as well as the upper body are made of high strength dura-
lumin 7075 with Young’s modulus 72 GPa and strength 480 MPa (according to manufacturer’s material
datasheet). Upper part of the bayonet is constructed as duralumin body with wall thickness 5 mm. This
part is considered to be absolutely rigid (based on results of FE simulation with load 25 kN). Maximal
displacement calculated in the FE simulation was 5μm. Bottom part of the device consists of three
parts: bottom bayonet, flange used for fastening to the base desk and a composite tube. The composite
tube is made of carbon fibre composite MTM57/T700S(12k)-150-35. This material exhibits excellent
mechanical characteristics in tension while quaranteeing very low X-ray absorbtion. According to the
data provided by manufacturer the material was used for fabrication of medical sockets for commercial
CT scanners. Young’s modulus of MTM is 125 GPa in the fibre direction and its strength is 2481 MPa.
Sufficient tube wall thickness has been calculated as 0.65 mm using FE simulation and analytical model.
Bottom part of the body (lower bayonet, flange and composite tube) has been permanently glued together
by PL20 epoxide with shear strength 45 MPa (according to manufacturer’s measurements). First exper-
iment have proved that device is very stiff and can be used for loading up to 25 kN. Overall view of the
new machine design and its parts in detail are shown in Fig. 2.

Another problem that had to be resolved was connected to flexural rigidity of the upper jaw. To
ensure perfect vertical movement of the upper jaw during loading, a slide assembly was inserted into the
machine’s mechanism. Its functionallity has been verified in a sequence of experiments up to 13.5 kN in
which horizontal movement of the jaw was observed with high resolution CCD camera. Slide assembly
consists of bearing made of alloy with 60% PTFE and 40% percent bronze and inner shaft made of
stainless steel. Maximal effectivity and functionallity of the part has been calculated using appropriate
formulas [Černoch, (1977)]. Slide assembly has been manufactured with maximal precision and with,
theoretically, zero clearence. Slide assembly visualization is displayed in Fig. 3.
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Fig. 2: Overall view of new design and description (left). Detailed view of assembly parts (right)
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Fig. 3: Detail of slide assembly - bearing (light pink) and shaft (blue)

4. Initial testing and problems

Initial mechanical tests were performed to prove the stiffness and strength of the device. Loading force
was increased in steps and device deformations were carefully observed by CCD camera. The only
problem was caused by stepper motor that could not actuate the assembly due to its low performance.
This problem appeared at load approximately 7 kN and was ad-hoc resolved by mounting of new stepper
motor of higher torque capacity.

5. Experiment - displacement measurement

Manipulation and operation with the device is suitable for inserting in the shielded box of the micro-CT
device. However, its stiffness had to be measured by a reliable method. Stiffness of the device is very
important property. To capture the softening behaviour of loaded specimen the elastic strain was plotted
to assess effects of device deformation tendency. Comparative experiment with both bodies (polymeric
and composite) was carried out and measured deformations were confronted.

Displacements were measured optically using digital image correlation (DIC). DIC is reliable, pre-
cise, contactless method that enables measuremets of deformations without influencing the specimen.
All image data were acquired using macro objective (Canon EF 180 mm f/3.5L Macro USM, Canon,
Japan) mounted on a 15 MPix body (Canon EOS 7D, Canon, Japan). Composite tube was measured by
DIC without any modifications to the surface because of its natural texture (see Fig. 4). Polymeric body
was markered by dots required for correlation feasibility. Verification experiment was carried out by
displacement driven loading with loading rate of 5 μm/s up to maximum force value 10 kN. Designated
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zone on device surface was captured in eqvuidistant time intervals. Images have been then processed by
digital image correlation toolkit [Jandejsek et al., (2010)] based on Lucas-Kanade algorithm [Lucas &
Kanade, (1981)]. Displacement and deformation in vertical direction were determined and the results
were compared with numerical and/or analytical calculations. Experiment setup is shown in Fig. 5.

� � ���

Fig. 4: Detailed view of the surface of the composite loading frame
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Fig. 5: Both device designs during experiment - optical measurement of displacements and deformations

Composite tube consists of 5 layers with fibre orientation 0, 45, 90, -45, 0 (orientation to force
direction) and shows mechanical anisotropic behaviour. Overall Young’s modulus was calculated using
following equations [Meyers & Chawla, (2009), Meissner & Zilvar, (1987)] (updated for 5 layers):

E =
2 · E11 + E22 + 2 · E45

5
(1)

1

E45
=

cos4
(π
4

)
E11

+
sin

(π
4

)
E22

+

(
1

G12
− 2 · ν

E11

)
· sin2

(π
4

)
· cos2

(π
4

)
(2)

Material properties of MTM composite (according to manufacturer’s datasheet) are shown in Tab. 1.
Numerical solution has been done using ANSYS software with 8-noded shell elements. Results and
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comparison with digital image correlation data are displayed in Tab. 2. Linear behaviour of device was
proved and it is graphically shown in Fig. 6.

Tab. 1: Material properties of MTM composite

Young’s modulus in fibre direction (E11) 127 GPa

Young’s modulus perpendiculary fibre direction (E22) 7.9 GPa

Poisson’s ratio 0.3

Shear modulus (G12) 3 GPa

Tab. 2: Comparison of overall z-direction displacement calculated and measured

Composite tube Polymeric body

Analytic solution 0.0697 mm not calculated

Numerical solution 0.0694 mm 0.141 mm (relevant to measured place), max. 0.188 mm

Digital image correlation 0.0741 mm 0.764 mm

Fig. 6: Displacement and force diagram

Displacement and strains in the original (polymeric) body has been calculated in ANSYS software
using solid elements. Results and comparison is summarized in Tab. 2. Numerical solution for displace-
ment in vertical direction is shown in Fig. 7. Measured overall displacement of composite tube is very
close to the analytical and numerical solution. High load capability of the redesigned device was verified
and is realeased to loads up to 25 kN. On the contrary, the polymeric body was designed for loads up
to only 2 kN and measured results confirmed that displacement and deformation at higher loads are too
large for material testing.
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Fig. 7: Displacement in vertical direction [mm]

6. Conclussion and discussion

New upgraded design of device has been constructed. New design makes the device significantly stiffer
which is important not only for higher loads but also for fracture toughness tests. Material more trans-
parent for X-rays has been used to obtain more precise, more relevant and more accurate data. Linear
behaviour of the device and its stiffness was measured and was considered as adequate to calculations
and expectations. To conclude, prospective behaviour of device has been verified and device is suitable
for considered experiments.
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�

�����������������

E��	�����
	��	���	��
����	���*��	>�-)	! !# D#& :D�	)�
����	��	���	��������	��	��������	���	
�����������	
�
���
	����	�����������	���������	���	��	���	3�������	5��%�����	A������	��	������	
3'�����	�365)�A3K"	���	�������	���
	��
�����	

������������
5�������	)�	L��	5����
�	)�	)��	>�������	B�	��  :"	2�������	�������	
�%�#
����#��������	��
���
	���	
�������	


�������
	�
���	�	������	����������	5����������!��������#�����������	����	!@��	���	!!=D$!!:=�	
5����	B�	L�	�!++:"	&�����#��
���,����	�����	7������	&����	
-������	>��	-�������	2�	�� ! "	-������
��	��	�����
	���	
������

	����������	������������	&�����������

.����������#��������������������	/�����	=�	A�����	@�	����C $�CD�	
-����
	��	��	���	��   "	2������*�����	E�����%�����	��	,��

�
	�
���	>�����	���������
�	��
��������	�

!��������	/���	C=	�	���	:9C$:: �	
&�*����	7��	����	3�	�!++="	>�����	���������
	��	���

	����������	������%������	4�����������5����������!���	��

��	�!��������	����	@��	���	@@9!$@@=C�	
&���	B��	B���	L�	��  �"	M������$��
�����	3�����������	���������	���	�	-��

	��	-������������	E�����%������	

4###������������������������������
�������	/���	:�	A��	:�	���	� $9 �	
B������	)�	�!+++"	<���	���������	�
���
	��	���	���������	������	�������	�����
�
	��	����	
��������	������
�	

��
��������	�!��������C!�	���@+C$9!��	
�������	L�	H�	�!+DD"	�����������������	A��	N���1	2>���$&����	
�����	���	5��
����	4��	��  +"		0�����	3������	�����
�
	��	-����
���	,��

	<�������
	-���������	7��$���
�����	

-����
�	����!����������������4���������������������������
�������)4��#�'/*�	���	=:$=D�	
�
���	�� ! "	�����������	<�������
	�

�������	��	��
�����
���	6������������������%���������	���������	��	

����1##�����
������#�	L����	� ! �	
2�������	4�	2�	�!++:"	���4���	����������������������
��	2�,	7��

�	
)�*���	<�	4�	�!++="	<�%����	
�����	���	��������	��
���	������%�����	��	���

�
	�
���	������	����������	L�������

���!��������#�����������	����	!�!�	���	!9D $!9DC�	
)�%�����	>�	����  !"	���
�	
����	������
�	��
����	���	�������	�����������	��	�������$�����	��������	

������%�����	��	
��������	������
�	!����������	�.���	������������1��
�������	����	�!�	��	+ $! D�	
)�%�����	>�	��	A�	��  +"	�	������	������	��	�
�����
���	������
	��	
��������	��������	������%������	!��������

��	�.���	������������1��
������	����	@C�	���	�!C$�@C�	
<��	)��	>���	���	0���	O�	��  +"	,�������	���	<�%���	E�����%�����	��	,��

	<�������
	6
���	��������	>�����	

���������	����	A���	2����'	3�������	&����4�������������������������7��������
�������	�333	
-�������	<������	���	9D=P9+!�	

	

254 Engineering Mechanics 2012, #271



RESONANCE BEHAVIOUR OF SPHERICAL
PENDULUM – INFLUENCE OF DAMPING

C. Fischer, J. Náprstek, S. Pospı́šil*

Abstract: Experimental and numerical model of a uni-directionally driven pendulum-based tuned mass
damper is presented in the paper. Stability of the motion in a vertical plane is analysed in the theoretically
predicted resonance region. For the experimental part, special experimental frame is used, allowing inde-
pendent change of linear viscous damping in the both perpendicular directions. The introduced damping
is. Mathematical model respects the non-linear character of the pendulum and allows to introduce asym-
metrical damping. Sensitivity of the resonance behaviour on the change of damping in both directions is
studied and commented in the paper. The stability of the system is analysed experimentally and compared
with numerical and theoretical results.

Keywords: spherical pendulum, tuned mass damper, damping

1. Introduction

A typical tuned mass damper is a pendulum. This low cost passive device used at tall masts and towers
is very popular for its reliability and simple maintenance, see e.g. (Haxton, 1974; Náprstek and Pirner,
2002). However, dynamic behaviour of such substructure is significantly more complex than it is sup-
posed by widely used simple linear single degree-of-freedom (SDOF) models working in one vertical
plane. Such a conventional linear model is satisfactory only if the amplitude of kinematic excitation at
the suspension point is very small and if its frequency remains outside a resonance frequency domain,
which is possible only at the cost of lower efficiency of the damper. To improve the design of pendulum,
a spherical pendulum should be considered.

The detailed review of the topic has been published by the authors recently in (Pospı́šil et al., 2011).
The mathematical model follows the approach presented in (Náprstek and Fischer, 2009). However,
some historical remarks is worth to mention.

Auto-parametric systems have been intensively studied for the last four decades. The horizontally
forced spherical pendulum was first studied by Miles (1962), who considered this problem of the stabil-
ity of planar oscillations with respect to non-planar perturbations for small amplitude forcing in a neigh-
bourhood of resonance using truncated equations. He found that planar solutions become unstable with
respect to non-planar perturbations in particular parameter ranges and that there are stable non-planar
oscillations. A more detailed later study (Miles, 1984) analysed a number of bifurcation diagrams for
planar and non-planar motions as well as chaotic motion. Some experimental results have been presented
by (Triton, 1986), where a good agreement with the theoretical results is demonstrated.

The present article exploits the analytical approach to the subject described in (Náprstek and Fischer,
2009) and compares it with some experimental findings. The movement of the pendulum is described
in two coordinates θ, ϕ on a spherical surface respecting the non-linear interaction of both components,
or in two cartesian coordinates ξ, ζ, representing the projection of the pendulums bob to the x, y plane.
It means that the pendulum response is described by a system of two second-order non-linear ordinary
differential equations. Interaction of both equations follows from non-linear terms only.

In the experimental as well in numerical approach the uni-directional harmonic excitation is sup-
posed. If the excitation frequency belongs to the resonance region, post-critical states can emerge. These

*RNDr. Cyril Fischer, Ph.D., Ing. Jiřı́ Náprstek, DrSc., doc. Ing. Stanislav Pospı́šil, Ph.D.: Institute of Theoretical and
Applied Mechanics, AS CR, v.v.i., Prosecká 76, Prague 9, Czech Republic, e-mail: {fischerc|naprstek|pospisil}@itam.cas.cz

m
2012

. 18thInternational Conference
ENGINEERING MECHANICS 2012 pp. 255–261
Svratka, Czech Republic, May 14 – 17, 2012 Paper #6



states are characterized by either highly increased in-plane response, or by more or less complicated
space trajectories of various types. The shape of this motion stabilizes for increasing frequency in a
nearly elliptic “horizontal” trajectory. Above the upper limit of the resonance domain an existence of a
stable deterministic solution in the vertical plane resumes. The existence and stability level of individual
solutions or response types are dependent on pendulum geometry and excitation structure. It is obvious
that such a type of response destroys effectiveness of the tuned mass damper.

In this article, a pendulum is examined using a specially developed experimental rig. It contains
kinematically driven pendulum suspended from the Cardan joint. The damping can be arbitrarily adjusted
by means of two independent magnetic units attached to the frame and to the supporting axes of rotation.
These units are able to reproduce the linear viscous damping for both degrees of freedom. The stability
of the system is analysed experimentally and numerically for several values of the damping.

2. Mathematical model

The spherical pendulum will be considered as a strongly non-linear dynamic system with kinematic
external excitation in the suspension point, see Fig. 1.

Fig. 1: Outline of the idealized model

The mathematical model follows from the balance of kinetic and potential energies. Using Hamil-
ton’s principle, an approximate Lagrangian system in x, y-coordinates for components ξ, ζ can be ob-
tained (see detailed derivation in (Náprstek and Fischer, 2009)):

ξ̈ +
1

2r2
ξ

d2

dt2
(ξ2 + ζ2) + 2βξ ξ̇ + ω2

0

(
ξ +

1

2r2
ξ(ξ2 + ζ2)

)
= −ä (a)

ζ̈ +
1

2r2
ζ

d2

dt2
(ξ2 + ζ2) + 2βζ ζ̇ + ω2

0

(
ζ +

1

2r2
ζ(ξ2 + ζ2)

)
= 0 (b)

⎫⎪⎪⎪⎬⎪⎪⎪⎭ (1)

The viscous damping has been introduced in a form of the Rayleigh function and denoted as βξ, βζ in
(1). Accuracy of the mathematical model depends on the amplitude of the response, as the assumption of
the small angle θ has been adopted. Natural frequency ω0 of the corresponding linear pendulum is given
by ω2

0 = g/r, where r is the suspension length of the pendulum and g is the gravitational acceleration.
Neglecting the non-linear terms in (1), the system would broke up into two independent linear equations.
Thus, the interaction of both the equations is given by non-linear terms only.

As the harmonic excitation a(t) = a0 sin(ωt) acts in the ξ direction only, the basic type of motion
takes course in the vertical (xz)-plane if the time history starts under homogeneous initial conditions.
With increasing amplitude of the excitation a(t), the auto-parametric stability loss can occur and the
post-critical state of the auto-parametric resonance arises.

3. Experimetnal analysis

The stability problems are, in general, very sensitive to boundary and initial conditions. Therefore,
any simulation machine and its mechanical parts needs to be well prepared and manufactured to avoid
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creating parasitical influences, which are very difficult to eliminate. This applies not only to a compli-
cated kinematic mechanism but also to the relatively simple spherical pendulum. The authors use an
experimental pendulum, designed to comply the assumptions of the theoretical and numerical model.
This pendulum is suspended from Cardan joint attached to a trolley moving on two parallel miniature
rails. Two magneto-dynamic units allow to introduce viscous damping in the practically full range from
(almost) zero to the critical value. For detail of the set-up see (Pospı́šil et al., 2011).

The length of the pendulum was 0.41 m, mass of its bob was significantly greater than it was in the
previous experiments to increase inertia and thus to lower the minimal relative damping. Fundamental
eigenfrequency of the pendulum was measured as f0 = 0.76 Hz, i.e. ω0 = 4.8rad · s−1. Response
of the pendulum was measured for excitation frequencies ranging from fl = 0.73 Hz to fu = 0.97Hz
with increments Δf = 0.002 Hz, (i.e. range ω = 4.587 . . . 6.095rad · s−1). To cover the full range
of the resonance interval, the each sweep was started for excitation frequency slightly higher than the
eigenfrequency of the pendulum and small initial disturbance was given to the pendulum. Then was the
excitation frequency gradually changed in small increments up or down to cover the whole frequency
range. Each frequency was kept constant for three minutes and angles of the pendulum were measured
and recorded. To eliminate the transition effects, only the last minute of each record was taken into
account in the post-processing.

Figure 2 shows maximal and minimal measured amplitudes (◦) depending on the excitation frequency
(ω, rad.s−1). Responses for several values of damping coefficients (βξ = βζ = 0.04, . . . 1.2) are shown
in the individual rows. The alongside ξ and transversal ζ components are in the left and right hand
columns respectively. Three curves are present in each plot, they represent maximal, minimal and mean
values of the amplitudes. When all three curves coincide, the response of the pendulum is harmonic.
If the minimal and maximal curve form a stripe, multi-harmonic or chaotic type of the response takes
place. However, this simple criterion is not able to distinguish chaotic and multi-harmonic response.

4. Numerical analysis

In order to get an overview concerning the system behaviour in the vicinity of resonance frequency
intervals several numerical analyses using the governing differential system (1) have been performed.
For numerical simulation, default numerical procedure NDSolve from package Wolfram Mathematica
and M = 2 variant of implicit Gear method (routine gear2) from the GNU Scientific Software Library
(Galassi et al., 2009) have proved themselves to be the most stable and efficient. Adaptive step control
is used in both numerical methods. Due to a high number of necessary simulation to obtain a single
resonance curve, the parallel algorithm has been developed to exploit the computational power of the
2 cpu / 16-thread computer.

To assess the correspondence of numerical simulation and experimental results, let us compare the
Figs 2 and 3. The both figures show the resonance curves, obtained form measured and computed data
respectively. The qualitative behaviour in the lower end of the resonance interval is rather comparable.
On the other hand, a quite significant difference can be seen in the upper part of the studied frequency
interval, namely for low damping coefficients βξ = βζ ∈ {0.04, 0.05}. It appears, that the experimental
pendulum was able to follow the (less stable) upper branch of the solution during the sweep-up simulation
much better than it was the numerical solution. This behaviour is also different from the measurements
published by the authors in (Pospı́šil et al., 2011). It seems that the only explanation for such a ”stability
on upper branch” is the increased mass of the bob of the pendulum. It is worth to mention, that after some
change in the excitation or other noticeable artificial disturbance the pendulum jumped to the standard
(lower and planar) stable branch of the response.

It is necessary to confess, that quantitative agreement between numerical simulation and experimen-
tal results for a single set of input parameters and a single time history was not so good. Even for
carefully selected initial conditions the numerical model was not able to follow the trajectory of the ex-
perimental pendulum. This behaviour is not surprising, as the mathematical model (1) has been derived
with the assumption of small amplitude of the response. Moreover, the significant dependence of instant
frequency of the response on its instant amplitude is clearly seen from the experimental data.
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Fig. 2: Experimental pendulum: measured amplitudes (·◦) of the response depending on excitation fre-
quencies ω = 4.6 . . . 6.1 rad.s−1 for several values of damping coefficients, same in the both directions.
Longitudinal movement (ξ) is on the left hand side, transversal response (ζ) on the right hand side. For
each plot, maximal, minimal and mean amplitudes are shown.

Having roughly assessed the validity of the numerical model introduced by Eq. (1) let us study the
influence of individual damping coefficients on the overall response of the system in the both directions.
The figure 4 shows selected results obtained during the extensive parametric study. For the interval of
excitation frequencies ω ∈ (4.6, 6.1) and the values of damping coefficients βξ, βζ ∈ (0.005, 0.12),
the equation (1) was repeatedly integrated and the maximal amplitudes in both directions was recorded.
There are 10 pairs of colour plots in figure 4. Each pair corresponds to a single excitation frequency ω ∈
{4.7, 4.72, . . . , 4.88} to cover area surrounding the eigenfrequency of the pendulum. In each pair, left
plot shows response in longitudinal direction (ξ) and right plot corresponds to the transversal direction.
Values on the horizontal axis of each plot represent the damping coefficients βξ, whereas the vertical
axis stands in values of the damping coefficients βζ . Finally, the colour map shows the distribution of
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Fig. 3: Numerical integration: computed amplitudes (·◦) of the response depending on excitation fre-
quencies ω = 4.6 . . . 6.1 rad.s−1 for several values of damping coefficients, same in the both directions.
Longitudinal movement (ξ) is on the left hand side, transversal response (ζ) on the right hand side. For
each plot, maximal, minimal and mean amplitudes are shown. Parameters of the model were chosen to
meet geometrical properties of the experimental set-up.

the maximal amplitudes of xi and ζ in the left and right plot respectively. The dark blue colour indicates
negligible or small amplitude of the response, whereas bright yellow and brown colours show the high
response. The black dots in the each plot point at the discrete values of β used in simulation.

Several remarks can arise from observation of the figure 4. Firstly, it appears, that the presence of the
spatial character of the system response does not depend significantly on the value of damping coefficient
βζ (transversal motion). Similarly, the overall amplitude of the response seems to be influenced mostly
by βξ (longitudinal motion) and far less by βζ . Secondly, the spatial response in the lower part of the
resonance interval have higher amplitudes, but can be suppressed by smaller values of damping βξ. The
lower amplitudes which appear in the upper part of the resonance interval need higher damping βξ to be
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Fig. 4: Maximal amplitude of the response depending on the values of damping coefficients in the both
directions βξ, βζ ∈ (0.005, 0.12) for excitation frequencies ω =∈ {4.7, 4.72, . . . , 4.88}. For each
frequency the left plot shows response in longitudinal direction (ξ) and right plot corresponds to the
transversal direction.

wiped off. Third, it is not always true, that the higher damping (in transversal direction) automatically
means the lower response (cf. ξ plots for ω > 4.78 in fig. 4).

There are some problematic points in the presented study. Firstly, the complete bunch of simulation
was performed with fixed initial conditions, more or less randomly chosen. Thus, this numerical analysis
was not able to cover up the variety of possible stable branches. Secondly, remarks from the previous
paragraph can be roughly explained form the structure of the equation (1). It is not clear, whether they
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represent the behaviour of a real pendulum, or just its mathematical idealization. The further experimen-
tal study should cover up at least some cases of unsymmetrical damping.

5. Conclusions

It has been shown before that widely used linear model of the damping pendulum is acceptable only
in a very limited extent of parameters concerning pendulum characteristics and excitation properties.
In this work, two degrees of freedom experimental and non-linear numerical models was studied. The
harmonic kinematic external excitation in the suspension point was applied in both cases. The viscous
damping was varied in the analysis, independently in the numerical model and jointly in the present set
of experimental results.

Various types of the response of the pendulum have been encountered for excitation frequency in the
resonance frequency interval: in-plane, periodic or chaotic. The character of the response depends on
structural parameters: frequency and amplitude of excitation, geometry of the pendulum and damping
coefficients. It has been shown, that initiation of the spatial response is more sensitive to damping in
the direction of excitation, whereas even a relatively high damping in the transversal direction does not
prevent the spatial movement.

Dependence of the amplitude of the experimental pendulum on the values of damping is not surpris-
ing. On the other hand, reasonable correspondence between experimental measurements and numerical
model has been confirmed. The qualitative correlation of numerical/experimental results has been ob-
served. However, the assumption of small amplitude depreciate the quantitative relation of numerical and
experimental results. For better results, the numerical model should be adopted to comprise dependence
of instantaneous amplitude and frequency of the pendulum.

There are some open problems yet. The numerical analysis of the influence of damping should cover
the additional (multiple) branches of the stable motion. The next experiments are necessary to validate
the unsymmetrical influence of the values of damping coefficients.

From the practical point of view, it is highly recommended to design the damping pendulum absorber
in such a way that any occurrence of non-linear resonance effects is avoided. If not, negative influence
of the pendulum in the resonance domain is to be expected in both along-wind as well as in cross-
wind directions. The experiments will continue with the application of more excitation amplitudes and
damping values varying in both principal vibration planes.
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�?@Q$(�QW�Currently, a project to improve navigation conditions on the Elbe River downstream the 
Střekov waterwork is preparing. Concentrating structures are important elements in this concept from the 
19th century. This paper describes an optimization of newly designed concentrating structures in the 
frame of the Elbe regulation with the use of computational fluid dynamics (CFD). Analysis is also based 
on experiences with historical spur dikes. The results were compared with measurement on the physically 
based model and in situ. 
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Fig. 1: Svádov following the construction of concentrating structures and before the 2002 floods 

(Zajicova, 2007). 
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Fig. 2: Spur dikes near Nebočady and a detail of the feeding area.
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Tab. 2: Fall velocity for different particles 
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Fig. 3: Optimized spur dike.                                 Fig. 4: 3D simulation – velocity field [m.s-1].
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Fig. 5: Sedimentation assessment scheme. 
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Fošumpaur P. 285



�

��������������������Ì�� ��������������®����������������������� ������������������»�����ì���ì��Ã£����
������� ��� ������ ���®� ��� ����������� ��� ������ ��� ��� �������� ������� ���� ����� ������� ¾������ �������� ���
���������� ����� �����®� ������������������ ��� �������� ����� ���������� ���� ��� �ª������� ���� ��� ������������
¦�������� �� �������������������Ã£����ì���ì��£££�������� ����� ��� ������������������� ��� ���� ������
µ����¡������Âñ������¤��������������À������������¡�§§§¤��

©� ���������� �������������� ������ �� �¥�������� ������ ��������� ���� ��������¥� ��� ���������� ����� ������
������������������������~��� ���������������������������� ��� ��������������������� ���������¥���� ����
°�����¥����´�����µ������������������´ ����~���������¶��������¥����¬���������������¥������������������
����������������������������������������������������������������������������������ë�££��

>� �
&�=\@]
&@�

~��� ��������� �������� ��� ���������� �� ��������� ������ ��� �������������� ����� ������ ����� �� ����� ���
���������������������¥��������������µ����������������������¾ã
ä��������������������������������������
����´ ����À�������� ����¢�����¥��~�����¥������������ ����������� ��� ��� ������� ����������������������
����������������������������������������������������������������µ�����©�������������������������������
������������� �����������������������������������������������¥����� ��������������� ��������������������
���� ����������� ���� ���� ��������������������� ����������� ��� ���� ������µ���������������������� ���� ����
����� ����� ��� ����� ��� ��������� ��������� ������������� ~��� �������� ������������ ���� ���� ��������� ����
�����������������������������������������
��¥�������������������������������������������������������
��������������������������������ª��������ë�Ä£���~�������������������������������������������������������
���¾������������������������~���������������������� ������������� ���� ����������������� �����������
����� �������� �������������� ��� ���������� ���¥� ���� ����� ����������� ~��� �������� ��������� ����� ���� �¾�
��������� ����� �����������¥� ��������� ��� �� ��¥������ �����®� ��������� �����������¥� ��� ��������¥� ������
����������������®������������������������²��������������������������³�����������������������������������������
��� ���� ������ µ���� ��� �£�£®� ����� �� ��������¥� �������� ����������� ��� ������ ��������� ��� ������ ��� ������
����������� ���� �������������� ��� ������ ���������� ����������� ~��� �������� �������� ��� ���� �������������
����¥��������������������������������

��'&
Z=�[^�h�&Q�

~���� ��������� ���� ����� ���������� �¥� ���� ��������� �������� �©Í²� ��� ���� ¦������¥� ��� ´������� ��� ����
´ ���� À�������®� ��� ç¦���������¥� ���� ����������� ���� ������������� ������ ��� ��������� ���������
������������¥�������è®����¯�¾°��¬£�ÌÐÐ££§��

��_�$�&��@�
°��������®�¬�®�Í�����®�¦��Å�¼����®�¦��¡�£�£¤�¬�¥�������������������������������������������������¥��������

����������®���¯�Proc. of the Int. Conf. on modeling and simulation®�´~¶����¬�������
¦������®���©��Å�Ð�������®�É�Î��¡�§§»¤�~����¥������������������������®���¯�Proc. 29th Annual Texas A&M 

Dredging Seminar������Ì��������
�����®�¬�®�¦�����®�©��²��«�®��������®�´��Å�����¥����®�À��¡�££º¤�Hydraulic structures��°�������������®�~�¥����

����°������®��££º��
À����®�¦�®�¼�����¥®�Î��Å�Í��®�Î��¡�§§§¤�µª���������������¥�������������������������������������������µ���������®�

��¯�Proc. of the 28.th Bienial Congress of IAHR®�~�����µ�®�����Ä£®�¢�� �©������®��§§§��
É����ª®�¾�´��¡�§§Ä¤�Turbulence Modeling for CFD�������������®�¾´É�²����������²���®�´�����������
¼�³�����®�¬��¡�££º¤�À���������µ������������������������®�������������������¥����������������������������

����������®���¯�Proc. Int. Conf. Vodni toky 200º��������Í�������´ ����À����

286 Engineering Mechanics 2012, #243



���������������!���������!��������/��/���������"��
	��������"������������������������	�


�������"�

����������(&'-��(�)����)-)$6-��)-7"6-����������	�
�����������	�
�������������
�������	�����
�����
����
�
� ����
���� ��� �� �����
� ���������� ��	�
�� ��� ������� ������ �������� ���� �������
� ��� ���� �����������
�
������������� ��������������� ����������������	�
�������������� �
������	�
������ ����	��
��������������

������� ���	� ������ ���
����� ����� �����	�
�� ����� 	���� ����� ��	�
���
�� ��� ������ �� 		� �
� ������
����
���� ������ �
���� ��	�������
� ��
�� ���� ������� ��� ����� ����� �������� ����� !����
��� ����� �������"�
�������
�������������������
���������������������������
�������������������������
��	����������"��
���
#�$��������������
�����
����
��������������������
�������������	�
����%���������	��������������
��������
�������
����������������������
�����������������������&��������
�� ��
��������������"�	��������� ����
�����������
������������
���	�
����

����������������
�	�	
��
���������������������
���������	
����
	����

��� �������������

��������	
� ��� ���������	
� ��� ������ �	���	����� ��� ��������� ������ �	���	����� ������	�� �������	� ���
�����������������������
������	���
� 	�����	���	����������
���	���	�������������������	��������� 	���
���	� �����	��	� ����������� ���	�� ���� ������������ ������� ������ ��� �� ������������ �����	� ���
�������	���� ���������� ����	� 	����� ���������
� ��� ����������� ��� 	����� ��	���	���� �����	� ��� ����
������	� �  !"� #������������� $%%&"� '��������	� $%%!(�� )������	���� ��� 	��� �������� ��� �����������
������	���� ��� ���� ��� 	�� 	����� �����	�� ��� ���������� �����
� ����� ��� �*�������	�� �����	�� �����
������	��
�����	������������$%%+"�'��������	��  ,(��'���	����
� ��		����		��	������������������������ 	��
	��������	������������������������������������������������������	�������������������������	�����
�����	�����	���	������

���� ��������� �*�������	� ���� ����� �	� �	��	���� 	��� �������� ��� ����������� ������	���� ��
�������������	����	��������	�����������������������������������������	���	�����������	��	�����		���
���	���������	��(��������
�	�����	���	������������������������������������������	���	��������������
���������

-��	����������������	����*�������	�����	�����		������	��	�������(���������	��������������������
�	���	���� ��� �� ���	����� �������� ��� 	��� ���	��� ��� .������� ��������� 	�� 	��� �	�� ������	�� ����� 	���
����	���	����������	�	���"�	��������������	���	�����	������/������$,!!���$,!,������	������	�/�����
������	���	������� 	���������������	�/��������������������������	���	������� 	����������0�������������
������	�����$1�	������������	��	�����	�����������������	������	������	�����������	�����2���,��3����$(��
�������	�������������������
����������������������������	(������������	��/������������	����
������	�	���	�������	��������
����	���4����	
�����	�����������������	�����	��������5�	��������������"�
������������ ������ ����� ��� �� ������	���� �	����� #
� ����������� ������	��
� ����
���� ������ 	���
���	���	���� ��	��"� 	��� ��������� ��� ������� ������ ��� ������������ ������ ��� 	��� ���	����� ���
'�������	���������������	���������������	��������������	������������	��

���  ��!�����"����
.��	����	������	��"�������	�������*�������	���	��	�"�����! �����������	�������������	�������$��*�$&����
���	�� *� �����	(�� ���� ������ �
� ������������ ������ ����������� ��	�� 	��� ��/�� �
�� ������� 	���
��	����� ��� �����*�� + � ��� ����� 	��� ��� ��� 	��� ������	�� )	� ���� ���	�
� ��� ������������ ��	���� ������

���������������������������������������� ��������
6� � � )���� 7�89� 3���/�"� .����:� )��	�	�	�� ������	����� ��� ������� � ;��������"� ������"� �����
� ��� ��������� ��� <5���� '�������"�
.�����/=�>!?�$% �  "�.�����?�<@"�������:�����/�A�	��������5�

m
2012

. 18thInternational Conference
ENGINEERING MECHANICS 2012 pp. 287–290
Svratka, Czech Republic, May 14 – 17, 2012 Paper #270



�

������ ����� 	��� 	��� ����������� 	��� ������	� 	�� 	��� ����� ����	���(� ���	�������� 	�� 	��� ��	���	���� ��� 	���
���������	���'�������	���������

-�	�� ������� 	�� 	��� ��4����� ��5�� ��� 	��� 	��	� ���������"� 	��� ���������� ��� 	��� 	��	�� ������
������	����	���	���������������������	����������������������/������������("�	��������������	���
������	�B������
B���	��������������	���/����$��*�&�*�+�������	�����	�����5����������*��+&�*��&�*��&�
������������	���;�����*��	�	��	������������	�����4�������5������ �*�� �*�1 ���������	��������
����� ��������� ������	�"������������������������������� ��� 	��� ��5������ ������	�� ��� 	��	� ��������
������� ������� ������ 	��� ����������� ������	(� ��� ������� 	�� ���	�
� �����	� 	��� ��	����� ���� ����	��
�/��	�"�����/�(��������������������	����	���������	��
�	������������������	��������	����	�����������
������	�����	��������	�������	��	�����������������������3�������C�����	����*	�������������	�������
���	��������	��	�����	���������	�����	������"��	�������	���������"�����	��	�����������"�	����������
	��	����������������������	���������	��3����1��

)�� 	��	�������������������������������������	�"��� 	��	���� 	��� ����	�����������������	����	�� ���
	��� ����	���� ��� ������� ���� ���������� ���� 	��	� ���� ��������� ������ 	��� ���	�	���� ���� 	��	����
������	����������	���<�2�+% $$ �<5����2�	�������	������#������	���	��	�"������	
����	��	���������
�����D��	������������	�����������	��	�������������$���������	��	����������	�������*������������
	���	��	����	������������������������3����+��

���� ������ �	� 	��� ����	� ��� �	����	�� ���� �������� ������ 	��� ���� 	��	���� ������	��� �3��*(�� ����
�������������	����	������	�����������	�����������������$("�������
��� �����������������	����	�"��#$�
���	����������	�	����	����	������	����"��������������������	�����������������

����������������������� ��%���#$�E��"��� �$(�

�
(����)*��+�������������������	������������

�
(�����*��,������
�������������������������
����
�����������	�
��"�������	����
���
����������	�����

�������������
�����������	�����

288 Engineering Mechanics 2012, #270



�

)��	��	�������������������������������������	��������	����	������	��"�	�������	�����������������
�	����	�����	����������	�������	�������	��������������������	���������������������1$�>�	����%�;.���
������	�������������������	�������	�����	����	�����"���������������	������������������������	�����������
������������	�������	��������	���������������	���������	"��������	�����������������������	��	���
������ ��� ������ ��� ��	���� 	��� ��5�� ��� 	��� ������� ��� 	��� ����������� ������	
� ����� �������� ����
����������	����������������������������$��

#���� ��� 	���� �������"� �� �����	���� �������� ���� �������"� ����� 	��� �������� ����	���� ��� 	���
�������� ��� 	��������	����	����� 	�������	�����
������������������� ��� ������������	����� 	���
��������	����	������	������������������	��������	��������������������	���������	�����������	��������	���
���������	����	���/����$��*�&�*�+�������	�(�������������3����&��

&�� ������������

���� �*�������	� ������	�� �� ������������ �����	� ��� ��	���	���� ������������ ������ ��� �����������
������	���� ��� 	��� �		��/�� ����� 3���� 	��� �����	�� ��� 	��� 	��	�� ��� ������������ �	����	�� ��� ���� ���
����� 	�����������������	�����������"����	� ��� ������ ��� �� ����������	� ������������������� �	����	�����
���� ��� ��������� ������	�� ��� 	��� ������	� ����� �������� ����� ������ ����������� 	�� 	���
��������������
� ����������� ��������
���� ���������� ��� ��	���	���� ������ �
� ����������������

� �
(���� *�-��	����������	�
��������
�������������
�����	����������������������
���������������

��	���"�������	�
����������������
������������������������	��"�������	�
��������
���������
�������
�����������������	����

�

�
(����#*����������	����
���������������������������&���������������	�������
�����
�����
�����

��������
������������

Frankl J. 289



�

������������ ������ ���/������ ��� ���"� ��������"� ����	����	���� ��	�� ���������� ���	�����(�� ����
�����	�������	��	�	���	�����	����5������	�����	���������
�������	���������	����������������	����	��
�
������	����& �(��������	�
������������	����
���������������������	������������������	���������
�����	���������������	���������������	���������������������������������������������	�������	���
�����	�������������	����������������(����	���������	��	�	����������	����������	�����	���	������	���

���	���� ������	����� ��� �����	���� ��������� ��� ������	�� ��
� ������ ��� �� ������ ���� ���������� 	���
�������� �������� ������	
� ��� �	��������� 	��� ����� ��� �	���	����� ��� ����	���� 	�� 	��� 	
��� ��� �����������
�������

���������"�#����

������������������������	��	���������	����������	����	���C���	������
����	���<5����'�������"�C���	�
2���.$ &E$$E.!�,��

��'��������
#�������������7���$%%&(�������
�'�	�3���������F	����3��������G�����"�.�����	��/�������������(����"�

G��	�"�������/"�$1%����"�)�#2�,>�,%&! ����$�
'��������	�H���$%%!(�.�����
��������������"�$���
����"��0�1���
"�@�����"������/����
'��������	�H����  ,(�F�����������"�+�����2�������0����1���
�"�@�����"������/��"�+&1�����)�#2�%>,�, �

��,�$,!1�!�
�����	�F����  !(�-�����������3������3���
����+����"�#�����"�G��������"�C�����
"�)�#2�1�&+ �1�$1,�$�
������7���$%%+(�#��������
�����
�I�;��������	�������
��������	���������������$%%+("�-�4�(5�3��
"�JK��

�����)*��������
����������	�������������	�
����������&��	���
����
����
�������������������
��
���
�
�������
�����������
�����	�
�������	����
��������������

����

	�
��

������

	��������������

���������������

�����������

�������������		����	���������������
�����������!�!�"��	

#$%�&

�'���*'

������	��������������
��������:���

#�&

*'����'

�'����''

��������;�'

�;�'���;��

;�����'

'����'

�
�

�
(����6*�-��	����������	�
��������
�������������
�����	����������������������
���������������

��	���"�������	�
����������������
������������������������	��"�������	�
��������
���������
�������
�����������������	���

290 Engineering Mechanics 2012, #270



CHANGES IN PHYSICAL PROPERTIES OF WOOD DAMAGED BY 
ACTIVITIES OF WOOD-DAMAGING FUNGI 

J. Frankl* 

Abstract: This paper presents results of experimental, laboratory establishment of the extent of changes 
in physical properties (swelling, water absorbability) of timber (spruce) damaged by the activity of wood-
damaging fungi. The experiment was carried out using standard test samples (20 x 20 x 30 mm) prepared 
from new timber and subsequently exposed to the activities of wood-damaging fungi (Serpula lacrymans, 
Trametes versicolor) under optimal growth conditions for the period of 15 to 60 days. Changes in 
physical properties were observed in the damaged samples as per the CSN 490126 and CSN 490104 
Czech National Standards. The experiment proved significant changes in the observed properties 
depending on the fungi type and duration of the activity thereof. 

Keywords:  Wood, timber, physical properties wood-damaging fungi. 

1. Introduction 

A lot of destructive biological agents affect wooden structural elements inbuilt in buildings. Among 
the most important destructive agents are wood-damaging fungi. Their morphology and principles of 
their destructive activity (decomposition of wood) are relatively well described in expert literature 
(Schmidt 2006, Reinprecht 1996). Less attention is paid to changes in physical or mechanical 
properties of wood due to their activities or the attention is focused on the types of wood-damaging 
fungi and tree species that are practically not used in construction industry (Reinprecht 2008). 

The carried out experiment was aimed at detecting the decrease in physical properties of spruce 
wood due to the activities of cellulosevorous and lignivorous fungi. As a representative of a group of 
cellulosevorous fungi (brown rot) Serpula lacrymans was selected, as a representative of the 
lignivorous group of wood-damaging fungi (soft, white, spongy rot) Trametes versicolor was selected. 
Within the experiment, what was monitored was a change in selected properties depending on the 
duration of exposure to wood-damaging fungi. 

2. Methods and results 

Test samples of the size of 20 x 20 x 30 mm with clearly discernible fibre orientation were produced 
from dried spruce lumber (CSN 490101). The produced samples were dried in a drier at 103±2°C to a 
constant weight (at zero moisture) and then weighed and precisely measured. Subsequently, they were 
conditioned in a climatic chamber to achieve moisture content of wood of 12%. 

Test samples were then placed into cultivation boxes with wort culture medium and active mycelia 
growth of the given wood-damaging fungus. The culture, at the time the samples were inserted, was 7 
days old. Samples were in series by thirty pieces (for each type of the fungus and the time of activities) 
exposed to the activities of the wood-damaging fungi for the periods of 15, 30, 45 and 60 days (Fig. 
1). Cultivation was taking place in a laboratory environment under optimal growth conditions (Bayer, 
Týn 1996). Upon expiry of the determined period of cultivation, samples were removed from 
cultivation boxes, washed and slowly dried until the moisture content of wood of 12% was achieved 
(Fig. 2). 
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Fig. 1:  Cultivation of samples in cultivation boxes after 45 days of exposure to wood-damaging fungi 

a) Serpula lacrymans, b) Trametes versicolor. 

 

 
Fig. 2:  Test samples after the end of the damage by wood-damaging fungi (Trametes versicolor - 

30 days). 

 

Later, the swelling test (CSN 490126) and the absorbability test (CSN 490104) were 
simultaneously carried out using the damaged samples and reference samples (without any damage). 
Test samples were immersed in a container with distilled water so as not to touch the bottom, walls 
and each other and were sunk at least 10 mm below the surface (ensured by a net). In the samples, 
what was continuously measured was a change in dimensions (the swelling test) until the stabilized 
condition was reached, i.e., until the difference between two consecutive measurements (within 24 
hours) was less than 0.02 mm. At the same time, the samples were weighed (the absorbability test) 
until the stabilized condition was reached, i.e., until the difference between two consecutive 
measurements (within 24 hours) was less than 0.1%. After the stabilized condition was reached, all the 
tested samples were measured and weighed and changes in the observed physical properties evaluated 
(Fig. 3.). 
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Fig. 3:  Test samples during the test of physical properties 

 

The absorbability of wood, Wmax, as a percentage, is calculated using the following formula: 

Wmax = ((mW - m0) / m0) * 100                                                                                                 (1) 

Where m0 [g] is the weight of a test sample after having been dried to zero moisture and mW [g] is 
the weight of the test sample after soaking. 

 
The largest swelling of wood αmax as a percentage is calculated using the following formulas: 

αmax (r, t, a) = ((lmax (r, t, a)  - lmin (r, t, a)) / lmin (r, t, a)) * 100                                                                  (2) 

For the radial, tangential and along the fibres directions (r, t and a coefficients). 

 

And according to the following formula - for the total volume (V coefficient): 

αmax (V) = ((lmax r * lmax t * lmax a) - (lmin r * lmin t * lmin a)) / (lmin r * lmin t * lmin a) * 100                   (3) 

 

Where lmax is the dimensions of test specimens for moisture content equal to or greater than the 
limit of hydroscopicity of cell walls (after soaking) and lmin is the dimensions of test specimens during 
drying to zero moisture. 

The identified average values of observed physical properties of spruce wood and their changes 
due to the effects of selected wood-damaging fungi for periods of varying duration are summarized in 
Tab. 1. 

Tab. 1:  Changes in physical properties of spruce wood (absorbability, swelling) caused by 
exposure for varied periods of time to wood-damaging fungi Serpula lacrymans and Trametes 

versicolor. 

Reference
15 days 30 days 45 days 60 days 15 days 30 days 45 days 60 days

absorbability [%] 95,9 127,4 151,1 153,1 107,4 140,7 146,4 178,9 59,5
comp. to the 
ref. samples

[%] + 61 + 114 + 154 + 157 + 80 + 136 + 146 + 200

swelling [%] 15,9 16,2 17,9 18,9 18,7 13,6 13,4 12,5 12.1
comp. to the 
ref. samples

[%] + 31 + 34 + 47 + 56 + 54 + 12 + 11 + 3

Serpula lacrymans Trametes versicolor
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3. Conclusions 

The experiment has proved a considerable impact of destructive activities of wood-damaging fungi on 
physical properties of spruce wood used for building purposes. In case of effects of the 
cellulosevorous wood-damaging fungus Serpula lacrymans, there was an overall increase in 
absorbability of up to 153,1% in samples exposed to the wood-decaying fungus for 60 days during the 
experiment (compared to the reference samples). In swelling, there was an increased increase in 
dimensions (compared to reference samples) of up to 56% in samples exposed to the activities of the 
wood-damaging fungus for 60 days. In case of the effects of the lignivorous wood-damaging fungus 
Trametes versicolor, there was, in the course of the experiment (compared to reference samples), an 
overall increase in absorbability of up to 200% in samples exposed to the effects of the wood-
damaging fungus for 60 days. In swelling, there was an increased increase in dimensions (compared to 
the reference samples) of up to 54% in samples exposed to the activities of the wood-damaging fungus 
for 15 days. 

The experiment has proved a significant impact of activities of wood-damaging fungi on physical 
properties of wood. However, it is necessary to take into account the fact that it took place in the 
laboratory (sterile) environment under optimal growth conditions. In the real environment of buildings 
and wooden structures, where the wood degradation process is influenced by a number of other 
factors, the speed and the extent of changes in physical properties may be considerably different. 
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NUMERICAL SIMULATION OF TRANSITIONAL FLOWS WITH
LAMINAR KINETIC ENERGY

J. Fürst*

Abstract: The article deals with the numerical solution of transitional flows. The single point k-kL-ω
model of Walters and Cokljat (2008) based on the use of a laminar kinetic energy transport equation is
considered. The model doesn’t require to evaluate integral boundary layer parameters (e.g. boundary
layer thickness) an is therefore suitable for implementation into codes working with general unstructured
meshes. The performance of the model has been tested for the case of flows over a flat plate with zero and
non-zero pressure gradients. The results obtained with our implementation of the model are compared to
the experimental data of ERCOFTAC.

Keywords: Turbulence, transition, Navier–Stokes equations

1. Introduction

The laminar-turbulent transition plays very important role in many flows of engineering interest. It has
big impact on the heat transfer and losses. Unfortunately most of the state-of art turbulence models (e.g.
Menters SST k−ω model, EARSM model of Hellsten) completely fail with the prediction of transition.
However there are some attempts to modify basic models (e.g. low Reynolds model of Wilcox (1998),
TSL model of Zheng et al. (1998)) with promising results, the experience shows that this approach is not
capable of reliably capturing all factors that affect transition, see Menter et al. (2006).

The algebraic models based on empirical correlations (see e,g, Straka and Přı́hoda (2010)) offers
simple approach with sufficient accuracy. On the other hand the implementation into a general unstruc-
tured code is quite difficult due to necessity of some non-local information (momentum boundary layer
thickness, intermitency at wall, etc.). Therefore the applicability of these models is more-less limited to
research/academic codes using structured meshes.

This article deals with the RANS-based transitional model developed by Walters and Cokljat (2008).
The three-equation model is based on the low Reynolds k − ω model with an equation for the so called
laminar kinetic energy kL expressing the energy of stream-wise fluctuations in pre-transitional region.
The main advantage of the model is its local formulation, it means that it can be easily implemented
into unstructured solvers. Moreover it can (at least in principle) handle flows in complex geometry.
Unfortunately the description of the model in Walters and Cokljat (2008) contains some errors (probably
typos) which lead to strong underestimation of the friction in turbulent region. The aim of the aritcle is
to show the correct version of the model and to test the performance of the model for simple flows over
flat plate.

*Doc. Ing. Jiřı́ Fürst, PhD.: Fac. of Mech. Eng., Czech Technical University in Prague, Karlovo nám. 13; 121 35, Prague;
CZ, e-mail: Jiri.Furst@fs.cvut.cz
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2. Mathematical model

2.1. Navier–Stokes equations

The viscous compressible flows is described by the set of Favre–averaged Navier–Stokes equations:

∂ρ

∂t
+

∂(ρuj)

∂xj
= 0, (1)

∂(ρui)

∂t
+

∂(ρuiuj)

∂xj
+

∂p

∂xi
=

∂(tij + τij)

∂xj
, (2)

∂(ρE)

∂t
+

∂[(ρE + p)uj)

∂xj
=

∂

∂xj

[
ui(tij + τij) +

( μ

Pr
+ ραθ

) ∂h

∂xj

]
, (3)

where ρ is the density, ui are the components of the velocity vector, p is the static pressure, E is the
specific total energy, h = E + p − uiui/2 is the specific enthalpy, tij is the mean viscous stress tensor,
τij = −ρu′iu′j is the Reynolds stress tensor, μ is the viscosity, Pr is the Prandtl number, and αθ is the
turbulent thermal diffusivity.

We assume perfect gas (the air) with p = (κ − 1)(ρE − ρuiui/2) where κ = 1.4 is the constant
specific heat ratio. The flow is Newtonian with constant viscosity μ, hence tij = 2μ(Sij− 1

3Sllδij) where
Sij = (∂ui/∂xj + ∂uj/∂xi)/2.

2.2. Turbulence model

The turbulence model is based on the Boussinesq hypothesis

τij = 2ρνT (Sij −
1

3
Sllδij)−

1

3
ρkδij , (4)

where νT is the turbulent kinematic viscosity and k is the turbulent kinetic energy.

We assume a three equation model of Walters and Cokljat (2008) with the transport equations for the
turbulent kinetic energy kT ,the laminar kinetic energy kL, and the turbulent frequency ω. The equations
are

D(ρkT )

Dt
= ρ(PkT +RBP +RNAT − ωkT −DT ) +

∂

∂xj

[(
μ+

ραT

σk

)
∂kt
∂xj

]
, (5)

D(ρkL)

Dt
= ρ(PkL −RBP −RNAT −DL) +

∂

∂xj

[
μ
∂kt
∂xj

]
, (6)

D(ρω)

Dt
= ρ

[
Cω1

ω

kT
PkT +

(
CωR

fW
− 1

)
ω

kT
(RBP +RNAT )− Cω2ω

2

+Cω3fωαT f
2
W

√
kT
d3

]
+

∂

∂xj

[(
μ+

ραT

σω

)
∂ω

∂xj

]
. (7)

The various terms in the equations represents production, destruction, transport, and diffusion. How-
ever the structure of the model is more-less clear, there is a confusion in the definition of individual
terms in the literature. The original Walters and Leylek’s model (see Walters and Leylek (2004)) uses
kT − kL − ε formulation. The model was later re-formulated using kT − kL − ω (see Walters and
Leylek (2005) or Holloway et al. (2004)) and the current version was published in Walters and Cokljat
(2008). Unfortunately it seems that the last article contains some errors. Therefore we will write here all
individual terms and we will comment the differences of our version with respect to the original article.

The production of turbulent and laminar kinetic energy is

PkT = νT,sS
2, (8)

PkL = νT,lS
2, (9)

where S =
√
2SijSij . The “small-scale” eddy viscosity is defined as

νT,s = fνfINTCμ

√
kT,sλeff , (10)
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where kT,s is the effective small-scale turbulence

kT,s = fSSfWkT . (11)

The wall-limited turbulence length scale λeff and damping function fW is

λeff = min(Cλd, λT ), (12)

λT =
√

kTω, (13)

fW =

(
λeff

λT

) 2
3

, (14)

here d is the wall distance. Note that the article Walters and Cokljat (2008) does not include the exponent
2/3 in the definition of fW . The original model Walters and Leylek (2004) as well as the Walters and
Leylek (2005) do include the exponent. The origins of the 2/3 exponent come from the k−ε formulation
where the turbulent integral length scale is

λT =
k

3
2
T

ε
, (15)

therefore fW actually limits the length scale to λeff .

The following terms are according to Walters and Cokljat (2008)

fν = 1− exp

(
−
√
ReT
Aν

)
, (16)

ReT =
f2
WkT
νω

, (17)

fSS = exp

[
−

(
CssνΩ

kT

)2
]
, (18)

Cμ =
1

A0 +AS

(
S
ω

) . (19)

The intermitency factor fINT is

fINT = min

(
kT

CINT (kT + kL)
, 1

)
. (20)

Note that the factor fINT is defined with kL in nominator in Walters and Cokljat (2008), but the article
Walters and Leylek (2005) gives correct form with kT .

The production of laminar kinetic energy kL is assumed to be given by large-scale near wall turbu-
lence

kT,l = kT − kT,s. (21)

The production term is then given by the equation (9) where

νT,l = min

{
fτ,lCl1

Ωλ2
eff

ν

√
kT,lλeff + βTSCl2ReΩd

2Ω,
kL + kT,l

2S

}
. (22)

Here

ReΩ =
d2Ω

ν
, (23)

βTS = 1− exp

(
−max(ReΩ − CTS,crit, 0)

2

ATS

)
, (24)

fτ,l = 1− exp

(
−Cτ,l

ktaul

λ2
effΩ

2

)
. (25)
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The dissipation εTot is divided to an isotropic (kTω) and anisotropic (DT/L) part (similarly as in the
low Reynolds Launder and Sharma k − ε model) with

DT = ν
∂
√
kT

∂xi

∂
√
kT

∂xi
, (26)

DL = ν
∂
√
kL

∂xi

∂
√
kL

∂xi
. (27)

However the the balance between the dissipation εTot and diffusion ∂
∂y

(
ν
∂kT/L

∂y

)
in the laminar sublayer

suggests the same formula multiplied by 2 (see e.g. Launder-Sharma k − ε model or the older versions
of k − kL − ε and k − kl − ω) model, the above mentioned form was proposed in the new model and
used in our calculations.

The turbulent diffusivity αT is

αT = fνCμ,std

√
kT,sλeff , (28)

and the damping function fω is

fω = 1− exp

[
−0.41

(
λeff

λT

)4
]
. (29)

The remaining terms RBP and RNAT express the laminar-turbulent transition in terms of the energy
transfer from kL to kT . They are of the form

RBP = CRβBPkLω/fW , (30)
RNAT = CR,NATβNATkLΩ. (31)

The bypass transition is driven by the βBP function

βBP = 1− exp

(
− φBP

ABP

)
, (32)

φBP = max

(
kT
νΩ

− CBP,crit, 0

)
, (33)

and the natural transition by the βNAT function

βNAT = − exp

(
− φNAT

ANAT

)
, (34)

φNAT = max

(
ReΩ −

CNAT,crit

fNAT,crit
, 0

)
, (35)

fNAT,crit = 1− exp

(
−CNC

√
kLd

ν

)
. (36)

The turbulent kinematic viscosity used in the momentum equations is then

νT = νT,s + νT,l. (37)

The turbulent thermal diffusivity αθ is then

αθ = fW
kT

kT + kL

νT,s
Pr

+ (1− fW )Cα,θ

√
kTλeff . (38)

The coefficient Cω2 = 0.92 is constant in the original article. Nevertheless the correct form is

Cω2 = 0.92f2
W . (39)
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case U [m s−1] kT [m2 s−2] ω[s−1] Tu[%] μT,std/μ[−]
T3A 5.4 0.047 63 23.8 3.30 12
T3B 9.2 1.128 27 56.8 9.43 120
T3A- 19.8 0.048 57 23.8 0.91 12
T3C2 5.5 0.055 58 35.0 3.50 10

Tab. 1: Inlet conditions for flat plate calculations at x = −0.05m, here μT,std := Cμ,stdρkT /ω.

The other constants are

A0 = 4.04 CINT = 0.75 Cω1 = 0.44
AS = 2.12 CTS,crit = 1000 Cω3 = 0.3
Aν = 6.75 CR,NAT = 0.02 CωR = 1.5
ABP = 0.6 Cl1 = 3.4 · 10−6 Cλ = 2.495
ANAT = 200 Cl2 = 10−10 Cμ,std = 0.09
ATS = 200 CR = 0.12 Pr = 0.85

CBP,crit = 1.2 Cα,θ = 0.035 σk = 1
CNC = 0.1 CSS = 1.5 σω = 1.17

CNAT,crit = 1250 Ctau,l = 4360

3. Simulation of flows over a flat plate

The model has been validated using T3 series of experimental flat plate test cases of ERCOFTAC. The
T3A, T3B, and T3A- test cases had zero stream-wise pressure gradients with free-stream turbulence of
3%, 6%, and 1% respectively Coupland (1990a). The T3C2 has favorable pressure gradient in the first
part of the plate followed by the adverse pressure gradient in the second part, see Coupland (1990b).

The calculation was carried out with OpenFOAM package with our implementation of the k−kL−ω
model. The numerical solution was obtained with finite volume method using SIMPLEC scheme for
compressible flows (see eg. Ferziger and Perić (1999)).

The zero-pressure gradient cases (i.e. T3A, T3A-, and T3B) were calculated using a rectangular
domain Ω = [−0.05, 2.9] × [0, 0.175]m where the flat plate starts at x = 0m. The mesh consists of
635×105 cells where 600 cells were at the plate and 35 cells in the inlet region. The mesh was refined in
the vicinity of the inlet edge (see fig. 1) and in the wall normal direction with y1 ≈ 10−5m i.e. y+ ≤ 1.

The following boundary conditions were prescribed:

inlet: at the inlet plane (x = −0.05m) we prescribe the velocity vector ui, the temperature (T =
293.15K), the turbulent kinetic energy kT , the laminar kinetic energy kL = 0m2 s−2, and the
specific dissipation rate ω. The pressure is calculated with the homogeneous Neumann condition
∂p/∂n = 0.

wall: at the wall (x = 0m to 2.9m and y = 0m) we prescribe non-slip condition for velocity (ui =
0m/s), the homogeneous Neumann condition for pressure ∂p/∂n = 0, zero turbulent and laminar
kinetic energy kT = kL = 0m2 s−2, and the homogeneous Neumann condition for the specific
dissipation rate ∂ω/∂n = 0.

outlet: at the outlet (x = 2.9m) we prescribe the static pressure p = 101 kPa and we use homogeneous
Neumann conditions for all remaining quantities.

symmetry: at the rest of the boundary (the upper boundary at y = 0.175m and the lower boundary in
front of the plate) we assume symmetry condition for all variables (i.e. the slip condition).

We use constant dynamic viscosity μ = 1.8× 10−5 Pa s and the ideal gas constant R = 287 J kg−1 K−1.
The parameters of inlet flows are are given in the table 1.

The figure 1 shows comparison of computed skin friction for T3A and T3B case with the experimen-
tal data of ERCOFTAC. One can see that the ready-made implementation of the model (labeled by OF
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Fig. 1: Friction coefficient for zero-pressure gradient flows over a flat plate (ERCOFTAC T3A, T3B, T3A-
cases).

2.1.0 at the figure) fails even with T3A case. On the other hand our implementation of corrected model
gives quite good agreement with experimental data form ERCOFTAC database. The results show that
the transition onset is very well captured in T3A and T3A- cases. In the T3B case with high turbulence
intensity the transition seems to be shifted little bit upstream.

For the non-zero pressure gradient case (T3C2) we use

For the flow with pressure gradient (T3C2 case) we assume a domain with shaped upper boundary
(see fig. 2). The shape was constructed in order to match the velocity distribution in the ERCOFTAC
experiment. Fig. 2 shows the comparison of experimental data with the calculated velocity distribution
at y = 0.05m. The calculated skin friction coefficient** shows that the model predicts the transition
onset to late. On the other hand the transition length is underpredicted, so the position of transition end
is captured at right position.

4. Conclusion

The results indicate that the model of Walters and Cokljat (2008) is able (after all necessary corrections
with respect to the original article) to predict the laminar-turbulent transition for simple flows over flat
plate. Future work will be oriented to the implementation of the model to our in-house code and to its
applications for flows in turbine cascades.

**The cf as well as the Reynolds number Rex was related to local velocity magnitude U0.05(x) at y = 0.05m.
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Fig. 2: Domain, the velocity at y = 0 05m and the friction coefficient for T3C2 ERCOFTAC cases.
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FINITE ELEMENT CONTACT-IMPACT ALGORITHM IN EXPLICIT
TRANSIENT ANALYSIS

D. Gabriel, J. Kopačka, J. Plešek * M. Ulbin **

Abstract: This work addresses three issues in computational modelling of contact-impact problems: i)
overviews a contact algorithm proposed by these authors, ii) local search treatment based on the mod-
ification of the Nelder-Mead simplex method, iii) discusses an algorithmic aspects of contact algorithm
in conjunction with the explicit time integration scheme. The talk closes with the presentation of several
numerical examples including the longitudinal impact of two thick plates, for which analytical solution is
available.

Keywords: FEM, contact-impact, explicit dynamics, local contact search

1. Introduction

In the context of the finite element method, a frictionless three-dimensional contact-impact algorithm
using pre-discretization penalty formulation was proposed (Gabriel et al., 2004). The key feature of this
algorithm is that the local search and the penalty constraint enforcement are performed on the Gausspoint
level of linear/quadratic serendipity elements rather than the nodal level of a finite element mesh. The
method is shown to be consistent with the variational formulation of a continuum problem, which enables
incorporation of higher-order elements with midside nodes to the analysis. Owing to a careful description
of kinematics of contacting bodies when the non-linearized definition of penetration has been introduced,
the displacement increments in the course of one load step are permitted to be large. Thus, the extension
to geometrically nonlinear problems is straightforward. The algorithm proves to be robust, accurate and
symmetry preserving—no master/slave surfaces have been introduced.

In proposed algorithm the local search represents measuring penetration of a Gauss point through
the counterpart’s object surface. It is necessary first to define the outward normal and then to compute
its intersection with a curved surface, establishing distance. Although appearing trivial at first glance
the numerical solution process is far from being easy, especially when dealing with severely distorted
surfaces. In Ref. (Gabriel et al., 2010) several methods for the solution of non-linear algebraic systems
were thoroughly tested: the Newton-Raphson method, the least square projection, the steepest descent
method, Broyden’s method, BFGS method and the simplex method. The effectiveness of these methods
was performed by means of the benchmark configuration of distorted contact segment from static solution
of bending of two rectangular plates over a cylinder (Gabriel et al., 2004). The most fitting method turned
out the modification of the Nelder-Mead simplex method (Nelder and Mead, 1965), which belongs to
very popular and simple direct search technique that has been widely used in unconstrained optimization
problems.

In this paper, we focused on the performance of the Nelder-Mead simplex method for local contact
search treatment in dynamic contact-impact problem. First, the formulation of a closest point projection
problem is presented in Section 2. The idea of the Nelder-Mead method is outlined in Section 3. Finally,
the effectiveness of contact algorithm with implemented Nelder-Mead simplex method for contact search
procedure is demonstrated by test example of the longitudinal impact of two thick plates in Section 4.
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2. Formulation of the closest point projection

Let us consider the slave quadrature point ys ∈ E3 and the master segment γc. The aim of the local
contact search is to calculate the parametric coordinates ξ1, ξ2 ∈ [−1, 1] corresponding to projection
ȳ (ξ1, ξ2) ∈ E3 of the quadrature point ys (see Fig. 1).

ξ

γ

x

y

z

ξ
1 2

c

y

y s y�
y s

Fig. 1: Formulation of the minimization problem

Such a point has to satisfy
ȳ = min

y∈γc
{(ys − y) · (ys − y)} (1)

where the minimization of the inner product on E3 instead of more natural Euclidean norm has been
used. Hence, the minimized function is defined as

f = (ys − y) · (ys − y) (2)

The necessary condition for local extremum is

(ys − y) · ∂y
∂ξ1

= 0,

(ys − y) · ∂y
∂ξ2

= 0

(3)

The master segment γc is parametrized by

y (ξ1, ξ2) =
n∑

i=1

Ni (ξ1, ξ2)Yi (4)

where Ni (ξ1, ξ2) : R × R → R are the shape functions, n is the number of nodes and Yi ∈ E3 are
the global coordinates of nodes. Note that the partial derivations are constant and Eqn. (3) is system of
linear equations for linear triangular segments. If higher order elements are taken into account, Eqn. (3)
results in the system of non-linear algebraic equations. The inequality constraints |ξ1| , |ξ2| ≤ 1 for
isoparametric segment γc are not explicitly imposed. The solution of the unconstrained problem lying
outside the permissible range indicates that the quadrature point does not penetrate onto the master
segment.

3. Nelder-Mead simplex method

Let us consider the minimization of the function f (2). The points xk
i , i = 1, 2, 3 define the current

simplex in two-dimensional space. We set up

xk
h = argmax

i

(
f
(
xk
i

))
, (5)
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xk
l = argmin

i

(
f
(
xk
i

))
(6)

as the points with maximum and minimum function value, respectively. Further, we define

x̄k
i =

∑2
i=1
i�=h

xk
i

2
(7)

as the center of the points xk
i with i �= h. At each stage xk

h is replaced by a new point. In Ref. (Nelder and
Mead, 1965), three operations are applied: reflection, contraction, and expansion. In our modification
only the reflection is considered. It is defined by

x∗ = x̄k
i + α

(
x̄k
i − xk

h

)
, (8)

where α is the reflection coefficient (positive constant). We choose α simply equal to one. Thus, the
simplex preserves regularity. In case that f(x∗) ≥ f(xk

h) the vertex with second highest value is reflected
instead of xk

h. When one of the vertices has still the same position, it indicates that the simplex rotates
above a local extremum. Therefore, the simplex edge length a is halved after m iterations. The number
of iteration m can be estimated by the empiric formula

m = 1.65n+ 0.05n2, (9)

where n = 2 for two-dimensional case.

4. Longitudinal impact of two plates

The longitudinal impact of two thick plates was studied, for which the analytical solution was available
(Brepta and Valeš, 1987). Despite the problem is two-dimensional one it could be used for testing
different methods for three-dimensional local contact search. The plates dimensions were: thickness
2d = 5 mm, length 2.5 mm. Young’s modulus, Poisson’s ratio and density, respectively, were E =
2.1 × 105 MPa, ν = 0.3, ρ = 7800 kg/m3. The plates made contact with initial velocity v0 = 1 m/s
prescribed at time t = 0 s (Fig. 2).

Fig. 2: Longitudinal impact of two plates

The analytical solution (Brepta and Valeš, 1987) utilizing the Laplace transform is rather complex.
The distributions of displacements and stresses are cast in the form of infinite series of improper integrals
which are evaluated numerically. For illustration, theoretical positions of wave fronts for a short time
after impact are plotted in Fig. 3. At the instant the faces of the plates come into contact there are aroused
elementary dilatation waves at all points of the contact area. The envelope of these waves is represented
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by a wave with a plane wave front, propagating in both directions at speed of dilatation waves c1. From
the boundary points A, D of the contact area emanates a reflected wave which continues propagating
in perpendicular direction to x, y plane at speed c1. Behind the dilatation wave the transversal waves
proceeds at speed c2. In the region bounded by plane wave fronts of the dilatation wave and by circular
wave fronts of the wave starting from the points A and D, the state of stress is the same as that encountered
by a longitudinal impact of half-spaces.

Fig. 3: Theoretical position of wave fronts for c1t/d = 0.56 after (Brepta and Valeš, 1987)

In view of symmetry, only one half of the plates was discretized using 100 × 100 eight-node linear
brick elements per each plate. For the integration of equilibrium equations, the central difference with
the lumped mass matrix was employed. The time step was chosen very small corresponding to the
dimensionless Courant number Co = 0.125.

−1 −0.5 0 0.5 1
−3

−2.5

−2

−1.5

−1

−0.5

0

0.5

x/d

σ
∗ x

theoretical
reference
contact

Fig. 4: Longitudinal stress distribution σ∗
x along x-axis for z/d = 0

The normalized longitudinal stress distribution σ∗
x = σxc1/Λv0 (Λ is Lamé’s constant) along x-axis

is drawn in Fig. 4. The results are plotted for normalized time c1t/d = 0.56 and coordinate z/d = 0, for
which no reflections from boundaries occur. Except the contact analysis a symmetric reference calcula-
tion was performed, where the longitudinal displacements of the front-end nodes of the plate were fixed.
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In Fig. 4 the contact solution is plotted by red line while the solution based on the reference calculation
is denoted by blue line. In addition, the theoretical solution corresponding to uniaxial strain condition
is plotted by the black line. Quite a good agreement between the contact and reference calculation was
observed. It should be emphasized that the symmetry of longitudinal stress distributions was perfectly
preserved in contact analysis. Thus, the capability of the Nelder-Mead simplex method implemented in
local search procedure was confirmed. It is clear that the numerical solution was influenced by dispersion
errors caused by both FE spatial and time discretization. In comparisons with the continuum solution the
speed of the longitudinal wave was slower. This fact follows from the theoretical dispersion diagrams
derived in Ref. (Plešek et al., 2010).

The normalized transversal stress distribution σ∗
z = σzc1/Λv0 along z-axis is drawn in Fig. 5. In

contrast to graphs in previous Fig. 4 these distributions are strongly influenced by the longitudinal and
transversal waves reflected from the boundary of plate. Before the arrival of these waves the solution
is identical to the constant values σ∗

z = −1 corresponding to a half-space impact problem. It should
be pointed out that the accuracy of analytical solution is strongly influenced by the number of terms
included in the series of improper integrals (Brepta and Valeš, 1987). The analytical solution plotted in
this paper was derived from the summation of the first 300 terms of this series.
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Fig. 5: Transversal stress distribution σ∗
z along z-axis for x/d = 0.4
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DETERMINATION OF BURST PRESSURE OF THIN-WALLED 
PRESSURE VESSELS 

�. Gajdoš, M. Šperl1 

Abstract: A simple fracture-mechanics based method is described for assessing a part-through crack in 
the wall of a pipe subjected to internal pressure of liquid and/or gas. The method utilizes simple 
approximate expressions for determining the fracture parameters K, J, and employs these parameters to 
determine critical dimensions of a crack on the basis of equality between the J-integral and the J-based 
fracture toughness of the pipe steel. The crack tip constraint is taken into account by the so-called plastic 
constraint factor C, by which the uniaxial yield stress in the J-integral equation is multiplied. The results 
of the prediction of fracture conditions are verified by burst tests on test pipes. 

Keywords:  Fracture mechanics, J integral, pressure vessels, burst tests 

!���ntroduction 

In thin-walled gas pipelines, similarly as in other (especially welded) structures, we should expect 
defects to occur. Under certain conditions, the defects can grow and they will gradually shorten the 
residual life of gas pipelines. Using fracture mechanics we can assess the threat that such defects can 
pose to the pipeline wall taking into account whether a brittle, quasi-brittle or ductile material is 
involved. A model description of crack-containing systems, based on the stress intensity factor (SIF), 
K, can be used for brittle and quasi-brittle fracture, and in addition for subcritical fatigue growth, 
corrosion fatigue and stress corrosion [1], [2]. In these cases, the surface crack is usually located in the 
field of one of the membrane tensile stress components or in the field of bending stress, or in a 
combination of these two stresses. In comparison with the dimensions of the crack and the cross 
section of the pipeline the extent of the plastic zone at the crack tip is small.  If the gas pipeline is 
made of a high toughness material, the plastic strains become extensive before the crack reaches 
instability. Hence, some elasto-plastic fracture mechanics methods,  such as J-integral, crack opening 
displacement, the two-criterion method or some other procedure, should be employed to assess the 
fracture condition of the pipeline [3], [4]. Because the method of determination of burst pressure of 
thin-walled pressure vessels utilizes simple approximate expressions for determining the fracture 
parameters K, J, a brief background of some fracture-mechanics formulae will be made first.  

2. A brief background of some fracture-mechanics formulae 
 
SIF for an axial through crack 
The stress intensity factor can be determined by equation (1) 

 cMK TI πσϕ=  (1) 

Where  tpD 2/=ϕσ  is the hoop stress, and 
MT         is the Folias correction factor, taking account of curvature of  a pipe  

One of the most widely used expressions to determine the Folias factor is the following [5]: 

 22

42

0135.0255.11
tR

c
Rt
cM T −+=   (2) 
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where   R     is the mean radius of the pipe, and 
             t      is the pipe wall thickness 
 
SIF for an axial  part-through crack 
 
Various methods are used for analyzing the problem of axial semi-elliptical surface cracks in the wall 
of a cylindrical shell (Fig. 1). 
 

 
Fig. 1  An external longitudinal semi-elliptical crack in the wall of a cylindrical shell 

 
A very good estimate of the stress intensity factor for such a crack is given by expression (3). 
 

 ( )( )
( )

TM
k

p

FkFI M
E

a
t
aMacEMK

πσϕ

�
�
�

�

�
�
�

 
"
#

$
%
&

'−+=   (3) 

This is an adjusted form of the Newman solution [6] for a thin-walled shell. Here 
 
MF    -   a function depending on the crack geometry (on the ratio a/c),  
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sin1    -  an elliptical integral of the second kind 

p  -  the function depending on the crack geometry (on the ratio a/c) and on the relative crack depth 
(on the ratio     a/t) 
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  -  the correction factor for curvature of a cylindrical shell and for an increase in 

stress  owing to radial strains in the vicinity of the crack tip 

Functions MF and p differ in form for the lowest point of the crack tip (point A in Fig. 1) and for 
the crack mouth on the surface of the cylindrical shell (point B in Fig. 1). 

The next fracture-mechanics parameter we need for determination of the burst pressure of a 
pipeline is J integral. The actual magnitude of this quantity will be compared to its critical value – the 
fracture toughness. From this comparison a magnitude of the burst pressure will result. 

3. Engineering methods for determination of J integral 

3.1 FC method 

This method was proposed in Addendum A16 of the French nuclear code [7] as the Js method. It stems 
from the second option of describing the transition state between ideally elastic and fully plastic 
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behaviour of material, that is to say from the function f2(Lr) of the R6 method [8]. This function takes 
the form:  
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where   
Lr = �/�L  (� – applied stress, �L – stress at the limit load) 
Re is the yield stress 
E is Young´s modulus 
�ref is the reference strain corresponding to the reference (nominal) stress �ref 

If we identify function f2(Lr) with function ( )
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 and express Lr as �ref / Re and elastic J 

integral Je as K2/ E´, where E´ =E for plane stress state and E´ =E / (1��2) for plane strain state, we 
have: 
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The stress  �ref  in the above equation is a nominal stress – i.e. a stress acting in the plane where the 
crack occurs. Taking into consideration the description of the stress-strain dependence by the 
Ramberg-Osgood relation (6) and  adjusting Eq. (5) we obtain the J-integral in the form (7). 
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where 
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As the pipeline is a body of finite dimensions, stress σ in Eqs. (7) and (8) is a nominal stress – i.e. 
a stress acting in the plane where the crack occurs.  Referring to the R6 method [8] this stress for the 
pipe containing longitudinal part-through thickness crack may be written as: 
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In eq. (9)     pD
2tφσ =    is the hoop stress  and the meaning of the symbols a, c, and t is clear from Fig.2.  

3.2 GS method 

The GS method was derived by Gajdoš and Srnec [9] on the basis of the limit transition of J-
integral, formally expressed for a semi-circular notch, to a crack, with the variation of the strain 
energy density along the notch circumference being approximated by the third power of the cosine 
function of the polar angle. If the stress-strain dependence is further expressed by the Ramberg-
Osgood relation (6)  with ε0 = σ0 / E, ( α, n – material constants) it can be arrived at  Eq. (10) 
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where σ is the nominal stress in the reduced cross-section of a body. For a pipe containing longitudinal 
part-through thickness crack it may be determined by the relation (9). 
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4. Accounting the constraint 

The crack tip constraint is accounted here by a simple procedure based on the so-called plastic 
constraint factor on yielding, C. This factor is given by the ratio of the stress needed to obtain plastic 
macrostrains under constraint conditions to the yield stress at a homogeneous uniaxial state of stress 
[10]. The C factor can be expressed by the relation (11) 

 1

HMH

C σ
σ

=  (11) 

 
where þHMH, the Huber-Mises-Hencky stress, is put equal to the yield stress.  

Let us now consider the state of stress at the crack tip in a thick-walled body, where the stress 
perpendicular to the crack plane, σ1, and the stress in the direction of the crack, σ2, are equal, and the 
stress in the direction of the thickness of the body, σ3, is governed by the expression σ3=ν(σ1 + σ2). 
Then, based on the HMH  criterion and assumed elastic conditions (ν ≅ 0.33), the plastic constraint 
factor C ≈ 3. If the stress in the thickness direction, σ3, falls within 2νσ1 and zero (thin-walled body), 
the value of the plastic constraint factor will range between C = 1 and C = 3. These data can be used to 
assess fracture conditions in gas pipelines with surface part-through cracks, employing a C-factor 
which has to be experimentally determined. After determination of the C factor the value of Cσ0 
would be used instead of the yield stress σ0 in relations for the calculation of J-integral. 
The C factor was experimentally investigated at the Institute of Theoretical and Applied Mechanics of 
the Academy of Science of the Czech Republic  in the framework of a broader project concerned with 
research of the reliability and operational safety of high pressure gas pipelines. Fracture conditions 
were investigated on five pipe bodies, made of steels X52, X65 a X70, with cycling-induced cracks. 
Data on the pipe bodies used, cracks in the walls, and mechanical and fracture-mechanical material 
properties of the bodies are given in Table 1. 
 

Tab. 1. Summary of data concerning the assessment of the fracture behaviour of pipe bodies 

Material X 52 X 65 X 65 X 70 X 70 
D (mm) 820 820 820 1018 1018 
t (mm) 10.2 10.7 10.6 11.7 11.7 
c (mm) 50 100 100 127 115 
a (mm) 7.0 7.7 7.0 6.7 7.1 

a/t 0.686 0.720 0.660 0.573 0.607
a/c 0.14 0.077 0.07 0.053 0.062

p (MPa) 8.05 9.71 9.86 9.86 9.55 
p/p0.2 1.034 0.750 0.769 0.800 0.775

�0 (MPa) 313 496 496 536 536 
� 2.40 5.34 5.34 5.92 5.92 
n 6.25 8.45 8.45 9.62 9.62 
C 2.1 2.4 2.4 2.0 2.07 

Jcr (N/mm) 487 432 432 439 439 
- T/�0 0.672 0.575 0.544 0.606 0.611
- Q 0.667 0.591 0.546 0.648 0.651

 

The individual rows in the table show the following data (top to bottom): body diameter D, body 
wall thickness t, half-length of longitudinal part-through crack c, crack depth a, relative crack depth 
a/t, aspect ratio a/c of a semi-elliptical crack, fracture pressure p, ratio of fracture pressure p and 
pressure p0.2 corresponding to the hoop stress at the yield stress, yield stress in the circumferential 
direction of the body σ0, Ramberg-Osgood constant α, Ramberg-Osgood exponent n, plastic constraint 
factor C, J-integral critical value Jcr, determined as Jm (corresponding to attaining the maximum force 
at the “force – force point displacement” curve), T-stress to yield stress ratio T/σ0,  and Q parameter. 
Values of σ0, α and n were derived from tensile tests and the values of Jcr from fracture tests run on 
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CT specimens. Values of the fracture pressure p were read at the moment the ligament under the crack 
in the pipe body ruptured. Values of the plastic constraint factor on yielding, C, were determined on 
the basis of J-integral in such a way that agreement was reached between the predicted and 
experimentally established fracture parameters for the given crack and fracture toughness of the 
material. The J-integral value was calculated from the GS method [9] on the one hand and the French 
nuclear code [7] on the other hand. 

It should be noted that in determining the C factor the critical value of J-integral established on CT 
specimens was considered– namely Jcr = 439 N/mm for steel X70, Jcr = 432 N/mm for steel X65 and 
Jcr = 487 N/mm for steel X52. It was found out by a computational analysis of CT specimens, 
employed to construct the R curve, that the Q parameter for these specimens had been Q = 0.267.  A 
comparison of this with the Q parameter for pipe bodies (Q ≈ -0.55 ÷ -0.65) reveals that the constraint 
in the CT specimens was much higher. This implies that the real fracture toughness – i.e. the critical 
value of J-integral, Jcr – was higher in the pipe bodies. The real C factor for a cracked pipe body is 
lower, so that the J-a curve for a pipe body is steeper than that for CT specimens with a greater C 
factor [11]. Due to this, the J integral for the axial part-through crack reaches the corresponding higher 
fracture toughness (for a lower constraint) for the same crack depth as the J integral with a higher C 
factor reaches lower fracture toughness (determined on CT specimens). The situation is illustrated in 
Fig.2.  

 
Fig. 2 Schematic J-a dependence for (i) a CT specimen, and  (ii) a pipe with an axial  

part-through crack 
 

Normalized T–stress values in Table 1 were obtained by the use of the plane solution – i.e. 
solution for an infinite length of a crack oriented longitudinally along the pipe. The problem was 
solved in the Institute of Physics of Materials, Brno, by the finite elements method. The solution 
included two steps: (i) a corresponding FEM network was established and corresponding boundary 
conditions were formulated for each crack depth, (ii) magnitudes of the stress intensity factor and the 
T-stress were calculated for each FEM network by means of the FEM system CRACK2D with hybrid 
crack elements. Values of the Q parameter were derived from Q – T/σ0 curves, obtained by O´Dowd 
and Shih [12] by modified boundary layer analysis for different values of the  strain coefficient 
(Ramberg-Osgood exponent, n). Strictly speaking, the Q parameter values from Table 1 do not 
correspond accurately to values for the examined cracks, because T-stresses were not computed for 
real semi-elliptical cracks, but for cracks spreading along the entire length of pipe body (a/c � 0). 
Nevertheless, with regard to the fact that the ratio of the depth to the surface half-length of examined 
cracks (a/c) was close to zero (a/c=0.053÷0.14), we can assume that the differences between real 
values of the Q parameter and the values listed in Table 1 will be small. Relations between the C and 
the Q parameter will be discussed later. 
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5. Burst tests 

For burst tests of pipe bodies it is usually sufficient that the length of the pipe between the welds of 
dished bottoms is at least 3.5 D. Such a length permits placing a number of starting cuts axially along 
the length of the body. The cuts are made to initiate crack growth when the body is subsequently 
pressurized by a fluctuating pressure of water. They can be made in several ways, of which one uses a 
thin grinding wheel. The smallest real functional thickness of such a wheel is about 1.2 mm and the 
corresponding width of the cuts made with it is approximately 1.5 mm. Depending on the type of pipes 
of which gas pipelines are built (seamless, spirally welded, longitudinally welded) the starting cuts can 
be provided in the base material, transition region or the weld metal, their orientation being axial, 
circumferential or along the spiral weld. The depth of an initiated fatigue crack must be at least 
0.5 mm along the whole perimeter of the cut tip so that the cut with the initiated crack at its tip can be 
considered as a crack after the pipe body has been subjected to cycling. This value follows from work 
of Smith and Miller [13]. 

As it was seen in the preceding section, the results of burst tests are presented in Table 1. The 
cracks were made in such a way that the test pipes were first provided with working slits and the check 
slits. The latter slits were of the same surface length as the working slits but their depth was greater. 
These check slits functioned as a safety measure to prevent cracks that developed at the working slits 
from penetrating through the pipe wall. For illustration, a DN1000 test pipe body of the working 
length 3.5 m is shown in Fig. 3.   
 

 
Fig.3 Test pipe body DN1000 with marking the starting cuts 

 

The check slits are denoted in Fig. 3 by a supplementary letter K. The material of the test pipe 
body is a thermo-mechanically treated steel X70 according to API specification. The pipe is spirally 
welded, the weld being inclined at an angle of ϕ = 62° to the pipe axis. It is provided with starting cuts 
oriented either axially or in the direction of the strip axis (i.e. in the direction of the spiral) and then 
along or inside the spiral weld. The cuts differ in length (2c = 115 mm or 230mm) and depth (a = 5, 
6.5, 7, and 7.5 mm). We are particularly interested in axial (longitudinal) slits situated aside welds 
because these are sites where axial cracks will be formed in the basic material of the pipe. 

Efforts were made in the fracture tests to keep the circumferential fracture stress below the yield 
stress, because the operating stress in gas pipelines is virtually around one half of the yield stress (and 
does not exceed two thirds of the yield stress even in intrastate high-pressure gas transmission 
pipelines). Calculations reveal that in order to comply with this, the depth of the axial semi-elliptical 
cracks should be greater than one half of the wall thickness. Oblique cracks should be even deeper, as 
the normal stress component opening these cracks is smaller. If the crack depth is to have a certain 
magnitude before the fracture test is begun, the depth of the starting slit should be smaller than this 
magnitude by the fatigue extension of the crack along the perimeter of the slit tip. At the same time, 
we should bear in mind that the higher the fatigue extension of the crack, the better the agreement with 
a real crack. 
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5.1 Procedure of the tests 

After the starting slits were made, the test pipes were subjected to water pressure cycling to produce 
fatigue cracks in the tips of the starting slits. The cycling was carried out in a pressurizing system, 
which included a high-pressure water pump, a collecting tank, a regulator designed to control the 
amount of water that was supplied and, consequently, the rate at which the pressure is increased in the 
pipe section. This was effected by opening by-pass valves. A scheme of the pressurizing system is 
shown in Fig. 4.  
 

 
 

Fig.4 Pressurizing system used for cyclic pressure tests of a test pipe body 
 

In cycling the cracks, the water pressure fluctuated between pmin = 1.5 MPa and pmax = 5.3 MPa, 
and the number of  pressure cycles was between 3 000 and 4 000. The period of a cycle was 
approximately 150 seconds. The cycling went on until a crack, initiated in one of the check slits, 
became a through crack. This moment was easy to detect, because it was accompanied by a water leak. 
By choosing an appropriate difference between the depths of the working slits and the check slits it 
was possible to obtain a working crack depth (= starting slit depth + fatigue crack extension) 
approximately of the required size. To run a test for a fracture, however, it was necessary to remove 
the check slit which had penetrated through the wall of the test pipe from the body shell and to repair 
the shell, e.g. by welding a patch in it. 

After removing the check slit with a crack which penetrated through the wall, and repairing the 
shell of the test pipe, the pipe was loaded by increasing water pressure to burst. The test procedure, 
which was common to all test pipes, will now be briefly described for the DN1000 pipe shown in Fig. 
3. As the figure suggests, slits A, A´, B and B´ were oriented along the axis of the pipe. The nominal 
length of notches B, B´ had twice the length of notches A, A´, but they were shallower. As mentioned 
above, cracks at the slit tips were extended by fluctuating water pressure, and this proceeded until the 
cracks from the check slits (BK, BK´) grew through the wall and a water leak developed. Then the 
damaged parts of the shell were cut out, patches were welded in their place, and the test pipe was 
monotonically loaded to fracture at the location of crack B or B´. The burst of the test pipe at crack B 
is shown in Figs. 5 and 6 (in detail).  
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Fig.5 Burst initiated on the slit B with a fatigue crack 
 

 
 

Fig.6 Burst initiated on the slit B - detail 

Evidently, at the instant of fracture the crack spread not only through the remaining ligament, but 
also lengthwise. It means the LBB criterion was not observed. After removing the part of the pipe 
shell with crack B, a patch was welded in and the second burst test followed. In the Table 2 there are 
extracted from Table 1 the numerical values of the geometrical parameters, the J-integral fracture 
values, the Ramberg-Osgood constants, the fracture pressure and the fracture depth for cracks B and 
B´, respectively.  

 

5.2 Prediction of fracture parameters 

Fracture parameters for a cracked pipe, i.e. the crack size for a given pressure and/or the pressure for a 
given crack size, can be predicted by solving Eq. 12 (GS method) or Eq. 13 (FC method) for the 
unknown fracture parameter ( e.g. crack depth a and/or pressure p). 

 
( )

n 12

cr
0

2 nK 1 J
E n 1 C

α σ
σ

− �' $
� �+ =% "′ +� �& #� �

 (12) 

 ( )22
0

cr

0.5 CK A J
E A

σ σ �
� �+ =

′ � �� �
 (13) 

In the above equations K is given by Eq. 3,  � is given by Eq. 9 and A is  
n 1

0

A 1
C

σα
σ

−
' $

= + % "
& #

. 

330 Engineering Mechanics 2012, #67



 
 

Jcr in Eq. 12 and 13 is the critical magnitude of the J integral – the fracture toughness – taken here 
as the value Jm and �, n, �0 are the Ramberg-Osgood parameters of the steel in the hoop direction. 

As it can be deduced from Table 1 the crack B fractured first, namely when the water pressure 
reached the value p = 9.55 MPa. The damaged part of the pipe shell was then cut out, the fracture 
surfaces were released to enable their fractographic examination. The missing part of the shell was 
replaced by welding a patch on it. In the second burst test the crack B´ fractured at the pressure p = 
9.86 MPa. After cutting out the damaged part of the pipe shell the fracture surfaces were released and 
were then subjected to fractographic examination. The results are digestedly presented in Table 2. 

Tab 2. Some characteristics referring to crack B and crack B´ 

Characteristics Crack B Crack B´ 
CRACK DIMENSIONS 
half-length, c (mm)  115 127 
depth in fracture, af (mm) 7.1 6.7 
RAMBERG-OSGOOD PARAMETERS 
� / n /�0 (MPa) 5.92 / 9.62 /536 5.92 / 9.62 /536 
FRACTURE TOUGHNESS 
Jcr = Jm (N/mm) 439 439 
FRACTURE PRESSURE  
pf (MPa) 9.55 9.86 

 

It is seen from here that the crack depth at fracture was 7.1 mm for crack B and 6.7 mm for crack 
B´. These values are also shown in the last two columns of Table 1. 

Now let us predict the fracture conditions according to engineering approaches, and compare the 
prediction results with real fracture parameter values (pressure, crack depth). As it was already stated 
the procedure for verifying the predictive engineering methods involves determining either the fracture 
stress for a given (fracture) crack depth or the fracture crack depth for a given (fracture) pressure. To 
illustrate this, we select the latter case – i.e. determining the fracture depth of a crack for a given 
(fracture) pressure. We will not use directly Eqs. 12 and 13 but general dependences of the J integral 
(given by the left-hand side of  Eqs. 12 and 13) on the crack depth a. Fig. 7 shows the J-integral vs. 
crack B depth dependences, as determined by the FC and GS predictions for the fracture hoop stress 
corresponding to the measured fracture pressure. When using appropriate equations to determine J 
integrals, the following parameters were used: D = 1018 mm; t = 11.7 mm ; p = pf  = 9.55 MPa; c = 
115 mm; ÿ = 5.92; n = 9.62; þ0 = 2.07×536 = 1110 MPa (i.e. C = 2.07).   

Similarly, Fig. 8  shows J - a dependences for crack B´. 
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Fig.7 Prediction of the fracture depth for the crack B  ( p = pf = 9.55 MPa and C = 2.07) 
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Fig.8 Prediction of the fracture depth for the crack B´  ( p = pf = 9.86 MPa and C = 2.0) 
 

6. Conclusions 

On the basis of both experimental work and a fracture-mechanical evaluation of experimental results, 
an engineering method has been worked out for assessing the geometrical parameters of critical axial 
crack-like defects in a high-pressure gas pipeline wall for a given internal pressure of a gas.  
The method makes use of simple approximate expressions for determining fracture parameters K, J, 
and it accommodates the crack tip constraint effects by means of the so-called plastic constraint factor 
on yielding, C. Involving this idea in the fracture analysis leads to multiplication of the uniaxial yield 
stress by the C factor in the expression for determining the J-integral.   

Two independent approximate equations for determining the J-integral provided very close 
assessments of the critical geometrical dimensions of part-through axial cracks. 

With the use of the crack assessment method proposed, the critical gas pressure in a pipeline can 
also be determined for a given crack geometry.   
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NONLINEAR FINITE ELEMENT ANALYSIS OF CIRCULAR 
REINFORCED CONCRETE COLUMNS RETROFITTED BY STEEL 

JACKETS

A. Guran1, M. Zakariaey2

Abstract: This paper after a review of confinement methods for strengthening reinforced concrete 
structures uses a finite element technique to study the nonlinear behavior of circular reinforced 
concrete retrofitted with steel jackets under cyclic loading. Optimal thicknesses of the steel jackets are 
obtained and tabulated according to the geometry of columns. The numerical results are compared to 
experimental results of Priestley et al (1996) and   Hwang and Kuo (2000). 

Keywords: Steel jacket, shear strength, finite element method, reinforced concrete column.  

1. Introduction 

As the reinforced concrete structures continue to age, the need foreffective retrofittreatments has 
increased. Many building and bridge structuralcomponents no longerprovide capacity sufficient to 
meet the required code standards.Seismic upgrading and reinforcement protection are two of the 
majorissues requiring retrofits. Further,many aging structural members no longer provide the load 
capacity ofthe original design because of steel corrosion, concrete cracking, orother damage. 

Currently applied methods for retrofitting reinforved concrete columns includesteel jacketing 
(Priestly et al, 1994, 1996), fiber reinforcedpolymer(FRP) jacketing (Saeedii et al ...), and 
Prefabricated CageSystem (PCS) reinforcement (Adam et al). All three methods havebeen shown to 
effectively in increase the strenth and capacity ofreinforced concrete columns.  

2. Finite Element Analysis of Circular Columns Retrofitted by Steel Jackets

Figure 1 shows the configuration the circular concrete columnretrofited by steel jacket. The elements 
selected for finite elementanalysis using ANSYS are: 8 node element SOLID65 with 3 degrees 
offreedom (for concrete), 8 node element SOLID45 with 3 degrees offreedom (for steel), and 3D 
element TARGE 170 (forcontact between concrete and jacket), bar element LINK8 
(forreinforcements). 

Fig. 1: circular concrete column retrofitted by steel jacket. 

The geometry of the column and material properties ofconcete, steel jacket and reinforcements are 
taken from Priestly et al (1994). The cyclic load applied on top of the column in horizontaldirection is 
shown in figure 2. 

1 Professor, Technical University of Munich (Germany), Director, Institute of Structronic, 275 Slater Street, 9th 
Floor,Ottawa, Canada. Corresponding Author, ardeshir.guran@mcgill.ca
2 Research Assistant, Institute of Structronic, 275 Slater Street, 9th Floor,Ottawa, Canada. 
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Fig. 2: Transverse loading: Horizontal Displacement control 

Figure 3 shows the comprison of the finite element analysis with thoseof experiments by Priestly 
et al (1994) and by Huang Hwang and Kuo(2000). 
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Fig. 3: A. Comparison of envelopes for FEM model and experiments (Priestley et al, 1994)  
B. Comparison of envelopes for FEM model and experiments (Hwang and Kuo, 2000) 

Using the fact that optimal thickness corresponds to the situation inwhich the yielding in steel 
jacket and cracks in concrete occurressimultaneously together with transfer of load from concrete to 
steeljacket a procedure is proposed to calculate the optimum thickness ofthe column. 

3. Concluding Remarks 

In conclusion, the following remarks can be made. More details are given in full length version of this 
paper which is available in CD proceeding of conference. 

1. The Steel Jackets are beneficial in Earthquake Design of structures  
2. Thickness and tensile strength of steel jackets have significant influence on increasing the 

strength against Earthquake  
3. Compressive strength of R.C has significant effects on Earthquake resistance of columns 

retrofitted by steel jackets  
4. Effects of axial loads and reinforcement  on strength of column are not drastic.  
5. A procedure for determination of optimal thickness of steel jacket for maximum shear strength 

was proposed. The results are tabulated according to height and diameter of the columns.  
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NUMERICAL SIMULATION OF TWO-PHASE FLOW IN A LOW
PRESSURE STEAM TURBINE STAGE

J. Halama∗, J. Fořt ∗∗

Abstract: The paper deals with the numerical solution of two phase unsteady flow in a steam turbine stage
performed by in-house numerical code. The main issues related to the flow model, numerical method and
problem formulation are presented. The effect of droplet size of incoming wet steam is discussed.

Keywords: Finite volume method, turbine, nucleation, wet steam, CFD.

1. Introduction

The paper presents the results of recent work aimed at the simulation of steam flow with non-zero wetness
at the inlet. The problem formulation requires the complete information about the structure of incoming
liquid phase. It is relatively easy to estimate the inlet wetness, however the flow models have other
unknowns, which have to be set. The presented model is based on the transport equations for three
moments. The values of these moments for the inlet boundary condition have been estimated using
numerical simulation of upstream expansion. Numerical test have shown, that numerical solution is
quite sensitive to the given values of moments. This phenomenon has been studied for the steady flow in
the nozzle. Similar effects have been observed in the case of unsteady flow in a turbine stage.

2. Flow model

Consider the flow of steam with velocity, pressure and temperature corresponding to the conditions
within the low pressure part of a steam turbine. The rapid expansion of steam leads to non-equilibrium
phase change, i.e. the condensation appears ’later’, when the steam temperature drops sufficiently below
the saturation temperature. This ’sub-cooling’ is typically 30 − 40 K. Consider the liquid phase in the
form of high amount of small spherical droplets dispersed in vapor and having the same velocity as the
vapor. There is a mass exchange between vapor and droplets due to phase change. The flow model is
based on the conservation of mass, momentum and energy for the mixture and the transport equation for
the mass fraction of liquid phase. Such kind of model, known also as ’mixture model’, is commonly
used, e.g. Dykas et al (2003), Young (1992) or Šejna and Lain (1994). The droplet size is an important
parameter. In reality there is a whole spectra of droplet sizes in the elemental volume of mixture. Flow
models are mostly based on the average radius approximation, therefore the mentioned set of transport
equations has to be complemented at least by the transport equation for the number of droplets, e.g.
Dykas et al (2003). Here we consider three additional transport equations for the moments according
to Hill (1966) to obtain higher precision of average droplet size prediction and to be able to add some
simple model of droplet size distribution, for details see Halama et al (2010). The moments read:

Q0 = N, Q1 =

N∑
i=1

ri, Q2 =

N∑
i=1

ri,
2 (1)
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where N denotes the total number of droplets per unit mass and ri is the radius of i − th droplet. The
average droplet radius is approximated by r =

√
Q2/Q0. The full system of transport equations reads

∂W

∂t
+

∂F(W)

∂x
+

∂G(W)

∂y
= Q, (2)

W =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ρ
ρu
ρv
e
ρχ
ρQ2

ρQ1

ρQ0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
, F =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ρu
ρu2 + p
ρuv

(e+ p)u
ρχu
ρQ2u
ρQ1u
ρQ0u

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
, G =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ρv
ρvu

ρv2 + p
(e+ p)v
ρχv
ρQ2v
ρQ1v
ρQ0v

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
, Q =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0
0
0
0

4
3πr

3
cJρl + 4πρQ2ṙρl
r2cJ + 2ρQ1ṙ
rcJ + ρQ0ṙ

J

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
,

where ρ, u, v and e denotes the mixture density, velocity components and total energy per unit volume
respectively. The symbol χ denotes the mass fraction of liquid phase (wetness). Under the perfect gas
assumption the system is closed by the equation

p =
(γ − 1)(1− χ)

1 + χ(γ − 1)

[
e− 1

2
ρ(u2 + v2) + ρχL

]
, (3)

for further details see Šejna and Lain (1994) and Halama et al (2011). The common pressure for both
phases is considered. The system (2) turns into the 2D Euler equations for the one phase flow if liquid
phase vanishes (χ = Q0 = Q1 = Q2 = 0).

The specific heat ratio reads
γ =

cp
cp −Rv

, (4)

where Rv is the gas constant for vapor and the specific heat at constant pressure cp is a function of
temperature in form

cp = c0 + c1T + c2T
2 + c3T

3. (5)

According to the perfect gas assumption the vapor temperature

T =
p

ρvRv
, ρv = (1− χ)ρ. (6)

The number of suddenly born droplets per second in unit volume is given by the nucleation rate according
to classical theory in Becker and Doering (1935)

J =

√
2σ

πm3
v

· ρ
2
v

ρl
· exp

(
−β · 4πr

2
cσ

3kBT

)
[m−3s−1], (7)

where the surface tension σ of water is a function of temperature and it is corrected by the coefficient β
proposed in Petr and Kolovratnı́k (2001) to get better agreement with reality

β = 1.328p0.3cor, (8)

where pcor [bar] denotes the pressure at the intersection of the isentropic expansion from reservoir con-
ditions (p0 and T0) with the steam saturation line in the Mollier diagram, see the Fig. 1. The just born
droplet has radius equal to the critical radius

rc =
2σ

Lρl ln(Ts/T )
[m], (9)

where L(T ) is the latent heat of condensation/evaporation and ρl(T ) denotes the density of water. The
saturation temperature Ts is computed using industrial formulation of steam properties IAPWS-IF97.
Droplet growth is computed as

ṙ =
λv(Ts − T )

Lρl(1 + 3.18 ·Kn)
· r − rc

r2
[ms−1], (10)
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Fig. 1: Definition of pcor.

with

Kn =
ηv ·

√
2πRvT

4rp
(11)

where vapor thermal conductivity λv and vapor viscosity ηv are functions of temperature.

We consider a certain limit value χmin for wetness in order to avoid big computational errors (e.g.
division by numbers going to zero, . . . ). The average radius is therefore computed as

r =

〈
0, χ ≤ χmin,√

Q2/Q0, χ > χmin.
(12)

Flow models based on the average size of droplets may not work properly in certain conditions, therefore
according to Sopuch (1996) we split the evaluation of source term Q into four cases

1. T ≥ Ts and r ≤ rmin: all droplets have disappeared, i.e. set χ = Q0 = Q1 = Q2 = 0

2. T ≥ Ts and r > rmin: droplets are evaporating, set rc = 0 in Eq. (10)

3. T < Ts and r ≤ rc: consider nucleation only, set ṙ = 0

4. T < Ts and r > rc nucleation and droplet growth according to the above formulas

The value of rmin is chosen appropriately.

There can be a problem with direct evaluation of droplet growth speed according to the Eq. (10), since
the critical radius goes to infinity, when the vapor temperature approaches the saturation temperature.
From the mathematical point of view this growth is controlled by the term (Ts − T ), which is going to
zero at the same time, so the droplet growth speed ṙ remains finite. However direct implementation of
the Eq. (10) in the numerical code is dangerous, since the product of ’almost infinity’ with ’almost zero’
has unpredictably unstable behavior. Therefore we consider both equations (9) and (10) together in the
form

ṙ =
λv(Ts − T )

Lρl(1 + 3.18 ·Kn)

r − rc
r2

=
λv

Lρl(1 + 3.18 ·Kn)

(
Ts − T

r
− 2σ

Lρlr2
· Ts − T

ln Ts
T

)
, (13)

where the term
Ts − T

ln Ts
T

(’zero’ divided by ’zero’ for T going to Ts) is approximated using the first six

terms of Taylor expansion

Ts − T

ln Ts
T

= T
Ts
T − 1

ln Ts
T

= 1 +
1

2
ϑ− 1

12
ϑ2 +

1

24
ϑ3 − 19

720
ϑ4 +

3

160
ϑ5, ϑ =

Ts

T
− 1. (14)

This approximation yields stable numerical algorithm for cases with steam parameters close to saturation
line.
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3. Numerical method

Presented flow model includes convection, nucleation and droplet growth phenomena, which have very
different time scales. Current numerical method is based on the splitting method of Strang (1968), where
each phenomena is treated by individual numerical method. We use symmetrical splitting, i.e. we solve
three successive equations

∂W∗

∂t
= Q(W∗) (15)

∂W∗∗

∂t
= −∂Fc(W∗∗)

∂x
− ∂Gc(W∗∗)

∂x
(16)

∂W∗∗∗

∂t
= Q(W∗∗∗), (17)

where W∗(t) = W(t), W∗∗(t) = W∗(t + Δt/2) and W∗∗∗(t) = W∗∗(t + Δt). The solution
W∗∗∗(t+Δt/2) corresponds to the solution W(t+Δt) of the original un-split system (2). The single
step of Lax-Wendroff finite volume method is applied for (16) and several steps of Runge-Kutta method
evaluate the source term contribution in (15) and (17). The algorithm of splitting method reads

W
(j+1)
K = RK(W(j)

K ,
Δt

2m
), j = 0, . . . ,m− 1

W
(m+1)
K = FV(W(m)

K ,Δt)

W
(j+1)
K = RK(W(j)

K ,
Δt

2m
), j = m+ 1, . . . , 2m

(18)

where W
(0)
K = Wn

K , Wn+1
K = W

(2m+1)
K , FV(Wn

K ,Δt) denotes one step of Lax-Wendroff method
with initial data Wn

K and time step Δt (subscript ·K denotes the K-th cell and superscript ·n n-th time
level). Similarly RK(Wn

K ,Δt) denotes one step of the Runge-Kutta method. The local number of sub-
steps is m = Δt/τ , where τ is the time scale of condensation and Δt is the time step of finite volume
method for the equation (16). Domain of solution is discretized by the body fitted quadrilateral structured
mesh.

4. Wet steam flow in the convergent-divergent nozzle

Current numerical method has been verified for the case of steam flow in the Barschdorff nozzle, for
details see Halama et al (2011). There have been performed also computations of steam flow in a turbine
cascade and turbine stage. All cases have been chosen to have steam temperature slightly below satu-
ration temperature and zero wetness at the inlet, nucleation then starts inside the domain. Recent work
has been aimed at the case of flow with nonzero wetness at the inlet. Since it is practically impossible to
get reliable information about the droplet size structure of incoming steam, some basic numerical study
for case of flow in a nozzle has been performed. The inlet boundary condition besides the the value of
wetness requires also the values for moments, which have been estimated using numerical simulation of
upstream expansion. The values of moments can be thus subjected to certain error. The following test
cases investigate the sensitivity of numerical solution on the values of moments of incoming wet steam,
in other words the sensitivity on the size of incoming droplets. Consider the geometry of Barschdorff
nozzle from Barschdorff (1971) and three flow cases, which differ only in moments of incoming wet
steam. The outflow static pressure corresponds to the design conditions of nozzle, this means supersonic
velocity at the outlet and therefore no outlet boundary condition. Parameters of the flow cases are given
in the Table 1.

Computed pressure, Mach number, wetness and average radius distributions along the nozzle axis
are presented in the Fig. 2. The inflow droplet size in the case 1D-A is comparable to the critical radius,
therefore the droplet growth given by the Eq. (13) is close to zero and the vapor sub-cooling grows
til the rear part of the nozzle. The nucleation, which starts at the rear part is hardly noticeable, since
the inflow vapor contains too many (too small) droplets so the number of newly born droplets does not
increase much the number of already existing droplets. The wetness rise due to the nucleation is also
small. If we consider bigger droplets at the nozzle inlet, see the case 1D-B, droplets gradually grow and
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Tab. 1: Parameters of considered flow cases.

case 1D-A 1D-B 1D-C

p0,inlet [Pa] 21061 21061 21061

T0,inlet [K] 334.3 334.3 334.3

χinlet [−] 0.349 0.349 0.349

Q0,inlet [kg
−1] 0.118 · 1023 0.111 · 1019 0.111 · 1013

Q1,inlet [mkg−1] 0.112 · 1012 0.111 · 1011 0.111 · 107

Q2,inlet [m
2kg−1] 0.392 · 103 0.111 · 103 0.111 · 101

the sub-cooling is small, it means that local wetness is close to the local equilibrium wetness. Since the
sub-cooling is small, there is no nucleation. The last case 1D-C considers the biggest droplets at the
inlet. Wetness rise due to droplet growth is negligible compared to the case 1D-B since the total surface
of droplets which is proportional to the second moment Q2 is small. The vapor sub-cooling grows and
downstream the throat nucleation starts, which yields significant droplet size drop. The present model
with single average size of droplets is no more suitable for such case, because it is not able to distinguish
two groups of droplets with very different sizes. All three cases refer to the considerable sensitivity
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Fig. 2: The distributions along nozzle axis.

of condensing steam flow model on the structure of liquid phase at the inlet. Therefore one has to be
very careful with the estimation of inlet boundary conditions as well as with conclusions about results of
numerical simulation.
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5. Stator-rotor interaction

Here we present the first results of unsteady stator-rotor interaction with the non-zero wetness at the
inlet. A two-dimensional case corresponds to the cylindrical cut from the real annular stage projected
onto plane. The set of equation (2) is solved in the coordinate system attached to the each respective blade
cascade, i.e. in the absolute frame for stator and in the relative frame for the rotor. Numerical domain
consists of 8 stator and 11 rotor blade passages to keep the original ratio of stator to rotor number of
blades. Computational grid consists of single H-type structured block per each blade channel. The single
stator channel is discretized by 112x45 points and the single rotor one using 141x33 points, see the Fig.
3.

Fig. 3: Detail of computational grid at stator-rotor interface.

Initial computations have been performed for inlet boundary conditions related to the case 1D-A for
the nozzle and outlet static pressure 4165 Pa. Numerous tests with relaxed time step, increased artificial
dissipation etc. were performed to suppress the appearance of oscillations in the stator cascade. The
regularization of droplet growth model, see the Eq. (13) and (14), helped to stabilize the numerical
algorithm, although some oscillations of solution in the stator cascade remained, see the wetness isolines
in the Fig. 4. These oscillation have most probably their origin in ’too small’ size of droplets . The

Fig. 4: Wetness contours at t = t0 for ’too small’ droplets at the inlet

values of moments for that case have been obtained from numerical solution in upstream stage, where
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nucleation took place close to stage outlet and the numerical simulation under-predicted the size of
droplets. Therefore we further present the case with ’bigger’ droplets (the moments Qi were modified).

We compare two cases. The case 1, which models only convection of wet steam, i.e. the source term
including nucleation and droplet growth is omitted. The case 2 considers the solution of complete system
with nucleation and droplet growth. Both cases have the same boundary conditions, the inlet boundary
conditions corresponds to the case 1D-B for the nozzle in the previous section. The outlet static pressure
is 4165 Pa. The Fig. 5 shows isolines of pressure in two consequent positions of rotor cascade during
the rotor movement of one rotor pitch (the time necessary for the rotor shift of one pitch is denoted as
τR). The flow field in the stator cascade does not contain shock waves, the pressure field between stator
and rotor is without strong gradients. The structure of isolines for different rotor positions is thus very
similar. The following figures 6 - 8 show isolines of wetness, vapor sub-cooling and average droplet
radius respectively. These figures does not contain the results of case 1, since this case models only pure
convection of vapor with parameters given by the inlet boundary conditions, i.e. the Figures 6 - 8 for the
case 1 would show only a constant value everywhere.

(a) t = t0, case 1 (b) t = t0 + 0.5τR, case 1

(c) t = t0, case 2 (d) t = t0 + 0.5τR, case 2

Fig. 5: Pressure field.

6. Conclusions

Current numerical method has been successfully extended for the cases with non-zero wetness of incom-
ing steam. The droplet growth model has been regularized. The numerical method has stable behavior
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(a) t = t0, case 2 (b) t = t0 + 0.5τR, case 2

Fig. 6: Wetness contours.

(a) t = t0, case 2 (b) t = t0 + 0.5τR, case 2

Fig. 7: Vapor sub-cooling contours.

in the case of steady flow in a nozzle as well as unsteady flow in a turbine stage. The sensitivity of
numerical results on the droplet size of incoming steam has been reported. The results achieved for cases
with identical wetness and different sizes of droplets at the inlet have shown, that the droplet size has
a non-negligible effect also for pressure distribution in the whole computational domain. One has to be
careful with the problem formulation, since the values of moments at the inlet has to be usually estimated
by numerical simulation and thus they may be deteriorated by some errors. This work showed the need
for improved droplet growth model to get more reliable droplet size prediction.
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(a) t = t0, case 2 (b) t = t0 + 0.5τR, case 2

Fig. 8: Average droplet size [μm].
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TESTING OF MECHANICAL PROPERTIES OF NATURAL STONES 
USED AS A BUILDING MATERIAL 

H. Hasníková* 

 

Abstract: Further presentation of some destructive and non-destructive methods for investigation 
of mechanical properties of natural stone quarried and used as a building material in Bohemia 
in the past is the aim of the paper. Tested samples were made both from virgin material from existing 
quarries (e.g. sandstone from Ho ice) and from material got from historical constructions (various 
sandstones from the Charles Bridge in Prague), which was built-in for a long time. The flexural strength, 
the compressive strength and Young modulus were obtained from the basic destructive tests. Before these 
tests the identical samples were investigated non-destructively by ultrasound and so called peeling test so 
that the two ways of testing could be compared at the end. 

Keywords:  Mechanical properties, non-destructive testing, natural stone, historical buildings 

1. Introduction 

Historical buildings are part of cultural heritage and have to be maintained as the other structures 
to survive for next generations. Diagnosis of structures works not only with structure condition 
from static point of view, but also with condition of used material. Material properties are influenced 
e.g. by loading of the structure or environment. Preliminary diagnosis operates with both destructive 
and non-destructive testing. Methods of non-destructive testing are easy to handle mostly and could be 
done in-situ; do not leave any damages and give quick results. The results should be taken 
as a primary estimation. Destructive testing operates with samples cut from the structure. Results are 
exact, but the process is more time-consuming and leaves marks at the structure. Both ways of testing 
have their advantages and it is very useful to combine them. 

2. Experimental work 

2.1. Material specification 

Various types of sedimentary rocks, which have been found in Prague region in medieval ages, were 
tested. Virgin samples from existing quarries have been investigated so that new material could be 
compared with material already used in the structure; they were made from marlit stone, so called 
opuka stone, travertine and fine grained quartz sandstone from Ho�ice. Opuka stone is one of the most 
typical historical materials used in medieval ages in Prague and is composed of clay and calcareous 
elements with organic components (sponge and foraminifer shells). Horizontal layering is conditioned 
by lamination which manifests as alteration of lighter and darker laminae of thickness of 1-2 mm. 
The average value of bulk density is 2080 kg.m-3 and porosity of “opuka” stone is 21.28 %. 

Generally in the past travertine was used for monumental structures, because it resists very well 
to weathering. Nowadays it is one of the most popular natural stones used as a decorative element 
of facades. Travertine composes from bifurcated clusters of micrite (calcite) and as accessories have 
been identified small quartz clasts inside the stone. Pores distribution resulting from mercury 
porosimetry shows that there is not one dominant characteristic pore diameter but it varies from 10 :m 
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to 100 :m. The origin of pores is connected with decomposition of organic material buried in created 
sediment. The average value of bulk density is 2530 kg.m-3 and porosity of travertine is 21.28 %. 

Sandstone from Ho�ice quarry is often used for reconstructions of historical buildings in Prague 
region. Quartz and kaolinite are the main mineralogical components of the stone; it also contains light 
fragments of clay in some places. There are flakes of mica as an accessory in the stone. Cement is 
composed from kaolinite. The average value of bulk density is 1810 kg.m-3 and porosity of Ho�ice 
sandstone is 25.84 %. 

The other sandstone samples were made from stone blocks taken from the Charles Bridge. Light 
pinkish-grey hard porous arkose is coarse grained sandstone from Žehrovice. Clast´s main component 
is quartz, the other participating elements are fine-grained quartzite, siltstones and feldspar. There are 
heavy metals and flakes of mica as accessories in the stone. The average value of bulk density is 
2110 kg.m-3 and porosity of arkose is 16.59 %. 

Hard sandstone with ferruginous cement from Pet�ín quarry is dark brown quartz stone 
with claystone fragments as accessories. Clasts compose of quartz, “iron quartz” and siltstones. 
Stratums were obvious at the samples. The oldest part of cement, limonite-goethite acts as a corrosion 
sealant, which is covered by the others - kaolinite, apatite, quartz and potassium feldspar cements. 
The average value of bulk density is 2020 kg.m-3 and porosity of sandstone is 24.84 %. 

Middle grained crumble porous sandstone from Nehvizdy quarry has horizontal layering 
conditioned by alternation of middle grained lamins and fine grained lamins. Main component of both 
clasts and cement is quartz. Yellow coloured cement is also made of quartz, here in the form 
of discontinuous coat on the surface of grains. The average value of bulk density is 1940 kg.m-3 and 
porosity of sandstone is 24.33 %. 

2.2. Specimens and test conditions 

The initial shape and size of test specimens in a form of beams was chosen according 
to the specifications for testing of mechanical characteristics. Therefore, the basic specimen 
dimensions were 50 mm x 50 mm x 300 mm as the European Standard EN 12372:2006 dealing with 
flexural strength requires. The test specimens were manufactured within standard tolerance limits 
and dimensions were measured with accuracy of 0.1 mm (as required by EN 13373). Compression test 
specimens were grinded according to the standard tolerance (�SN EN 1926) from remaining beam 
halves after bending tests. Dimensions of these cubes were 50 mm x 50 mm x 50 mm, also measured 
with accuracy of 0.1 mm. 

All the specimens were tested in the laboratories of ITAM with environment basically specified 
by temperature and relative humidity. Specimens themselves were conditioned for two physical states 
- the dry conditions and fully water saturated conditions; described in the Czech Standard �SN EN 
1936. Before testing the specimens were stored in a climatic chamber (for standard tests in "dry 
conditions") at 70°C ± 5°C till an equilibrium state of moisture content which was measured 
by weighing in intervals of 24 ± 2 hours with accuracy of 0.1 g. At the equilibrium state the mass do 
not change more than 0.1 % of the mass of the test specimen. After drying and before testing 
specimens stayed in an environment with the temperature of 20°C ± 5°C and very low humidity till 
the temperature is balanced, the test then was carried out within 24 hours. 

Fully water saturated conditions were arranged by long-term storage of specimens in a container 
with water so that all the pores could be filled by water. The water absorption was natural because no 
vacuum or negative pressure was used. Specimens were also weighed in intervals of 24 ± 2 hours with 
accuracy of 0.1 g and at fully saturated state it was assumed, that the mass does not change more than 
0.1 % of the mass of test specimen. 

2.3. Test set up and measured quantities 

Ultrasonic tests carried out on basic specimens before bending, because following the orientation 
of sedimentation layers and controlling an assumed direction of ultrasonic transmission is easier 
on the beams than on the cubes. Non-destructive peeling test that focuses mainly on near surface 
cohesion characteristics were made on beams before bending, too. 
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The ultrasonic speed propagation was measured in longitudinal direction, i.e. ultrasound 
propagation goes along the beam. Device used for testing was UKS 12 produced by Geotron 
Elektronik. It composes of a generator of electric impulses, two transducers (a transmitting one 
and a receiving one) and microsecond timer. The timer has a screen where a received wave is shown 
so that the time of wave´s passaging through the sample could be read. Frequency used 
for measurements was 20 kHz. Test conditions followed Czech technical standard �SN EN 14579: 
Natural stone test methods – Determination of sound speed propagation (a Czech version 
of the European Standard EN 14579:2004) and composition is shown on Fig. 1. 

Ultrasound velocity c [km.sec-1] has been calculated according to (1): 

 
t
Lc �  (1) 

Dynamic modulus of elasticity could be calculated from ultrasound speed propagation c 
and bulk density * [kg.m-3] of the material, see (2) below: 

 *2cE �  (2) 

 

 
Fig. 1:  Tested beam sample with transmitting transducer (left) and receiving transducer (right) 

Peeling test is used for determination of material’s surface strength. It can be used for surface 
degradation and/or for assessment of surface properties improvement by consolidation agent 
application. In the course of the test set of adhesive strips (made of pressure-sensitive tape) is 
in sequence attached and then removed from the same surface area and weight of the removed material 
is determined by laboratory scales. The process model expects some asymptotic value of removed 
material to reached by the end of the test (and denoted as A [g]). This value characterizes surface 
strength and should be related to the material’s overall strength. The values of A should be indirectly 
proportional to material’s strength. 

Peeling was studied using double side opaque plastic tape 18 mm in width and 40 mm in length 
(Doppelband Stark 50 kg). The strips were stuck to the surface and smoothed with gentle finger 
pressure. Thereafter they were removed by pulling at an angle of 90°, and weighed on a balance with 
sensitivity of 0.0001 g, for better illustration see Fig. 2. The peeled off material was determined 
as the difference between the weight of the tape after removal from the surface and the weight 
of the clean tape before application. One measurement set consisted of 10 strips. 
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Fig. 2:  Basic steps of peeling test; a) strip being attached to the surface, b) saving removed material, 

c) weighing by laboratory scales 

If the released material decreases with increasing number of peelings, and the results approach 
a nonzero value, use nonlinear regression of the measured data for each place where the measurements 
were made. The form (3) describing the sequence of weights of the removed material m(n) has been 
suggested and the explanation of constants A, B and C is demonstrated on Fig. 3. 

 � � CnBeAnm ���  (3) 

 
Fig. 3:  Typical evaluation diagram of peeling test 

The flexural strength Rtf is represented by the normal stress %x in marginal parts of the cross 
section induced by the bending moment My. The inner force is caused by maximal force Fmax 
at the moment of damage. In final calculations used in �SN EN 12372: Natural stone test methods – 
Determination of flexural strength under concentrated load (a Czech version of the European Standard 
EN 12372:2006), see equation (4) below, the moment of inertia Iy represents the dimensions 
of the specimen that were measured with accuracy of 0.1 mm. The z-variable with zero value 
in a centre of gravity represents a position of an extreme stress within the cross section. In the equation 
(4) l is a distance between supports, b is a width and h is a height of a cross section. 
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Loading device used for testing was an electromechanical load frame „WOLPERT“ with 
the maximum force capacity of 100 kN, a load cell Lukas 10 kN and a deformation sensor HBM 
LVDT :m. Test arrangement is apparent in Fig. 4, the crosshead speed was 0,15 mm/min. All the tests 
kept to conditions given by the Czech technical standard �SN EN 12372: Natural stone test methods – 
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Determination of flexural strength under concentrated load (a Czech version of the European Standard 
EN 12372:2006). 

Young’s modulus of elasticity has been calculated according to (5); (F and (+ are read from line 
approximating the linear part of working diagram (area from 0.2 Fmax to 0.5 Fmax). 

 
+(

(
�

yI
FlE

48

3

 (5) 

The compressive strength Rc is represented by normal stress %x caused by maximal force Fmax 
at the moment of damage operating on area A defined by base dimensions a and b, see (6) below. Base 
dimensions were measured with accuracy of 0.1 mm. Calculation is used in �SN EN 1926: Natural 
stone test methods – Determination of uniaxial compressive strength (a Czech version of the European 
Standard EN 1926:2006). 

 
ab

F
A

FR
A

N
c

x
x

maxmax ��;�%  (6) 

Loading devices used for testing were a servohydraulic MTS 250 load frame (load cell MTS 
250 kN) and an electromechanical load frame „WOLPERT“ of the maximum force capacity 
of 100 kN, (a load cell MTS 100 kN). Test arrangement is apparent in Fig. 4 and the crosshead speed 
was 0.45 mm/min. All the tests keep to conditions given by the Czech technical standard �SN EN 
1926: Natural stone test methods – Determination of uniaxial compressive strength (a Czech version 
of the European Standard EN 1926:2006). 

       
Fig. 4:  Loading arrangement for a) compressive strength, b) flexural strength 

2.4 Results 

Basic mechanical properties have been evaluated by both destructive and non-destructive methods for 
two conditions of the specimens. In Tab. 1 there are summarized results for dry samples, peeling test 
included, and in Tab. 2 there are results for fully saturated samples. 

 
Tab. 1: Summary of the results for dry material 

Stone Flexural strength Compressive strength Peeling test Ultrasound Speed Prop. 
Dry samples Rft Rc      (Average  value) A  (Longitudinal direction) 
  [MPa] [MPa] *1000 [g] [km/s] 
Marlit stone 12.55 52.50 2.04 3.70 
Travertine 8.34 51.81 1.46 5.14 
Arkose 3.58 26.70 3.10 2.64 
Ho�ice sandstone 3.06 23.59 6.22 2.74 
Pet�ín sandstone  2.72 19.37 1.73 2.93 
Nehvizdy sandstone  0.68 7.93 63.07 1.83 
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Tab. 2: Summary of the results for fully saturated material 
Stone Flexural strength Compressive strength Ultrasound Speed Propagation 
Saturated samples Rft Rc      (Average  value)  (Longitudinal direction) 
  [MPa] [MPa] [km/s] 
Marlit stone 7.97 47.11 3.21 
Travertine 8.27 39.80 5.38 
Arkose 2.02 19.45 1.90 
Ho�ice sandstone 1.80 22.76 2.19 
Pet�ín sandstone  1.06 12.96 2.62 
Nehvizdy sandstone  0.33 12.54 1.42 

About five samples of each material for each condition have been tested. The average values were 
used to create final comparative diagrams. It has been observed that dry samples were more resistant 
to mechanical loading than saturated samples. Demonstration of the situation is in Fig. 5; both flexural 
and compressive strength was higher for dry samples. 

     
Fig. 5:  Comparison of dry and fully saturated material; a) flexural strength, b) compressive strength 

Non-destructive testing of natural stones have been made by ultrasound and peeling test. Ultrasound 
speed propagation have been measured for both dry and saturated samples, so that comparison could 
be made. For all the materials with regularly distributed pores, not travertine, the ultrasound velocity 
was higher in dry samples than in saturated ones, see Fig. 6a below. Peeling test results confirmed that 
the materials with the lower compressive strength should have higher A-value, see Fig. 6b.  

    
Fig. 6: a) Comparison of ultrasound velocity in dry and fully saturated material; b) peeling test 

To compare destructive and non-destructive testing of natural stones, modulus of elasticity have been 
calculated. Dynamic modulus of elasticity calculated from ultrasound velocity varies from static one 
evaluated from bending tests in general. The difference in this case is bigger, but it could be caused by 
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many heterogeneities in the samples. Similar values could be observed for materials that have small 
diameter of the most frequent pore. Peeling test results could corellate with compressive strength as is 
shown in Fig. 7b below. 

    
Fig. 7: a) Comparison of MoE got from bending tests and ultrasound tests, b) comparison of peeling 

tests and compression tests 

3. Conclusions 

Various types of sedimentary rocks used as a building material in the past have been investigated. 
Destructive and non-destructive testing was used for evaluation of basic mechanical properties. Series 
of laboratory test have also been used for observation how humid materials behave during the tests. 
This was simulated by two basic states of the stones; dry and fully saturated materials have been 
tested. Both destructive and non-destructive testing reacts to humidity of the material. With increasing 
humidity the flexural strength, compressive strength and even the ultrasound velocity decrease. 
Peeling test could be used for preliminary testing of materials; it provides an estimation of material 
resistance to mechanical loading based on surface strength. It is more relevant for new material that 
for one already used in structure, where degradation caused by environment has to be taken 
into account. 
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OPTIMAL SEMI-ACTIVE PREVIEW CONTROL OF A QUARTER 
CAR MODEL WITH MAGNETORHEOLOGICAL DAMPER          

WITH RESPECT TO TIRE LIFT OFF 
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1. Introduction 

In recent years active and semi-active suspensions have been investigated due to their ability to adapt 
to various types of road excitations. Compared with passive suspension systems, which can only 
dissipate the energy present in the system, active suspension systems can supply the flow of energy 
into the system and can generate forces which are independent of the state of the system. Effective 
compromise between passive and active suspension systems are semi-active suspensions. Semi-active 
suspension systems are less expensive than the active ones, they require much less energy intensive 
source and even if the source of energy fails they can still operate as passive suspension systems. 

In this paper a magnetorheological damper is utilized in the suspension system as a semi-active 
part. An experimentally verified non-linear hysteretic mathematical model is used to represent          
the dynamics of the MR damper. A basic quarter car model is utilized to simulate the vertical 
dynamics of vehicle. For the use of control algorithm a continuous inverse mathematical model         
of the MR damper is derived. Dissipative force generated by the MR damper tries to match the one 
generated by a fictive ideal active system. Optimal preview control strategy for the fully active system 
with respect to road holding, suspension rattle space and ride comfort  is derived such that it is 
supposed that approaching road disturbances are measured by a sensor and are known within a certain 
distance ahead. Active and semi-active suspension systems with preview are examined in vehicle 
travelling over a bump and in both cases the effect of tire lift off is investigated. 

2. Quarter car model with idealized active suspension and with consideration the tire lift off

To simulate the vertical dynamics of vehicle, the quarter car model is utilized – figure 1a.).              
The equations of motion with consideration the tire lift off problem are follows: 

� �
� � � � � �

1 1 1 1 2 1

2 2 2 2 2 1 2 1 21

[ { £ { { } [ �

[ { £ { � ¤ { � £ { { } [ �

� � � � �

 �� � � � � � � � �� �

�1 1 �{ £ �1 11 �£ �1 �

2 2{ £2 22 £
(1) 

where ¤�|�#is the heaviside step function and } is the force generated by active control element, which 
dynamics is neglected. 
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The function modeling the tire lift off problem can be rewritten into form: 

� � � � � �1 22 2 2
1 11 1 sgn 1 tanh
2 2 +¤ { � { � { �3 �  �� � � � � 4 � �� � � � (2) 

where now the function \*<��|� is a continuous function and �+ is a coefficient large enough.

Noting the relation (2), equations of motion in the matrix form are: 
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Transformation from absolute to the relative coordinates is realized through the equation: 
�� �aR aA aA awq T q T (5) 

where 
1 1 0

,
0 1 1

� �  �
� �� � � ��� � � �

aA awT T (6) 

Combining equation (3) and differentiated equation (5), state space model of system in the figure 1 a.) 
is obtained: 
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where Oa and oa are zero matrix and vector respectively of appropriate dimensions. 
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3. Optimal linear preview control of idealized active suspension 

Optimal linear control without preview has been widely utilized in active suspensions regulation. As 
was shown by many authors, e.g. (Hać & Youn, 1991; Hać, 1992; Thompson & Pearce, 1998), 
optimal linear control with preview, i.e. the case when approaching road disturbances are known 
within a certain distance ahead, reduces variances of car body acceleration, suspension travel and tire 
deflection at the same time compared with the no preview case. 

In this section, optimal linear preview control of idealized active suspension is derived. Incoming 
road disturbances are measured by a sensor at some distance ahead of the vehicle. The tire lift off 
effect is not considered in the deriving. The equations of motion for such a problem are: 

}� �a aA a aR uM q K q baA aq K�aA a� (9) 

where 

1

1 2

0£
£ £

 �
� � ��� �

aK (10) 

The remaining variables are described above. Combining equation (9) and differentiated equation (5), 
state space model of idealized active suspension with preview and without consideration the tire lift 
off effect is obtained: 

} �� � �a a a a awx A x B G �a a a a awx A x B G� � �� }a a a a}� } (11) 

where 
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O T
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(12) 

The state vector xa contains relative displacements aRq  (suspension and the tire deflections) and 
absolute velocities  aAqaAq  (car body and the wheel velocities) – see (8). Such a description leads           
to the velocity of road disturbances at the input. It is assumed that the road disturbances ��\� (and also 
its derivation) are measured at the distance J� in front of the vehicle, i.e. at time \# the preview 
information about incoming road disturbances is available from the time \ up to time \# ¦# \�, where         
\�# §# J�¨�# is the preview time and � is the vehicle velocity. The active force generator is optimized        
in regard to ride comfort, suspension rattle space and road holding. Corresponding variables to be 
minimized are car body acceleration, suspension deflection and tire deflection. 

5 61 1 2 2
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and in state space form 
} �� � �a a a az C x D H � (14) 

Then the performance index involves appropriately weighted variances of optimized variables (13) 
that are to be minimized and weighted variance of active force that is also to be minimized: 

� � � �2 22 2
1 1 2 1 2 3 2

0

1lim
�

�
© � { � { { � { � �} >\

�78
 �� � � � � �� �. �2 �{2 �� ���1 2 �1 21 �{1 2 �� �2 � (15) 

or using (13) in the generalized matrix form 
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Constants �¥¡# �$# and# �ª# are weighting constants chosen by the designer that determine the tradeoff 
between the optimized variables. Q is weighting matrix and � is control cost constant. 

After substituting for z, the argument of the integral (16) after some adjustment has the form 

1 2 2 2} �} } � } � « � } �� � � � � �T T T T T T T
a 1 a a 1 a 2z Qz x Q x x N x N2« � } �2 2 2� « �2 2T T T

a 1 a 2}}} 2}}} 2 (18) 

where 

1 2, , ,� � «� � � � � �T T T T T
1 a a a a a a 1 a a 2 a aQ C QC D QD H QH N C QD N C QH (19) 

Then the Hamiltonian H for this issue is in the form 
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where λ is a vector of Lagrange multipliers. The necessary conditions for the optimum of H are 
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From the first condition we obtain the active control force }
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From the second necessary condition 
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After substituting the control force – in relation (22) – into (23) and after some adjustment we obtain 

� ��� � � �T
n a n 2λ Q x A λ N� n�λ Q x�� �� n �� (24) 

where 
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Substitution the control force – in relation (22) – into the state equation (11) gives 
1

1� ��� � �T
a n a a a awx A x B B λ G1 �T
a n a a a aw1�11x A x B B1� 1� �� � 1

11a n a an a �11�11 λ G (26) 

From the linear structure of equations (24) and (26) the proposed solution follows 

� � � � � � � �\ \ \ \� �aλ P x r (27) 

where 
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where � �\r is a vector dependent on the excitation � �� \� ��� and � is the duration of the problem. 
Differentiation (27) according to time gives 
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Substitution the relations (27) into (26) and next (24) and (26) into (29) after some manipulation yields 
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Whereas � �\ax  and � �� \� ��� are arbitrary vectors, relation (30) is valid only when both sides of (30) are 
zero vectors, which implies 
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If the problem duration � approaches infinity, � 78 , the first equation from relations (31) can be 
rewritten as 

1
1��� � � �T T

n n a a nPA A P PB B P Q O (32) 

where now P is a nonnegative definite symmetric solution of the algebraic Riccati equation (32).
The second equation from relations (31) is integrated backwards and uses all the future information 
about the derivative of the road input � �� \

) g
� ���  up to time \#§#�. Nevertheless � �� \� ���  for ¬##\#¦#\� is not 

available, because at time \# the preview information about incoming road disturbances is available 
from the time \ only up to time \#¦#\�, therefore � �� \� ��� for ¬##\#¦#\� is replaced by its expectation which 
is zero. This yields zero solution for r�¬� for ¬#®#\#¦#\�. 
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After some substitutions 

� �, 0�� \ \� � � � �T
c rr A r G rc
Tr A r� � �T
c �, ����,�,�, (34) 
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The solution of equation (34) is given by following integral: 
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With respect to r�\#¦#\��#§#¯, the vector integration constant c+ is obtained 
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Substituting c+ obtained in (37) into (36) after some manipulations gives 
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Now, state a substitution �# §# ¬# �# \. Integral (38) after performing the substitution and switching        
the limits of integration is transferred to form 
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For determination of r�\� it is necessary to solve the integral (39) at each time. 
Finally, substituting λ – equation (27) – into the one for the control force – equation (22) – and       
with respect to (32) and (39), after some manipulations, the active control force is obtained 

� �1 1
1 1} � �� �� � � �T T T

1 a a aN B P x B r (40) 

After the introduction of substitutions 

� �1 1
1 1,� �� �� � �T T T

b 1 a f aK N B P K B (41) 

the relation (40) has the form 
} � � �b a fK x K r (42) 

It can be seen that the active control force consists of the feedback gain Kb and of the feedforward 
gain Kf. The feedforward part of the active control force Kfr�\� is a function of incoming road 
disturbances – integral (39) – which implies that it tries to eliminate the effect of these approaching 
road excitation on the vehicle. 

With respect to (42), the state equation (11) of idealized fully active system can be rewritten as 
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4. MR damper – hydromechanical and mathematical model 

Hydromechanical and mathematical model of the MR damper were identified by the author                
in publication (Úradníček, 2008), where they were designed on the basis of model                          
of an electrorheological damper compiled in publication (Hong & Choi, 2005).

Hydromechanical parameters of the hydromechanical model of the MR damper – figure 2 a) – are: 
?¥¡#?$¡#?° – compressibility of the volumes front of, behind the piston and of gas storage 
�¥¡# �$¡# �°¡# �� – cross-sectional area of the bottom, top part of the piston and cross-sectional area         

of the membrane and of the grooves 
�¥¡#�$¡#�° – pressures of the MR fluid front of, behind the piston and of gas storage 
¢� – inertia of the MR fluid flowing through the grooves of the piston 
�� – hydraulic resistance of the MR fluid flowing through the groove of the piston 
±��� – pressure drop in the groove of the piston caused by friction force 
{+ – displacement of the MR fluid flowing through the groove of the piston relative to piston 
{� – displacement of the piston of the MR damper 
{[ – displacement of the membrane separating the MR fluid from gas 
Overall pressure drop in front of and behind the piston is: 

� �2 1 tanh� � + � � + �� > +� � � ¢ � { � � { � {3< � � � � �< � �h+ � � + ��{ � � { � �tanh+ � � + ��+ � � +{ � � { �� � { �� �� � (44) 

The parameter �> allows us to regulate the friction force near zero velocity of motion of the MR fluid 
flowing through the grooves. The function tanh (-) ensures the consistency of the mathematical model. 
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Maintain the continuity of the volumes front of, behind the piston and of gas storage describe 
following relations: 

� �
� �

1 1 1 4

2 2 2

4 4 4

� � � + [

� � � +

[

` � � � { � { � {

` � � � { � {

` � � {

� � � � �

� � �

�

(45) 

Since the cross-sectional areas �¥ and �$ are approximately equal, they can be approximated by their 
mean value ��#�#��¥#¦#�$�#¨#$.
Pressures in front of the piston and of gas storage are also approximately equal – �¥#�#�°. 
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Pressure drop in front of and behind the piston with respect to relations (45) and the above 
assumptions after some manipulation is: 

� �2 1
1 4 2 1 4 2

1 1 1 1
� + � � �� � � { � � {

` ` ` ` ` `
' $ ' $

� � � � � � �% " % "
� �& # & #

(46) 

By substituting the equation (46) into (44) and by multiplying by the approximate area, the equation  
of motion of the hydromechanical model of the MR damper in the figure 2 a.) is obtained. 

� � � �
1 4 2 1 4 2

1 1 1 1tanh� � � + � � � + �� � > + � � + � � �¢ � � { � � � { � � { � � { � � {
` ` ` ` ` `

3
' $ ' $

� �< � � � � �% " % "
� �& # & #

� �h+ � � � + �� � > + ��{ � � � { � � { �� �tanh+ � � � + �� �+ � � � + �� � ��
' 1� � � { �� � � { �� �� � �� � ���� %
'' 1

& `%%
� `

(47) 

After substitutions 

� �
1 2

1 4 2 1 4 2

, , ,

1 1 1 1,

� � � � � � � � { �� �

� � � � � �

[ ¢ � � ` � � � � � �

£ � � £ � �
` ` ` ` ` `

� � � <

' $ ' $
� � � � �% " % "

� �& # & #

(48) 

the equation of motion (47) is transferred to form 

� �
1 2

tanh� + � + { > + � + � �[ { ` { � { £ { £ {3� � � �� �
1+ � + { > + ��
1

{ ` { � { £ {� �tanh+ � + {+ � + � +��
1

` {` {� + £ {£ {� +�� (49) 

The damping force of the MR damper is proportional to the pressure difference in front of and behind 
the piston 

� �2 1�� �� � � �� � (50) 

By substituting (44) into (50) with respect to substitutions (48) the damping force of the MR damper is 
obtained 

� �tanh�� � + � + { > +� [ { ` { � {3� � � � �h+ � + {` � �tanh+ � + {+ � +{ ` {` {�� (51) 

With respect to the equation of motion (49) for the damping force also applies 

2 1�� � � � +� £ { £ {� � (52) 

In publication (Úradníček, 2008) author experimentally identified the parameters of the MR damper 
LORD RD – 1005 – 3 on the basis of mathematical model described by relations (49) and (51) as
functions of electric current flowing through the coil of the MR damper (for the range of electric 
current 0 – 1.25 A): 

� � � �
� � � �

1 2

3 2
5 1 1 2 2 2 2

2 2
3 3 3 4 4 480

� � ` ` { ` ` ` `

> � ` ` ` � ` ` `

[ > ` ¢ ` ¢ > � ¢ * ¢ @ ¢ ` ¢ >

£ ¢ @ ¢ ` ¢ > £ ¢ @ ¢ ` ¢ >3

� � � � � � �

� � � � � � �
 (53) 

The values of the parameters of the approximate functions (53) are in the table 1. 

�*@�#¥%#²*J}Q]#��#\�Q#�*+*[Q\Q+]#��#\�Q#*��+���[*\Q#�}<`\��<]#�^ª�#

i ai bi ci di

1 0 0 1685 21.5
2 - 368.19 216.5 952.02 98.61
3 0 - 772967.93 1657383.84 76527.7
4 0 - 1271919 2571391.71 173556.34
5 0 0 0 1.45

Some dynamical characteristics of the identified mathematical model of the MR damper – equations 
(49) and (51) – excited by a harmonic force of amplitude ¥$�^#[[ and frequency ¥#¤� for different 
electric currents are in the figure 2 b.). 
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5. Quarter car model with MR damper and with consideration the tire lift off 

The mathematical model of the semi-active MR damper described in the previous section is 
implemented in the quarter car model described in the second section. So the idealized fully active 
suspension is replaced by the MR damper. In the equations of motion (1) the active control force } is 
replaced by the one generated by the MR damper – ���. 

� �
� � � � � �

1 1 1 1 2 1

2 2 2 2 2 1 2 1 21
��

��

[ { £ { { � [ �

[ { £ { � ¤ { � £ { { � [ �

� � � � �

 �� � � � � � � � �� �

�1 1 �{ £ �1 11 �£ �1 �

2 2{ £2 22 £
(54) 

Dynamics of the MR damper is described by the relations (49) and (51) in the previous section. It is 
useful to utilize the relation (52) instead of the relation (51) for the expression of the damping force   
of the MR damper. 
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1

` {` {��� + £ {£ {� +�� (55) 

In the case of using the MR damper in the quarter car suspension the piston displacement {� with 
respect to the figure 2 a.) and equations of motion (54) is replaced by the suspension deflection {$#�#{¥. 
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(56) 

By substituting the MR damping force from the second relation of (56) into (54) the equations           
of motion of the quarter car model with MR damper and with consideration the tire lift off in the 
matrix form are 

� � � �tanh tanh] > + �3 3� � � � �s sA sL sA N sA sL sR sN sR s sR sgM q B q B q K q K q e q b� �sA sL sA N] sL sR��� �h �q B q B �tanh �� �sA sL sA NsA sL s ]� � �  (57) 
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(58) 

Transformation from absolute to the relative coordinates is realized through the equation: 
�� �sR sA sA swq T q T (59) 

where 

1 1 0 0
0 1 0 , 1
0 0 1 0

� �  �
� � � �� � �� � � �
� � � �� � � �

sA swT T (60) 

Combining equation (57) and differentiated equation (59), state space model is obtained: 

� � � �tanh tanh+ >3 3� � � �s sL s sr s s s sd s s gwx A x A x E x A x G fs sL sx A x�s sL s (61) 
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where 
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, , , ,
��
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(62) 

where Os and os are zero matrix and vector respectively of appropriate dimensions. 

6. Continuous inverse mathematical model of the MR damper 

Mathematical model of the MR damper works such – see relations (56) – that for given electric current 
and for kinematic variables the damping force ��� is calculated. An inverse model of the MR damper 
designed for the use of control should calculate the control electric current for given kinematic 
variables and for required damping force. 

In section 3 the optimal preview control and corresponding active control force were derived.      
In this section as required damping force ��� that is trying to be matched by the MR damper the active 
control force } from section 3 is taken. In some situations the active force is physically unable to be 
achieved by the MR damper. This problem is solved below. 
As it was pointed out the active control force that would be generated by fully active system is trying 
to be matched by the one generated by the MR damper, so with respect to the second relation of (56) it
can be written 

� �
2 11 2

��

� � +

� }
£ { { £ { }

�

� � � �
(63) 

For the use of control it is appropriate to replace the variables £�¥�¢`�# and £�$�¢`� from relations (53)     
by linear functions £�¥+�¢+�#and £�$+�¢+� and for given range of control electric current to optimize their 
parameters by the least squares method – see figure (3) 

� � � �
1 23 3 4 4,

+ +� + + + + � + + + +£ ¢ ` ¢ > £ ¢ ` ¢ >� � � � (64) 

These relations (64) are used only in the inverse model of the MR damper for calculating the required 
electric current. 
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After mentioned replacement the second relation of (63) now has the form 

� �
2 11 2+ +� � +£ { { £ { }� � � � (65) 

By substituting (64) and (42) – relation for calculating the active control force } – into (65) we obtain 
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where 

5 6
1 2 3 4 1 2 2 1 2,

� �
@ @ @ @_ _ _ _ { { { � { { �� � � �� �b aK x 61 2

�{ {1 (67) 

After some manipulations the required control electric current is obtained 
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 (69) 

If this fictive required electric current ¢+ flew through the coil of the MR damper, the ideal control 
active force would be achieved. The required electric current ¢+ calculated from the relation (68) can be 
any real number (also negative, which is physically impossible). But there are some restrictions         
of electric control current. Working range of the electric current is limited to ¯# �# ¥# �. Instead of 
commonly used saturation a continuous function is utilized for the calculation of theoretical control 
electric current for used MR damper (Havelka, 2010) – see figure 4 

1 11 tanh
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& #� �C D
(70) 

The parameter � was optimized by the least squares method to match the commonly used saturation. 
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Since the response time of an actual MR damper to the theoretical required control electric current ¢`\
is not immediate but time-delayed, this effect can be included into the model using a first order filter 

� � � � � �1
` ` `\

��

¢ \ ¢ \ ¢ \
�

 �� � �� �� �` � �¢ \� �` �
(71) 

where ��� is the time constant of the MR damper set to $¯# [] and ¢` is the actual electric current 
applied to the model (53) of the MR damper. It further means that the system matrices AsL and Asd
of the state space model (61) are also dependent on the applied electric current ¢`. 

7. Simulations and results 

To significantly demonstrate the benefits of preview control the vehicle model was let to travel      
over a bump and further it was supposed that all the state variables are measured. The bump is 
described by equation 

� � � � � �1 2 � �11 cos 2
2
�

@] @] @ @]
@

@� \ ¤ \ \ ¤ \ \ \ \ \
\

*
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E E� �C D

 (72) 
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where \@] is the “starting” time of the bump, @�#is the height of the bump and \@#§#@J#¨#�# is the duration 
time of the bump where � is the vehicle velocity. 

Values used during the simulations are listed below. 

Bump parameters: @J#§#¯�^#[¶#@�#§#¯�¯^#[

Quarter car parameters: [¥#§#$¸¸�¹#£�¶#[$#§#$¸�^¸#£�¶#£¥#§#¥°#¯¯¯#º¨[¶#£$#§#¥^^#¹¯¯#º¨[¶

Weighting constants: weight to ride comfort �¥# §# ¥¶ weight to suspension rattle space# �$# §# ¥¯ª¶##
weight to road holding �ª#§#¥¯°¶##
weight to penalizing the active control force +#§#¯

Control electric current calculation: `ª+# §# ¸¸°#°¥^¶# >ª+# §# $¯^#ª^^¶# `°+# §# ¥#$¹¹#°»^¶# >°+# §#ª¸^#^°¯¶#######
�#§#$�~^

The quarter car equipped with fully active idealized suspension was let to travel over a bump        
at velocity °#[¨] – figure 5. The preview distance in front of the front wheel was set to ¥�~#[. This 
implies the preview time \�#§#¯�°#]Q`�
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In Figure 5 car body acceleration and car body, wheel and tire contact point displacements           
of fully active quarter car model traveling over a bump controlled by “active” and                       
“active with preview” control strategies are shown. In all cases the active preview control strategy 
provides lower amplitudes and also smaller variances. As shown in Figure 5 c.) – the preview 
controlled active suspension acts the wheel before the bump excitation comes to smoothly lift it over 
the bump and avoids the tire lift off the road compared with the no preview case when the undesired 
tire lift off effect occurs – Figure 5 d.). 

Then the quarter car equipped with the MR damper in suspension was let to travel over a bump    
at velocity ª�^#[¨] – figure 6. The preview distance in front of the front wheel was set to ¥�~#[. This 
implies the preview time \�#§#¯�°^»#]Q`�
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Figure 6 shows that the semi-active MR damper with the preview case provides some small 
improvement in car body displacement compared with the no preview case, but in terms of the wheel 
displacement no difference between the preview and no preview case can be observed. 
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This is because the semi-active MR damper is unable to supply energy into the system and cannot 
generate forces when there is no changing suspension deflection, i.e. the MR damper cannot act       
the system before the excitation comes – see figure 7 b.). 
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The control electric current is trying to change the MR fluid properties to achieve the required active 
control force – see figures 8 and 7 b.) from the time $�^#]Q` up to time ª#]Q` – but during this time 
period there is no changing suspension deflection so the MR damper can produce no force – see ���
in the figure 7 b.) during this period. 
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8. Conclusions 

The preview controlled active suspension acts the vehicle before the excitation comes, i.e. prepares  
the vehicle for approaching road disturbances to smoothly travel over them and reduces the probability 
of undesired tire lift off effect. Active suspension with preview compared with the no preview case 
provides lower maximum amplitudes and smaller variances of car body acceleration, suspension travel 
and tire deflection at the same time. 

In the case of utilizing the semi-active MR damper in suspension difference between the preview 
and no preview control strategies almost diminishes. This is because MR damper is only able              
to dissipate the energy present in the system and cannot generate independent forces when there is no 
changing suspension deflection. 
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COMPUTATIONALLY EFFICIENT ALGORITHMS FOR
EVALUATION OF STATISTICAL DESCRIPTORS

J. Havelka *, A. Kučerová **, J. Sýkora ***

Abstract: Homogenization methods are becoming the most popular approach to modelling of heteroge-
neous materials. The main principle is to represent the heterogeneous microstructure with an equivalent
homogeneous material. When dealing with the complex random microstructures, the unit cell representing
exactly periodic morphology needs to be replaced by a statistically equivalent periodic unit cell (SEPUC)
preserving the important material properties in the statistical manner. One of the statistical descriptors
suitable for SEPUC definition is the lineal path function. It is a low-order descriptor based on a more
complex fundamental function able to capture certain information about the phase connectedness. Its main
disadvantage is the computational cost. In this contribution, we present the reformulation of the sequential
C code for evaluation of the lineal path function into the parallel C code with Compute Unified Device
Architecture (CUDA) extensions enabling the usage of computational potential of the NVIDIA graphics
processing unit (GPU).

Keywords: Lineal path function, homogenization, statistically equivalent periodic unit cell, graphics
processing unit.

1. Introduction

Modelling of random heterogeneous materials is a multi-disciplinary problem with a wide range of rele-
vant engineering applications. The unifying theoretical framework is provided by homogenization theo-
ries, which aim at the replacement of the heterogeneous microstructure with an equivalent homogeneous
material, e.g. Torquato (2002). Currently, two main approaches are available: (i) computational homog-
enization and (ii) effective media theories. While the first class of methods studies the distribution of
local fields within a typical heterogeneity pattern using a numerical method, the second group estimates
the response analytically on the basis of limited geometrical information (e.g. the volume fractions of
constituents) of the analysed medium.

It is generally accepted that detailed discretisation techniques, and the Finite Element Method (FEM)
in particular, remain the most powerful and flexible tools available. Despite of the tedious computation
time, it provides us details of local stress and strain fields. Moreover, it is convenient to characterize
the material heterogeneity by introducing the concept of a Periodic Unit Cell (PUC) (Vorel, 2009) or
Statistically Equivalent Periodic Unit Cell (SEPUC), see Zeman and Šejnoha (2007); Vorel et al. (2012)
for more details. On the other hand, if only the overall (macroscopic) response is demanded variable,
it is sufficient to introduce structural imperfections in a cumulative sense using one of the averaging
schemes, e.g. the Mori-Tanaka method (Vorel and Šejnoha, 2009). If the effective material parameters of
complex microstructure (see Figure 1) are demanded, the homogenization technique based on the SEPUC
can be utilized. Furthermore, this approach allows us to reduce the computation cost by generating
smaller unit cell describing the real structure. The generation of the SEPUC is based on optimization
of an appropriate statistical descriptor. One most commonly used group of descriptors embodies a set
of general n-point probability functions, applicable to an arbitrary two-phase composite. A different
statistical function deserves attention when phase connectivity information is to be captured in more
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detail, as e.g. for medium in Figure 1. Therefore we focus here on usage of the lineal path function. The
principal drawback concerns its evaluation, which is non-negligible time-consuming, especially when
evaluated many times within the optimization process. Hence, we present an accelerated implementation
of the lineal path function on the GPU. The following section details the definition of the lineal path

Fig. 1: Three cuts through trabecular bone microstructure obtained by micro Computed Tomogra-
phy (Jiroušek et al., 2008)

function. The Section 3. discusses its algorithmic formulation and Section 4. presents the resulting
speed-up obtained at GPU in comparison with the sequential CPU formulation together with concluding
remarks.

2. Lineal path function

The lineal path function (Lu and Torquato, 1992) is one of the low-order microstructural descriptors
based on a more complex fundamental function which contains more detailed information about phase
connectedness and hence certain information about long-range orders (Zeman, 2003).

The fundamental function can defined as

λr(x1,x2, α) =

{
1, if x1x2 ⊂ Dr(α),
0, otherwise,

(1)

i.e., a function which equals to 1 when the segment x1x2 is contained in the phase r for the sample α
and zero otherwise. The lineal path function, denoting the probability that the x1x2 segment lies in the
phase r, then follows directly from the ensemble averaging of this function

Lr(x1,x2) = λr(x1,x2, α). (2)

Under the assumptions of statistical homogeneity and isotropy, the function simplifies to

Lr(x1,x2) = Lr(x1 − x2) = Lr(‖x1 − x2‖). (3)

Obviously, if the points x1 and x2 coincide, the lineal path function takes the value of volume fraction of
the phase r. On the other hand, for points x1 and x2 that are far apart the lineal path function vanishes.

Fig. 2: Schema of the lineal path function
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3. Algorithmic formulation

The generation of SEPUC is usually based on digital images, which are discretised representation of a
studied medium. The segments are then defined as a set of pixels connecting two pixels p1 and p2 with
the coordinates within the image pi = (w, h), and , where W and H are the dimensions of the image
(see Figure 2). The sets of pixels for segments starting in p1 = (1, 1) and ending in p2 = (w, h) are
obtained by algorithm given in Bresenham (1965). The group of segments is complemented by the ones
starting in p1 = (1, H) and ending in p2 = (w, h) to cover all possible lengths and orientations within
the image. Once having the defined segments, the computation of lineal path function involve simple
translations of each segment throughout the image and the comparison whether all pixels of the segment
at a given position correspond to image pixels with the value representing the investigated phase.

Since the generation of segments can be done only once for a given image size, this part of the code
does not necessarily need to be so fast. The crucial part of the code is the translation of the segment and
the comparison with the image, which is called repeatedly for any new image created during the opti-
mization of the SEPUC. Having a single CPU, the translations and comparisons needs to be performed
sequentially, see Figure 3. Last years witnessed increasing popularity of parallel computations on GPUs.

Fig. 3: Schema of the sequential code

The reason is the high performance at relatively low cost. Moreover, the CUDA simplifies the GPU-
based software development by using the standard C language, see NVIDIA Corporation (www). We
used the high number of simple GPU threads to compute the translations and comparisons of segments
simultaneously, see Figure 4.

Fig. 4: Schema of the parallel code

4. Conclusions

We have compared the sequential variant of lineal path function calculation on a single CPU with the
parallel one using the GPU. The particular computations were performed on INTEL Core i7 CPU 950
@ 3.07 GHz, 12 GB RAM, GPU - NVIDIA QUADRO 4000 with Microsoft Windows Enterprise SP
1 operating system and the CUDA v. 4.0 compute capability. The efficiency of GPU parallelism was
demonstrated on evaluation of lineal path function for 10 two-dimensional images with the size varying
from 50x50 px to 500x500 px, see Figure 5(c). Two distinct calculations of lineal path function were
considered. The originally developed algorithm covering all possible segments in the domain and en-
hanced method with constraint of first zero segment in given direction. Table 1 shows the amount of time
necessary for one evaluation of lineal path function depending on the image size and chosen method.

Havelka J. Kučerová A. Sýkora J. 379



(a) (b)

(c)

Fig. 5: (a) Lineal path function, (b) lineal path function (view X-Y), (c) testing image 500x500 px

One can see that for very small images, the usage of CPU outperforms the GPU because of additional
time spent by copying the data from main memory RAM to GPU memory. Nevertheless, the parallelism
of GPU gains for images larger than 50x50 px and the time savings increase rapidly.
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Standard Enhanced
D/ML
[px]/[px]

GPU [s] CPU [s] ratio D/ML
[px]/[px]

GPU [s] CPU [s] ratio overall
speedup

50/50 0.179 0.328 1.83x 50/50 0.156 0.265 1.69x 2.10x
100/100 1.075 4.617 4.29x 100/100 0.722 2.371 3.28x 6.39x
150/150 3.957 21.653 5.47x 150/150 1.954 8.018 4.10x 11.08x
200/200 10.209 66.425 6.51x 200/200 3.621 14.742 4.07x 18.34x
250/250 22.276 169.245 7.59x 250/250 6.427 27.612 4.29x 26.33x
300/300 43.429 357.022 8.22x 300/250 8.413 42.338 5.03x 42.44x
350/350 76.644 649.195 8.47x 350/250 10.909 63.304 5.80x 59.51x
400/400 127.841 1127.897 8.82x 400/250 13.481 84.287 6.25x 83.67x
450/450 209.693 1821.911 8.69x 450/250 18.608 122.569 6.59x 97.91x
500/500 315.951 2846.712 9.01x 500/250 21.145 139.698 6.61x 134.64x

Tab. 1: Comparison of CPU and GPU performance (D=dimension of testing image in pixels,
ML=maximal length of segment in pixels)
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Fig 1. SEM image of the CNF synthesized directly 
on the cement grains surface. Reprinted from L. 
Nasibulina et al. (2010).

FRACTURE PROPERTIES OF CEMENTITIOUS COMPOSITES 
REINFORCED WITH CARBON NANOFIBERS/NANOTUBES 

P. Hlavá�ek*, V. Šmilauer**

Abstract: The main objective of this work is to determine the mechanical properties of a new 
cementitious nano-composite material. Carbon nanotubes/nanofibers were synthesized directly on the 
particle surfaces (Portland cement, fly ash, sand).  Mixing these carbon-modified particles with ordinary 
Portland cement creates a cementitious binder, where the carbon nanofibers are perfectly dispersed in 
the volume. Previous attempts to create nano-reinforced composite materials suffered from flocculation 
and improper dispersion of admixed nanofibers. Now, the hybrid material can be intermixed directly with 
water creating strong and brittle composite. 

Keywords:  Carbon, nanotubes, mortar, paste,  fracture energy

1. Introduction 

The main objective of this work is to determine the mechanical properties of the cement paste/mortar 
reinforced with carbon nanofibres/nanotubes (CNF/CNT) directly synthesized on the cement and sand 
particles. The synthesis of the CNF/CNT directly on the particles surface brings the advantage in 
elimination of the tedious dispersion process. The cement hybrid material (CHM – cement with carbon 
nanofibers) can be directly mixed with water and/or sand, creating a strong and quasi-brittle composite 
material. Fig. 1 shows the SEM image of the CHM, the Portland cement particles are completely 
covered with the CNF. 

 CNT/CNF reinforcement on the nanoscale brought fruitful results for a variety of materials 
(Hammel et al., 2004). Previous experiments have shown the twofold increase of paste compressive 
strength (Nasibulina et al., 2010). This would imply reduction of cementitious binders in ordinary 
concrete in a similar manner as replacement 
by supplementary cementitious materials. 
Unfortunately, several experiments are 
carried out by physicists, who are unfamiliar 
with cement science. The consequence is in 
improperly-conducted experiments which 
are hardly reproducible in their labs and 
worldwide. Experimental evidence still 
presents the basis of scientific approach and 
the reproducibility forms the stepping stone 
in science. This is another goal of presented 
article. 

To elucidate the effect CNF/CNT on 
surfaces, two batches from CHM and 
modified sand were prepared. Samples in 
the first batch were prepared from the CHM 
and water in the case of paste, or CHM, 
water and unmodified sand in the case of 
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mortar. The second batch was fabricated from ordinary Portland cement, water and sand with surface 
synthesized carbon nanofibers. 

Fracture energies and compressive strengths of these cement-based composites were determined. It 
was found that for the case of CHM batch, the compressive strength of the cement paste increases with 
the amount of CHM in the mixture. On the contrary, the compressive strength of mortar decreases 
with the amount of CHM in the mixture. This phenomenon is partially explained by the ITZ behavior 
and CHM properties. The measurements on the second batch show almost no change in the fracture 
energy with the addition of carbon-modified sand. The explanation lies in a small length of the 
CNF/CNT (about two �m) compared to the length of ITZ (about 20 �m). 

2. Materials and methods 

2.1. Cement binder, CHM, sand  

The cement, CEM I 42.5 R originated from Mokrá, 
the Czech Republic, was used as the source 
material for all specimens. Specific Blaine surface 
had the value of 355 m2/kg for the coarse cement 
and 587 m2/kg for finely-ground cement. The 
chemical composition is given in the Table 1.  

The cement hybrid material (CHM) and the 
carbon-modified sand were synthesized by L. 
Nasibulina et al. by the chemical vapor deposition 
method (Nasibulina et al., 2010). The Portland 
sulfate-resistant cement (CEM I 42.5N) was used 
as the base for CNF/CNT growth resulting in 
CHM, see Table 1 for the chemical composition. 
In the synthesis, acetylene was utilized as the main 
carbon source for its low decomposition 
temperature and affordability; CO and CO2
presents promoting additives (Nasibulina et al., 
2010). The CNF/CNT growth runs at temperature 
about 600°C in fluidized bed reactor see Fig. 2 for 
the scheme of the reactor. The CNT typically 
grown on the cement particles are 30 nm in diameter and 3 �m in length (La Mudimela et al., 2009), 
the specific surface area of CNT is about 10 – 20 m2/g. CNT exhibit elastic modulus in the range of 
180 - 588 GPa and tensile strength from 2 to 6 GPa (La Mudimela et al., 2009; Li et al., 2005). 

Table 1: Oxide Component Content of CHM Base Cement and Cement originated from Mokrá

Component 
Content (wt%) 

CHM-Base Cement Mokrá Cement 

CaO 63.1 65.6
SiO2 20.2 19.0
SO3 3.0 4.0

Fe2O3 4.0 3.5
Al2O3 2.2 5.0
MgO 2.0 1.1
K2O 0.3 1.1
Na2O 0.5 0.1

  

Fig 2. Scheme of the fluidized bed reactor, 
overtaken from L. Nasibulina et al. (2010). 
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In the batch with CHM, pure silica sand with the fraction 0 – 2 mm, was utilized in the mortar 
specimens. Three fractions PG1 (0 – 0.25 mm), PG2 (0.25 – 1 mm) and PG3 (1 – 2 mm) were mixed 
in the ratio 1:1:1. In the batch with carbon-modified sand, sand fraction 0 – 1 mm was mixed with the 
carbon modified sand in the mass ratio 0 – 0.3. 

2.2. Specimen preparation 

Two sets of samples were prepared and cast into steel form: 

• Cement grains with synthesized carbon nanotubes – Five cement paste sets and five mortar sets 
were cast. The water/binder ratio was set to 0.35 and the carbon nanotubes/paste ratio varied from 
0.0 to 0.038. The CHM was intermixed with the pure cement and (in case of mortar) with the dry 
silica sand; the water with superplasticizer was added at the end. Table 2 shows the batch 
compositions.  

• Sand particles with synthesized carbon nanotubes – Five sets with the coarse cement and five sets 
with the fine cement were cast. The water/binder ratio was set to 0.5 and the carbon-modified 
sand/mortar ratio varied from 0.0 to 0.2. The Portland cement was intermixed with dry sand and 
carbon-modified sand; the water with superplasticizer was added at the end. Table 3 shows the 
batch compositions. 

Table 2: Carbon-modified cement paste and mortar composition; weight fractions per one sample. 

Sample 
Total 

binder 
weight 

Cement 
hybrid 

material 

Water/ 
binder 
ratio 

Total water 
weight  

Super 
plasticizer 

(63% water) 

Sand 
fraction 0 - 2 

mm 

CHM
Paste 234 g 0 - 70 g 0.35 81.9 g 0.47 g – 

Mortar 75 g 0 - 22.5 g 0.35 26.25 g 0.38 g 225 g 

Table 3: Carbon-modified sand mortar composition; weight fractions per one sample GC - ground 
cement, Blaine surface 587 m2/kg, RC – raw cement 355 m2/kg. 

Sample 
Total 

binder 
weight 

Fine 
cement 

Water/
binder 
ratio 

Total 
water 
weight  

Super 
plasticizer 

(63% water) 

Sand 
fraction 0 

- 1 mm 

Carbon – 
modified 
cement 

Carbon– 
modified

sand

Mortar RC 75 g – 0.5 37.5 g 0.3 g 157.5 – 
225 g 0 – 67.5 g 

Mortar GC 75 g 75 g 0.5 37.5 g 0.3 g 157.5 – 
225 g 0 – 67.5 g 

Hand stirring of each specimen took four minutes, consecutive vibrating and form filling took 
extra four minutes. The specimens sized 40x40x80 mm were cured in the water bath at ambient 
temperature. 

After 28 days of curing, the specimens were cut on diamond saw; in the case of the paste 
specimens were cut to nine parts (approx. 13x13x80 mm), in the case of mortar to four parts (approx. 
19x19x80 mm). According to RILEM standards for mechanical testing (RILEM, 1985) notches were 
sawn in the middle of the beams to the 45% of the height. The production of such small-sized 
specimens is much more efficient than direct casting into small molds. The casting and vibration of 
small amount of material is ineffective and the quality of specimens (including surface defects or 
material inhomogenity) is significantly worse than the quality reached by cutting from larger bodies. 
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Fig 4. Compressive strength of mortar and paste samples with different cement/CHM ratii.

2.3. Assessment of fracture energy 

The fracture energy, Gf, was determined according to the RILEM standard (1985). See Fig. 3 for the 
experiment scheme. Three point displacement-controlled bending test was carried out to obtain the 
load-displacement curve. The work of external force P could be calculated as 

	=
iu

f PduW
0

(1) 

where P is the external force, u is the load-point displacement and ui presents the final displacement at 
which the load is equal to zero. The average (effective) fracture energy in the ligament, according to 
the RILEM standart, is defined as  

0, adl
bl

W
G f

f −==  (2) 

where l represents the length of the ligament, b the thickness of the beam, d the total height of the 
beam and a0 is the depth of the nodge. The support span L was in case of mortar set to 65 mm and in 
case of cement paste set to 50 mm. 

Fig. 3 Scheme of the three point bending test used for the fracture energy determination. 

3. Results and discussion 

3.1. Compressive strength  

The results on the CHM-based paste samples show that replacing 3.5% cement with the CHM could 
increase the compressive strength by 25%, in our case from the average value of 56 MPa to the 
average 70 MPa. However, in the case of CHM-based mortar samples, the increase of CHM led to 
decrease of compressive strength. The mortar samples with 7% replaced cement exhibit a 15% lower 
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compressive strength, in our case decrease from the average of 62 MPa to the average of 53 MPa. See 
Fig. 4 for the compressive strengths of mortar and paste samples with different cement/CHM ratii. 

The results on the mortar made from fine cement with the carbon-modified sand show that 
replacing 30% of sand with the carbon modified sand could increase the compressive strength by 25%, 
in our case from the average value of 44 MPa to the average 58 MPa. It should be noticed, that the 
compressive strength of the mortar based on the coarse cement with unmodified sand is 57 MPa. See 
Fig. 5 for the compressive strengths of mortar samples with different mass ratii of carbon modified 
sand/raw sand. 

Fig.5 Compressive strength of mortar with different weight ratii of carbon modified sand/raw sand, 
left coarse cement, right fine cement. 

3.2. Fracture energy 

The fracture energy results are depicted in the Figs. 6 and 7. The CHM paste samples exhibit a 
significant increase in the fracture energy even in a small amount of cement replacement by CHM. 
Replacing 3.5% of cement causes an increase in the fracture energy by 14%. The mortar CHM 
samples do not exhibit almost any change in the fracture energy. The mortars prepared from carbon-
modified sand and from the finely ground cement exhibit slight increase in the fracture energy.

Fig.6 Fracture energy of CHM-based paste and mortar samples with different cement/CHM ratii. 
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Fig.8 Dependence of compressive strength on density of mortar from carbon-modified sand.

3.3 Discussion and hypotheses 

Let us introduce some hypotheses partially explaining the behavior of cement paste/mortar with the 
CHM. The paste samples reinforced with the CNT/CNF exhibit the expected increase in the 
compressive strength as well as in the fracture energy. Raki et al. (2010) hypothesized that the CNT 
act as a nano-reinforcement agent improving the C-S-H gel properties. Makar & Chan (2010) thought 
that the carbon nanotubes appear as nucleating sites for the cement hydration product. 

In the case of the carbon-modified cement, the decrease in compressive strength on CNT-
reinforced mortar samples could be caused by the higher amount of water in the ITZ which was 
pushed out by the extremely hydrophobic carbon nanotubes. Preliminary experiments with high 
compacted (60 MPa) mortar samples with the w/c ratio 0.35 do not exhibit the compressive strength 
reduction.  

  
Fig.7 Fracture energy of mortar with different weight ratii of carbon modified sand/raw sand, left 

coarse cement, right fine cement. 

From calorimetric tests carried out at our laboratory is evident, that the CNT/CNF does not affect 
the long-term (understand days) reaction kinetics, and do not prevent the cement particles from 
hydration.  

The changes in the compressive strengths from the Figure 5 required additional measurements of 
density to identify the source of strength gain. The plot of compressive strength of all mortar samples 
versus the density is given in Figure 8. As is obvious from this figure, the mortars prepared from the 
carbon-modified sand do not exhibit any evident effect of CNT to the compressive strength and all the 
changes from Figure 5 could be explained by different densities of the samples. 
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The increase in the fracture energy for the fine-cement mortar with the carbon-modified sand 
(Figure 7 left) compared with no change in the fracture energy for the coarse-cement mortar (Figure 7 
right) indicates a small length of the CNT. Meaning the CNT are unable to bridge the ITZ in the case 
of coarse-cement mortar. The ITZ closely corresponds to the cement particles mean diameter, which 
can be recalculated from the Blaine surface. The ITZ corresponds to 20 �m for the coarse cement 
(Blaine 355 m2/kg) and, 3-4 �m for the fine cement (Blaine 587 m2/kg). Since the CNT are only about 
2 �m long they have no chance to improve the micromechanical properties of the ITZ in the case of 
the coarse cement. On the other hand this CNT can help in the case of the finely ground cement. 

4. Conclusion 

The cement pastes/mortars reinforced with CNT/CNF directly synthesized on the surface of the 
cement grains exhibit comparable mechanical properties as the cement pastes/mortars reinforced with 
the separately added carbon nanotubes as introduced in Metaxa et al. (2010). Previous attempts to 
create nano-reinforced composite materials suffered from the flocculation and improper dispersion of 
separately added nanofibers/nanotubes. The main advantage of this new method presents the 
elimination of the demanding CNT/CNF dispersion; now, the hybrid material can be intermixed 
directly with water and/or sand, creating a strong and quasi-brittle composite similar to ordinary 
cement paste/mortar. 

Since we have not proven any evident effect of CNT/CNF to the compressive strength of mortar, 
dare we say that our results are in strong contrary to the measurements of Ludvig et al. (2011) and 
Nasibulina et al. (2010), who published a 2-3x increase in compressive strength of mortar when the 
CNT/CNF are used. Unfortunately these sources do not provide densities or porosities of the measured 
samples and thus the results remain questionable. 
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FEM SIMULATION OF AN INTEGRATED LONGITUDINAL
AND TANGENTIAL WAVE PROBE

P. Hora*, O. Červená **

Abstract: The aim of contribution is the finite element modeling of integrated longitudinal and shear wave
probe. This type of probe was investigated by Cheng-Kuei Jen and Makiko Kobayashi in Jen (2007). Finite
element calculations are performed in the commercial environment COMSOL Multiphysics. The ultrasonic
transducer excitation was modeled as total force load. The received ultrasonic signal was obtained by inte-
gration of velocities at place of ultrasonic transducer. Though these simplifications the resulting ultrasonic
signals are in good agreement with results presented by Cheng-Kuei Jen and Makiko Kobayashi.

Keywords: Ultrasonic probe, FEM modeling.

1. Introduction

Non-destructive testing (NDT) of materials are commonly performed to identify and characterize of
defects and damage in metals, metal alloys, composites and other materials. Furthermore, the increasing
demand to improve the performance, increase reliability and extend the life of transportation vehicles,
structures and engineering systems, requires the use of systems that have integrated capabilities with
built-in sensors that perceive and process in-service information and take actions to accomplish desired
operations and tasks. It is established that ultrasonic methods are widely used for real-time, in-situ or off-
line NDT and evaluation of large metallic and composite structures including airplanes, pressure vessels
and pipelines, Kundu (2004).

Because of their subsurface inspection capability, elastic property characterization ability, fast in-
spection speed, simplicity and cost-effectiveness, there has been considerable interest in ultrasonic NDT.
Common limitations of current piezoelectric ultrasonic transducers (UT) are (a) lack of suitability for
use on curved surfaces and (b) the difficulty for use at temperatures higher than 100◦C. Therefore the ob-
jective of this investigation is to develop integrated longitudinal, shear, Rayleigh surface and Lamb plate
acoustic wave transducers and flexible high temperature UT operated at least up to 150◦C, Jen (2007).

2. Integrated longitudinal and shear wave probe

Various efforts have been devoted to the development of piezoelectric UTs of large bandwidth and high
efficiency and they may be supplied by several companies. However, it is understood that S waves
may be advantageous over P waves for NDT and characterization of materials because liquid and gas
medium do not support S waves. In addition, for the evaluation of material properties, sometimes it
is important to measure shear modulus and viscoelastic properties in which S wave properties are a
requisite. Furthermore, a UT setup to generate and receive both P and S waves at the same sensor
location would be also of interest.

The mode conversion from P to S wave due to reflection at a solid-air interface was reported in
Achenbach (1973); Graff (1975). It means that the P wave UT together with P-S mode conversion
caused by the reflection at a solid-air interface can be effectively used as a S wave probe as shown in
Fig. 1. P waves in this figure generated by an P wave UT reach a solid-air interface and reflected as PP

*Doc. Ing. Petr Hora, CSc.: Institute of Thermomechanics AS CR, v. v. i., Dolejškova 1402/5; 182 00, Prague; CZ, e-mail:
hora@cdm.it.cas.cz
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and PS waves. The equations governing the reflection and mode conversion with respect to the P wave
incident angle α can be given in Eqs.1-3, Achenbach (1973); Graff (1975), where c1 and c2 are P and S
wave velocities in the solid, respectively, and RPP and RPS are energy reflection coefficients of the P
and S waves, respectively.

n

Solid

Air
Interface

P PP

PS

α
α

β

Fig. 1: Reflection and mode conversion wave at solid–air interface.

c1
sinα

=
c2

sinβ
(1)

RPP =

(
cos2 2β − (c2/c1)

2 sin 2α sin 2β

cos2 2β + (c2/c1)
2 sin 2β sin 2α

)2

(2)

RPS =
4 (c2/c1)

2 cos2 2β sin 2α sin 2β(
cos2 2β + (c2/c1)

2 sin 2β sin 2α
)2 (3)

In this study, a steel with the P wave velocity c1 = 5770.8 m/s and S wave velocity c2 = 3138.5 m/s
at room temperature was used as the substrate. These values are corresponding to the elastic properties
of the substrate material in FEM analysis. Fig. 2 depicts the relation of angle of reflection to angle of
incidence. The used angles of incidence are plotted by dashed lines. Fig. 3 shows the calculated energy
reflection coefficient based on Eqs. 2 and 3 for the mild steel substrate. It indicates that the maximum
energy conversion rate from the P wave to the PS wave is 97.8% at α = 67.3◦, and the reduction of the
energy conversion rate is within 1% in the α range between 60.8◦ and 73.0◦.
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Fig. 2: Angle of reflection (β) vs. angle of incidence (α).

By considering this criterion, α+β is required to be 90◦. From Eq. 1, which is the Snells law, we can
obtain α = 61.46◦ (α = arctan(c1/c2)). At this angle, the conversion rate is 97.03% that is only 0.79%
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Fig. 4: Cases of the studied ultrasonic probes.

smaller than the maximum conversion rate at 67.3◦, based on the result in Fig.3. Therefore, Fig. 4a)
shows the schematic design developed for this study.

In Fig. 4b) the schematic diagram of an integrated P wave UT probe with the P wave UT is located
in a plane parallel to the direction of PP wave where α = 45◦ is shown.

In Jen (2007) is shown, how to generate and receive both P and S waves at the same time. The S wave
probe shown in Fig. 4a) can be modified to achieve such a purpose. In fact, it simply makes a slanted
surface with an angle 45◦ from the intersection of the slanted plane and the line from the center of the P
UT as shown in Fig. 4c). The 45◦ angle plane will reflect the energy of the P wave into the PP45 wave
normal to the probing end as shown in Fig. 4c). Therefore, in principle, the upper part of the P wave,
generated from P UT, can be used to produce the PS wave and the lower part to produce the PP45 wave.

3. FEM modeling

FEM modeling was performed for all three cases of probes depicted in Fig. 4. FE time dependent
calculations are performed in the commercial environment COMSOL Multiphysics with the Structural
Mechanics Module, COMSOL (2012). The plane strain was used as an application mode.

The probe width was 16 mm and middle of P UT (h) was located at 20 mm from probe end for each
cases. The P UT size (w) was 6 mm. The steel with Young’s modulus 200 GPa, Poisson’s ratio 0.29 and
density 7870 kg/m3 was chosen as the substrate material of probe.
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The quadrilateral mapped mesh with maximal element edge 0.2 mm is created. Elements are the
Lagrange–Quadratic type. Number of elements for case a) and c) was 9760, for case b) was 11200.
Number of degrees of freedom for case a) and c) was 78890, for case b) 90482.

The P UT was modeled as total force load in x-direction:

Fx(t, y) = cos2
(
y − h

w
π

)
(1− cos(2πft/N)) sin(2πft), t ∈ 〈0, 1μs〉, y ∈ 〈h− w/2, h+ w/2〉

where f = 0.5 MHz is frequency, N = 5 is number of cycles, and t is time. The others edges were free.

Calculations were done in time interval from 0 to 30μs with time step 0.01μs. Relative tolerance of
solution was 1×10−4, absolute tolerance 1×10−8. Method BDF with maximum BDF order equals to 2
was used for this time analysis. The received ultrasonic signal was obtained by integration of velocities
at place of ultrasonic transducer.

4. Conclusions

The contribution deals with the finite element modeling of integrated longitudinal and shear wave probe
that was described by Cheng-Kuei Jen and Makiko Kobayashi. Finite element calculations were per-
formed for three cases of probes: the first one used the reflected S wave, the second one the reflected P
wave and the third one used both S wave and P wave. The ultrasonic transducer excitation was modeled
as total force load. The integration of velocities at place of ultrasonic transducer was used as the received
ultrasonic signal.

The effect of the reflected PP wave for cases a) and c) is negligible due to the low value of the
energy reflection coefficient RPP ≈ 3% for given angle of incidence α = 61.46◦. The influence of the
reflected PS45 wave for cases b) and c) is insignificant because of the dimension of the substrate has been
chosen so that the reflected PS45 wave from the probing end does not enter into the aperture of the P
UT. Though some simplifications the results are in good agreement with work of Cheng-Kuei Jen and
Makiko Kobayashi.

The analyze of the P UT size and location will be our further aim. The area of the P UT will be
adjusted so that the amplitudes of the reflected PS and PP45 waves will be nearly the same.
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EXPERIMENTAL INVESTIGATION OF AIR PRESSURE AND 
ACOUSTIC CHARACTERISTICS OF HUMAN VOICE.  

PART 1: MEASUREMENT IN VIVO 

J. Horá�ek*, V. Radolf*, V. Bula*, J. Veselý*, A. M. Laukkanen** 

Abstract: This contribution is aimed to provide material that can be used to develop more realistic 
physical models of voice production. The experimental methodology and the results of measurement of 
subglottal, oral (substitute for subglottic) and acoustic air pressure (captured at a distance of 20 cm in 
front of the subject’s mouth) are presented. The data were measured during ordinary speech production 
and when the acoustic impedance and mean supraglottal resistance were raised by phonating into 
differently sized tubes in the air and having the other end submerged under water. The results presented 
in time and frequency domain show the physiological ranges and limits of the measured pressures in 
humans for normal and extreme phonation. 

Keywords: Biomechanics of voice, measurement of oral pressure, voice exercises, phonation into 
tubes. 

1. Introduction 

This pilot study is a beginning of the experimental investigation of human voice source substitute by 
complex physical models of phonation. The modelling follows the previous measurements of vocal 
folds vibration and acoustic, flow and pressure characteristics of human voice production on 
simplified models of human voice production carried out on a special test facility in the dynamics 
laboratory of the Institute of Thermomechanics (see Horá�ek et al. 2011). The main purpose of the 
present contribution is to present the methodology tests of experimental techniques and laboratory 
equipment used for in vivo measurement and to obtain real physiological data for normal and some 
extreme ways of human phonation. A similar study performed afterwards on the test rig will enable a 
comparison of the results obtained in vivo and in vitro measurements. This comparison will follow in a 
later article. For simulation of extreme phonation situations the acoustic impedance of human vocal 
tract was artificially increased by prolonging of the vocal tract with different tubes or straws and by 
phonation into water, which makes the phonation more difficult due to loading the human phonatory 
system by additional hydrodynamic pressure.  

Straws and tubes are widely used in vocal exercising and voice therapy (see, e.g. Laukkanen et al. 
2012). In Scandinavia a resonance tube method has been used. For a description of the method in more 
detail, see e.g. Simberg and Laine (2007). Research results have been obtained showing that phonation 
into a tube may improve laryngeal setting towards a more economic and efficient voice production 
(Laukkanen et al. 1998, Laukkanen et al. 2008) and that the vocal tract setting may be changed 
improving sound energy transfer from the vocal tract and thus increasing sound pressure level and 
loudness. In the studies phonation into air has been used. The present study compares phonation in a 
resonance tube with the other end in air with that when the outer end is submerged into water and with 
phonation into a straw. It is of particular interest how much air pressure is needed in phonation and 
what happens to the voice quality during phonation into a tube or straw. 
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2. Material and methods 

One female voice trainer, phonated first in a normal way (in speech mode) on [pa:pa], [pi:pi], [pu:pu] 
at comfortable pitch and loudness, and then into several plastic straws and a resonance tube in the air 
and with the other end submerged from 2 cm down to 25 cm below water surface into a big aquarium 
– see the measurement schema in Fig. 1. 
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Fig. 1 – Schema of the measurement set up: 1 - B&K microphone probe 4182, 2 – digital manometer 

Greisinger Electronic GDH07AN, 3 – sound level meter B&K 2239, 4 – aquarium, 5 – B&K 
measurement system PULSE 10 with Controller Module MPE 7537 A, 6 – personal computer, 7 – clip, 

8 – impedance tube.  

Tab. 1 – Types of tubes used for increasing of acoustic impedance of the vocal tract. 

impedance tube L – length [mm] d – inner diameter [mm] 

narrow plastic stirring straw 127 2.5 

resonance glass tube 264 6.8 

drinking straw  150 5.8 

long plastic tube 990 4.5 
 

Air pressure was measured intraorally using the B&K special microphone probe type 4182 
designed for measurement of acoustic pressure in small cavities in the frequency range between 1 Hz 
and 20 kHz, and the digital manometer Greisinger Electronic GDH 07AN, the pressure sensor part of 
which was connected with the oral cavity by a small compliant plastic tube of about 8 cm length and 
inner diameter of about 1.5 mm. The tubes and straws used are summarized in Table 1. The subject 
was keeping the lips firmly sealed around the tube or straw and the two probes at the corner of the 
mouth to measure oral pressure. Pressure during the production of voiceless plosive [p] and manual 
shuttering of the other end of the tube gave an estimate of subglottic pressure. The nose was closed 
with a clip to prevent any leakage of air through the nose. A similar approach of measurement 
technique was used by Titze (2009) for measurement of phonation threshold pressure in occluded 
vocal tract. 

Acoustic signal was recorded using B&K sound level meter type 2239 with the microphone at a 
distance of 20 cm from the subject’s mouth. The recording was made using 32.8 kHz sampling 
frequency, and 16-bit amplitude accuracy. The measured signals were joint to the PC controlled B&K 
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measurement system PULSE 10 with the controller module MPE 7537A. Each phonation trial was 
recorded for 20 s and afterwards the data were transferred in the WAV and ASCI formats and under 
sampled to 16 kHz for evaluation of the measured signals in the time and frequency domains by using 
the Matlab. The subglottal pressure psub, the mean air pressure pav, the mean root square pressure prms 
inside and outside the vocal tract, the pressure spectra, the spectrograms, the fundamental voice 
frequencies F0 and the formant frequencies F1-F5 were analyzed for each trial from the time records 
of the pressure signals.  

Acoustic analysis was done in Matlab by averaging the frequency spectra calculated by 
FFT using 1s time windows with 75% overlap (see thin lines in Figures 2-12). Then the 
resulting spectra were averaged in the frequency bands (windows) equal to the fundamental 
frequency F0 with overlap of F0-10 Hz. Thus the new curves of “filtered spectra” were 
obtained (see thick lines in Figures 2-12) and the maxima of these curves were considered as 
formants. 

3. Results 

The subglottal pressure was measured using the effect of the vocal tract occlusion by production of 
the consonant [p] during an ordinary phonation on [pa:pa], [pi:pi], [pu:pu] or by manually repeated 
shuttering of the outer end of the tube during sustained phonation into it. The subglottal pressure was 
read from the time signal just when the outer end of the tube was closed and the vocal folds were 
opened and not vibrating, and consequently when the air pressure in the oral cavity was equal to the 
pressure in lungs. This occlusion or shuttering was repeated several times during each trial that was 20 
s long in total. 

The measured results are summarized in Tables 2-6 and in Figures 2-12.  
 
Tab. 2 – Acoustic characteristics for ordinary phonation with occluded vocal tract – pressures  

and frequencies. 

ordinary 

phonation  

subglot. oral outside fund.freq. resonances – formants 

psub 

[Pa] 

pav 

[Pa] 

prms 

[Pa] 

F0 

[Hz] 

F1 

[Hz] 

F2 

[Hz] 

F3 

[Hz] 

F4 

[Hz] 

F5 

[Hz] 

[pa:pa] 1000 0 0.064 164 780 1210 2840 3630 4250 

[pi:pi] 710 0 0.065 172 330 2470 3730 / / 

[pu:pu] 800 15 0.077 170 350 660 2850 3720 4250 

The results for phonation on [pa:pa], [pi:pi], [pu:pu] without using any impedance tube are 
summarized in Table 2 for the measured pressures and frequencies and the results for phonation 
[pu:pu] are shown in Fig. 2. The estimated subglottal pressure psub was, in general, considered as the 
pressure maximum achieved during the whole trial, e.g. psub � 800 Pa at the time instant t=2.5 s when 
the spectrogram of the oral pressure signal clearly shows no vocal folds vibration during production of 
the voiceless consonant [p] – see Fig. 2. A decrease of the subglottal pressure at the beginning of each 
occlusion event (e.g. at time t=2 s) was possible to detect in nearly all trials. A reason of it can be a 
physiological reaction of the subject on a sharp closure of the oral cavity. Mean oral pressure pav 
during phonation of the vowel [u:] is possible to evaluate from the time signal when the vocal folds are 
vibrating and the vocal tract is opened at the lips (see e.g. the time interval at about t=6 s where the 
mean oral pressure was about 15 Pa due to the radiation losses. It is possible to detect the fundamental 
frequency F0=170 Hz and the higher harmonics (partials) in the spectrogram during phonation on [u:] 
as well as in the spectrum of the acoustic pressure measured during the whole trial outside the vocal 
tract. The formant frequencies F1-F5 were evaluated from the spectrum using especially developed 
program in Matlab. Clearly detectable formant frequencies are underlined in the Tables 2-6. The data 
for each trial were evaluated from the time records in the same manner. Maximum subglottal pressures 
measured for ordinary phonation with occluded vocal tract were found between 710 and 1000 Pa. 
Mean oral pressure was found to be around zero for phonation on [a:] and [i:] because of a larger 
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mouth opening than for the vowel [u:]. The fundamental frequency varied between 164 and 172 Hz. 
The lowest formant frequencies, in general, correspond to the formants found in humans (Baken & 
Orlikoff, 2000). It can be noted that according to Hirano (1981) the mean subglottal pressure for 
normal vowel phonation is in the range of 400-2600 Pa, and up to maximum 5 kPa in extremes.  

 
Fig. 2 – Measurement of the phonation [pu:pu]: 1) the oral pressure and its spectrogram (left), 2) the 

sound signal 20 cm in front of the lips and its spectrum (right). 

 
Tab. 3 – Acoustic characteristics for phonation into the drinking straw – pressures and frequencies. 

phonation 

drinking 
straw into 

subgl. oral outside fun.fr. resonances – formants 

psub 

[Pa] 

pav/prms 

[Pa] 

prms 

[Pa] 

F0 

[Hz] 

fb
* 

[Hz] 

F1 

[Hz] 

F2 

[Hz] 

F3 

[Hz] 

F4 

[Hz] 

F5 

[Hz] 

air 1200 38/132 0.055 168 / 170 1080 1480 2600 3750 

H2O (2cm) 950 317/- 0.076 150 10-25* 220 360 670 1030 1400 

H2O (5cm) 1250 532/- 0.080 152 15-25* 220 320 600 1040 1440 
*frequency interval of bubbling 

 

The results of phonation into a drinking straw for the measured pressures and frequencies are 
summarized in Table 3 and shown in Figs. 3-5, corresponding to the three ways of phonation: into air 
and water in the depth of about 2 cm and 5 cm below the water surface. All measured time records and 
spectrograms for the shuttered phonation are similar like in the previous case for an ordinary 
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phonation, the maximum of the subglottal pressure psub was achieved at the time instants when no 
vocal folds oscillation was possible to detect in the spectrograms of the oral pressure, see e.g. a short 
time interval at about t=9 s in Fig. 3 when a maximum psub=1200 Pa was achieved, and on the other 
hand a short time interval just before time t=8 s when the subglottal pressure was much lower 
(psub � 650 Pa) because the vocal folds were vibrating and interrupting the airway that joins the 
subglottal and supraglottal spaces. Substantial increase in the mean oral pressure pav is related to the 
hydrodynamic pressure in addition to the pressure looses in the tube itself, see pav=38 Pa in Table 3 for 
phonation into air. The higher harmonics and formants are clearly visible in Fig. 3 in the spectrum of 
the oral pressure measured by the B&K microphone probe, and the pressure prms � 132 Pa was possible 
to evaluate in the oral cavity for phonation into air.  

 

 
Fig. 3 Measurement of the phonation into drinking straw: 1) oral pressure and its spectrogram (left), 

2) sound signal in the mouth and its spectrum (right).  
 

For phonation into water, the frequencies corresponding to water bubbling were detected in the 
spectra in the lowest frequency region between about 10 Hz and 25 Hz, see Fig. 4 where these 
frequencies can be identified clearly in the oral pressure signal. It is interesting to note that the 
subglottal pressure did practically not increased for phonation into water and only slightly compared to 
the value for normal phonation in Table 2. It might be caused by an air leakage between the straw or 
two pressure probes and the lips. The fundamental frequency for phonation into water decreased while 
the mean oral pressure substantially increased and the pressure prms outside the vocal tract was 
comparable in all cases to the ordinary phonation with the occluded vocal tract. We can note that the 
effects of phonation into this type of a drinking straw on the vocal tract setting were studied by 
Laukkanen et al. (2012) using magnetic resonance imaging technique. 
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Fig. 4 Measurement of the phonation into a drinking straw submerged 2 cm under water: 1) oral 

pressure and its spectrogram (left), 2) sound signal in the mouth and its detailed spectrum showing 
effect of water bubbling in the low frequency range (right).  

 
Fig. 5 Measurement of the phonation into a drinking straw submerged 5 cm under water: 1) oral 

pressure and its spectrogram (left), 2) sound signal 20 cm in front of the lips and its spectrum (right). 
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The results measured for phonation into the narrow plastic stirring straw are summarized in Table 
4 and presented in Figs. 6 and 7 for phonation into air and into water. The subglottal pressure was 
substantially higher than for both the ordinary phonation and the drinking straw phonation and 
similarly, the mean oral pressure was higher. The fundamental phonation frequency decreased by 
phonation into water in a similar way like for the drinking straw. For phonation into air the lowest 
resonances F2=1700 Hz and F3=2700 Hz are clearly detected in the oral pressure signal measured by 
the B&K probe. We can note that the effects of phonation into similar stirring straws on the vocal tract 
setting were studied by Titze et al (2002), Laukkanen et al. (2008) and Titze (2009). 

 

Tab. 4 – Acoustic characteristics for phonation into the narrow plastic stirring straw – pressures  
and frequencies. 

phonation 

stirring 
straw into 

subgl. oral outside fun.fr. resonances – formants 

psub 

[Pa] 

pav 

[Pa] 

prms 

[Pa] 

F0 

[Hz] 

fb
* 

[Hz] 

F1 

[Hz] 

F2 

[Hz] 

F3 

[Hz] 

F4 

[Hz] 

F5 

[Hz] 

air 1430 571 0.020 166 / 115 1730 2640 3830 4140 

H2O  
(2cm) 

1400-
1650 

700-850 0.036 150 5-30* 440 850 1070 1450 1900 

*frequency interval of bubbling 

 

 
Fig. 6 Measurement of the phonation into the narrow plastic stirring straw: 1) oral pressure and its 

spectrogram (left), 2) sound signal in the mouth and its spectrum (right).  
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Fig. 7 Measurement of the phonation into the narrow plastic stirring straw submerged 2 cm under 
water: 1) oral pressure and its spectrogram (left), 2) sound signal 20 cm in front of the lips and its 

spectrum (right). 

Tab. 5 – Acoustic characteristics for phonation into the glass tube (so called resonance tube) – 
pressures and frequencies. 

 

phonation 

glass tube 

into 

subgl. oral outside fun.fr. resonances – formants 

psub 

[Pa] 

pav/prms 

[Pa] 

prms 

[Pa] 

F0 

[Hz] 

fb
* 

[Hz]

F1 

[Hz]

F2 

[Hz] 

F3 

[Hz] 

F4 

[Hz] 

F5 

[Hz] 

air 900 52/34 0.077 146 / 620 1300 1910 2520 3180

H2O (2cm) 1150 251/107 0.115 156 18* 680 1100 1450 2540  

H2O (10cm) 1700 1068/- 0.092 152 15* 430 600 1100 1500  

H2O (15cm) 2450 1605/117 0.074 158 15* 450 1000 1500 1900 2200
*frequency of bubbling 

The measurements for phonation into the resonance glass tube are presented in Table 5 and in 
Figs. 8-11. The subglottal pressure for phonation into air was comparable with the phonation [pu:pu] 
and lower than for phonation into the drinking straw as well as for the stirring straw. The mean oral 
pressure given by the tube impedance was comparable with phonation [pu:pu] and into the drinking 
tube, and substantially lower than for the stirring straw. The fundamental frequency was considerably 
lower than for the ordinary phonation with the occluded vocal tract and increased for phonation into 
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water. The subglottal pressure as well as the mean oral pressure pav increased with the water depth due 
to the hydrodynamic pressure. The root mean square oral pressure prms also increased considerably by 
phonation into the water, nearly four times compared to phonation into air, i.e. from about 123.8 dB in 
air up to 135.3 dB for the water depth 15 cm. We should note that the maximum oral pressure 
prms=132 Pa i.e. 136.4 dB, was obtained for phonation into the drinking straw. In general, the SPL 
measured outside the vocal tract was between 60 dB and 75 dB in all cases.  

Substantial differences were found in the spectra of the pressure signals measured inside the oral 
cavity by the B&K microphone probe and outside measured by the B&K sound level meter (see Figs. 
9 and 11). Especially, some low frequency and dominant formants at about 600 Hz in Fig. 9 and at 
about 300 Hz in Fig. 11 measured outside the vocal tract are not detected in the spectra of the oral 
pressure. The dominant frequency of the water bubbling was at about 18 Hz for phonation into the 
water depth 2 cm and 15 Hz for the higher water levels. The difference found in the spectra inside and 
outside the vocal tract can be attributed to a high intensity of bubbling; moreover it may be also 
influenced by a plastic foil by which it was necessary to cover the aquarium especially for the higher 
water levels.  

 
Fig. 8 Measurement of phonation into the glass (resonance) tube: 1) oral pressure and its 

spectrogram (left), 2) sound signal 20 cm in front of the lips and its spectrum (right). 
 

Extreme phonation was compared between male and female subjects by phonation into the very 
long plastic tube. Table 4 and Fig. 12 show the differences between female and male phonation when 
the water depth was continuously changed during the phonation from 0 cm (phonation into air) down 
to about 25 cm and shuttering the tube end. The measured maximum of the subglottal pressure for the 
female subject was about psub=2.55 kPa and for the male subject psub= 3.25 kPa, and similarly the mean 
oral pressure pav measured in male was about 460 Pa higher than in female. 
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Fig. 9 Measurement of the phonation into a resonance glass tube submerged 2 cm under water:  

1) oral pressure and its spectrogram (upper panel), 2) sound signal in the mouth and its spectrum 
(2nd panel), 3) sound signal 20 cm in front of the lips and its spectrum (3rd panel), 4) oral pressure and 

detail of its spectrum showing bubbling effect in the lowest frequency range (bottom). 
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Fig. 10 Measurement of the phonation into a resonance glass tube submerged 10 cm under water:

1) oral pressure and its spectrogram (upper panel), 2) sound signal 20 cm in front of the lips and its 
spectrum (2nd panel), 3) oral pressure and detail of its spectrum showing bubbling effect in the lowest 

frequency range (bottom). 
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Fig. 11 Measurement of the phonation into a resonance glass tube submerged 15 cm under water:
1) oral pressure and its spectrogram (upper panel), 2) sound signal in the mouth and its spectrum 

(2nd panel), 3) sound signal 20 cm in front of the lips and its spectrum (3rd panel), 4) oral pressure and 
detail of its spectrum showing bubbling effect in the lowest frequency region (bottom panel).  
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Tab. 6 – Acoustic characteristics for phonation into the long plastic tube varying the submerge depth 
in water from zero to a maximum of about 23 cm under the water for female and up to about 25 cm for 

male – pressures and frequencies. 

phonation 

into a long 
tube 

subgl. oral outside fun.fr. resonances – formants 

psub 

[Pa] 

pav 

[Pa] 

prms 

[Pa] 

F0 

[Hz] 

F1 

[Hz] 

F2 

[Hz] 

F3 

[Hz] 

F4 

[Hz] 

F5 

[Hz] 

F6 

[Hz] 

female 750 - 
2550 

250 - 
2290 

0.042 156 360 550 1030 2500 3260 4040 

male 2000 - 
3250 

250 - 
2750 

0.060 115 280 1140 1640 2250 3560 4120 

 

 
Fig. 12 Measurement of phonation into long plastic tube (“1 m”) starting in air and submerging the 

tube continuously deeper and deeper into water: 1) female phonation (F0=156 Hz) up to about 23 cm 
H2O, 2) male phonation (F0=115 Hz) up to about 25 cm H2O.

4. Discussion and concluding remarks 

According to the results in Tables 1-6 for the female phonation the subglottal pressure psub varied 
in all cases studied between 710 Pa and 2550 Pa, the mean oral pressure pav varied from 0 Pa for 
phonation on [a:] and [i:] to the maximum 2290 Pa for phonation into the long plastic tube at about 23 
cm under the water. The fundamental frequency F0 varied between 146 and 172 Hz. Water bubbling 
frequency varied in the interval between 5 Hz and 30 Hz for all cases studied. 
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The air pressure used for phonation into the resonance tube in the air was approximately the same 
as in vowel phonation. Phonation into straw offers a higher resistance, as already presented by Titze et 
al. (2002). The subglottal pressure psub measured in our case for phonation into the stirring straw was 
1430 Pa and the oral pressure pav=571 Pa; for phonation into the resonance tube we measured 
psub=900 Pa and pav=52 Pa (see Tabs. 4 and 5)  These values corresponds well with the measurements 
by Titze et al. They measured psub approximately from 1 to 2.5 kPa for the male and the oral pressure 
in the range 0-1.5 kPa in the lowest pitch (F0=147 Hz). For the female the lowest pitch was 220 Hz, 
the subglottal pressure varied between 1.5-2.5 kPa, and the oral pressure approximately between 0.5-
1.8 kPa. Titze estimated lung pressure needed for phonation into a resonance tube (30 cm in length, 
7.5 mm inner diameter) in air: 0.73 kPa and for the smallest stirring straw (11.5 cm in length, 2 mm 
inner diameter) 5.13 kPa assuming the air flow rate 0.2 l/s. Similar estimation was done for the oral 
pressure: 90 Pa for a resonance tube and 4.6 kPa for the stirring straw. Titze et al. (2002) concluded 
that the male who had considerably more practice with this type of phonation raised lung pressure by 
ca 100%, while the female raised it by 50%.  

The subglottal pressure as well as the oral pressure measured for the resonance tube 2 cm under 
water was higher than in the air, but lower than needed for the straws. The highest pressures were 
measured for the resonance tube 15 cm under water. 

The maximum root mean square pressure inside the oral cavity 136.4 dB was measured for 
phonation into the drinking straw, however many prms values for the signal from the B&K probe were 
not possible to evaluate due to difficulties with fixing correctly the two probes in addition to a straw or 
tube between the subject’s lips. It is the reason why many prms values measured inside the oral cavity 
are missing in the tables. 

A higher subglottic pressure is needed with increasing the water depth that also offers a higher 
pressure oscillation in the vocal tract. Voice therapy tradition pays attention to that tube 10 cm or 
deeper under water should only be used for a short time and proper guidance of phonation is needed 
(see Simberg and Laine, 2007). With a higher supraglottic resistance a higher subglottic pressure and 
tighter adduction of the vocal folds is needed. However, the air pressure inside the glottis also 
increases, thus reducing collision between the vocal folds.  

Acoustic results show that the fundamental frequency F0 lowers with the hydrodynamic pressure 
for the drinking and stirring straws submerged into water, however an opposite tendency was 
measured for phonation into the resonance tube where F0 being the lowest for phonation into air. 

Similar measurements were performed on a physical model of phonation, and the results of both 
measurements will be compared in another paper. The results of the present studies will be used for 
testing the models of the vocal fold prosthesis in the laboratory.  
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Horáček J. Radolf V. Bula V. Veselý J. Laukkanen A. M. 417





COMPARISON OF IMPLICIT-GRADIENT DAMAGE-PLASTIC
MODELS

M. Horák*, M. Jirásek **

Abstract: Damage mechanics coupled with the theory of plasticity is a suitable framework for description
of the complex behavior of materials such as concrete [Grassl and Jirásek (2006)], steel [Engelen, Geers
and Baaijens (2003)], or bone [Charlebois, Jirásek and Zysset (2010)]. However, the classical theory fails
after the loss of ellipticity of the governing differential equation. From the numerical point of view, loss
of ellipticity is manifested by the patholocical dependence of the results on the size and orientation of the
finite elements. This paper describes two different formulations of coupled damage-plastic models, and their
nonlocal enhancements based on the implicit gradient approach. The difference between the formulations
is discussed and illustrated by a numerical example.

Keywords: damage, plasticity, nonlocal continuum, implicit-gradient formulation

1. Introduction

This paper presents coupled damage-plasticity models. Continuum damage mechanics is suitable for the
description of stiffness degradation due to the growth of defects such as micro-voids and micro-cracks,
while plasticity theory describes permanent deformations of a material induced e.g. by slip mechanisms.
However, standard damage-plasticity models with softening would lead to a pathological sensitivity of
the numerical solution, converging to physically meaningless results. In this contribution, two different
ways of coupling damage with plasticity are considered, and a method that can provide an objective
description of localized inelastic processes is described.

2. Plasticity

The main feature of plasticity models is irreversibility of plastic strain. We restrict our attention to the as-
sociative plasticity with isotropic hardening or softening under small strain. The basic equations include
an additive decomposition of the total strain into an elastic (reversible) part and a plastic (irreversible)
part,

ε = εe + εp, (1)
the stress-strain law,

σ = De : εe, (2)
the definition of the yield function

f(σ, κ) = σ̃(σ)− σY (κ) (3)

loading-unloading conditions in the Kuhn-Tucker form,

f(σ, κ) ≤ 0 λ̇ ≥ 0 λ̇f(σ, κ) = 0, (4)

flow rule as the evolution law for plastic strain

ε̇p = λ̇
∂f

∂σ
, (5)
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**Prof. Ing. Milan Jirásek, DrSc.: Faculty of Civil Engineering, Czech Technical University in Prague; Thakurova 7/2077; 166

29, Prague; CZ, e-mail: Milan.Jirasek@fsv.cvut.cz

m
2012

. 18thInternational Conference
ENGINEERING MECHANICS 2012 pp. 419–426
Svratka, Czech Republic, May 14 – 17, 2012 Paper #185



evolution law for cumulated plastic strain,

κ̇ =
√

ε̇p : ε̇p, (6)

and the isotropic hardening (softening) law, described by the function σY (κ) that is embedded in the
definition of the yield function (3). In the equations above, σ is the stress tensor, De is the elastic
stiffness tensor, σ̃ is a seminorm of the stress tensor, λ is the plastic multiplier, κ is the cumulated plastic
strain and σY is the current yield stress. An overdot marks the derivative with respect to time. To describe
the behavior of a specific material, a concrete form of the stress seminorm has to be introduced. In the
subsequent chapters, we will use the Mises yield condition, which belongs to the most used yield criteria
and defines the stress seminorm as

σ̃(σ) =

√
3

2
s : s (7)

where s is the deviatoric part of the stress. Note that for Mises plasticity, yielding has a purely deviatoric
character.

2.1. Implementation

To implement the constitutive model into a displacement-driven finite element code, an algorithm for
the evaluation of the stress increment from a given strain increment must be developed. This procedure
is usually called the stress-return algorithm. The stress return algorithm is based on the elastic-plastic
operator split, which consists of a trial elastic predictor followed by the return mapping algorithm. In the
first step, the trial stress

str = 2G
(
en+1 − enp

)
(8)

is computed. Here, G is the shear modulus of elasticity and e is the deviatoric part of the strain. If the
trial stress satisfies the condition of plastic admissibility, F (σtr, κn) ≤ 0, the step is elastic and the trial
stress σtr is accepted as the actual stress σn+1. If the trial stress violates the yield condition, the step
is plastic and the return mapping algorithm has to be used. Here we describe the so-called radial-return
algorithm [Krieg and Key (1976)], which represents a radial projection of the trial stress onto the yield
surface. The formula for sn+1 has the following form:

sn+1 = str − 2GΔep (9)

After using the discrete version of equation (5) in combination with equation (9), we arrive at

sn+1 = str −
√
6GΔκ

sn+1

‖sn+1‖ (10)

Clearly, sn+1 and str are colinear, thus

sn+1

‖sn+1‖ =
str

‖str‖ (11)

Substituting (11) into (10), the radial mapping of the trial stress onto the yield surface is obtained:

sn+1 =

(
1−

√
6GΔκ

sn+1

)
sn+1 (12)

Moreover, the yield criterion must be fullfiled at the end of the step:

f(sn+1, κn +Δκ) = 0 (13)

Substitution equation (12) into (13) leads to one nonlinear scalar equation for Δκ. For linear hardening
plasticity, in the form σY (κ) = σ0 +Hκ, this equation is reduced to a linear equation, and Δκ can be
obtained directly as

Δκ =
f tr

3G+H
(14)

where f tr = f(str, κn), H is the plastic modulus, and σ0 is the initial yield stress.
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3. Coupling of damage and plasticity

In this section, a brief description of the continuum damage mechanics and its coupling with the plasticity
theory is discussed, see [Maugin (1992)] for more details. The isotropic damage mechanics is considered,
which means that one single scalar damage variable is introduced. The damage variable describes the
reduction of stiffness and strength of material due to the creation, coalescence and growth of voids and
microcracks. There exists at least two ways of coupling the plasticity theory to the damage mechanics.
The first approach is based on the formulation of the plasticity problem in the effective (i.e. undamaged)
stress space. The second approach relies on the plasticity formulated in the nominal (i.e. damaged) stress
space. For both approaches, the stress-strain law has the form

σ = (1− ω)σ̄ = (1− ω)De : (ε− εp) (15)

where σ̄ is the effective stress and ω is the damage variable that ranges from zero (virgin material) to one
(completely damaged material).

For the model based on effective stress, equations (2)–(5) are reformulated in the effective stress
space

σ̄ = De : (ε− εp), (16)
f(σ̄, κ) = σ̃(σ̄)− σ̄Y (κ), (17)

f(σ̄, κ) ≤ 0 λ̇ ≥ 0 λ̇f(σ̄, κ) = 0, (18)

ε̇p = λ̇
∂f

∂σ̄
, (19)

Moreover, the damage law is needed. Usually it is postulated as

ω = g(κ) (20)

For the second group of models, all equations are formulated in terms of nominal stress. However, this
formulation can be rewritten in terms of the effective stress, and the hardening (softening) function would
by given by

σ̄Y =
σY

(1− g(κ))
(21)

In the first case, the evolution of damage and the effective yield stress is prescribed, while in the second
case the evolution of the nominal yield stress and damage is prescribed. Since the nominal stress is di-
rectly available from the stress-strain diagram, it may be simpler to describe it directly and then consider
the effective yield stress as a derived quantity. The models are fully equivalent; however, it is neccesary
to pay attention when constructing the nonlocal extension. Nonlocal extension of both classes of models
will be described in the next chapter.

3.1. Implementation

Implementation of the formulation based on the effective stress is very similar to the implementation of
pure plasticity and consist of the return mapping algorithm followed by the explicit evaluation of damage.
To implement a damage plastic model based on the nominal stress, the formula for the trial stress has to
be changed to

str = (1− ωn)2G
(
en+1 − enp

)
(22)

Again, if the trial stress satisfies the yield condition, the step is elastic and the trial stress is accepted as
the actual stress. If the trial stress violates the yield condition, the step is plastic and the return mapping
algorithm has to be used. The formula for sn+1 reads

sn+1 = str − 2GΔω
(
en+1 − enp

)
− (1− ωn+1)2GΔenp (23)

After substitution of (5) into (23), multiplication of the second term by
1− ωn

1− ωn
, and some algebra, we

get

sn+1 =
1− ωn+1

1− ωn
str − (1− ωn+1)

√
6GΔκ

sn+1

‖sn+1‖ (24)
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Obviously, sn+1 and str are colinear; therefore, we arrive at the radial return mapping of the trial stress
onto the yield surface:

sn+1 =

(
1− ωn+1

1− ωn
− (1− ωn+1)

√
6GΔκ

‖str‖

)
str (25)

Combining the yield criterion (13) with (25) leads to one scalar nonlinear equation√
3

2

(
1− ω(κn +Δκ)

1− ω(κn)

∥∥str∥∥− (1− ω(κn +Δκ))
√
6GΔκ

)
− σY (κ

n +Δκ) = 0 (26)

with Δκ as the unknown. This equation can be solved iteratively, for example by the Newton method.

4. Implicit-gradient regularization

In the previous section, two formulations coupling damage mechanics to the theory of plasticity were
described, and their numerical implementation was presented. Now we focus on the regularization of the
coupled damage-plastic models by the implicit-gradient formulation, with nonlocal cumulated plastic
strain. In the regularized implicit-gradient formulation, the constitutive equations are enhanced by the
nonlocal cumulated plastic strain, which is computed from a Helmholtz-type differential equation

κ̄− l2∇2κ̄ = κ (27)

with homogeneous Neumann boundary condition

∂κ̄

∂n
= 0. (28)

In the equations above, l is a length scale parameter, ∇ is the Laplace operator, and n is an outer normal.
To regularize the constitutive model properly, attention must be pa�� to its localization properties.

For the local model, localization can occur if the tangent plastic modulus, i.e., the derivative of σY with
respect to κ, becomes equal to or less than the critical value Hc derived by the localization analysis
based on the acoustic tensor [Ottosen and Runesson (1991)]. For a model with an associated flow rule,
this critical value is never positive. Therefore, localization cannot happen before peak, but at peak or
after peak it may occur. It can be shown that a nonlocal model provides a proper regularization (nonzero
width of the localized process zone and nonzero dissipation) if the derivative of the nominal yield stress
with respect to the local κ, denoted as HL, remains above Hc. To be on the safe side, we would like to
keep HL positive, because Hc ≤ 0.

For instance for a model with
σY = σY (κ̄) (29)

we have HL = 0 and there is a danger of localization into an arbitrarily thin layer. This is the so-called
basic nonlocal plastic model, which can be improved by the overnonlocal formulation, with

σY = σY (κ̂) (30)

where
κ̂ = mκ̄+ (1−m)κ (31)

is the overnonlocal variable. In this case, HL = (1−m)σ′
Y where σ′

Y is the derivative of σY with respect
to its argument. If the nominal yield stress is decreasing, we have σ′

Y < 0 and then the condition HL > 0
is satisfied for m > 1. However, this formulation fails if σ′

Y is changing from positive to negative values
(first hardening, then softening), because the condition HL > 0 cannot be satisfied in both ranges with
the same constant m.

The standard nonlocal formulation of a damage-plastic model is based on

σY = (1− g(κ̂))σ̄Y (κ) (32)
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The local plastic modulus is given by

HL = −(1−m)g′σ̄Y + (1− g)σ̄′
Y (33)

and the condition HL > 0 translates into

σ̄′
Y >

(1−m)g′σ̄Y
1− g

(34)

where σ̄′
Y is the derivative of function σ̄Y with respect to its argument and corresponds to the plastic

modulus of the elastoplastic model without damage. The condition can be satisfied at least in two ways:

• using σ̄′
Y > 0 and m = 1, which is the formulation with the usual nonlocal variable and with

hardening elastoplastic part, see [Grassl and Jirásek (2006)];

• using σ̄′
Y ≥ 0 and m > 1, which is the overnonlocal formulation with an elastoplastic part that

can contain a plateau (perfect plasticity without hardening) but must not soften, see [Charlebois,
Jirásek and Zysset (2010)].

Localization capabilities of different implicit-gradient formulations will be explored in the next chapters
by a representative numerical example.

4.1. Implementation of implicit gradient model

The implementation of the implicit gradient formulation is based on mixed finite elements. We start from
the strong form of the set of governing differential equations

∇ · σ = 0 (35)
κ̄− l2∇2κ̄ = κ (36)

Following the standard procedure, equations (35) and (36) are recast in the weak form,∫
V
(∇ · σ) · η dx = 0 (37)∫

V
(κ̄− l2∇2κ̄)η dx =

∫
V
κη dx (38)

where η and η are suitable test functions. The displacements and the nonlocal cumulative plastic strains
are approximated at the element level by

u = Nd κ̄ = N κ̄dκ̄ (39)

where N and N κ̄ are matrices containing the shape functions and d and dκ̄ are vectors with the corre-
sponding degrees of freedom (nodal displacements and nodal values of the nonlocal cumulated plastic
strain). After discretization, we obtain the set of nonlinear algebraic equations⎧⎨⎩ f int

φint

⎫⎬⎭ =

⎧⎨⎩ f ext

0

⎫⎬⎭ (40)

in which f int and f ext are the standard internal and external forces and φint =
∫
V (N

T
κ̄N κ̄dκ̄ +

l2BT
κ̄Bκ̄dκ̄ − κNT

κ̄ ) dx are generalized internal forces. The set of nonlinear equations is solved by
the Newton-Raphson iteration scheme. This numerical method requires a tangent matrix, which is ob-
tained by differentiating the internal force vector with respect to the nodal unknowns:

K =

⎡⎢⎢⎢⎣
∂f int

∂d

∂f int

∂dκ̄

∂φint

∂d

∂φint

∂dκ̄

⎤⎥⎥⎥⎦ (41)
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Fig. 1: Uniaxial tension test: Geometry and Loading

where

∂f int

∂d
=

∫
V
(1− ω)BT ∂θ

∂ε
B dx

∂f int

∂dκ̄
= −

∫
V

dω

dκ
BT σ̄N κ̄ dx

∂φint

∂d
= −

∫
V
NT

κ̄

∂θκ

∂ε
B dx

∂φint

∂dκ̄
=

∫
V

(
NT

κ̄

(
1 +

∂θκ

∂κ̄

)
N κ̄ + l2BT

κ̄Bκ̄

)
dx

In the equations above, B and Bκ̄ are matrices containing derivatives of the shape functions,
∂θ

∂ε
cor-

responds to classical elasto-plasto-damage stiffness and functions θκ is supplied by the return mapping
algorithm.

5. Numerical example

Simulation of a one-dimensional bar in tension is carried out to demonstrate regularization properties
of different implicit-gradient formulations of plasticity coupled to isotropic damage. Geometry of the
problem is plotted in Fig. 1, the material and geometrical parameters are summarized in Tab. 1. Influence
of the nonlocal formulation on the profile of damage along the bar is studied. Isotropic linear hardening
of the effective yield stress and exponetial evolution of damage is considered:

σ̄Y = σ0 +Hκ (42)

ω = 1− e−aκ (43)

This yields to the nominal stress in the form

σY = (1 − e−aκ)(σ0 +Hκ) (44)

At first, the over-nonlocal regularization based on nonlocal damage is considered, i.e. ω = g(κ̂). In
this approach, the nonlocal cumulated plastic strain affects only the damage variable, while plasticity is
formulated in the effective stress space and therefore remains local. The advantage of this approach is in
a simple implementation based on the local return mapping algorithm followed by an explicit evaluation
of the damage variable. The second class of models considered here is based on the over-nonlocal
averaging of the nominal yield stress, σY = σY (κ̂). Fig. 2 and Fig. 3 show the distribution of damage
along the bar for different stages of loading for the first approach and the second approach, respectively.
Finally, Fig. 4 compares the distribution of the damage variable obtained by the formulation based on the
effective stress and by the formulation based on the nominal stress.

6. Conclusions

We have presented two formulations coupling plasticity with damage, and introduced two different
implicit-gradient regularization schemes which lead to an objective description of localized failure pro-
cesses. We have shown that even if the local models are fully equivalent, the nonlocal formulation can
lead to substantially different results; therefore it is neccesary to pay attention when constructing the
nonlocal extension. Further research will focus on the comparison of the computational efficiency of
both models, and on extensions of the gradient regularization to more general yield conditions.
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Length of bar L 100 mm
Length of imperfection s 20 mm
Cross-sectional area A 100 m
Young’s modulus E 20 GPa
Isotropic hardening law σY = σ0 +Hκ
Initial yield stress σ0 2 MPa
Initial yield stress (imperfection) σ0 1.8 MPa
Hardening modulus H 600 MPa
Damage law ω = 1− exp−aκ

Dimensionless damage parameter a 300
Characteristic length l 5 mm

Tab. 1: Uniaxial tension test: Geometrical and material parameters
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Fig. 2: Evolution of damage profile for formulation 1
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Fig. 3: Evolution of damage profile for formulation 2
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Fig. 4: Comparison of damage distribution
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THE STUDY OF MECHANICS OF DEFORMATION BEHAVIOUR OF 
SERVICE ROBOTS GRIPPING SYSTEMS 

M. Horák*, F. Novotný** 

Abstract: This paper presents an analysis of the gripping system and contact links with a vertical plane 
of contact. It focuses on comparing the classic gripping elements and elements which combined methods 
of gripping force deducing with the using of different physical principles (vacuum, friction and adhesion). 
The first part of the paper describes the behavior of suction cups used as standard during radial loading 
using a computer simulation depending on rigidity of an elastomer sealing rim of the suction cup. The 
second part illustrates structural modifications of the suction cup by means of a bearing supporting plate 
having a material with an adhesion layer on the contact boundary and allowing the down-pressure to be 
regulated depending on mechanical properties of the object kept.  

Keywords:  Gripping element, suction cup, vacuum, adhesion, contact. 

1. Introduction 

In most cases it concerns applications combining the latest smart vacuum technology with high-tech 
systems of multi-angle industrial robots having six degrees of freedom that replace standard single-
purpose manipulators step by step. When handling of jumbo formats of sheets having boundary 
dimensions ca. 3 x 6 m, nowadays a cooperation of two robots placed on a common travelling device 
is used. It is obvious that a handling task like this makes high demands for providing the parallel 
motion of both robots. Possible inaccuracies in positioning (Horák, 2005) find distinct expression in an 
undesirable loading of the sheet gripped, excessive loading of the robot wrist and vacuum gripping 
elements.    

 
Fig. 1: Developed service robot platform for a motion on the vertically oriented glass walls  
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The use of suction cups in the field of holding-down systems, such as locomotion devices (chassis) 
of service robots allowing the autonomous motion on vertically oriented walls, is a reciprocal task 
(Fig. 1). As for the systems based on the stepping principle of the robot motion (Novotný & Horák & 
Plavec, 2011), changes in the center of gravity distance occur, which has a negative impact on the 
loading pattern of particular suction cups subjected to radial and axial forces as well as to tilting 
moments depending on the geometry of the chassis kinematics (climbing robot). 

It is necessary to specify such safety level so that the gripping or holding-down system satisfied 
the requirements for the stable keeping in the all regimes of loading. Thus, authors put the accent on 
an analysis of deformation behavior of suction cups with a rigid body and flexible sealing rim. The 
basic aim is focused to modify the contact areas of the suction cup in order to increase their load 
capacity in radial direction when a preservation of the vacuum level, because during the robot motion 
on the vertical walls the suction cups are overtaxed in the radial direction. 

2. Deformation analysis of standard suction cup – computer model    

The contact of the suction cup and sheet in accordance with the classic power conception has been 
already analyzed in (Novotný & Horák, 2008), where it was found that a resultant value of the safety 
coefficient is in the region of 14 to 20 respecting changes in the friction character in any position of 
the gripping plane. To have the full picture, the classic power analysis was supplied experimentally 
verified results of the computer simulation using the finite-element method, when an adequate 
numerical model of the standard suction cup was created (Fig. 2) respecting material properties of 
TPU (Horák, 2008) for the description of which the Mooney-Rivlin rheological model was used, when 
it is valid that 
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where F = force, λ1 = deformation, c10 and c01 is Mooney-Rivlin material constant and A0 is the cross 
section initial area during uniaxial tension test (1). When the test results are known, it’s possible to 
determine the material constants from main stress in dependency on the actual deformation λ1. In the 
other cases it can be used the relations (2) and (3) for the determination of material constants 
depending on the modulus of elasticity E. 

1001 4
1 cc 4 ,                                                                (2) 

� � Ecc 4�G 01106 .                                                          (3) 
Boundary conditions describing the character of frictional conditions were set on the basis of the 

laboratory test results. It was demonstrated that the friction coefficient values have been dependent 
substantially on a state of the contact material surface (glass), which is resumed clearly in the diagram 
in Fig. 3.  

 
Fig. 2: Computer models for two basic types of standard suction cups 

Rigid flange 

Sealing rim 

Rigid flange 

Sealing rim 
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Fig. 3: Friction coefficient   

The computer model was also optimized from standpoint of a variable active surface of the suction 
cup depending on the loading profile; this surface is defined by the suction cup effective diameter 
(important for the suction cup without a rigid body). The actual contact area corresponding to the 
loading level was detected in view of the state of contacting bodies (the contact quality) during each 
step of the calculation. This effect contributed greatly to obtaining of the representative computer 
model of the suction cup behavior during external loading. 

3. Computer simulation results     

During the computer simulation of the suction cup (with the rigid body - rigid bearing plate) 
deformation behavior (the geometrical diameter of 60 mm), the series of calculations was carried out. 
Subsequently the model created (Fig. 4) allows an influence of the sealing rim rigidity on a course of 
the contact profile shift to be evaluated depending on the radial loading force FRAD value. 

   
                            FRAD = 120 N                                                            FRAD = 160 N 

Fig. 4: Deformation of the suction cup's sealing edge in axis x (vacuum level -60 kPa) 
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Being based on a series results, the course of the contact profile shift in the plane perpendicular to 
the suction cup axis was analyzed in detail at pre-selected points owing to the action of the external 
radial force. The course characters depending on the elastic modulus in the range 2-30 MPa and the 
friction coefficient 0.8 are shown in diagrams in Figures 5 and 6. The real behaviour of the sealing rim 
is replaced by the Mooney-Rivlin material model (MSC.Marc, 2004, MSC.Marc, 2005). 
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  Fig. 5: Distance of the suction cup center                        Fig. 6: Distance of profile edge 

 

From the standpoint of the contact stability, the given results show that primary shifts of the 
contact profile of the suction cup occur already in the radial loading range from 60 to 120 N. The 
range from 120 to 140 N is to be found on the contact stability limit. Any next increase of the loading 
results in a collapse and subsequently it leads to the suction cup shifting in the plane of loading 
(Novotný & Horák, 2009, Novotný & Horák, 2010). 

4. Combined vacuum adhesive gripping element     

The proposed design solution combining the vacuum gripping element (GE) with a rigid flange, a 
flexible sealing rim, and a withdrawable positionable plate treated by an adhesive layer is a one 
possibility to increase the radial load capacity (Horák & Novotný, 2011).  

 
Fig. 7: GE without flatness compensation                                   Fig. 8: GE with flatness compensation 

The technical solution concept is illustrated in Fig. 7 which comprises a detailed section of the 
gripping element configuration with a rigid threaded connection of the bearing plate and the piston. 
Fig. 8 shows the solution enabling to adjust automatically the adhesive layer or the bearing plate 
orientation depending on an orientation of the object contact surface (the plate and the piston are 
connected through a ball joint) in position when the adhesive insert is out of the contact with the 
object handled.  

Piston 

Bearing plate 

Rigid connection 

Ball joint connection 

Adhesive layer 

Sealing rim 
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4.1. Results of laboratory tests 

The aim of tests was to verify a utility of the solution in terms of an increase in the element load 
capacity particularly in the radial (tangential) direction as well as to analyze the gripping system 
behavior at various vacuum levels, and in different degree of the bearing plate putting out or putting in 
owing to the handled object, and also to define its optimal position. Results of primary tests are shown 
in diagrams in Figures 9 and 10. 
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Fig. 9: Rad. distance of profile (vacuum -40 kPa)    Fig. 10: Rad. distance of profile (vacuum -80 kPa)  

4.2. Tests evaluation  

From the diagrams given it results that the adhesive layer together with the bearing plate affects 
evidently the gripping (contact) stability and finds expression in a marked increase of the load capacity 
(Fig. 11) which is dependent on the observed level of the contact profile shift and vacuum, and ranges 
from 31% to 94%. As for a pure stabile character of the contact defined by the determined maximum 
shift 0.5mm, the load capacity increase as high as 60 % at average. 

- 20 kPa - 40 kPa - 60 kPa - 80 kPa
0,5 mm 75% 64% 62% 31%
1,0 mm 77% 76% 77% 49%
1,5 mm 72% 86% 91% 67%
2,0 mm 58% 86% 94% 76%
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Fig. 11: The increase in load capacity of gripping element in the radial direction 
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5. Conclusions 

The paper submitted describes possibilities of an industrial utilization of adhesive layers for designing 
gripping elements. The computer model of the vacuum gripping element used as standard was 
prepared, and the effect of the sealing rim rigidity on the contact stability was analyzed during external 
loading in the contact plane.  

The main part was focused on problems related to increasing the load capacity of elements in 
radial direction by reason of unprecedented demands on vacuum gripping heads in connection with the 
new production technologies and methods. A vacuum-adhesive gripping element was designed and 
tested in laboratory. Provided clean operation, it was shown during tests that the use of adhesive layers 
leads to increasing of the radial load capacity at tens of per cents in comparison with standard 
solutions whereas the vacuum level is kept. 
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APPLICABILITY OF EXISTING INDEXES OF NON-
PROPORTIONALITY OF DAMPING IN CASE OF THEORETICAL 

MODEL OF SLENDER STRUCTURE WITH INSTALLED TMD 

S. Hra�ov*, S. Pospíšil**, J. Náprstek*** 

Abstract: The paper analyzes an applicability of to date published indexes of non-proportionality in the 
case of a linear viscously damped numerical model of slender structure equipped with tuned mass 
damper (TMD). The installation of TMD into the structure not only reduces the level of undesired 
vibration, but it can also cause due to damping element of TMD a significant increase of damping non-
proportionality. The paper recommends the most suitable indexes for such a type of structure and points 
out to impropriety of the others. The point of view of is also focus on the validity of the existing criterions 
for neglecting of non-diagonal terms of a modal damping matrix. Only indexes and criterions based on 
the properties of the modal damping matrix were taking into account. The verifications of validity and 
recommendations for usage of particular indexes and criterions were performed using analysis of the 
dynamic response of an existing structure on harmonic excitation with and without neglecting of non-
diagonal terms of modal damping matrix. The applicability was also checked using analysis of particular 
complex eigen-modes. 

Keywords:  Indexes of non-proportionality of damping, tuned mass damper, slender structure  

1. Introduction 

Numerically efficient solution of a dynamic response of linear viscously damped numerical models of 
real structures using modal superposition method (MSM) see e.g. Hart & Wong (2000) motivates 
many authors to set boundaries, to which the inaccuracy of a solution with neglecting                         
of non-diagonal terms of a modal damping matrix is still acceptable. Simultaneously, they attempted 
to quantify an extent of non-proportionality of the damping by means of indexes of various types.  

The first group of indexes of non-proportionality is related to complex eigen-modes.                
Prater & Singh (1986) defined two indexes based on calculations of surfaces that form individual 
components of complex eigen-modes in the complex plane. Another two indexes suggested by these 
authors are functions of phase differences between individual complex components. Similarly in 
Bhaskar (1999), an index related to a modal area, which creates components of the complex eigen-
modes in the complex plane was proposed. The second index defined in this paper is based on             
a placement of components of complex eigen-modes in the complex plane and on their relative 
position to the position of components of eigen-modes of the same proportionally (classically) damped 
system. Three indexes based on relation of a real and a complex part of eigen-modes formulated       
Liu et al. (2000). Prells & Friswell (2000) proposed an index of non-proportionality equal to a norm of 
difference between orthonormal matrix generated from complex eigen-modes and a unit matrix. All 
above mentioned indexes require calculation of complex eigen-values and eigen-modes. Thus almost 
all the main numerical advantages of subsequent and prospective using of MSM are lost. More 
accurate results of the calculation of the response with negligible added computational time in 
comparison with MSM could be reached by complex mode superposition method                          
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see Hurty & Rubinstein (1964). This method utilizes the previously calculated complex eigen-modes 
to uncouple the system of differential equation of the numerical model. 

 More useful from the point of view of the computational time is the second group of indexes and 
criterions, which do not require the previous calculation of complex eigen-modes. The indexes are 
derived from a distribution of damping elements in the modal damping matrix, from a mutual 
frequency distances between the dominant frequency of a loading and individual eigen-frequencies 
and between eigen-frequencies themselves. In this paper short summary of till now published indexes 
and criterions of this type are presented. The focus is aimed especially at their applicability for 
numerical models of slender structures equipped with a tuned mass damper. On an example of real 
structure errors in response on harmonic excitation that are caused by neglecting of non-diagonal 
terms of the modal damping matrix are investigated together with indexes and criterions for selected 
damping ratios of absorber. On the basis of mutual relation of errors and criterions and of indexes and 
calculated complex eigen-modes the most appropriate ones are recommended. 

2. Theoretical background 

The discrete mathematical model of structure and its response can be described by very well-known 
system of differential equations of the second order: 

 � � � � � � � �t t t t� � �Mx Cx Kx p�� �  (1) 

K, M and C are the stiffness, mass and damping matrices respectively; x(t) and p(t) are the 
displacement and force vectors. The key to analysis of the response of the governing system (1) using 
MSM is the transformation:  

 � � � �t t�x Xq  (2) 

where q(t) is a vector of principal (modal) co-ordinates and X is the matrix, columns of which are real 
eigen-modes of the undamped system. The substitution (2) leads to set of uncoupled differential 
equations, if the modal damping matrix: 

 � TC = X CX  (3) 
is diagonal i.e. it fulfills the relation: 

 1 1� ��KM C CM K  (4) 
In this case the mathematical expression of viscous damping is called proportional or classical. When 
the modal damping matrix is not diagonal the equations in principal coordinates are coupled. The 
simplest method to obtain uncoupled equations is to neglect the non-diagonal terms of this modal 
damping matrix. Nevertheless this method could lead to significant error in calculation of the response 
due to omitting of a presence of a mechanical interaction between eigen-modes. 

3. Indexes of non-proportionality and criterions for neglecting of non-diagonal terms of modal 
damping matrix 

In this chapter to date published indexes of non-proportionality and criterions which are based on 
properties of modal damping matrix are summarized. Short comments on their limitations and 
usability are attached to their mathematical formulations.  

The basic and the most general requirement and criterion for the neglecting of non-diagonal terms 
of modal damping matrix is a diagonal dominance of the modal damping matrix: 
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ii ij
j
j i

C C pro i
�
9

� <=� �
 (5) 

The first relevant criterion for possible omitting of the mechanical interaction between eigen-
modes was suggested by Hasselman (1976). He expressed the condition for possible ignoring of non-
diagonal terms in a form: 
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where >r is a damping ratio of the r-th eigen-mode given by: 

 � / 2rrr rC> ?�  (7) 

and ?s is the s-th and ?r is the r-th eigen-frequency of the undamped system. However it is supposed, 
that a ratio of both examined eigen-frequencies is smaller than unity: 
 / 1s r? ? �  (8) 

Next assumption of a usability of the condition (6) is: 

 � �/ 1rs rrC C $  (9) 

Generally, the Hasselman’s criterion removes the main difference between non-classically and 
classically damped systems. It supposes also high mechanical interaction of eigen-modes of classically 
damped systems which lies close to each other. 

Similar to condition (6) Warburton & Soni (1977) defined a criterion based on a solution of the 
response on harmonic excitation in a form: 
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Coefficient + expresses the maximal value of desired and acceptable error in determination of the 
response. For problems in practice the authors recommended the value of + equal:  
 0,05+ �  (11) 

This value should correspond to relative error up to 10 percent. In comparison to criterion (6)           
the condition (10) is taking into account a ratio of diagonal and non-diagonal terms of modal damping 
matrix.  

In the paper of Prater & Singh (1986) three indexes non-proportionality are published. For the 
purposes of their mathematical expressions authors divided the modal damping matrix into a sum of 
diagonal matrix Cd and matrix @ which has zero diagonal terms: 

 d� �C C ��  (12) 

The first generalized index is defined as the quotient between the sum of non-diagonal terms of the 
transformed damping matrix and the sum of all its terms: 

 1
1 1 1 1
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n n n n
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Index (13) indicated the degree of non-proportionality of the damping of the system as a whole.         
In problems where the response is investigated only in given frequency range or when only few        
eigen-modes are coupled due to the damping, it is recommended to use the modified index (13)           
in a form: 

 1
1 1

/
n n

i ij ij
j j
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� �

� @= = �  (14) 

which is valid for i-th eigen-mode. The second index proposed by Prater & Singh (1986) is given by 
ratio of the determinants of matrices @ and Cd:  

 2A �
�
C�

 (15) 
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Since the determinant is scalar, no index of particular eigen-mode can be formulated. The third 
proposed index is based on comparison of the response of a system with full modal damping matrix 
and the same system with modal damping matrix with diagonal terms only. The response of both 
systems on harmonic load is given by solution of following system of differential equations: 

 � �2 i? ?� � � �I C � q f�  (16) 

The vector of amplitudes of harmonic forces is assumed as a unity vector f: 

 ! "T= 1,1,…,1f  (17) 

The loading frequencies ? are chosen equal to the damped eigen-frequencies with damping ratios 
given by equation (7) in which one can expect the highest response: 

 21di i i? ? > ?� � �  (18) 

The proposed response based index of i-th eigen-mode is then given by ratio of difference between 
amplitude of steady state response of approximate � iq and full modal system qi and amplitude qi: 
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To quantify the amplitude qi the whole matrix system (16) must be solved. In the case of system with 
neglected non-diagonal terms of modal damping matrix for amplitude � iq  it holds: 
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It is also possible to define the overall index as an arithmetic mean: 

 3 3
1

1 n

i
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� =  (21) 

Authors recommended omitting of non-diagonal terms of modal damping matrix if following 
conditions are fulfilled:  
 1 2 31 1 1A A A� � �  (22) 

From the point of view of numerical difficulty the index A1 is the most appropriate. Index A2 was 
determined by authors as the less useful. The third index A3 could serve as indicator of error rate of the 
response of variously modified damped systems. 

Tong et al. (1994) defined an index for quantifying the damping non-proportionality as:  
 � � � �max min max min/I % % % %� � �  (23) 

%max and %min are the maximum and minimum eigen-values of matrix H: 

 � 1
d
�

�H C C�  (24) 

Coefficient I is zero for classically damped system. With increasing of the non-proportionality of the 
damping the coefficient approximates the unity. Authors defined an upper bound of the relative error 
of the response caused by neglecting of non-diagonal terms in the case of harmonic load as follows: 
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The degree of non-proportionality of the damping based on relations of the non-diagonal and 
diagonal terms of the modal matrix was presented by Venancio-Filho et.al. (2001): 

 
2

max rs
r

rr ss
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C C

� �
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� �  (26) 

However, the limiting value of coefficient (26) for approximative solution by neglecting of non-
diagonal terms of the modal damping matrix was not given. 

Bhaskar (1995) proposed an index which originates from the solution of the response of the 
system on harmonic excitation. For i-th eigen-mode it has a form: 
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For diagonally dominant modal matrix the coefficient Bi should fulfill a condition: 
 0 1iB� $  (28) 

Coefficients (27) include not only the terms of modal damping matrix but also a frequency of the 
loading and a relation of the loading frequency to the eigen-frequencies. If one is interested only in 
upper bound of non-proportionality of the damping, the coefficient (27) could be simplified in a form: 
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Gawronski & Sawicki (1997) derived an upper bound of the relative error of the response in modal 
coordinates for the case of neglecting of non-diagonal terms of modal damping matrix. The condition 
of the error of i-th modal coordinate is given by:  
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where coefficient %i is given by a sum of terms of the i-th row of the non-diagonal matrix @: 
 i ik

k
% � @=  (31) 

Coefficient �i is the maximum from a series: 

 � �,maxi k i i k� �9�  (32) 

Coefficient �i,k is scalar, which is given by ratio of modal amplitudes of i-th and k-th eigen-mode in the 
case of harmonic load with frequency ?k: 
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The prerequisite of using the condition (30) is a small ratio of modal loadings: 

 1i
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f
f
�  (34) 

The requirement (34) is very conservative and for many system impossible to fulfill.  
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4. Applicability of indexes and criterions in case of real structure equipped with TMD 

4.1. Specification of structure  

The indexes and criterions from previous chapter were calculated and analyzed for the case of a linear 
discrete numerical model of existing TV tower equipped with TMD.  Absorber in a form of pendulum 
was installed into a laminate extension of a top of the tower, due to possible excessive vibrations 
caused by a wind load. The vortex-shedding effect on the cylindrical extension without absorber could 
cause danger stresses in laminate from the point of view of material fatigue and life-time of the 
structure. TMD was designed and tuned to be the most effective in vibrations in the second eigen-
mode i.e. eigen-frequency of the tower. The weight of absorber is 1 tone, which is 1/10 of a 
generalized (effective) mass of the second eigen-mode. TMD has usually higher damping properties 
than the part of the structure, where it is installed, and thus, it could represent an significant origin of 
non-proportionality of the damping. 

4.2. Relative errors of response of numerical model on harmonic excitation due to approximate 
solution  

The discrete numerical model of structure was created in CALFEM, which is Matlab toolbox for 
computing by the finite elements method. Basic model without TMD had 15 nodes, each with 3 
degrees of freedom. The absorber was subsequently modeled as a concentrated mass connected to the 
top of the tower with Kelvin-Voigt damping term and had one degree of freedom in horizontal 
direction. Adding this degree of freedom into the model resulted in increasing of total number of 
eigen-modes by one. This eigen-mode was associated due to tuning of absorber to the second eigen-
mode of the basic system. It means, that model with absorber had two eigen-modes, which are similar 
in shape. However, they differ especially in a phase between absorber and the top of the tower see 
Figure 1. 

 

 

f1 = 0,378 Hz 

(f1P = 0,394 Hz) 

f2=0,679 Hz 
 

f3=0,931 Hz f4=1,275Hz 

(f3P = 1,213 Hz) 

f5=2,120Hz 

(f4P = 2,109 Hz) 

 

 (f2P = 0,806 Hz) 
 

Fig. 1: The first five eigen-modes and eigen-frequencies of the structure with absorber                      
(in parentheses the corresponding eigen-frequencies of the basic system without absorber) 

 

At first, the steady state response of the structure with absorber on a harmonic force located at the 
top of the tower was calculated. The response were analyzed for an interval of the frequency of the 
loading force (f = 0 ÷ 3 Hz), where the first four eigen-modes of the basic system lie. Damping matrix 
of the basic system was proportional to the combination of the mass and stiffness matrix. 
Multiplicative coefficients related to these stiffness and mass matrices were calculated from the given 
structural damping ratio (�= 0,005) for the first two eigen-frequencies of the basic system. Factor of 
the damping non-proportionality of the system has been examined as follows: a set of various damping 
ratio of the TMD (dashpot absorber) was used (�TMD = 0 ÷ 0,8), while constant structural damping was 
kept. First seven eigen-modes were used for reduction of the matrix system (1) using transformation 
(2) and two different solutions of response of this reduced model were assumed. The first one 
concerned the direct solution of the reduced system with full modal damping matrix. The second one 
took into account only the diagonal terms of the modal damping matrix. Relative errors of amplitudes 
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With increasing of the damping of the absorber the errors also increase. This fact isn’t generally valid 
for every numerical model of the structure with absorber. It depends as well as on a chosen model of 
classical viscous damping of the basic structure and numerical model of the absorber as on the 
difference of damping ratios of the eigen-modes of the structure and �TMD. The �TMD of a real absorber 
installed into the existing tower was from practical point of view set equal 20%. This value of �TMD is 
optimal for reduction of vibrations with frequencies close to the second eigen-frequency of the basic 
structure. However, this value of �TMD is 40 times higher than the damping ratio of this second eigen-
mode. The relative error of the amplitude of the response of the top of the tower is in this case 
significant and is equal almost 40% for the second peak see Table 1 and Figure 2. Similarly, the 
maximal and appreciable error of amplitude of the absorber is equal 20%. It follows, that the non-
proportionality of the damping is in this practical case substantial. Amplitudes of approximate solution 
are for almost every studied case lower than for exact solution. This fact could be explained by the 
mechanical interaction between eigen-modes for non-classically damped system. It could be also 
interpreted by different modal damping of eigen-modes for both solutions see Table 2. The final 
results of the response are strongly affected by a number of eigen-modes of undamped system being 
taken into the consideration. The controlling calculation of the response of the full system (1) on the 
same excitation showed, that using a set of first seven eigen-modes resulted to acceptable maximal 
absolute error less than 0,1%. 

The influence of non-proportionality of the damping on the individual eigen-modes could be also 
illustrated by different phases of their components. The components of the first six complex eigen-
modes, which correspond to displacements of the tower, are for the practical value of �TMD depicted in 
the complex plane on Figure 3. The most influenced are the second, the third and the fourth complex 
eigen-mode. Their components have different phases i.e. they don’t lie in the complex plane on one 
line. On the other hand, the fifth, the sixth and especially the first eigen-mode almost correspond to the 
real undamped eigen-modes, which are characterized by same phase of all components.  

 
 

Tab. 2: Damping ratios of eigen-values of approximate (>APP) and real (>) numerical model               
for various values of >TMD 

1st eigen-value  2nd eigen-value 

>TMD [/] 0 0,2 0,5 0,8 >TMD [/] 0 0,2 0,5 0,8 

> [/] 0,0047 0,0067 0,0087 0,0093 > [/] 0,0027 0,0597 0,0585 0,0381

>APP [/] 0,0047 0,0068 0,0100 0,0132 >APP [/] 0,0027 0,0651 0,1586 0,2522

3rd eigen-value 4th eigen-value 

>TMD [/] 0 0,2 0,5 0,8 >TMD [/] 0 0,2 0,5 0,8 

> [/] 0,0033 0,1105 0,4505 0,8485 > [/] 0,0054 0,0551 0,0574 0,0385

>APP [/] 0,0033 0,0986 0,2415 0,3844 >APP [/] 0,0054 0,0594 0,1404 0,2215

5th eigen-value 6th eigen-value 

>TMD [/] 0 0,2 0,5 0,8 >TMD [/] 0 0,2 0,5 0,8 

> [/] 0,0093 0,0182 0,0266 0,0282 > [/] 0,0156 0,0178 0,0208 0,0230

>APP [/] 0,0093 0,0187 0,0327 0,0467 >APP [/] 0,0156 0,0179 0,0213 0,0247
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 Fig. 3: Components of first six complex eigen-modes of structure in complex plane (>TMD = 0,2)  

4.3. Calculation of indexes of non-proportionality and criterions as functions of damping ratio   
of the absorber 

For the investigated numerical model and for a set of �TMD the previously defined indexes and 
criterions were calculated. In this chapter their values and recommendations of their applicability in 
case of structures with absorber are given. The guidelines are based on comparison of the indexes and 
criterions with complex character of the eigen-modes and relative errors given in Table 1. The focus 
was aimed especially to errors of amplitude of the top of the tower. 

The most general indication of non-proportionality of the damping is the non-fulfillment of the 
diagonal dominance of the modal damping matrix. In Table 3 the ratio of absolute value of diagonal 
term and the sum of absolute values of non-diagonal terms for each row of modal damping matrix as a 
function of >TMD is evaluated. The cases for which the requirement of dominance is fulfilled are 
printed in bold. From the table it follows, that the modal damping matrix isn’t diagonally dominant for 
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all analyzed values of �TMD. The requirement of dominance is fulfilled only for zero �TMD and for 
eigen-modes, which aren’t associated with the second eigen-mode of the basic system. The decrease of 
ratios with increase of �TMD corresponds with increase of the extent of the non-proportionality of the 
damping.. Nevertheless, the diagonal dominance of the modal matrix could serve only as additional 
not the decisive criterion for neglecting the non-diagonal terms. It follows from the fact, that although 
relative errors for zero �TMD are small, the modal damping matrix isn’t diagonally dominant.  

 
Tab. 3: Ratio of absolute value of diagonal term and the sum of absolute values of non-diagonal terms 

for each row of modal damping matrix as function of >TMD                                  

>TMD [/] 
Eigen-mode (row) n. 

1 2 3 4 5 6 

0 1,453 0,422 0,583 1,539 7,917 34,642 

0,2 0,084 0,235 0,373 0,334 0,286 0,691 

0,5 0,049 0,226 0,361 0,312 0,198 0,326 

0,8 0,040 0,223 0,358 0,307 0,176 0,236 

 

The values of the left side of the condition (6) suggested by Hasselman (1976) is graphically 
presented for particular eigen-modes and for various �TMD on Figure 4.  
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Fig. 4: Graphical expression of Hasselman’s criterion for neglecting of mechanical interaction          

of eigen-modes for various >TMD (E…>TMD =0; o…>TMD =0,2; �…>TMD =0,5;F …>TMD =0,8) 
 

The significant mechanical interaction between the second and third, the third and fourth as well as 
between the fourth and the fifth eigen-mode was determined. On the other hand, small interaction 
between the first eigen-mode and the others were found out. However these results come from 
frequency proximity of these eigen-modes rather than from a distribution of damping in the system. It 
could be demonstrated on the example of the mechanical interaction of the sixth and the seventh 
eigen-mode. Relatively high value of interaction (0,2) didn’t change significantly with increasing of 
the �TMD and also didn’t correspond to negligible error in calculation of the response using 
approximate solution. It should be also noted, that condition (9), which is required for using 
Hasselman’s criterion and which is related to ratios of diagonal a non-diagonal terms of modal 
damping matrix, is fulfilled only for zero �TMD. However, the main disadvantage and the reason of 
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unusability of Hasselman’s criterion is the fact that it finds out the mechanical interaction even 
between eigen-modes of classically damped models. 

Criterion suggested by Wartburton & Soni (1977) for neglecting of non-diagonal terms of modal 
damping matrix was expressed by means of boundary value +b of the coefficient + see Table 4 and 
Figure 5. For smaller values of + than +b the condition (10) is fulfilled, for higher values it is not.        
In comparison to Hasselman’s criterion the proposed criterion could identify the classically damped 
system due to ratio of diagonal and non-diagonal terms of the modal damping matrix. In this case the 
coefficient +b is theoretically zero. The authors proposed for problem in practice value of +b equal 5%. 
This value should correspond to maximal achievable error of response equal 10%. For the first eigen-
mode the assumption of a small mechanical interaction based on analysis of the relative errors and 
complex eigen-modes was confirmed with exception of the highest �TMD. For the lowest �TMD a small 
non-proportionality of whole system was also confirmed. For higher values of �TMD especially the 
practical one the coefficient +b for particular eigen-modes shows relatively good agreement with errors 
of the top of the tower given in Table 1. On Figure 5a there is depicted the coefficient +b as a function 
of �TMD for the first six eigen-modes. It shows almost the linear dependency of �TMD on +b i.e. increase 
of the +b with increase of �TMD. The decreasing of the value of +b with increasing of �TMD occurs only 
for values of �TMD lower than a specific �TMD for which the damping matrix is the best approximation 
of the classically damped one see Figure 5b. This specific value of �TMD is in our case close to 
damping ratio of the first and second eigen-mode of structure without absorber.  

 
Tab. 4: Boundary value +b of parameter + of criterion of particular eigen-modes                      

suggested by Wartburton & Soni (1977) for various >TMD 

>TMD [/] 
Eigen-mode n. 

1 2 3 4 5 6 

0 0,0010 0,0052 0,0071 0,0051 0,0009 0,0003 

0,2 0,0129 0,1993 0,2734 0,2586 0,0536 0,0157 

0,5 0,0336 0,5059 0,6942 0,6542 0,1354 0,0396 

0,8 0,0543 0,8126 1,1151 1,0497 0,2172 0,0635 
 

�TMD [/] �TMD [/] 

+ b
 [/

] 

+ b
 [/

] 

a) b) 

Fig. 5: Boundary values +b of parameter + of criterion of particular eigen-modes                      
suggested by Wartburton & Soni (1977) as function of >TMD  

 

The summation based indexes A1i of particular eigen-modes, which was proposed by                 
Prater & Singh (1986), are depicted as a function of >TMD on Figure 6. All of these indexes are 
increasing with increasing of >TMD. Only for lower values of �TMD than specific value of �TMD, which 
was defined in previous paragraph, the indexes have decreasing trend see Figure 6b. The values of 
indexes A1i for chosen >TMD are also quantified in Table 5. From the Table 5 and from the Figure 6b 
follow, that for zero >TMD the first four eigen-modes are highly coupled. It doesn‘t correspond with 
errors of solution of the response obtained from the analysis of numerical model and also with a 
character of complex eigen-modes. The behaviour of indexes also shows, that for practical and higher 
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values of >TMD the most influenced eigen-mode by damping term of absorber is the first one. It is in 
contrast to an expected and confirmed presumption, that the most influenced eigen-modes are the 
second, the third and the fourth one. 

�TMD [/] �TMD [/] 

A 1
i [

/] 

A 1
i [

/] 

a) b) 

Fig. 6: Indexes A1i of particular eigen-modes as function of >TMD (Prater & Singh (1986)) 
 

Tab. 5: Indexes of non-proportionality of damping A1i for various values of >TMD 

>TMD [/] 
Eigen-mode n. 

1 2 3 4 5 6 

0 0,408 0,703 0,632 0,394 0,112 0,028 

0,2 0,922 0,810 0,729 0,750 0,778 0,592 

0,5 0,954 0,816 0,735 0,762 0,835 0,754 

0,8 0,962 0,817 0,737 0,765 0,850 0,809 
 

Another calculated response based indexes A3i of particular eigen-modes see Figure 7 and Table 6 
express very well the trend of behaviour of obtained errors of peaks of the response in frequencies 
near the corresponding eigen-frequencies. However, the calculation of indexes requires the solution of 
the response of the whole system with full modal damping matrix. And thus no advantage of 
calculation of indexes in comparison with the solution of the real and full problem is gained.  

 �TMD [/] 

A 3
i [

/] 

Fig. 7: Indexes A3i of particular eigen-modes as function of >TMD (Prater & Singh (1986)) 
 

Tab. 6: Indexes of non-proportionality of damping A3i for various values of >TMD 

>TMD [/] 
Eigen-mode n. 

1 2 3 4 5 6 

0 3,8e-5 9,3e-4 1,1e-4 6,3e-5 1e-5 7,8e-6 

0,2 0,017 0,177 0,117 0,033 0,005 0,002 

0,5 0,113 0,498 0,401 0,177 0,071 0,003 

0,8 0,240 0,659 0,577 0,332 0,172 0,025 
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The values of the generalized determinant based index A2 and generalized indexes A1 and A3 of the 
investigated numerical model suggested by Prater & Singh (1986) are for chosen �TMD given in Table 
7. Index A2 indicates the unrealistically high value of non-proportionality of the damping. Even for the 
realistic value of �TMD equal 0,2 it exceeds the border of total non-proportionality of the system given 
by one. The other generalized indexes A1 and A3 are strongly affected by the number of eigen-modes 
taking into account. Assuming in the solution of indexes one additional eigen-mode, which is 
minimally influenced by absorber i.e. is almost classical, results in decreasing of both generalize 
indexes A1 and A3. 

 
Tab. 7: Generalized indexes of non-proportionality of damping A1-3 for various values of >TMD 

Index 
>TMD [/] 

0 0,2 0,5 0,8 

A1 0,089 0,693 0,762 0,781

A2 2,6e-8 1,773 466,7 8022 

A3 1,7e-4 0,050 0,181 0,287
 

The values of index I defined by Tong et al. (1994) show very high non-proportionality of the 
system almost in the whole interval of investigated values of �TMD see Figure 8 and Table 8. Only in a 
narrow interval of �TMD in the neighborhood of specific �TMD the index is minimized. This specific 
value of �TMD corresponds as it was previously defined to the best approximation of the damping 
matrix to its classically damped form. The values of the index don’t correspond to the results of 
analysis of the error. For all chosen �TMD the value of index are almost one, which stands for the total 
non-proportionality of the damping. However, the errors caused by approximate solution are 
especially for zero �TMD less significant than it could be expected from the value of index. This 
conclusion of unusability of this index is also supported by the excessive values of upper bounds of 
the relative errors given by (25) for all �TMD see Table 8. 

 

 �TMD [/] 

I [
/] 

Fig. 8: Index of non-proportionality of damping I as function of >TMD (Tong et al. (1994)) 

 
Tab. 8: Index of non-proportionality of damping I and upper bound of error of response                     

for various values of >TMD 

>TMD [/] 0 0,2 0,5 0,8 

I 0,995 0,97 0,990 0,994

E 9,56 8,423 8,705 9,466
 

The prerequisite of the diagonal dominance of the modal damping matrix for a quantification of 
the non-proportionality of the individual eigen-mode using indexes defined by Bhaskar (1995) has 
been confirmed. The value of indexes is close to one which represents the absolute non-proportionality 
even for the �TMD= 0,2 see Figure 9. For higher values of �TMD the indexes are higher than one. On the 
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figure the indexes of each eigen-mode were calculated for driving frequencies of the loading equal to 
the first six eigen-frequencies of the structure with absorber. Only indexes of eigen-modes for which 
driving frequencies are not equal to their corresponding eigen-frequencies are depicted. The indexes of 
particular eigen-modes and corresponding eigen-frequencies are summarized in Table 9.  

 Eigen-mode n. [/] 

Eigen-frequency 
n. [/] 

B i
 [/

] 

Fig. 9: Indexes of non-proportionality Bi of particular eigen-modes for driving frequencies of loading 
equal to eigen-frequencies of the system with absorber for various >TMD (Bhaskar (1995))                                     

(E…>TMD =0; o…>TMD =0,2; �…>TMD =0,5;F …>TMD =0,8) 
 
Tab. 9: Maximal values of indexes of non-proportionality Bi of particular eigen-modes and their 

corresponding eigen-frequencies for various values of >TMD (Bhaskar(1995)) 

>TMD [/] 
Eigen-frequency and eigen-mode n. 

1 2 3 4 5 6 

0 0,688 2,370 1,715 0,650 0,126 0,029 

0,2 11,843 4,262 2,683 2,992 3,501 1,448 

0,5 20,609 4,433 2,773 3,202 5,052 3,068 

0,8 25,123 4,477 2,796 3,258 5,671 4,239 
 

The upper bounds of the relative errors in modal coordinates derived by                         
Gawronski & Sawicki (1997) are given for investigated model in Table 10.  

 
Tab. 10: Relative errors of modal displacements due to neglecting of non-diagonal terms of modal 

damping matrix for various values of >TMD (Gawronski & Sawicki (1997)) 

>TMD [/] 
Eigen-mode n. 

1 2 3 4 5 6 

0 0,029 0,082 0,055 0,045 0,008 0,002 

0,2 3,713 1,923 0,345 1,386 0,263 0,101 

0,5 15,829 4,485 0,727 3,382 0,928 0,244 

0,8 30,715 6,327 0,935 4,915 1,657 0,378 

Calculated upper bounds of errors are for �TMD equal and higher than 20% very high. The highest 
bound was obtained for the modal displacement which corresponds to the first eigen-mode of the 
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system. Although the influence of the damping term of the absorber should be more significant in case 
of the second, the third and the fourth eigen-mode. We can’t directly compare the errors of generalized 
displacements and errors of modal displacements. However we can‘t expect for these excessive upper 
bounds such a real level of relative errors of the response in generalized co-ordinates. 

The coupling indexes �r of individual eigen-modes defined by Venancio-Filho et al. (2001) are 
given in Table 11. Under assumption, that zero stands for minimum and one for maximum non-
proportionality, it follows that in all investigated cases index is very high. This fact doesn’t correspond 
with calculated character of complex modes and relative errors. 

 
Tab. 11: Indexes of non-proportionality of damping of particular eigen-modes for various values of 

>TMD (Venancio-Filho et al. (2001)) 

>TMD [/] 
Eigen-mode n. 

1 2 3 4 5 6 

0 0,050 0,430 0,430 0,108  0,009 0,001 

0,2 0,277 0,880 0,880 0,846 0,467 0,120 

0,5 0,508 0,950 0,950 0,934 0,695 0,261 

0,8 0,627 0,968 0,968 0,958 0,787 0,364 

5. Conclusions 

The article deals with an applicability of till now published indexes of non-proportionality of the 
damping in the case of slender structure (TV tower) equipped with absorber which is subjected to 
the harmonic excitation. The focus is also aimed at criterions for neglecting of non-diagonal terms 
of the modal damping matrix of its numerical model. These terms express the coupling of modal 
coordinates i.e. the mechanical interactions of individual eigen-modes. The applicability is 
assessed using comparison of indexes and criterions with character of complex eigen-modes and 
with relative errors of the response that are caused by neglecting of non-diagonal terms for 
selected values of damping ratios of absorber. From the practical point of view the errors 
corresponding to the dominant peaks of response curve of the top of the tower were taking into 
account. None of investigated indexes and criterions did fully correspond to the obtained 
solutions. The summation based index suggested by Prater & Singh (1986), indexes proposed by 
Bhaskar (1995) and Venancio-Filho et al. (2001) indicated very high values of non-proportionality 
particularly for the first four eigen-modes for all selected damping ratios of absorber. Even for zero 
damping ratio for which the calculated errors of the response were negligible and also for the first 
eigen-mode, which is almost identical with real eigen-mode of the undamped system. Also the 
generalized index suggested by Tong et al. (1994), determinant based index proposed by               
Prater & Singh (1986) indicated almost total non-proportionality of the system for all investigated 
cases. The analysis confirmed that criterion suggested by Hasselman (1976) couldn’t be used 
because it supposes the mechanical interaction between individual eigen-modes even for 
classically damped structures. The relatively good agreement between calculated relative errors 
and proposed criterions was obtained for criterion proposed by Warburton & Soni (1977). The 
boundary values of its parameter + for which the criterion is still fulfilled could also serve as an 
approximate index of non-proportionality of particular eigen-modes. Analysis of the response also 
highlights the necessity of prerequisite of non-proportional damping, when passive damping 
equipment is installed into the structure and when the detailed behavior is investigated.  
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UTILIZATION OF INSTANT REALITY SOFTWARE FOR MOTION 
VISUALIZATION 

J. Hrbáček*, T. Novotný* 

Abstract: The article deals with the ways of virtual models motion visualization in Instant Reality 
software based on variable input signals. Further use of this visualization is in virtual reality imaging. 
Paper includes the possibility of using internal software tools such as events and sensors for 
simultaneous changes of transformations based on differently generated signals. The output of the work is 
to verify the acquired knowledge on a simple application task. 

Keywords:  Instant Reality, events, sensors, signals. 

1. Introduction 

Many companies spend a lot of money by moving heavy or huge devices across the whole country, in 
order to present their products to potential buyers. They should consider using a stereoscopic 
presentation, because then only things they need to move are notebook and easily moveable 
presentation device. The stereoscopic presentation allows its user to perceive the depth (3rd 
dimension) of an object projected on two dimensional screens. In order to create a great immersion in 
the virtual projection, the object motion should be realistic as well. To accomplish this, the dynamic 
simulation should be involved. 

Perhaps the most optimized solution for stereoscopic projection is use of Virtual Reality Modeling 
Language (VRML) as a graphical output of any mathematical software which can create dynamic 
simulation. However not every mathematical software has its own VRML viewer and because of this, 
the Instant Reality software is a great solution as an external graphics viewer. This paper refers to the 
ways of exporting data from mathematical software, such as MatLab, to the Instant Reality software 
and creating the real motion directly in Instant Reality.  

2.1. Background 

The stereoscopic presentation is commonly used, but motion visualization has its faults. The main 
fault is that the motion is only an animation, so the movement is uniform. Real objects do not move 
only uniformly, but they also accelerate and decelerate.  

There is software for animating virtual objects, such as Autodesk 3D Max. It is great for animating 
complex motion, for example animation of the whole manufacturing process. But it also has many 
disadvantages, e.g. it cannot easily make a non-uniform motion and it also generates a redundant 
amount of values in the interpolators, which has a negative influence on computing power of the work 
station and it can cause lags in the animation. 

3. Materials and Methods 

In VRML code there is one powerful tool which allows an object to move and this tool is called an 
interpolator (Orientation and Position Interpolators). Interpolators have two input parameters. The first 
parameter (key) contains the time points, when the object is needed to be. The second parameter 
(keyValue) contains the transformation data, where the object is needed to be. The interpolator itself 

                                                 
* Ing. Jakub Hrbáček, Ing. Tomáš Novotný, ING-PAED IGIP: Institute of Production Machines, Systems and Robotics, 
Faculty of Mechanical Engineering, Brno University of Technology, Technická 2896/2; 616 69, Brno; CZ, emails: 
y101623@stud.fme.vutbr.cz, novotny.t@fme.vutbr.cz 

m
2012

. 18thInternational Conference
ENGINEERING MECHANICS 2012 pp. 449–451
Svratka, Czech Republic, May 14 – 17, 2012 Paper #49



 

computes all the values between the defined points (Žára, 1999), but because it is a linear interpolator, 
computed data lie on the line between two defined points so that is very easy to establish a uniform 
motion, as it is shown in Fig.1.  

However, in order to make a non-uniform motion there have to be much more defined points and even 
then it is hard to compute these values by yourself. That is why the dynamic simulation software is 
used. It can compute all values needed to make an acceleration and deceleration or general non-
uniform motion. 

 

2.2.1. References (sub- subsection) 

There are three simple ways to export data calculated in dynamic simulation software. This software 
should have the ability to save calculated data into simple txt file or similar file format. To extract 
manually this saved data from txt file is very easy, but the syntax of interpolator is quite clear, so the 
data should by formatted to its right form. However this way of exporting could be a little time 
consuming so in order to automate the export a simple program should be written. 

The second way of exporting is quite conditioned. The condition is in obtaining MatLab software. 
MatLab has a 3D animation tool box, which can display simulation itself in VRML integrated viewer 
(Humusoft s.r.o., 2000). The serious disadvantage is obvious, because if you have a stereoscopic 
cluster system programmed for a specific VRML viewer, you cannot use a MatLab. Fortunately the 
MatLab is able to create VRML code with data obtained in dynamic simulation inserted directly into 
the interpolators so simulations can be viewed in extern VRML viewer. This solution is much faster 
than the first one. 

The third solution uses a timer (TimeSensor) which is generated by VRML itself. This solution also 
requires using a Script node, because of this a certain programming skill is required. The Script node 
allows using scripting languages, but only two of them, so far. One of them is ECMAScript, also 
known as JavaScript, which is appropriate for simple tasks, like converting data type and mathematical 
functions. And they are mathematical functions which send the data to object transformation 
parameters so it can move by mathematically defined curve and acceleration. 

 
Fig. 2: Example of Simple Script 

Transformation [m] 

Time axis [s] 

Random value calculated 
by interpolator 

Syntax Example of Position 
Interpolator: 

DEF PI PositionInterpolator { 
      key [0, 0.3, 0.8] 
      keyValue [0 0 0, 0 3 1, -1 5 0] 
} 

Fig. 1: Linear Interpolation 
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4. Results 

Every way of extracting data has its advantages and also its disadvantages.  

The first way can be used for dynamic simulation software without any graphical display; moreover it 
could serve as its graphical output. But export automation or manual export could be very time 
consuming process. 

The second solution is conditioned by obtaining MatLab software what could be main problem for 
smaller companies which cannot afford it. But this solution is much faster and it also allows viewing 
the simulations in extern VRML viewer, because MatLab can generate a VRML code by using special 
block in 3D animation toolbox called VRSink. This VRML code is complete therefore there is no need 
of data formatting. 

The third solution is the most optimized solution, because it does not burden the computation power of 
workstation. Nevertheless to accomplish this it is necessary to have certain knowledge of 
programming ECMAScript or Java and to solve the differential equations analytically in order to 
create motion equations as a mathematical function. 

5. Conclusion 

Even though the stereoscopic principle has been known almost for a whole century, the possibilities of 
virtual reality technologies did not even scratch its surface. No one can really predict a new 
application of virtual reality or its next connection to the systems that already exist. 

But for now a very impressive application of virtual reality is 3-Dimensional graphical interpretation 
of objects and their motion that really exists. In order to simulate the real behavior dynamic 
simulations should be included. 

This text deals with a few possibilities of data export from dynamic simulation software to a VRML 
code. Every way has its advantages and disadvantages which are not easy to compare, so each way 
should be used for a specific need. 

There is another way of data export, but it has not been established yet. The VRML itself did not have 
any interface for an external signal until 1999, after that the Extern Authoring Interface (EAI) was 
added. Thanks to EAI and Java programming language the virtual model should be able to connect 
directly to a data stream. So the next step of the research is to establish a connection to MatLab data 
stream in order to create a real-time control. 
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EXPANSION LIMIT ESTIMATION OF PISTOL HOLLOW POINT 
BULLET PENETRATING THE BLOCK OF SUBSTITUTE MATERIAL 

J. Hub*, J. Komenda**, M. Novák*** 

Abstract: The article presents a numerical model of expansion pistol hollow point bullet penetrating the 
block of simulator representing the organic material (tissue). The hollow point bullet has an expansion 
ability to increase its wound potential, but only in case of exceeding the specific limit impact velocity. The 
simulation using FEM system Ansys Autodyn v14 presents 2D results of estimation the bullet velocity 
limit for expansion occurrence based on experiments. Also the analysis and influencing factors of the 
penetration process are presented as well. The results obtained help to evaluate the bullet post-
penetrating characteristics. 

Keywords:  Pistol cartridge, expansion bullet, wound effect, expansion limit, FEM simulation. 

1. Introduction 

Expansion bullets, so called hollow point bullets, are characterized by functional deformation of the 
front part (so called expansion) while penetrating a soft target. Functional deformation of the 
expansion bullets in the target increases its radial dimensions and its front cross section (Rosenberg, 
2002). The bullet transmits more energy into the target and is therefore considered as the bullet with 
enhanced wound potential. Pistol cartridges with these bullets are prohibited in the civil sector and the 
ammunition is applied especially for special police units. Among such ammunition is the cartridge 
Action 5, which is used in the experiments and analysis described in this article. The cartridge Action 
5 is of the caliber 9 mm Luger with a homogeneous brass bullet with front expansion hollow covered 
with a plastic cap (see Fig. 1, 2). The basic ballistic characteristics of this cartridge are shown in Table 
1. The cartridge is the product of the company RUAG Ammotech and is ranked among others in 
service of some security forces within the Czech Republic.  

 

 

Fig. 1: The cartridge Action 5 (right) and its components – from the left the cartridge case with the 
primer, the bullet of caliber 9 mm and propellant charge (powder) 
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Fig. 2: Longitudinal cut of the bullet and cartridge Action 5; on the left the model used in FEM 
simulation and on the right the actual cartridge; the plastic cap is visible in the front part of the bullet 

 

Tab. 1: Ballistic characteristics of the bullet Action 5 

Weight of the bullet mb [g] 6.1 

Initial bullet velocity v0 [m/s] 460 

Initial momentum of the bullet H0 [kg ⋅ m/s] 2.8 

Initial bullet energy E0 [J] 645 

Initial specific bullet energy e0 [MJ/m2] 10.1/4.1* 

 

Note: * Initial specific bullet energy is the initial bullet energy related to the cross section of the bullet. 
The values of the specific energy are valid for the bullet before the deformation / after the deformation 
in the substitute material. The cross-sectional area of the front part of the bullet increases from the 
original undeformed value 64 mm2 to the value 156 mm2 corresponding to the deformation diameter 
14.1 mm, that means an increase of the cross section area of 145 %. 

2. Expansion features of the bullet Action 5 

A certain problem of the expansion bullets is their specific deformation behavior at different impact 
velocities and during penetration of different types of targets. In particular, different impact velocities 
can cause significant differences in wound effect and piercing ability of the same bullet in relation to 
an identical target. Important functional characteristics of the expansion behavior of each bullet are the 
expansion coefficient and the expansion velocity limits. 

The coefficient of expansion of the bullet Ke is defined as the ratio of the maximum radial dimension 
of the bullet after and before the deformation, respectively, thus the ratio of diameter of the cylinder 
circumscribing the deformed shape of the bullet and the caliber of the bullet, see Fig. 3: 

 
d

D
K e =  (1) 

The increase of the bullet deformation causes the increase of the coefficient of expansion and the 
wound potential. In practice, the coefficient of expansion falls within the range of 1 to 2. 

Deformation of the bullet generally increases with an impact velocity penetrating the live target, or 
its substitution, while other conditions remain the same. A very low impact velocity causes no 
deformation of the bullet. After reaching a particular minimum impact velocity, the bullet begins to 
deform. In practical terms, this velocity is not essential. In terms of assessing the effects of bullet such 
deformation of the bullet is significant, at which the maximum diameter of the bullet exceeds the 
origin bullet caliber. Impact velocity, at which such deformation is reached, is known as the lower 
limit (velocity limit) of the bullet expansion. This velocity has only approximate importance in 
practice and therefore the size of the velocity range at which the bullet shows increased wound effect.  
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Fig. 3: Radial dimensions of expanded bullet required for expansion coefficient estimation; the bullet 
Action 5 with standard deformation caused by penetration of the substitute material – ballistic gel –

with the expansion coefficient of the value 1.57 (shot No. 4) 

 

In practice it is usually chosen the initial, and thus the impact, velocity of the bullet onto a target in 
order to provide the maximum deflection of the bullet with the maximum coefficient of expansion and 
thus with the maximum effect. Such an impact velocity is known as the upper limit (velocity limit) of 
the bullet expansion. The deformation of the bullet remains unchanged with further increasing of the 
bullet impact velocity. At a certain velocity threshold it may lead to disintegration of the bullet. This 
limit velocity is the limit of destruction (destructive limit). Reaching or exceeding this velocity leads 
to decreasing of the wound potential of the bullet while the piercing ability of the bullet increases. 

The bullet expansion limits are independent of the thickness of the material which penetrates the 
bullet. The process of expansion of the bullet is usually completed at the track of just a few 
centimeters after impacting the block and afterwards the shape of the bullet remains unchanged. 
Therefore the experimental determination of the limits of expansion is sufficient to run at a relatively 
short track of the bullet penetration in the material on which the expansion process of the bullet is 
completed. 

Knowing the limits of expansion is important for the proper choice of ballistic properties of the 
cartridge as a part of its development regarding to optimizing the wound effect of the bullet. To 
achieve the maximum level of wound effect, it is desirable that an expansion bullet hits the target with 
the velocity corresponding to the upper limit of expansion, eventually of slightly higher rate, without 
exceeding the limit of bullet destruction. Lower impact velocity leads to reduction of wound effect of 
the bullet when comparing to the upper limit. Higher impact velocity and exceeding the destruction 
limit reduces the wound potential more significantly. When shooting at a greater distance, the bullet 
impact velocity decreases and thereby reduces the wound effect of the bullet. The rate of decline of the 
impact velocity determines the rate of expansion decline of the bullet effect on the target with respect 
to the width of interval between the lower and the upper limit of expansion, respectively. 

A different impact velocity of the expansion bullet may significantly affect the rate of wound 
effect. Paradoxically, an unexpanded bullet with a low impact velocity penetrates deeper into the 
target with respect to the fast bullet that expands. In the case of penetration of the target the slower 
unexpanded bullet leaves the target with higher velocity than a fast expanded bullet. For a slow bullet 
the transferred energy rate is low and the bullet is not only less effective towards the selected target, 
but can also threaten more non-participating neighborhood in the case of penetrating the target. 

3. Shooting experiments  

Shooting experiments were conducted by the ammunition Action 5 of identical series (cartridge 
stamping 9x19 SX A5 - DAG10E0842) from the ballistic measuring device 9x19 NATO-H onto 
uncovered gel blocks of density 15% at distance of 5 m from the muzzle of the ballistic measuring 
device, see Fig. 4. The prismatic gel block has the length of 0.3 m and rectangle cross-section 
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perpendicular to the bullet trajectory has dimensions 0.2 m x 0.14 m, see Fig. 5. Velocity of the bullet 
v2.5 was measured using non-contact optical gates with the base 1 m and this velocity is considered 
equal to the velocity of gel block impact vimp. Velocity of the bullet after the penetration of the block 
vres was measured using two high-speed cameras Redlake HG-100K and MotionXtra N4. 

2 m 1 m

5 m

ballistic measuring device

optical gates
v2.5

gel block

v
res

v
imp

0.3 m

0.14 m

 

Fig. 4: Experimental scheme 

 

 

Fig. 5: Experimental gel block in firing position in shooting range Prototypa, Brno 

 

Two kinds of Action 5 cartridges were used for the experimental shooting – original cartridges and 
delaborated cartridges with modified propellant with lower weight in order to reduce the velocity of 
the bullet. Dimensional and weight characteristics of the bullets are shown in Table 2. The aim of the 
experiments was to achieve different impact velocities to prove various expansion behavior of the 
bullet penetrating the substitute material. In addition, the experiment results and observations are 
necessary inputs for simulation part of the presented work as well. 

 

Tab. 2: Characteristics of bullets used in experiment 

Propellant 
weight 

Bullet 
weight 

Velocity 
v2.5 = vimp 

Velocity 
vres 

Bullet 
length L 

Bullet 
diameter D 

Coef. of 
expansion Ke 

No of 
shot 

g g m/s m/s mm mm 1 

1 0.30 6.03 248 105 15.2 9.0 1.00 

2 0.35 6.01 349 80 14.8 9.2 1.02 

3 0.40 6.02 395 44 13.7 12.0 1.33 

4 0.44 5.97 454 36 13.4 14.1 1.57 

 

The temperature of the bullet and gel block, respectively, was 20°C and ambient temperature in 
Prototypa shooting range was 10°C. 

Deformed bullets are shown in Fig. 6 along with simulation results.  
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The course of the impact velocity of the bullets vimp with respect to the residual velocity vres is 
shown on graph in Fig. 8 along with simulation results.  

4. FEM simulations 

In order to simulate the penetration process an explicit nonlinear transient hydrocode Autodyn v14.0 
was used, implemented into Finite Element Method system Ansys Workbench. The model of the 
bullet and gel block was created using 2D axial symmetry, so only a half of the parts of all 
components were modeled.  

The model of the bullet Action 5 was created upon real geometry with equal main dimensions. The 
geometry was slightly simplified in order to model the suitable mesh. The volume and density of the 
brass bullet body and plastic cap was modified in order to achieve equal total weight of the bullet. The 
simulation gel block does not fully respect the original prismatic shape of the gel block due to the axial 
symmetry used within FEM model. The shape of the simulation gel block is cylinder with diameter of 
0.14 m and length of 0.3 m. 

The bullet uses mesh-based Lagrangian method and the gel block uses mesh-free particle based 
Smooth Particle Hydrodynamics (SPH) method. Therefore the model for the gel block is suitable only 
for simulation the opening process of the block cavity during penetration process and does not cover 
the process of cavity closing. The character and discretization of the model of both the bullet and gel 
block is shown in Fig. 6. 

bullet Action-5

gel block

 

Fig. 6: FEM model of the bullet Action 5 and the gel block using axial symmetry 

 

The rotation of the bullet caused by barrel bore and air drag are not considered. The simulation 
methodology is based on (Hazell, 2009; Hub, 2011). 

All material models of the bullet and the gel block were retrieved from the Autodyn material 
library and they are in some cases modified. The bullet consists of the brass body and the plastic cap. 

The material behavior of the brass body represents the modified copper material and is described 
through the shock equation of state (EOS) and the strength model. The brass body uses EOS 
(Steinberg, 1996) with following parameters: ρ = 8354 m ⋅ s-3, Γ = 2.0, C0 = 3958 m ⋅ s-1 and S1 = 
1.497. The Piecewise Johnson-Cook constitutive strength model contains the following parameters: G 
= 68800 MPa, Y0 = 120 MPa, εP1 = 0.3, Y1 = 450 MPa, Y2 = 450 MPa, m = 1.  

The plastic cap follows the modified polyurethane model with density ρ = 1265 kg ⋅ m-3, linear 
EOS with bulk modulus K = 2000 MPa and the elastic strength model with shear modulus G = 5 MPa. 

The ballistic gel material represents the modified water model with EOS using parameters C0 = 
1647 m ⋅ s-1 and S1 = 1.921. The density of gel block varies upon impact velocity of the bullet as the 
parameter to achieve the correspondence between experimental and simulation results. The density of 
simulation model of the gel block has the value of 520 kg ⋅ m-3 for the shot No. 1, next 650 kg ⋅ m-3 for 
No. 2, next 740 kg ⋅ m-3 for No. 3 and 750 kg ⋅ m-3 for No. 4. 

The initial condition for the simulation represents the impact velocity of the bullet and it is equal 
to the velocities v2.5 and vimp according to the values shown in Table 2. The output simulation 
parameters are the geometry of deformed bullet after the penetration and residual velocity of the bullet 
after penetrating the gel block. Those parameters will be compared to experiments. 
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The example of graphical result of FEM simulation is shown in Fig. 7 for both the shot No. 1 (the 
lowest impact velocity) and for the shot No. 4 (the higher impact velocity), respectively. 

 

Fig. 7: Simulation results of penetrated gel block by the bullet Action 5; upper picture represents 
the shot No. 1 (impact velocity 248 m/s), the bottom picture the shot No. 4 (impact velocity 454 m/s) 

 

The simulation results shown in Fig. 7 introduce a large temporary cavity made by penetrating 
bullet. Similar cavity was observed also on experiments. The volume of the cavity is larger for the 
bullet with higher level of expansion that means also higher impact velocity of the bullet and higher 
wound potential. 

5. Simulation results and comparing to experiments 

The FEM simulations using Ansys Autodyn aims to find good correlation for character and 
deformation of the bullet after penetration process. The second comparing parameter is residual 
velocity of the bullet after penetration of the gel block with respect to impact velocity of the bullet. 

Every bullet showed some extent of the expansion after penetration of the gel block and the level 
of this extent varied upon the impact bullet velocity. Geometrical parameters of the bullets are 
contained in Table 3 and deformed shapes of the bullets are shown in Fig. 8.  

 

Tab. 3: Comparing the experimental and simulation results 

Bullet length L Bullet max. diameter D Residual velocity vres Impact 
velocity 

Lexp Lsim ΔL Dexp Dsim ΔD vres,exp vres,sim Δv 

No of 
shot 

m/s m/s m/s % mm mm % mm mm % 

1 248 15.2 14.8 3 9.0 9.0 0 105 110 5 

2 349 14.8 14.1 5 9.2 9.2 0 80 79 1 

3 395 13.7 13.4 2 12.0 10.5 14 44 45 2 

4 454 13.4 12.4 8 14.1 12.2 16 36 37 3 
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 No. 1 No. 2 No. 3   No. 4 

 248 m/s 349 m/s 395 m/s   454 m/s 

Fig. 8: Bullets after penetration of the gel block – upper line shows the experimental results and the 
bottom line the simulation results 

 

The bullets with lower velocity showed smaller expansion, the bullet No. 4 shows the greatest 
expansion with original propellant weight and original shooting velocity. In all cases the plastic cap 
was pushed inside of the bullet hollow. Every bullet penetrating the gel block was caught in the soft 
catch located behind the gel block without any secondary deformations. 

The comparison of the change of bullet dimensions as well as the experimental and simulation 
velocities of the bullet after penetrating the gel block is shown in Table 3. The symbol Δ means a 
deviation of compared values calculated as the difference between compared values divided by the 
lower value of those compared. 

According to the deviations shown in Table 3, the simulation follows the experimental values with 
respect to dimensions of the bullet very well and quite well with respect to the residual velocities. 

The graph in Fig. 9 shows the course of impact velocity with respect to the decrease of residual 
velocity for both experimental and simulation values. The relative decrease of the residual velocity is 
equal to the ratio between the difference of impact and residual velocities divided by the impact 
velocity expressed in percentage units: 

 
imp

resimp
res v

vv
v

-
=  . 100 (2) 

On the other hand, the decrease of the residual velocity shows how much velocity of the impacting 
bullet was consumed by the penetration process. The course is not linear and between the impact 
velocities 349 m/s and 395 m/s occurs a break region where the behavior of the expansion process 
changes its effect on deceleration of the bullet in the gel block. We consider this effect as increased 
influence of expansion shape of the bullet. It is probably caused by exceeding the caliber diameter by 
expanded front part of the bullet. This effect should be investigated in detail in the future and it would 
be helpful to conduct more shooting experiments with impact velocities between the values of 349 m/s 
and 395 m/s. 
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Fig. 9: Graph of the dependance of the decrese of residual velocity of the bullet with respect to the 
impact velocity  

6. Conclusion 

The above analysis in the article represents a detail view on the function of expansion bullet when 
penetrating a soft target (e.g. living tissue or its technical substitution). The results of the experiments 
and FEM simulations show fairly good correspondence. Based on the analysis of the function of the 
cartridge Action 5 in the terminal ballistics it can be stated that the basic characteristics of ballistic 
cartridge correspond to the physical and mechanical properties of the cartridge, i.e. the ballistic 
performance of the cartridge makes it possíble to reach optimum deformation of the bullet in soft 
targets (Jedli�ka, 2011). 

According to presented anlysis it is possible to estimate following expansion velocity limits: 

• lower expension limit – approx. 248 m/s (shot No. 1) 

• expansion limit with expansion coefficient equal to 1 – approx. 349 m/s (shot No. 2) 

• upper expansion limit – between 395 m/s and 454 m/s (shots No. 3 and 4). 

Analysis of results allows to introduce the lower expansion limit of pistol bullet Action 5 and to 
estimate other limits of this cartridge. For their precise determination it is necessary to carry out 
further experiments with mentioned cartridge Action 5. 
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�

"����>#���;������������	

	

;���-#�;
����������������������������������
�������������

AL3H	 #3L@.H	 .L&3H	

�� 3�.3.	 ���� 3�.33	 ��� 3�@&3	

�� 3�.33	 ���� 3�@&.	 ��� 3�@&.	

�� 3�.3.	 ���� 3�.33	 ��� 3�.3.	

�� 3�@&.	 ���� 3�.3.	 ��� 3�.33	

�� 3�.3.	 ���� 3�.33	 ��� 3�@'.	

	

	
"���� #���;��������������
�������������<��
��
��������������&�����������������������
�&�

464 Engineering Mechanics 2012, #128



�

��� ����]��^���%]]��&>�������

���	 ���
���������	 �����	 �	 ���	 ���	 �������	 ��	 ��
�����	 -��M��	 �����	 N�������	 �	 "5	 �����	 ��	
���������	��	���	��
�������	��������	���	�����������	+,-	#./01	����
�	
����	���������	�����	��	
�����������	0�.���	N�������	�	"5	�����	��	��	"�����	'�		

�����	����	��������	��	7I����	=���8	���	��������������	"5	�����	���	�����	�����	��	�����	��	���	
� ����	����������	+������	����	��	
���������	��	���	�

��	���	���	���	�����	���	��	�����	

					 																
"����)#�*������.����"��������<��
������������

�

�

�
������	��������	 '�3	��	

�
������	���������	 3�.	��	

�����	������	 #�3	��	

!����	��������	�	�����	���	 @�3	��	

G����	���	������	 3�.	��	

�

"����+#�,������������"��������.��

Hůlka J. Kubı́k P. Petruška J. 465
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THE DETERMINATION OF THE KINEMATIC QUANTITIES BY 
USING THE HIGH-SPEED DIC METHOD 

R.Huňady*, M. Hagara**, M. Schrotter*** 

Abstract: A measuring of deformations and displacements of a moving object can be considered for one 
of the most complicated tasks in the experimental mechanics. Thanks to modern optical methods like 
method of digital image correlation, we are able to record displacements during the time variable actions 
such as dynamic loading or motion. The article deals with possibilities of using high-speed digital image 
correlation for determination of some kinematic quantities of rotating objects. 

Keywords:  motion, kinematic quantities, digital image correlation  

1. Introduction 

The kinematics can be integrated from theoretical aspect as part of classic physics. Its main objective 
is description of point/body movement or system of points/bodies but it does not deal with forces 
which cause this movement. For description of this movement it is necessary to find out the trajectory 
of this motion and also the velocity and acceleration. In practice kinematics can serve for determining 
a range of movement of some mechanism or for finding out velocities or accelerations of its 
components movement. 

There is a plenty of sensors for measuring of kinematics quantities which utilize various physical 
methods and can be divided as follows: 

• according to a signal output and an operating principle  

a) with analog signal (resistive, capacitive, inductive, inductactive, ultrasound, optoelectronic, 
piezoelectric,...) 

b) with discrete signal (electrocontact, image, oscillatory, magnetic with Hall probe, 
optoelectronic, optronic, incremental, absolute,...) 

• according to a kind of measured quantity 

a) position sensor  

b) velocity sensor 

c) acceleration sensor 

• according to a contact with an investigated object  

a) contact 

b) non-contact 

To the position sensors we can include also rpm sensors so called tachometers. Tachometers can 
be divided according to transfer of rotation frequency to an output signal as follows: 

a) hydraulic tachometers 
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b) pneumatic tachometers 

c) tachometers with non-electric output (mechanical, resonant, chronometric, stroboscopic) 

d) tachometers with electrical output  

Likewise, they can be divided into contact and non-contact. 

In some cases it is convenient to use for measurement non-contact methods which do not disturb 
measured structure. Among modern non-contact methods which are more and more popular nowadays 
belongs also digital image correlation (DIC).   

2. Digital image correlation  

Digital image correlation is a non-contact optical method served for identification of spatial 
displacements and strains of investigated object. Three-dimensional displacements are determined by 
correlation of digital images obtained by CCD cameras during movement of an investigated object. 

 

Fig. 1: Random black and white pattern created on the surface of investigated object 

The object surface is in software application automatically divided into small image elements 
called facets. Each of these facets contains a characteristic contrast random pattern usually created by 
spraying of black stochastic dots on a white background (Fig.1). This pattern imitates the object 
contour, moves and/or deforms together with it. Displacement fields are determined by correlation of 
corresponding facets determined on digital images before and after object movement. 

       

Fig. 2: The principal of 2D (left) and 3D (right) digital image correlation 

If one camera with perpendicular position to investigated object is used for sampling images 
displacements can be determined just in plane parallel to image plane of camera (Fig. 2 left). This 
configuration is called two-dimensional digital image correlation (2D-DIC). 

A three-dimensional digital image correlation (3D-DIC) is used in spatial analysis. In this case the 
determination of 3D-displacement could not be realized by one camera. For this reason two cameras 
are used to capture images from two different locations and directions (Fig. 2 right). This 
configuration allows studying mainly flat objects or planar objects with small curvature. Nowadays 
systems with three, four, six or eight cameras are developed to observe spatial objects from all 
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directions. Discrete values of displacements in three mutually perpendicular directions of each 
investigated point are obtained as output from correlation system. Subsequently it is necessary to 
process these data numerically to obtain required kinematic quantities (Sutton et al., 2009; Siebert et 
al., 2005; Pan et al., 2009; Yoshizawa, 2009; Siebert et al., 2009). 

3. Motion analysis of an object with constant rotary movement 

The investigated object was a cooling fan of an automobile Škoda Felicia powered by stabilized 
generator with constant voltage 5V. 

 

Fig. 3: Cameras configuration and views of investigated cooling fan from both cameras 

Since a frequency of rotation of the cooling fan was relatively high, it was necessary to perform a 
high-speed measurement with a sampling frequency FS=5000fps to obtain continuous displacements 
of rotating fan. By this high frequency cameras shutter time was too short to get enough light onto the 
sensor. Therefore it was required to use a high-performance point source of white light to illuminate 
the fan during measurement. Likewise it was necessary to ensure that the whole investigated object 
could be seen by both cameras. Since fuzzy images could introduce some inaccuracies in a form of 
correlation errors captured images had to be really sharp with optimal contrast. Total acquisition time 
was prescribed to 0,5s and 2500 images were captured by both cameras. Cameras configuration and 
views of investigated cooling fan obtained by both cameras can be seen in the Fig. 3. 

A reconstructed contour of the investigated area is depicted in the Fig. 4. Displacements were 
investigated in three points lying in the same straight line. These points are in the Fig. 4 depicted by 
green dots and marked by numbers from 1 to 3. 

 

Fig. 4: Reconstructed contour of cooling fan after correlation with selected investigated points 
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The time dependences of displacements of each point in x and y directions (see Fig. 5) were 
consequently imported into Matlab and numerically processed. Trajectories of these three points can 
be seen in the Fig. 6. 

   

Fig. 5: Time dependence of chosen points displacements in directions x, y  

 

Fig. 6: Trajectories of cooling fan chosen points 

Rotation frequency of  of the cooling fan with constant rotary movement was determined from the 

frequency dependences of displacements in x and y direction. The time dependences of displacements 
were transformed into a frequency domain by Fast Fourier Transform (FFT). Frequency spectrums of 
displacements of each investigated point are depicted in the Fig. 7. 

   

Fig. 7: Frequency spectrum of displacements in directions x,y 

Because time dependences of displacements obtained by measurement represented set of discrete 
values it was necessary to utilize method of numerical differentiation for obtain another kinematic 
parameters (for instance velocity, angular velocity etc.) (Rizwan, 2008). Derivation of arbitrary 
function f(t) with respect to time t can be expressed by term: 
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When the table values are equidistant in terms of time and Δt is assumed small enough (fig. 7) we 
can obtain formula for numeric differentiation by derivation of interpolation formulas expressed by the 
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help of differences. For three successive values it is possible to obtain assumption of first and second 
differentiation of given function by terms: 
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By using of presented terms the angular velocity ω  of cooling fan rotations was determined by 
numerical differentiation of rotation angle ϕ :    
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Time dependence of rotation angle and angular velocity are graphically depicted in the fig. 8 and 
fig. 9.  

 

Fig. 8: Time dependence of rotation angle of cooling fan  

 

Fig. 9: Time dependence of angular velocity of cooling fan (after smoothing) 

The velocity of particular points was determined by two methods. In the first case known 
frequency of  of cooling fan rotation determined from frequency dependence of displacements was 

used. For calculation of velocities in this case was used:  

 )(2)( trftv oπ= , (7) 

where: 22 )()()( tytxtr += . (8) 
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Dependence of velocities of particular points is for this approach showed in the fig. 10. 

 

Fig. 10: Time dependence of velocity of chosen points 

In the second one the velocity of cooling fan points was defined upon time dependence of angular 
velocity ω  obtained by numerical differentiation. In contrast to former case it is possible to apply this 
computation also by accelerated or decelerated rotation movement. Velocities were determined 
according to:   

 )()()( trttv ω=  (9) 

For this instance the time dependence of velocities of particular points is showed in the fig.11. 

 

Fig. 11: Time dependence of velocities of selected points  

4. Conclusions 

Using of digital image correlation method is a convenient choice to solve a lot of strength or dynamic 
problems of mechanics. It does not face to almost any restrictions of investigated materials and can be 
used for various conditions. Operating software of correlation system offers background with intuitive 
interface which considerably facilitates researcher’s work.   

One of the restrictions by DIC movement analysis can be a fact that investigated object has to be 
situated in visual field of all cameras for all the time. With respect to that correlation systems use to be 
mostly formed by two cameras it is possible to use them particularly for solving of flat objects. With 
increasing number of cameras it is not so easy to ensure illuminating conditions equal for all 
respective cameras. Because of that it is necessary to exclude all shadows and reflections from 
snapshots. Another obstruction can be technical parameters of CCD cameras. Confined inner memory 
of cameras allows take 16000 snapshots with full resolution what gives rise to shorter acquisition time 
by higher sampling frequencies. Because of increasing sampling frequency the illumination of image 
is decreasing due to faster shutter time there is need to use more powerful source of light.  

By investigation of rotary object movement the correlation error is increasing due to increasing 
distance of investigated points from centre of rotation. This phenomenon is due to that by higher 
speeds is displacement of points between two particular correlated snapshots higher. Because the 
numerical differentiation does not work with continuous values but with discrete ones it installs certain 
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inaccuracy to calculation. This inaccuracy obtained by higher sampling frequencies is not such strong 
to influence accuracy of results. 

The same way i.e. by sampling of displacements and their consecutive numerical processing in 
Matlab it is possible to perform analysis of decelerated motion. The results obtained by investigation 
of physical pendulum decelerated movement were verified by means of simulation in program MSC 
Adams/View and are described in other technical publications. 

As correlation system is created by high speed digital cameras there is possibility to use it also for 
investigation of objects vibrations. Operating software of correlation system enables direct performing 
of spectral analysis from measured values which serves for acquirement of natural frequencies of 
investigated motion. By using of complementary program Modan 1.0 which was created on Technical 
University of Košice, the Faculty of mechanical engineering and the Department of applied mechanics 
and mechatronics, we can obtain not only natural frequencies of vibrations but also corresponding 
modal shapes. In this way we can perform experimental modal analysis directly on rotating 
components of construction (Trebuňa et al., 2010; Huňady et al., 2011). 
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SOFTWARE PREDICTION OF NON-STATIONARY HEATING OF 
SHELL MOULDS FOR  MANUFACTURE OF ARTIFICIAL LEATHERS 

M. Hušek*, A. Potěšil** 

Abstract: In the design of non-stationary heating of shell moulds for the production of artificial leathers 
for vehicle interiors using infrared emitters, virtual simulations are of great importance. Virtual heating 
was used in a number of practically solved problems and has become irreplaceable in the complex 
process of technical preparation of the artificial leathers manufacture. It is based on combination of 
suitable informatics tools complemented by specific functions. Optimal temperature distribution on the 
styling mould surface is achieved only by suitable positioning of infra-red emitters, correct identification 
of positions of control thermocouples on the heated mould surface and setup of corresponding 
parameters of the regulation system. Development of the technology of virtual heating has been 
supported by the project MPO TIP 2009 under the registration number FR-TI1/266. 

Keywords: Artificial leather, shell mould, non-stationary heating, radiation heating, finite element 
method. 

1. Introduction 

In the last few years, the company Magna Exteriors & Interiors Bohemia, s.r.o (hereafter Magna) has 
been dealing with an innovation project " Innovation of  technology of artificial leathers manufacture". 
The artificial leathers are major styling elements of softened interior components in vehicles. An 
example of such a product is a dashboard, which represents a complicated part in terms of design, 
complexity of styling shapes, dimensions and process energy. 

      Within the innovation of the so called “Slush technology”, workers of the company Magna 
acknowledge necessity of a complex approach with participation of a number of experts from the 
Technical University of Liberec and the company LENAM, s.r.o. This synergy resulted in acceleration 
of preparation of the technology in question and increased efficiency in batch production. 

      The issue of virtual heating in the final stages of the above-mentioned project is mainly 
implementation of software application IREviewBlender in the preparatory stages of the artificial 
leather manufacture. This process would not be possible without prior knowledge of everyday realities 
and technical complications in the production itself. That is why the individual functionalities of the 
developed application were optimized and confronted with the experienced workers responsible for 
the technical preparation of production as early as at the project start. 

2. Methodology  

The procedure of artificial leather manufacture is as follows: a sufficient amount of powder of 
thermoplastic polymer based on PU or PVC is applied on a hot metal shell mould face. The powder 
melts and sinters into a thin compact layer. Having cooled the mould, the finished product is stripped 
from the mould. The mould gives the artificial leather appropriate desirable shape and precise 
impression of the mould surface at the same time, which is usually a fine embossed design. With the 
view of productivity it is desirable that the heating and cooling of the mould were as fast as possible. 
The procedure of high-quality sintering of artificial leathers, however, necessitates keeping rather a 
narrow interval of sintering temperature – approximately 20°C. 
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2.1. Procedure of Design of Non-stationary Mould Heating 

Preparation of heating is divided into two basic stages, as illustrated in fig. 1. 

 
 

Fig. 1: Flowchart of the procedure of heating layout  

      The first working stage is the design of virtual heating. It is based on the first estimation of 
positions of infra-red emitters according to the needed amount of heat necessary for heating the given 
amount of material. These efforts result in simulation of the heat flux density distribution. This is 
followed by finite element computation of temperatures in the selected time steps. In this stage of 
determination of heating, virtual experimentation with simulation of the regulated heating of the model 
of the system in question begins. The desired result is a satisfactory uniform temperature distribution 
over the whole mould surface. In case of reaching an optimal result, the data for manual or robotic 
placement of holders of infra-red emitters around the mould are exported. Further tests of heating are 
realized on the test or batch line. In that case heating is already evaluated according to the quality of 
the manufactured leather. The leather is thoroughly examined and imperfections caused by over-
heating or insufficient heating of the given area are looked for. These problems are solved by changing 
the position of the concrete emitter directly on the line or by intervention in the regulation parameters. 
Having completed these procedures, heating is released for the batch production. 

2.2. IREviewBlender 

IREviewBlender is an application based on extension of freeware environment Blender by 
functionalities that enable positioning of emitters over the mould relief. The main tasks of the 
application are:   

1) Building a virtual model of a real module of shell mould heating, consisting of relevant 
components of a flow line (frames for shell mould fixation, frame for emitters clamping and other 
special structures), see fig.2. 

2) Application of various types of infra-red emitters as needed and within the technical limitations 
(emitters of various shapes, numbers, layout and power properties), see fig. 3. 

3) Simulation of the heat flux distribution on the surface of a shell mould and optimization of the 
positions of infra-red emitters above the mould and their control thermocouples on the shell mould, 
which is necessary for successful control of non-stationary temperature field, see fig.4. 

4) Export of the results into a suitable format for the needs of control temperature-structural FEM 
analyses in CAE systems, see fig.5. 

5) Export of the topological data (coordinates) for emitters and thermocouples for safe and non-
collision placement of emitters on the real supporting structure and placement of corresponding 
thermocouples on the mould (output image files or files with transformation matrixes for 
positioning by a robotic arm).  
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Fig. 2: Assembled model                                              Fig. 3: Database of emitters 

 

       
 

                   Fig. 4: Heat flux                             Fig. 5: Temperature calculation in sw ANSYS 

3. Implementation into Manufacture 

As early as during programming of the basic functions of the application IREviewBlender, a number 
of practical tasks had been dealt with. This was the only way of getting the feedback concerning 
necessity and correctness of its functionalities and adding further useful functions according to the 
current needs of the operators of this production technology. The following chapters present selected 
and resolved problem situations. 

3.1. Design of Heating for Batch Production 

One of many solved tasks was positioning of emitters above the mould for batch production of 
artificial leathers. The two situations differed considerably. The starting point was the data and 
experience acquired during the design of heating of a prototype mould illustrated in the previous 
pictures. Besides the determination of positions and types of the applied emitters it was also necessary 
to make design changes and to add a frame structure for fixation of special emitters in the middle of 
the mould – see fig. 6. 

. 
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Fig. 6: Fixation of emitters 

3.2. Design of Heating of the Cleaning Station  

Each mould has to be cleaned up after repeated usage in the production cycle and its surface must be 
covered with special separation and protection preparations at precisely defined temperature range for 
precisely defined time. 

      The cleaning procedure will be run in automatic mode of a specially designed line, of a so called 
cleaning station, exploiting robot for application of chemicals. The workstation has to be universal for 
various types and shapes of moulds. Technical specifications are defined by requirements of maximum 
delivered and switch powers for individual emitters arranged into several sections. 

      It was evident from the beginning that some automatic movements of whole groups of emitters 
should be applied. This is the only way of adapting the positions of emitters to various types and 
shapes of moulds.  Fig. 7 illustrates three configurations of emitters layout. For better lucidity only the 
fixing elements – so called holders are depicted. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 7: Three group positions of the emitters 
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3.3. Test Mould Design 

Another requirement of workers of technical preparation of artificial leather manufacture, which has 
been successfully resolved, was design of a so called test mould and its heating. Prior to launching a 
new product on the basis of PVC or PU it is essential to realize a number of tests with powder mixture 
on test moulds so that the prototype or batch production of leathers was not restricted. These moulds 
are usually equipped with dividing grooves of various shapes and areas with several styling reliefs. 

      For this purpose, a test mould has been designed for the test line, see fig. 8. Its undulated shape 
serves for testing the functionalities of virtual heating and for searching important criteria for optimal 
positioning of emitters in IREviewBlender. Further application of this mould is in testing genetic 
algorithms for optimization of the emitters layout, which is dealt with by experts of the Technical 
University of Liberec. 

 
Fig. 8: Test Mould 

4. Conclusions 

The introduction of the paper presents problems of design of non-stationary heating of thin-walled 
shell moulds by a large number of infra-red emitters in the manufacture of artificial leathers. The 
leathers are used in production of softened interior parts mainly in cars.  

      In the second part, the process of design of non-stationary heating is dealt with. As having been 
mentioned, the whole design process begins with virtual heating. This includes design of positions of 
emitters above the mould surface and data preparation for temperature-structural FEM computations. 
The whole virtual process is completed by data export for physical installation of emitters in the flow 
line or test line, where further heating tests are performed.    

      In the last part of the paper there are mentioned some practical cases, which confirm that virtual 
heating of moulds is irreplaceable part of a complex technical preparation of manufacture of artificial 
leathers. The application of  IREviewBlender allowed reaching the solution in a way more effective 
than using the standard CAD systems. 
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NUMERICAL ANALYSIS OF THERMAL FIELDS IN THE INSULATED 
COVER OF TIRE CURING PRESSES 

M. Hynek*, P. Votapek** 

Abstract: Regardless what type of rubber curing chamber is used (steam dome curing press or mold with 
heated plates) it is reasonable to insulate the chamber cover properly. However, quite often the heat 
losses though the joints of the metal parts of the chamber cover are underestimated. Numerical analyses 
can help in an effort to estimate the thermal fields and the resulting heat losses. However, the main 
problem for such analyses is a realistic specification of thermal boundary conditions especially in case of 
heat convection. In this paper, an alternative way of setting of convection boundary condition is 
proposed.  Instead of strict specification of convection parameters, which are very difficult to estimate, it 
is proposed to incorporate a simple thermal boundary layer based only on heat conduction. By this 
modification no boundary conditions need to be prescribed right on the surface of the analyzed structure 
and the resulting temperature distribution on the surface has more freedom to classify the actual design 
of the analyzed structure in particular locations. 

Keywords:  curing press, heat losses, heat transfer coefficients, FEM thermal analysis 

1. Introduction 

It is well known that motion of a fluid with respect to a surface with heat generation is accompanied 
with a specific form of heat transfer referred to as convection.  If the motion of flow is generated by 
external forces (e.g. wind, air conditioning, fan or pump), it is called forced convection. If it is driven 
merely by gravity forces, it is called free (or natural) convection. In most cases, both types of 
convection affect the studied structure and the values of local heat transfer coefficient differ according 
to location.  

Proper evaluation of local heat transfer coefficients based on experimental measurements is 
extremely complicated and in many situation even impossible. In laboratory conditions, however, 
there can be exploited several optical measurement methods, such as PLIF (Planar Laser-Induced 
Fluorescence). This method is based on the principle that atoms or molecules excited with laser 
spontaneously emit light (observed as fluorescence) which is affected by various parameters such as 
the concentration of a certain species in a fluid and the temperature. Signals from CCD cameras are 
then processed to provide 2-D spatial information on concentration, velocity or temperature maps in 
fluid flows with resolution under 1 mm. From these 2D maps it is possible to evaluate the temperature 
distribution also in the thermal boundary layer and subsequently the local heat transfer coefficients can 
be determined from the temperature gradient in the thermal boundary layer (see section 2). 

Another method destined for nondestructive testing and inspection, which can also be used in heat 
transfer measurements, is holographic interferometry. The basic principle of holography lies in its 
ability to record two slightly different scenes and to display the difference between them. Holographic 
pictures in general can record motion, deformations, stress, temperature and other continual physical 
fields. Typically, optical lasers are used nowadays in holographic interferometry giving an accuracy of 
a half wavelength of the laser (i.e. up to 10-3 mm). Again, the detailed knowledge of the temperature 
field close to the surface allows us to determine the temperature gradient in the thermal boundary 
layer. Unfortunately, such measurements are hardly performable in real conditions of a plant.  

                                                 
*   Doc. Ing. Martin Hynek, Ph.D.: Department of Machine Design, Faculty of Mechanical Engineering, University of West 
Bohemia; Univerzitní 22; 306 14, Pilsen; CZ, e-mail: hynek@kks.zcu.cz 
**  Ing. Petr Votápek: Department of Machine Design, Faculty of Mechanical Engineering, University of West Bohemia; 
Univerzitní 22; 306 14, Pilsen; CZ, e-mail: pvotapek@kks.zcu.cz 

m
2012

. 18thInternational Conference
ENGINEERING MECHANICS 2012 pp. 489–498
Svratka, Czech Republic, May 14 – 17, 2012 Paper #90



 

One could propose that running a numerical simulation in order to qualitatively compare heat 
passage through several variants of a structure might be conducted just with a unified, somehow 
estimated, heat transfer coefficient. Unfortunately, using a convection boundary condition by setting 
a specific value of heat convection coefficient and an approached temperature of the fluid (i.e. the 
temperature just outside the thermal boundary layer) will inevitably influence the temperature 
distribution in the analyzed structure. Instead, it is suggested here to incorporate a sandwich-like 
thermal boundary layer directly into the finite element model. As this thermal boundary layer consists 
of several sub-layers based on heat conduction only, there is no need to solve the problem as a coupled 
analysis of heat conduction and fluid flow in the boundary layer. 

2. Determination of heat transfer coefficients from temperature gradient 

It is a fact that the heat transfer coefficient for a specific location on the surface depend on many 
factor, such as the difference between the temperature of the fluid and the surface, shape, spatial 
orientation and roughness of the surface, fluid flow velocity, state of the velocity boundary layer and 
other factors.  

Instead of taking all these factors into account it is advised to consider the following presumption. 
It is assumed that the molecules closest to the heated surface do not move relative to this surface and 
hence the thin sub-layer of the thermal boundary layer adjacent to the surface is subject to pure heat 
conduction. Written in an equation, it applies: 

(1) 

where  stands for thermal conductivity of the boundary sub-layer closest to the 
surface and  is the density of thermal flux in y-direction (see Fig. 1). Reported values of  for dry 
air at temperatures 0 °C and 100 °C are 0.0237  and 0.0307 , respectively.  

Let us recall the well-known Newton’s law for convective heating or cooling: 

 
(2) 

where  stands for the local heat transfer coefficient at location X,  denotes 
wall temperature at location X,  is the approached temperature of the fluid and  is the density of 
thermal flux at location X (again, in y-direction). 

Admitting that all heat transmitted in convection from the surface to the surrounding fluid must be 
conducted through the stationary sub-layer of the thermal boundary layer leads to the equation: 

 

(3) 

 and hence it follows for the mean value of the heat transfer coefficient on an area A: 

 
 

(4) 

where the location X takes the place of all points of the area A on the heated surface. The 
evaluation of thermal gradients  can be accomplished from measurements of temperature 

distribution in thermal boundary layer by means of holographic interferometry or PLIF method. 
Further information about this approach can be found in Holman (1972) or in Pavelek et al. (2003) 
where Fig. 1 was taken from. 
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Fig. 1: Temperature profile in thermal boundary layer (  denotes the thickness of the thermal 

boundary layer which is typically several millimeters) 

3. Sandwich-like model of the thermal boundary layer  

Applying the principle described in the previous section to the whole thickness of the thermal 
boundary layer turned out to be very useful for FEM thermal analyses. As mentioned earlier in the 
text, using  a convection boundary condition by setting a specific value of heat convection coefficient 
and the approached temperature  will inevitably influence the temperature distribution in the analyzed 
structure.  To avoid this undesired effect, the thermal boundary layer can be divided into N sub-layers 
(each specified with a reasonable value of thermal conductivity) and included in the FEM model of 
analyzed structure. Setting the approached temperature outside the outer sub-layer provides more 
freedom in calculation of the resulting temperature distribution on the surface of the structure. 

         It should be stressed that pure heat conduction was assumed in individual sub-layers. However, 
in reality, only a thin sub-layer closest to the surface can be considered stationary. Therefore, as the 
distance of a particular sub-layer from the surface increases, its artificial value of heat conduction 
coefficient should increase accordingly to reflect the fact that heat is transferred more intensely 
due to increasing influence of both free and forced convection. The specific values of coefficients 

 need to be set in such a manner that the resulting temperature distribution through the 
thermal boundary layer is in agreement with relevant experimental measurement or published results. 
For the purpose of thermal calculations presented in this paper a temperature profile published in 
Čížek (2005) was adopted (see Fig. 6). 

In notation of the previous section the density of the artificial heat flux density is introduced as: 

 
(5) 

where   stands for heat conductivity of the whole thermal boundary layer 
evaluated according to the common theory of heat conduction in multilayer structures introducing 
terms of conduction resistance for individual sub-layers with thicknesses : 

 

 
(6) 

         Having known  together with the temperature profile in boundary layer and the wall 
temperature distribution makes it possible to easily evaluated heat flux through the area A: 

(7) 
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4. Application example - FEM thermal analysis of the insulated cover of a curing press  

The approach described in the previous section was applied to the thermal analysis of the insulate 
cover of a large curing press for vulcanization of heavy machinery tires (see Fig. 2). The maximum 
press force of this particular steam dome press was 900 t, the production cycle was about 80 min., 
the temperature of the heating steam was 160 °C and the mean temperature of the surrounding air was 
about 40 °C (see Fig. 3). The main task was to propose cost-effective design changes in order to 
reduce the heat losses through the cover and to quantify the resulting power sawing. 

 

  
Fig. 2: Analyzed curing press    Fig. 3: Snapshot from a thermovision camera 

 

The problem was solved as steady-state thanks to long production times. The geometry of the 
steam dome made it possible to analyze only an axisymmetrical FEM model. Special attention was 
paid to three areas where individual parts of the dome are joined together and the cover insulation is 
fixed to the steel structure of the dome and protected with sheetmetal. While the lower and the upper 
area represent welded joints, the middle area matches the place where the upper part of the dome is 
pressed against the circumferential sealing which is fixed in the lower part of the dome (see Fig. 4). 

 

 
Fig. 4: Axisymmetrical FEM model (left) and the corresponding steam dome press geometry (right) 
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Critical for the analyzed FEM model was the implementation of the artificial multi-layer thermal 
boundary layer on the outer surface of the dome cover. The definition of heat conduction coefficients 
for individual sub-layers (e.g. “K_0_028” refers to  as well as the overall 
thickness of the artificial boundary layer (set to 4.5 mm) is shown in Fig. 5. These values of  and the 
corresponding sub-layer thicknesses were determined by trial and error method until the calculated 
temperature distribution character in the boundary layer resembled the measured data from Fig. 6. 

 

 
Fig. 5: A detailed view of the artificial thermal boundary layer 

 

 
Fig. 6: A typical temperature profile in a thermal boundary layer measured with PLIF, published in 

Čížek (2005).  
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In Fig. 7 there are presented detailed views of the FEM model in all three monitored areas. From 
the material specified for individual FEM elements the design of the press cover can be deduced. On 
the left the original design and on the right the variant with proposed modifications are shown. 

 

 

 

 
 

 

 

Fig. 7: Design changes between the original (left) and the modified (right) variants of the press cover 
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Fig. 8 presents the steady state temperature fields in the monitored areas. In each picture of Fig. 8 
there is denoted a zone on the surface where heat fluxes will be evaluated and compared.  

 

  
 

  
 

  
 

Fig. 8: Steady state temperature fields in the original (left) and the modified (right) variants 
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The curves plotted in Fig. 9 represent path plots of wall temperature on the surface of each zone, 
i.e. the position on x-axis of the plot corresponds to cumulative length of the edges of involved finite 
elements and the values on y-axis are nodal temperatures on the surface of the monitored zones. 

 

zone U1 

 

zone U2 

 
zone M1 

 

zone M2 

 
zone L1 

 

zone L2 

 
Fig. 9: Path plots of wall temperature for individual zones of interest 
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In Fig. 10, path plots of the whole cylindrical part of the press cover are compared for both 
original and modified design. Fig. 11 demonstrates that temperature profiles in the boundary layer 
depend strongly of the location on the surface of the cover. However, but their characteristic form is 
in agreement with the measured data from Fig. 6. 

 

 
Fig. 10: Path plots of wall temperature for the whole cylindrical section of the press cover 

 

 
Fig. 11: Temperature profiles in the boundary layer plotted for two specific locations (the modified 

variant is visualized here): in the zone 2 the wall temperature is 116.5 °C, in the middle of the 
cylindrical section the wall temperature drops to 55 °C   
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5. Conclusions 

The proposed sandwich-like model of thermal boundary condition in a simplified FEM model of the 
curing press cove enabled a quantitative assessment of heat losses reduction resulting from the 
proposed design modifications. Applying the equation (7) to individual monitored zones as well as to 
the whole cylindrical section of the press cover estimates the values of heat fluxes (for summary, see 
Tab.1). The presented results confirm that even simple design changes helping to avoid thermal 
bridging are always worth to take into account. 

 

Tab. 1: Heat fluxes through evaluated areas of the curing press cover evaluated on both original and 
modified variant 

Monitored area 

 
   

original design 

   

modified design 

Power saving [%] 
modified on original 

upper 2.56 2.15 16 

middle 4.11 2.59 37 

lower 2.89 2.28 21 

whole cylindrical surface 21.15 19.14 9.5 
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SIMULATION OF VEHICLE TRACK DYNAMIC LOADING

M. Chalupa1, R. Vlach2

Abstract: The contents of article describes design of the vehicle track computational model and example 
of testing procedure of the track dynamic loading simulation. The proposed approach leads to an 
improvement of track vehicle course stability. The computational model is built for MSC. ADAMS, AVT 
computational simulating system. Model, which is intended for MSC computational system, is built from 
two basic parts. The first one is represented by geometrical part, while the second one by contact 
computational part of the model. The aim of the simulating calculation consist in determination of change 
influence of specific vehicle track constructive parameters on changes of examined qualities of  the 
vehicle track link and changes of track vehicle course stability. The work quantifies the influence of 
changes of track preloading values on the demanded torque changes of driving sprocket. Further 
research possibilities and potential are also presented.  

  
Keywords: tracked vehicles, track, computational simulation, dynamic loading simulation.

1.  Introduction 

Presented research analysis the problem of bad course holding of specific track vehicle when driven at 
a speed exceeding 65 km.h-1. It is possible to identify the reasons of this effect and to propose potential 
possibilities of its elimination (Chalupa, 2001). Proposal of the design changes that would enable the 
safe increasing of the maximum vehicle speed is desired and would be very useful for practical use.  

      This problem can be solved by use of mathematical computer simulation (Rolc, 2008) and 
(Chalupa, 2007). It is necessary to built the mathematical model of the examined object, and powerful 
computing simulating  system must be available (Chalupa, 2007) and (Koucký, 2011). The 
mathematical model described in this work is built for modelling in MSC.ADAMS.AVT 
computational system (ADAMS/MSC, 2003) and (Chalupa, 2007). The ambition of this work is to 
create a generalised computational model usable not only for the simulation of vehicle track but also 
for the general vehicle undercarriage dynamic properties. The results of such modelling could be 
practically used in mathematical modelling and analysing of individual undercarriage parts behaviour 
during vehicle ride. It is necessary to define the main possibilities of track vehicle course holding 
improvement by simultaneous increase of maximum speed vehicle.  

      The first part of the simulation is focused on collecting the data on undercarriage design 
parameters under different vehicle course holding conditions and increasing maximum speed. These 
preliminary simulations are focused on monitoring of the influence of changes in supporting axes 
reaction forces in relation with changes of track links weight and initial tension of track. Such changes 
can influence the general vehicle course holding. It is well known that design parameters have relevant 
influence on dynamic loading of some undercarriage parts. The complete calculation of this influence 
is subject of the second part of the presented work. Following part of the simulation is focused on 
���������������������������������������� �������������������
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determination of possible changes of sprocket wheel torque in relation with changes of initial tension 
of track. According to torque required on driving wheel (absorbed to override the resistance of the 
vehicle track), it is possible to determine other parameters of undercarriage design, that are greatly 
affecting maximum vehicle speed. 

     The paper presents possible modeling method for the selected type of vehicle track in point two 
and results of simulating computer modeling of vehicle track dynamic loading performed by vehicle 
running in point three.  

2.  Computational model  

The computational simulating system MSC.ADAMS.AVT  is used for the computational modelling 
and simulating. This system can be used for the analysis of kinetic and dynamic characteristics of the 
modelling mechanic system and its animation. Model intended for MSC computational system must 
be built from two basic parts. These parts of the model are: geometrical and contact computational 
parts (ADAMS/MSC, 2003). Geometrical part of computational model must consists of basic parts of 
the vehicle undercarriage movable parts. The model involves road wheels (Fig. 1), supporting rollers, 
driving sprocket (Fig. 2),  idle wheel and track line on which individual track links are connected by 
couplings (Fig. 3). The parts are defined by components with real geometrical shape. The critical 
aspect at this point is to keep the flat contact.  

Figure 1:  Geometrical part of computational model 

      The main parts of the track link are as follows: the body with two guiding detents and two 
connected eyes with pins, couplings, and retaining screws. There are 84 track links on each track.  

      Axel arms, shock absorbers and torsion bars are defined as simplified shape components, thus 
without contact components. This type of the components is generated from the offer of universal 
track vehicles undercarriage components. They are defined by input data such as basic design 
dimensions, weight, moment of inertia, stiffness, absorbing and number of parts. 

Figure 2:  Geometrical model of the sprocket wheel 
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Figure 3:  Geometrical model of the track link and connecting clip 

      Contact part of computational model must involve impact and frictional forces system 
(ADAMS/MSC, 2003). To guarantee the highest accuracy and practicality, the impact and frictional 
forces of the individual undercarriage parts are defined in such way (Vlach, 2008), that the whole 
model resembles the reality as much as possible. These contact forces are described in Adams System 
by impact force Eq. (1): 

F = -k'(q – q0)n  - cq'                                                       ( 1 ) 

where: q-q0..penetration of bodies in contact, k - contact stiffness, c – damping coefficient,  
              q` - sliding  velocity of  bodies in contact,  n - stiffness force exponent 

      Contact model is described by characteristic of sliding velocity influence on friction coefficient 
(Fig. 4), (Chalupa, 2007) and (Vlach, 2008). 

Where:   
μ stat - static friction coefficient,  
μ dyn - dynamic friction coefficient 

Figure 4:  Course of friction 
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3.  Results of calculation  
The aim of the simulating calculation to determine the influence of change of specific vehicle track 
constructive parameters on changes of examined qualities of the vehicle track link. These are 
determined especially by intensity changes of the reaction force of the carrying elements of track links 
bodies. 

      The ten of tested parameters are radius of driving  wheel, radius of tightening wheels, initial 
tension track, weight of track link, stiffness of connection plugs track link, resistance against turning 
of clutches plugs link, geometry of driving  rib of track link, weight of bearing rollers, radius of 
bearing rollers, stiffness of assessment of base of bearing rollers.  

      Simulation calculations were performed with using of computation model displayed in figure 1. As 
can be seen from introduced example in graph 1, reduction of the initial torsion of track for about 
10 000 Nm causes decrease of required torque value from 10 181  Nm to 9 369 Nm. It represents 
approximately 7.5 %. Increasing of initial track tension for about 10 000 Nm causes increasing of 
required torque value from  10 181 Nm to 13 553 Nm, which is about 33 %. It is thus possible to 
conclude that there is a big influence of changes in initial torsion of track on driving sprocket required 
torque.  

Graph 1: Course of required torque moment values on   initial track torsion

      This parameter influences vehicle course holding and improves maximum speed of the vehicle. It 
seems to be very promising and important to perform the full analysis of this phenomenon (influence 
of this design parameter) in the future. The results of previously performed basic simulating 
calculations shown the big influences of changes in reaction forces supporting rollers axes on changes 
of track links weight and initial tension of track. It is clear that this design parameters have big 
influence on dynamic loading of some undercarriage parts and therefore a maximum speed of vehicle. 
The same influence of changes of required torque on sprocket wheel in relation with changes of 
driving sprocket diameter were approved as well. This parameter influences vehicle course holding 
and improves maximum speed of the vehicle. This phenomenon will be the subject of our forthcoming 
research when full calculation will be performed. 
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4.  Further research plans 
Application of the advanced simulation will be performed as a consequent step with the aim of 
assembling the approximation relation yo of  monitored parameters Rx, , Fpr, kp a  mx. 

1. Composite plan simulations assembly for 4 parameters (Vlach, 2008).  
2. Implementation of 24 simulating  calculations according to composite plan. 
3. Assesment of regression function 

According to proposed model simulations, it is possible to derive the approximation relation 
(regression function) formulating the dependence of element velocity on above mentioned 
factors, which are easy to determine. Created regression quadratic model has a following form 
(in relation to variables):    

              n             n                 n n 
y = �0 + � �j xj  + ��jj´ x2

j  +   ���jj´ xj xj´+�                               (2) 
              j=1          j=1              j<j´ j´  

where: � - regression coefficient, xj -  monitored  parameter, n -  number  of parameters 

The form of approximation equation: 

y 0 = �0 + �1 R +�2 Fpr + �3 kp + �4 m + �5 R2 + �6 F2
pr + �7 k2

p + �8 m2 +  �9 R�Fpr +  
        �10R�kp + �11 R�m + �12 kp�Fpr  + �13 m�Fpr + �14 kp�m + �15 R�Fpr + �16 m�R�kp +  
        �17 m�R�Fpr + �18 m�k p  Fpr + �19 m�Fpr�k p�R + �                                   (3) 

where: � -  regression coefficient,  R - monitored  parameter  ( diameter of driving wheel),   
            F - monitored  parameter (initial  tension  force of track),                    
            k – monitored parameter (track geometry),  m - monitored  parameter (track link weight), 
            n -  number of parameters  

4. Final verification of mathematical model 
Final verification is provided by comparison of the physical dependence value y obtained from 
the measurement and regression function yo  corresponding point. 

5.  Conclusion 

The paper describes one of the possible ways how to create the computational model of real track 
vehicle movement mechanism in software environment MSC.ADAMS.AVT. Vehicle track design and 
recommendation for upgrading mathematical model is emphasised. The objective is to create 
computation simulation for the purpose of finding the basic information on track component parts and 
undercarriage performance of moving vehicle.  

      The similar simulations were already performed. They analysed the influence of changes in 
reaction force values on axes of supporting rollers depending on changes in weight track link, changes 
of track radius  and sizing changes in initial tension track. Their results approved, that influence of 
changes of track radius, initial tension and track link weight, on changes of reaction forces on 
supporting rollers of undercarriage influence are significant and they are worth of further 
investigation.   

      This research also confirmed previously published results of simulating calculations analysing 
influence of changes in driving and track adjusting wheels on required driving wheel torque. Proposed 
calculations quantify the influence ratio of movement and dynamic loading on elements of vehicle 
chassis.  
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      One of the main benefits of the proposed analysis is the possibility of determination, which 
constructional changes can lead to an objective improvement. This can be defined as a track vehicle 
directional improvement and improvement of maximum speed increase, simulated apart from other 
factors, not only by track construction, but also by the whole track kinetic and suspension track vehicle 
undercarriage mechanism. 
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MOTION OF ROTATING SPHERICAL PARTICLES TOUCHING A 
WALL

Z. Chára*, P. Vlasák**, I. Keita***

Abstract: The paper deals with an analysis of motion of rotating spherical particle in calm water, when 
the particle is in contact with a smooth, horizontal wall. The motion was visualized by a fast digital 
camera at 1000 frames/second. Based on software analysis the particle trajectories as well as rotational 
velocities were determined. Values of vertical, horizontal and rotational velocities were used as input 
parameters for numerical model and the results are compared with experimental data. Experiments were 
performed with glass particle of diameter 25 mm, initial values of rotational speeds varied from 500 to 
3000 revolution per minute.  

Keywords: Particle rotation, particle trajectory, Magnus force. 

1. Introduction

Particle motion and particle-wall collision play an important role in many industrial processes 
involving suspension flows. The collisions affect particle accumulation and dispersion and inter-phase 
transport and mixing. Compared to a dry collision the kinetic energy of a particle in a liquid 
environment is dissipated by viscous stresses in the liquid and by inelasticity during collision (Li et al., 
2012). The ratio of particle inertia to viscous forces is quantified through the Stokes number, St = 
(1/9)(*p/*f)Re, where Re is the particle Reynolds number based on impact velocity. Barnocky & Davis 
(1988) experimentally examined the impact of a sphere on a surface covered by a thin layer of liquid 
to investigate the critical Stokes number. The work by Davis et al. (2002) also used a thin layer of 
liquid but they measured the impact and rebound velocity to determine the effective coefficient of 
restitution. Joseph et al. (2001) measured the approach and rebound of a fully immersed collision to 
determine the coefficient of restitution as function of the Stokes number. They showed that below a 
Stokes number of approximately 10 no rebound of the particle occurs and for a Stokes number grater 
than 1000 the particle rebound is not affected by the surrounding fluid. A lot of computational studies 
have also considered the problem of particle collision in a liquid. Leweke et al. (2004) computed the 
flow generated by a particle colliding normal to a surface without rebound. Their simulations showed 
the development of vortex rings around the particle.  

Although many papers deal with the particle-wall collision a little is known about the collision 
when the particle rotates. The aim of this contribution is to analyze a movement of the rotating 
particle, calculate a theoretical trajectory of the particle and compare it with the experimental 
observation. 

2. Experimental set-up

The experiments with rotating spherical particle were realized in a water tank of dimensions 40 x 28 x 
20 centimeters. The tank was filled with water up to a level 60 mm above the bed. The bed was 
formed by a glass plate of thickness 19 mm. The particle was a glass sphere of diameter 25 mm and 
density 2470 kg/m3. Water temperature was 24oC. The sphere was sped up in a special spinning device 
situated above the water level. The sphere was held between cups and rotated about a horizontal axis 
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with an initial angular velocity �0, which was measured by a tachometer. When the trigger was 
released, the springs pulled the cups apart, allowing the ball to fall freely in water. The spinning device 
ensured the required spherical rotation in the given plane and translational velocity of the ball was 
reached by free fall. The device allowed the sphere to spin up to 6 500 revolutions per minute (rpm), 
but in these experiments a range of 500-3000 rpm was used. Since the device was above water level 
the particle passed through the surface and this passing slightly modified its movement. Consequently 
even a non-rotating particle did not move only vertically but with some horizontal shift. After a 
collision with the bed, the particle rebounded and the combined translational and rotational motion 
continued. 

The particle movement in water was recorded with a frequency of 1000 frames per second using a 
digital video camera NanoSence III+. Hairlines were drawn along two perimeters of the particle to 
make it possible to visualize the particle rotation. Only experiments in which the plane of the particle 
trajectory was parallel to the plane of the video camera objective were chosen. 

 
Fig.1: Original image taken from camera  

 
Fig.2: Convolution between 2D filter and original image 

 
Fig.3: Particle shape after binary operation 
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Typical picture taken from the camera is shown in Fig. 1. To analyze the particle movements we 
applied functions implemented in Matlab Image Processing Toolbox. Firstly we chose a 2-D filter 
with circular shape and then we performed a convolution between the original image and the 2-D 
filter. The result is shown in Fig. 2, where the maximum white intensity corresponds to the particle 
centre. Even if the original image has a relatively high scale factor (13.6 pixels/mm) the trajectory 
based on the image pixels is inaccurate (see Fig. 4). Fig. 4 shows both the trajectories and the vertical 
velocities calculated from the particle trajectories. As can be seen in Fig. 4 using only pixels resolution 
to determine the velocity lets to enormous errors. To improve the resolution of the image we applied a 
fitting of the white intensity in the convolution image (Fig. 2). In both vertical and horizontal direction 
we used a polynominal curve of the fifth degree to approximate the white intensity. And we suppose 
that the position of the particle centre corresponds to the maximum of the white intensity. This way 
seems to give much better results compared with previous one. Another possibility how to improve the 
particle center identification is to convert the original image into binary one, (Fig. 3), and on this 
image perform some binary operations. This approach gives the best results, (Fig. 4), but constant 
conditions regarding the image contrast are required. If we know a position of the particle center the 
translational velocity components can be easily calculated. 

The rotational velocities were determined from the following idea. The spherical particle was 
marked by two lines (like meridian and equator) which form two planes going through the centre of 
the particle (point C). In each time step we chose arbitrarily two points (A,B) on the equator (or 
meridian) and looked for a normal vector of the plane (ACB). If time series of the normal vectors is 
known, the 2D rotational velocity can be calculated. 
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Fig.4: Comparison of different ways of particle location (left-trajectory, right –vertical velocity) 

3. Discussion of the results 

The particle motion in fluids is described by a set of ordinary differential equations taking into account 
interaction of several forces like submerged gravitational force, drag force, force due to the added 
mass, Magnus and history forces and torque acting on a rotating particle. History force was not 
considered due to the relatively large particle diameter and high Reynolds number (Re > 6000) in a 
vicinity of the wall. So, the system  of the equations was considered in the following form 

 
,g d m M

dum F F F F
dt

dI M
dt
?

� � � �

�

� � � � �

� �  (1) 

where m is particle weight, Fg, Fd, Fm and FM are gravitational, drag, added mass and Magnuse forces 
respectively. I is the particle momentum of inertia, ? is rotational velocity and M is the drag torque 
given by the formula 

Chára Z. Vlasák P. Keita I. 515



 5

2
fM C? r

*
? ?� �

� � �
 (2) 

where C? is dimensionless drag torque coefficient. The reliable experimental and theoretical data of 
the coefficient C? are described by Sawatzki (1970). The drag force was determined by the following 
expression  

 � � � �0 687 224 1 0 15 2 2.
d fF . Re / ( d /

Re
* �� �� �� �� �

�
) u u� �  (3) 

and Magnus force was given as 

 ! " ! "
3 3

6 16
LR

M M f f
d C dF C u u� �* ? * ?

�
� E �� @� �

	� � �
E �
�� �  (4) 

where CM is the dimensionless Magnus force coefficient. In the bracket there is another expression for 
Magnus force which can be found in literature and where the lift coefficient is used instead the 
Magnus force coefficient (CLR = 8@/3 CM). @ is dimensionless parameter sometimes called as 
dimensional angular velocity (@= 2Re?/Re). The theoretical analysis of the Magnus force was 
performed by Rubinov & Keller (1961) for very small values of the Reynolds numbers and they 
deduced CM = 0.75. In the range of moderate Reynolds numbers (550 < Re < 1600, @,< 0.7) Tsuji et 
al. (1985) observed trajectories of a sphere which collided with an inclined plate submerged in water 
and they suggested CM = 0.15 ± 0.04. Oesterle & Dinh (1998) proposed the following formula for the 
lift coefficient (10 < Re < 140, 1 < @,< 7) 

 � � � �0.4 0.7
LRC 0.45 2 - 0.45 exp - 0.075 Re , Re 140        � � @ @ $  (5) 

In our experiments the range of Reynolds numbers was from 1000 to 20 000 and the range of non-
dimensional angular velocity from 0.5 to 10. As was mentioned above the particle trajectories were 
used to calculate the vertical as well as the horizontal velocity components. Time resolution was given 
by the camera frame rate and for all tested cases (t = 0.001 sec. First of all we analyzed the angular 
velocities and the results we compared with particle drag torque to determine the coefficient of drag 
torque, C?. Fig 5 shows time series of the measured angular velocities for the initial values of 
rotational velocities – 500, 1000, 2000 and 3000 rpm. The particle always rotated in counter-clockwise 
direction. 
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Fig.5: Time series of angular velocities  

 

As can be seen in Fig. 5 the angular velocities monotonically decrease in time which means that 
negligible changes of angular velocities occurred during particle-bed collisions (at least the changes 

516 Engineering Mechanics 2012, #60



lay in a range of experimental errors). We approximated the data of angular velocities by the Equation 
(2) with the coefficient of drag torque taken directly from Sawatzki (1970) data. The approximation is 
shown as a dash-dot line in Fig. 5 and in a whole range of time interval the line is above the 
experimental data. To get a better approximation (solid lines in Fig. 5) the drag torque coefficient is 
suggested to be slightly modified according to the formula 

 1.3 SawatzkiC C? ?�  (6) 

The aim of this paper is to analyze the particle trajectories and with help of equation set (1) 
calculate the trajectories with initial values of both translational and rotational velocities taken from 
the experiments. Figs. 6, 7 and 8 show particle trajectories for the non-rotating particle and for the 
particle with rotation 1000 and 3000 rpm. The left part of the figures show time series of the vertical 
particle position, the right part shows the particle positions in the x-y plane (x is horizontal coordinate 
and goes from left to right, y is vertical coordinate and goes from bottom to upwards). The interruption 
of the trajectory for the non-rotating particle is due to a relatively small water depth. When the particle 
went up after the first collision with the bed, the particle nearly touched a water level and when the 
particle started again to settle a part of the water level was pulled down. Since the non-rotating particle 
had a small but not a negligible value of horizontal velocity it moved along the bottom (see Fig. 6, 
right). The initial trajectory of the rotating particle is going down from the left to the right do to the 
counter-clockwise rotation and hence due to the Magnus force.  Depending on the angle of the first 
trajectory the particle either reversed its movement immediately after the first collision, (Fig. 7, right), 
or continued forward and reversed after the second collision, (Fig. 8, right). 
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Fig.6: Trajectories of non-rotating particle 
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Fig.7: Trajectories of rotating particle with initial rotation 1000 rpm 
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Fig.8: Trajectories of rotating particle with initial rotation 3000 rpm 

 

Figs. 9, 10 and 11 show the translational particle velocities determined from trajectories of the 
particle center. Blue lines in these figures show the velocities in horizontal direction, red lines show 
the vertical velocity component. While the vertical velocities changed for a very short time during the 
collision process, somewhat different behavior was observed for the horizontal velocities in the case of 
rotating motion. The horizontal velocities increased and just before the collision they decreased. After 
the collision the horizontal velocities continued to decrease, but the time derivate of the horizontal 
velocity is much higher compared to the time derivate of the vertical velocities. This situation is 
clearer in Fig. 12 where a detail of time series of the first rebound is shown for initial rotation 1000 
and 3000 rpm and for different angles of incoming trajectories. The angels are between the trajectories 
and a normal vector of the bed. The higher is the angle the higher is the horizontal velocity before the 
impact. The origin of time coordinate corresponds to the time of the collision. As can be seen in Fig. 
12 the particle strongly accelerates in the horizontal direction just after the impact. The acceleration 
acts in direction of the Magnus force and it is restricted to a region close to the bed (up to a distance 
0.2D). The acceleration depends on the initial conditions of rotation, the higher is the rotation, the 
higher is the acceleration.  
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Fig.9: Translational velocities of non-rotating particle (blue - horizontal, red - vertical velocities) 
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Fig.10:  Translational velocities of rotating particle - 1000 rpm  
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Fig.11: Translational velocities of rotating particle - 3000 rpm 
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Fig.12: Horizontal velocity component of rotating particle after the first rebound 

 

Another interesting feature can be concluded from the time series of the horizontal velocities and 
the vertical position of the particle. Between two impacts the particle quickly accelerates and then 
slowly decelerates but the point of transition does not correspond to the point where the particle 
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reaches the maximal position above the bottom and where the vertical velocity changes the direction. 
The point of transition precedes the maximal position of several tens of milliseconds.  

As we know the particle trajectories and the translational and rotational velocities just after the 
impact and supposing that the Magnus force coefficient is constant over each individual jump we 
could solve the Equations (1). The Magnus force coefficient was determined for each jump to obtain 
the best coincidence between the measured and the calculated trajectories. Figs. 13 and 14 show 
calculated (red lines) and measured (blue lines) values of the particle trajectories and the translational 
velocities for a case of the initial rotation 1000 rpm.  

All values of the Magnus force coefficients were plotted together versus initial values of the non-
dimensional angular velocity @0, (@I= 2Re?,out/Reout). The results are shown in Fig. 15 and the Maguns 
force coefficient can be approximated by the equation 

 
0

0.523
3.49MC �

� @
 (7) 

0.042 0.044 0.046 0.048 0.05 0.052 0.054 0.056 0.058
0.01

0.015

0.02

0.025

0.03

0.035

0.04

0.045

x [m]

y 
[m

]

 
Fig.13: Comparison between calculated (red lines) and measured (blue lines) trajectories of rotating 

particle – 1000 rpm 
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Fig.14: Comparison between calculated (red lines) and measured (blue lines) translational velocities 
 of rotating particle – 1000 rpm 

 

 

520 Engineering Mechanics 2012, #60



@0

0 2 4 6 8 10

C
M

0.00

0.05

0.10

0.15

0.20

0.25

0.30

500 rpm
1000 rpm
2000 rpm
3000 rpm
CM=0.523/(3.49+@I)

 
Fig.15: Dependence of Magnus force coefficients, ( CM),  on initial values of non-dimensional 

angular velocities, (@0 )

4. Conclusion

Movements of the spherical particles rotating in calm water and touching the horizontal bed were 
visualized and analyzed. Due to very low values of dynamic friction coefficients no changes of the 
angular velocities were observed during collision process. The angular velocities monotonically 
decreased during time and the drag torque acting on the particle could be described by Equation (2) 
where a modification of the drag torque coefficient is suggested according to the Equation (6). 

Measured values of translational and angular velocities just after the collision were used as initial 
parameters for numerical simulations of the particle movements. The Magnus force coefficients were 
determined for each jump to obtain the best coincidence between the measured and the calculated 
trajectories. The Magnus force coefficient can be approximated by the Equation (7).   
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��\� \�Q Q��Q+�[Q<\*J >*\Q]�

X�YZ
$[@W Aeroelastic, flow-structure interaction, identification

! �&Q$
[\�Q]
&

~�� ����������� �� ��� ������� ��� � ��� � �� ������� �� � ����� ����� �� � ������������� ������������ ~���
����������� ����� ����� �� ���¥ ��������� �����������® ���� ���� ����� ����������� �� ����� ����� ����� ����
��������� ²� �� ��������� �� �� ���� �� �������� ��� ������� ���� � ��� �� ����¥� ~�� ����� ��������� � ��� �����
���� ��� ��� ����� �� ��� �������® ����� �� ���� ���� ��� ��������� ���������� ��� ��� ��� �ª����������

) �Q$\�Q\$(= [�@]^&

~�� ����� �� �� ������� �©´© ££�� �� � �¥��������� ���� �� ���� ��� ������ �� ��� ����� �££ �� ����
��� ������� �� �������� ²� ���������� �� ��� �������� ����������� ������ ����� ���� ���� ���� �� ���
²�������� �� ~�������������� �� ������� �� ��� �������� �� ������� � ����� ����������� ~��� ������ ��� �������
���������¥ ��� ������ ������ ��� ������� �ª��� ²� ��� �������� �� �������� ����� ��� �������� ²� ���� ��� �����
���� ������� �� ������� ��� ����� �� �¥ ���������¥ ��������� ~�� ����������� �� ��� �������� �������������
����� ��� � ��� �������� ��� ������������ ~�� ������ ���� ��� ����� ���������� �� ����� �� °����� �� ~��
������� ¡�������� �¤ �� �������� �� ��� ����� ���� ¡�������� �¤ ��� ��� ���� �� �������� �� ��� ����� ���� ���
���� ������� ¡�������� �¤� ~�� ������� ��� ���� ���� �������� ���� �� ~�� ����� �� �������� �� ��� �����
���� ���¥ ��� ����� �� ��� ��¥� �� �� �������� �� ������ ��� ����� �� ������� ~�� ����� ���� ¡��������
�¤ �� �������� ���� �� �����® �� �� �� �������� �� ������ ��� �������� ����� ��� ���� ��� ��� �������� ²�
������ ������� �� �¥����� ���������� �� ��� ����® �������� ��� ����� ����� �� ��� ���� ����� ���� ������
��� ������ ��� �¥����� ����������� ²�������� ���� �� ��� ����� �� ��� ¡�������� Â¤ ��� ������� ��� ������� ��
�������� ���� ����� �������� ������� ��� � ���

∗²���Ï����¹� ´��¹���® ²��� ²��� ¼��������® ´���® ����²���Ð¹���� ¶����® ´���® ²�������� �� ~�������������� ©� ´À® �� �� ��®
¾���³å���� Ã® �Ä�££ ¬���� Ä® ������¯ �������½�������� ® ����½�������� ® �����½�������� 
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���� ¥% ¿Q]��< �� \�Q *�+���J ��\� �[��+\*<\ >�[Q<]��<] ³[[µ

���� $% ?�¿ [�>QJ �� \�Q *�+���J ]\*<> ��+�[ Ç+}@* �$¯¯¹��
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���� ª% '*]�` `��+>�<*\��<] *<> ��+`Q] *`\�<� �< \�Q *�+���J�

)�! �(Q��h(Q]�(= h
[�= 
_ Q�� @Q$\�Q\$�

~�� ������������ ����� �� ��� ���� �� �������� �� �¥���� �� �������¥ ������������ ��������� ¡Ì¾µ¤ �� �������
~���� ��������� ��� �� ������� ��� �ª����� ����� ¨������� ��������� ��� ���� ��� ��� �� ����� �����¥
������������� ~��¥ ��� �������¥ ���������® ��� ��� ����� ������ ���¥ ��� �� ������� ��� ~�� ���� �� ���
���������¥ ������� ���� ��� ������� �� �������� ¨�� �� ������ { = (��, ��)

� � �������� ������ ����� ���������
��� �������� ����������� �� ��� ������ �� ���������� ����� ��� ������� ��� ��� ������� ��� �,�,X ��� ����®
������� ��� ��������� ��������� ~��� �� ��� ����� ��� �������� �� ������ �� ��� ���� ¡�¤

��Y(\)+��Y(\)+XY(\)= _(\) ¡�¤

Ð����� _(\) = (−È� (\) ,−È� (\))� �������� ��� ���� ������ ������ �� ��� ���� �������� ²� ���¥ �����������
������������ ����� ��� ���������� ������� �� ��� ���� ������ ³��� ��� ���� �����® ����� ���� �� ��� ������� �ª��
��� ��� ��������� ������� ~�� ������ �� ������ ����� ���� ���� �_ (\) = (−È� (\) , � (\))� � ²� �� �������� �� ���
����� ����������� �������������� �� ��������� �������� ¡�¤ �� ��� �������� �� ������ ���� ��� �������� ������
�� ��� ���� �{ = (�, α)� � ²� �� ���� ��� �������������� �����ª �® �� ��� �ª����� ��� ���������� ���� ¡�¤

�{(\) = �{(\) , � =
!

`�) +`�!

(
`�) `�!
−� �

)
¡�¤

²� �� ���� ��� �������������� �������� ¡�¤ ��� ��� ������������� ���������� �� ��� �������� ¡�¤® ����� ���
����� ������ �� ���� �� ��������

����−� ��Y(\)+����−� ��Y(\)+��X�−� �Y(\)= ��_(\) ¡�¤

É��� ��� ��������� ������������ �� = ����−�
, �� = ����−�

, �X = ��X�−� � �_ (\) = ��_ (\) �� ��� ��
������� ��� � ��� ��������

����Y(\)+ ����Y(\)+ �X�Y(\)= �_(\) ¡Â¤

~�� ���¥ ��������� ������ ��� ��ª� ����������� �� ��� ������� ������ �� ������ ��� �¥����� ���������� �� ���
������
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�*@JQ ¥% ¿{<*[�` `�*+*`\Q+�]\�`] �� \�Q [�>QJ �+�[ \�Q Q��Q+�[Q<\

¦��� ��� ������� ��������¥ [¤�] ¾������ ����� [ñ]

� ���ºÃ ��£Â
� Â£ ��ºÂ

/ �(Q��h(Q]�(= �\][ �
Z h
[�=

~�� ������� �� ������ ����� � ���� ������ ������ �� ��� ���������� �������� °������ ��������� ���� ���
���� �������� ��� ��� � ������������� ����������� ������� ��� ������¥� �� ���� �� ������� � ���������� ����
�� ��� ������� ���� ��� �������� ²� �� ���������� ������� ������� �������������� � ��® ����� �� ��������
�� °����� �¥ ��� ������������� ���������� ´���������� ��� ��������� �� ��� ���� �� ��� �� �� ����� ���� ���
���� ������� ²� �� ������ ����� ������ � ����� ��������� ������® ����� ����� ������� ��¥ ��� ����� ���
������ �� �� � �������� ©�¥ ������ �� � ����� �������¥ ��������� �� ����������� �� ��� ���� ��� �� �� ����
�� ��������� ��������� �� � �� � ��� �������� �� ��� ����� �� ����� ��� ����������� ������ Ì� ������® ����
�������� �� ������ ��� ���¥ ����� ��������

< �Y&(h]� +$
+�$Q]�@ 
_ Q�� h
[�=

~�� ��� �� ��� ����������� �� ��� ���������¥ �� �¥����� ��� ��������� �� �� ���� ���� ��� ����� ���� �����
��� �¥���� ���������� ��� ��� ���� ��� ��� �¥���� ������� �������

<�! `+�$]h�&Q

²� ��� ������ �� ������� ��� ��������¥ �������� �� ��� �������� ~��� ����������� ����� �� ���� ����� ���
����� ����������� ²� ��� ���� ���� ��� � ����� ������� ��� ������� ���� ��� ������¥ «�	�� Å Í³
�� ~��
�������� ��� ����� ������ «ÅÍ Ä��£�££� ��� ��� ������ ��� ������������� «ÅÍ ÂÃ�§�££�� ²� ��� ����
�������� �� ��� ��������¥ ����� (£, �££) ¤� ��� ����� ��� ��� ��������� �����® ��� °����� Â� ~�� ������ ��
������� ����������� ��� ������� ������ ���� ��� �ª�������� ��� ��������� �� ~���� ��

°������® �� ��� ���� ��� ������� ��� �������� ����� ��� ������� ��� ��� ���� ������� ��� �� ��� ��������
��� ������� ����������� �� ��� �¥����� ~�� ������� ��� ����� �� ��� °����� Ã� ´���������� ��� ����� �����
�� ���������¯ ���� �������� ��� ������������� ��������® ��� ��� ������� ����������� ������ ������ �����¥� ©�
��������� �����® �� ��� ���� �� ������������ ����������� �� ��������¥ �� ���� ��� ������� ����������� �� �����
�� �������� �� � � �� ����� � = £[.]−�� ~�� ����� ���� �������� ������ �� ������ �������� � �� �������� Â®
����� ��� ������ ������� ��� ���� �� ��� ���� ¡°����� �® �������� �¤�

<�) �Y@Q�h ][�&Q]��(Q]
&

Ð��¥ ��������� ������� �� ��� ������� ������ �� ��� �¥����� ~�� ������� ����� ����� �� �� ����� ��� ���¥ �� ���
� ������������� ����������� ��� ���� �� ��� ���������� ��������� ��� � ����� ������ °�� ��� ������� ������ �������
�� ��� ���� ���� ��� ��������� �ª��������� ~�� ������� ��� �������� �� ����� �� ��� ������ ��� �� �����
��� ������ ���� �������� �� ���� ����������� ¡�������� �� �������� ��� �������� �� ������¤ ��� ������ª
��������¥ ���������� °��� ����� ��������� ���� �������� ��� ����������� �� ��� �����® ��� ���� �����������
��� ������ ¡�££Ã¤� ~�� ����������� �� ��� �¥���� ��� ������ �� ~���� ��
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���¡ ^% º*\}+*J �+Q�}Q<`�Q] *] * �}<`\��< �� \�Q *�+���J \� �+*[Q ��]�\��<

�*@JQ $% Y��Q<�*J}Q] �� \�Q *�+���J �+�[ \�Q �>Q<\�� `*\��<

µ��������� À��� ���� ²�������¥ ����
�� ���ÃÃ �£��Â
�� ���º� �Ã£
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##���� ~% º*\}+*J �+Q�}Q<`�Q] �� \�Q *�+���J *] * �}<`\��< �� \�Q � �� ]�QQ>

> ��(@\$�h�&Q ]& Q�� Z]&[ Q\&&�=

²� ��� ���� �������� �� ��� ���� ������ �� ��� ²�������� �� ~�������������� ���� ���� ���� ��� ²� ��� ����
���� ��� ���� ������ ��������� �� ������� �������¥ �� ��� � �� �����ª������¥ Ã£[.]−�� ~�� � �� ����� ���
��� ��� �� �������¥® ��� �� ��� ���������� ���� ��� �������� ����������� ~��� ����������� ��� ������� ����
� ����������¥ �� ��� �ª��������� ~�� ���� �������� �� ��� �ª�������� ��� ���� ������ ���� ���� �������� ~��
������� ��� �� �ª����� ���� � ����� ������® �������� ����� �� � ����� ��� �������� �� � ���� �� �����

¾����� ��� � ��� �ª�������� �� ��� ���� �������� ��� ��������¥ �������� �� ��� ���� �� �� � �������� ��
��� � �� ������ ~�� ����� ����� ��� � �� ��� ��� ������� ��� ��� �� α = £+*>. ²� ��� ���� ������� ��� � ��
����� ���� ��� ���������� Δ� = �£[.]−� �� ��� ����� � ∈ (£, Ã£)[.]−�� ²� ��� ���� ���� ��� ���� �������
«�	�� Å Í³
� �� �� ��� ���������¥ �� �¥������� ~�� ������� ��� ����� �� ��� °����� »�

²� ��� ��� ���� ������� ��� � ����� ������ ���� � ��� ����������� ���� ��� ����� ����� �� ��� � �� }∞ =
Ã£[.]−�� ²� ��� ��� �������� �� �������� ��� � �� �����® �������� ��� ������® ����� ���� �� ���� ��� ���
� �� � ��� �������® ¬²Ð ¡�������� ����� ����������¥¤ ����� ��� ������� ������� ����� �� ��� � �� �� ����
���� �£[.]−�� ²� ������ �� ���� ���� ���������� ������� �� ��� ����� �� ������ ��� ����� ����������® ������
�� ������� ��� ���� ������� ���� ������� �¥�� �� �� ��� ���� �����

� �
&�=\@]
&@

~��� ����� ��������� ������� ��������� ����� ��� ��� ���� �� �©´© ££�� �� ��� ²�������� �� ~����������
������ ~���� ��� ��� �������� ����� �� ��������® ��� ������� �� ��� �ª��������� ���� �� ��� ���������¥ ��
�¥������ ��� ��������� ��� �� ��� ���� ������® ��� ������ ��� ������������ �� ��� ��������� �����������
Ì�� �� ��� ������ ��� �� ��� �ª���������� ������ �� �� ��� �� ������������ ����������� ¡� �����¤ ��� �� �������
��� ��������� � �� � ��� ������ ���� ������� ~�� ��������� ���� �������� �� ������� ������� ������ ��� � ����
��������� ����������� ������� ����������� ~�� ������������ ����� �� ��� ���� �� �� ���� ��������� ���� ���
������������
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~�� �������� ��� ��������� �¥ ��� ���³��� �� ��� ¢���� ©����¥ �� ��� ´ ��� À������� �¥ ��� ���³��� ���
�£�Ë£§Ë�Ã�� �� ��� ¢���� ©����¥ �� ��� ´ ��� À������� �µª���������� �������� �� �������¥ � �� ��������
������ ��������� ������� ���� ����������� �� �������������¥ç�

��_�$�&��@
¾�����® µ�� ¡�§§Ã¤® ��>Q+< ?�}+]Q �< �Q+�QJ*]\�`�\{® Í����� ©������� ¬���������® ¾�������
¶����® Ð�® Î��¹å® ¬�® ~�¥����¥��® Ð� ¡�££§¤® º*�+� Q��Q+�[Q<\*J<��� �*+��Q<� �+� �{�£}[ <Q]\*`��<*+<���

�+�}>Q<� � �£�J� £[�\*É�`��� �+�� J}® ²���������� ��� °�������� �££§® ¬�����
������® Î�® Í� ����® Î�® ¨�ª�® ¦�® Ð����® °�® Ð����¥® Î�® Ð����® Ð� ¡�££Ã¤® Y��Q+�[Q<\*J<� �{�£}[ <Q]\*|

`��<*+<�`� *Q+�QJ*]\�`£{`� ÉQ�} ��\�`£{[� [Q\�>*[��® À������� À����� ��� ¼ ��»§Ë£Ã® ²�������� �� ~����
����������� ©Ð ´À® ¬�����
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FATIGUE CRACK GROWTH AND DELAMINATION IN FIBER 
METAL LAMINATE (GLARE) 

DURING LOADING WITH POSITIVE MEAN STRESS 

A. Chlupová*, V. Kozák**

Abstract: The aim of the paper is to present the results of a study on the damage of fiber metal laminate 
(GLARE) subjected to the low cycle fatigue loading with positive mean stress. The fatigue crack initiation 
and growth was observed on the surface of notched specimens and then the individual layers of fatigued 
specimens were removed by chemical etching and polishing to obtain data about cracks length and 
delamination shape and area. Mechanism of initiation and crack growth in this type of materials differs 
from homogeneous monolithic materials. The fatigue life in term of number of cycles to crack initiation 
depending on amplitude of local plastic deformation and local stress in the notch root was evaluated. 

Keywords:  Fatigue, laminate, crack initiation, crack growth, delamination 
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Fig. 1: Different types and levels of damage in hybrid laminates. 
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Fig. 2: a) Deflection of crack initiation angle and  

b) shear stress in the fibre reinforced lamina with circular notch. 
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Fig. 3: Number of cycles to crack initiation and up to end of testing 

 for specimens with different lay-up and different notches. 
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Fig. 4: Results of FEM calculations for specimen with central circular notch.  
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Fig. 5: Dependence of number of cycles to crack initiation (Nin) on a) amplitude of  
local plastic deformation in the notch root and b) local peak stress  

in aluminium layers the notch root of specimen. 
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Fig. 6:  a) Scheme of relationship between crack growth, delamination and  
fibres bridging the opening crack; b) real shape and range of delamination. 
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EXPERIMENTAL MEASUREMENT OF FULL-FIELD STRAINS IN 
THE VICINITY OF U-NOTCH IN DUCTILE MATERIAL 

I. Jandejsek*, O. Jiroušek**, D. Vavřík***

Abstract: The paper deals with the measurement of full-field displacements and strains evolution in the 
vicinity of the U-notch in the flat high-ductile aluminum specimen during its loading. The full-field 
displacements are measured using Digital Image Correlation method in a set of vertices of a triangular 
mesh reflecting the presence of the stress concentrator. From the known displacements strain distribution 
is computed. The resulting strain field is compared with simultaneous strain gauge measurement. These 
strain gauges are located just in a few well-defined positions and serve for correction of a systematical 
error caused by rigid-body motion of the specimen during loading. The experimental results are used as 
referential for Finite Element simulation using the same triangular mesh.  

Keywords:  Full-field strain measurement, DIC, fracture mechanics. 

1. Introduction 

Precise experimental measurement of strain/stress distribution in the vicinity of sharp notches and 
cracks in high ductile metals such as aluminum alloy is necessary for reliable determination of 
physical processes accompanying fracture evolution. Intensities of elastic and plastic deformations can 
be used for validation of different fracture toughness approaches, verification of FEM models and 
determination of a suitable material model. Nowadays experimental optical methods provide full-field 
measurement of displacements and strains of the specimen analyzed. One of these methods is an 
image processing technique generally known as Digital Image Correlation (DIC), [Peters, 1982]. The 
technique utilizes a sequence of images that represents a process of a specimen surface deformation. In 
this sequence DIC observes displacements of individual templates of some pattern employing 
a correlation technique. The template is a small rectangular part of the pattern that contains
a distinguishable distribution of gray-scale intensities. Displacement field obtained from this method is 
utilized for consequent calculation of the strain fields. However, it turns out that the DIC method is 
error prone when the specimen undergoes even slight rigid body rotations and displacements changing 
camera-specimen distances during the test. In such cases the consequent changes in magnification 
cause systematical errors in measured strains. In this study combination of simultaneous optical and
strain gauge measurement was employed for correction of this error.

One of the DIC method advantage is that one can define an arbitrary grid of vertices at which the 
particular displacements are measured. Therefore it is beneficial to use the same DIC measurement 
grid as it is used in the FEM numerical model. This allows direct and easy comparison between 
experimental and FEM results. The identical linear triangular mesh was employed for both 
experimental DIC measurement and numerical model in this study. Results obtained by both 
techniques show a very good correlation. 

                                                
* Ing. Ivan Jandejsek: Institute of Theoretical and Applied Mechanics AS CR, v. v. i., Prosecká 809/76; 190 00, Prague 9; 
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2. Experiment  

A high ductile Aluminum alloy (ČSN 424415.21) 2 mm thick flat specimen with a symmetric central 
slit (MT configuration) was employed for the fracture experiment. The stress-strain diagram of the 
material obtained from conventional tension test, chemical composition of the material and its 
mechanical properties are summarized in Fig. 1. The geometry of the specimen is depicted in Fig. 2. 
The U-notch was pre-machined by spark out technology and its radius was 150 �m. It is very difficult 
to obtain a sharp pre-crack in such ductile material. Conventional fatigue method here fails because of 
large plasticity that develops during cycling.  

 
Fig. 1: Mechanical parameters of the material. 

The speckled pattern (black background, white speckles) used for DIC measurement was prepared 
on one side of the specimen using an airbrush gun. Three strain gauge rosettes (0/45/90) were installed 
in the well-defined positions on the opposite side of the specimen; see Fig. 2. These positions were 
selected for precise measurement of the nominal strains in sufficient distance away from concentrator, 
where the assumption of relatively homogenous strains is valid. The strain gauges were primary 
installed to correct influence of rigid body motions for DIC measurement. Such movements which 
change distance camera-specimen are reflected in the DIC measurement as a systematic error. This 
systematic error has the form of a linear surface; therefore the error can be subtracted from the 
knowledge of the correct strains measured at least in three non-collinear positions. 

         
Fig. 2:  Geometry of the specimen tested (left). Speckled pattern for the DIC measurement prepared on 
the front side of the specimen that was optically observed (middle). Three strain gauge rosettes 
installed on the opposite side of the specimen, right. 

The specimen was subjected to uni-axial tension loading (opening mode I) under the condition of 
constant grip displacement velocity 1 mm/min. Remote force F was measured by a 50kN load cell 
with read-out frequency 1 Hz. The resulting load vs. grip displacement diagram is show in Fig. 3. The 
speckled surface was optically observed during the test. The images were acquired by a 15 MPixel 

538 Engineering Mechanics 2012, #223



 

camera (Canon EOS500D, Canon Inc., Japan) and a macro-lens (Canon Ultrasonic EF 180mm f/3,5 L, 
Canon Inc., Japan) with frequency 1 image per 5 sec. during loading until the macroscopic fracture 
occurred. The surface of the specimen was illuminated by circular diffusion light due to avoidance of 
reflection artifacts. Images were stored in 3168x4752px RAW format and transformed to gray-scale 
color space. The experimental setup is shown in Fig. 3. 

        
Fig. 3:  Experimental setup from the front view (left). The loading diagram: remote force versus grip 
displacement, red circles highlights the states at which the images were acquired (right).  

2.1. DIC measurement vs. FEM model 

Our own Digital Image Correlation (DIC) system [Jandejsek, 2010] was employed for evaluation of 
the full-field displacements. A triangular mesh was generated in the ANSYS system using linear 
triangular (PLANE42) elements. Vertices of the triangular mesh were used as the input points at which 
displacements were measured using the DIC algorithm. The mesh was adjusted to reflect the presence 
of the stress concentrator. The FEM model is shown in Fig. 4 (one half of the specimen due to 
symmetry) with enlarged part of the mesh that was used for DIC measurement (only this part was 
optically observed). 

 
Fig. 4: The FEM model with the generated triangular mesh in the ANSYS (left). Part of the mesh used 
as the measurement grid for the DIC method (right). 
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From the known nodal displacements, strain tensor at every triangular element was computed. For 
more accurate evaluation of the strains from measured displacements which are unavoidable noisy, a 
smoothing procedure based on spline function approximation was used. Due to the presence of 
relatively large strains at the vicinity of the notch tip, the finite Green-Lagrange strain tensor was used 
instead of conventional infinitesimal (small) strain tensor. The Green-Lagrange strain tensor is defined 
as: 

 � �IFF T
LG ��� 2

1
�  (1) 

where F is the deformation gradient obtained from affine transformation of a particular triangle of the 
mesh. The full-field nominal strains �1, �2 were than corrected using values of measured strains from 
the strain gauge rosettes. The resulting contour plots of the nominal strains �1, �2 of the elastic-plastic 
state at remote force 16,81kN before and after strain gauge corrections are shown in Fig. 5 and Fig. 6. 
There is an asymmetry clearly visible in the �1 field. This assymetry inducted by material non 
homogeneity or geometry imperefection was latery pronounced by the direction of the crack 
propagation, compare with Fig. 3.  
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Fig. 5: Nominal strains �1 [�-Strain] in the vicinity of the notch measured by the DIC method at the 
state of remote force 16.81kN, without strain gauge correction (left), after correction (right). 
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Fig. 6: Nominal strains �2 [�-Strain] in the vicinity of the notch measured by the DIC method at the 
state of remote force 16.81kN, without strain gauge correction (left), after correction (right). 

Strain gauge 
correction 

Strain gauge 
correction 

540 Engineering Mechanics 2012, #223



 

Subsequently, the numerical model using the same triangular mesh as in the experiment was computed 
by FEM in ANSYS system. Due to the symmetry only half part of the specimen was modeled. The 
problem was considered as plane stress with thickness and the multi-linear material model based on 
experimental data obtained from conventional tension test was used. The resulting contour plots of the 
FEM results at the force 16,81kN are shown in Fig. 7. Strain field is symmetric due to symmetric FE 
model. It can be seen that the field �2 obtained by FEM shows more localized deformations than the 
experimental result, compare with Fig. 6. It is explained by using the smoothing procedure in DIC 
measurement. It will be solved by using a more adoptive filter in the future work.  
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Fig. 7: Nominal strains �1 (left) and �2 (right) [�-Strain] in the vicinity of the notch computed by FEM 
at remote force 16.81kN. 

3. Conclusions 

It can be concluded, that the above described enhanced DIC method in conjunction with the strain 
gauge measurement enables precise measurement of the full-field strains. The full-field nominal 
strains were successfully evaluated in the vicinity of the U-Notch in the thin plate of the high-ductile 
aluminum alloy. With the help of three non-collinear strain gauge rosettes the measurements were 
corrected for the rigid body movements. Correlation for the rigid-body movement of the specimen 
during the experiment was found to be very important and limiting aspect of such measurements when 
strains are measured using a DIC applied to the surface of the specimen. Displacements were 
measured in a triangular FE mesh to enable direct comparison with FE results. The comparison with 
the FEM model proved that method is sufficiently accurate to measure both elastic and plastic 
deformation. 

Acknowledgement 

The research has been supported by Grant Agency of the Czech Republic (grant No. P103/09/2101). 

References 
Peters, W.H. & Ranson, W.F. (1982) Digital imaging techniques in experimental stress analysis. Opt Eng 21, 

pp.427-431. 
Jandejsek, I., Valach, J. & Vavřík, D. (2010) Optimization and Calibration of Digital Image Correlation Method, 

in: Proc. Experimental Stress Analysis 2010, Olomouc, pp.121-126. 
Jandejsek, I., Vavřík, D. (2011) Experimental Methods for Evaluation of the Energy Balance in Vicinity of the 

Crack, in: Proc. Experimental Stress Analysis 2011, Olomouc, pp.135-138. 

Jandejsek I. Jiroušek O. Vavřı́k D. 541





LARGE-SCALE MICRO-FINITE ELEMENT SIMULATION OF
COMPRESSIVE BEHAVIOR OF TRABECULAR BONE

MICROSTRUCTURE

O. Jiroušek, P. Zlámal *

Abstract: Microstructural finite element analysis has become a standard technique for evaluation of me-
chanical properties of trabecular bone. Due to the high complexity of the trabecular bone microstructure,
the FE models have a very large number of elements (about 1 million elements per cubic cm in 50μm3 res-
olution). To perform FE analysis of the microstructural FE models based on micro-CT scanning of whole
bone samples (e.g. vertebral bodies) it is needed to solve 107 – 108 equations. This article deals with com-
parison of approaches using voxel-based microstructural FE models to calculate the overall mechanical
properties of trabecular bone.

Keywords: voxel FE models, elastic properties, trabecular bone, parallel computing, MPI

1. Introduction

Inverse estimation of material properties (namely stiffness and strength) of trabecular bone using FE
models of its microstructure is important not only as a nondestructive tool for early prediction of os-
teoporotic fracture, but can be successfully applied in other research areas, e.g. in animal models to
study effect of various growth factors on bone formation.These microstructural FE models are used to
perform a numerical simulation of mechanical experiment. Usually, the micro-FE model is subjected to
unit load in three mutually perpendicular directions and elastic constants are determined from the ’virtual
experiment’.

With the growth of computer power of today’s computers it is now possible to solve large systems of
algebraic equations arising from discretization of differential equations using the finite element method.
This enables to use very detailed FE models of trabecular bone microstructure for inverse determination
of their overall mechanical properties [van Rietbergen et al (1999), Niebur et al (2000)]. In these mi-
crostructural models, tissue material properties are usually assumed to be isotropic and homogeneous and
are determined using either nanoindentation [Rho et al (1997), Zysset et al (1999), Jirousek et al (2011)]
or from micromechanical tests performed on individual trabeculae [Jungmann et al (2011), Doktor et al
(2011), Lorenzetti et al (2011)].

The early models of the trabecular bone microstructure involved only small volume of the bone
[Muller et al (1995)], but solving large number of equations on parallel architectures using either shared
[Natarajan (1991)] or distributed memory [Johan el al (1994), Hodgson and Jimack (1997)] architec-
ture enabled to use this inverse modeling to compute the overall stiffness and strength of whole bones
[MacNeil et al (2008), Eswaran et al (2007)]. One possibility for FE modeling of whole bones is to use
continuum FE models of whole bones [Taddei et al (2004)] with spatially variable material properties,
i.e. material properties are prescribed to each finite element based on the tissue density obtained based
on the tissue density in the material point [Pahr and Zysset (2009)]. In this case, the inner microstructure
is not taken into account and is reflected only by the different density. These FE models are computation-
ally far less demanding, but their ability to reflect the real microstructure as well as changes of the tissue
material properties due to metabolic diseases, e.g. deficiency of the bone mineral is at least questionable.

With the advancement of X-ray imaging systems, particularly with growing resolution and physical
dimensions of modern X-ray flat panel detectors it is now possible to acquire tomographic images of
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whole bones with resolution sufficient to capture its inner structure. These flat panel detectors convert X-
ray photons not absorbed by the inspected object into visible-light photons using a scintillating material.
A layer of photodiodes converts these photons into electrons which activate corresponding pixels in a
layer of amorphous silicone. The activated pixels are used to generate the high-quality, high-resolution
digital image in a computer. Modern X-ray flat panel detectors have several megapixel resolution with
typical pixel size 50-200μm.

One possibility to develop the FE model of trabecular bone architecture is to use smooth-boundary
tetrahedral models. This technique has been popular in early 1990s but requires extra user intervention
to develop these models. Marching Cubes Algorithm [Lorensen and Cline (1987)] is needed to find the
surface of the trabecular bone and because of the complexity of the architecture this procedure usually
involves user-intervention both in the process of tissue segmentation and in the smoothing/optimization
of the surface (triangular) mesh. Moreover, resulting FE models can have even more degrees of freedom
than directly generated voxel models.

Easier approach in terms of model development is to convert the segmented 3-D image data to a
voxel model. In this procedure, every voxel (spatial pixel) in the sequence of microtomographic images
is directly converted to one hexahedral element. It has been shown [Chevalier et al (2007)] that these
models can be used for inverse estimation of elastic properties and strength of trabecular bone. Since
the procedure to develop a voxel model is quite straightforward it can be used to develop a micro-FE
model of whole bones. However, to solve even only a linear static analysis (single solution of a set of
linear algebraic equations) large memory is needed to store the sparse system matrix. For example –
the volume of an average human vertebral (L4) body is 45×103 mm3. With micro-CT images taken at
50μm3 resolution and with average porosity 85%, one gets a FE model with approximately 48 million
elements.

In the present study a parallel solution strategy is described for solving such a large problem in
parallel utilizing existing open-source programs. Our main aim was to demonstrate the scalability of
proconditioned conjugate gradient (PCG) parallel solver for large linear elasticity problems. Two archi-
tectures are used, one distributed shared memory (DSM) system (SGI Altix), second shared memory
system (Intel Xeon X5560) tested using two problems of different size. The larger problem (rat vertebra)
is solved on SGI Altix 4700 series equipped with 56 2-core Intel Itanium-2 processors and SGI’s NU-
MAlink processor interconnect with 288 GB RAM. The smaller problem (sample of human trabecular
bone) is solved using a 16-core system based on Intel Xeon X5560 processors with 48 GB RAM. Voxel
FE model of rat vertebra is developed based on micro-CT images taken in 50μm3 resolution. Total num-
ber of unknowns in these models was approximately 14.106 and 1,7.106, respectively. The models are
used for inverse estimation of the rat vertebrae stiffness in the inferosuperior direction and in case of the
human bone sample for orthotropic properties inverse calculation.

2. Materials and Methods

2.1. Micro-CT scanning of trabecular bone microstructure

To develop high-resolution micro-FE model of trabecular bone at different resolution, two experiments
were performed. In the first experiment, only a cylindrical sample has been extracted from human prox-
imal femur. The sample (diameter 5 mm and height 8 mm) was mounted on a rotating table and placed
in a shielded X-ray box. A complete tomography (360 projections, 1◦ increment) of the sample was
performed to capture its microstructure. For the tomographic measurements an X-ray source (Hama-
matsu L8601-01 with 5 μm focal spot size) and Medipix-2* (256×256 square pixels, 55×55 μm2 each)
detector were used. Acquired tomographic projections were beam hardening (BH) corrected using a
set of aluminum calibrators covering the full attenuation range of the bone specimen using a procedure
described in Vavrik and Jakubek (2009).

The second experiment involved scanning whole vertebra. In this case L4 vertebra of a laboratory
rat has been chosen. To improve the spatial resolution in this case of a specimen with larger physi-

*Medipix collaboration home page: http://medipix.web.cern.ch/MEDIPIX/
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Fig. 1: FE model of the trabecular bone microstructure (left) developed based on the micro-CT image
data (100x100x100 voxels) showing the microstructure represented using linear hexahedral elements.
Detail (right) showing individual elements.

cal dimensions, a flat panel X-ray detector C7942CA-22 (Hamamatsu Photonics K.K.) with resolution
2368×2240 px and physical dimensions 120×120 mm was used. Scanning sequence consisted of 360
scans with 0.5◦ step.

2.2. Development of the voxel micro-FE models

The cross-sectional image data were reconstructed from the sinograms using either FBP (filtered back-
projection) or OSEM (ordered subsets expectation maximization) methods. Both FBP and OSEM pro-
vided similar results with OSEM resulting in more homogeneous background. However, both techniques
resulted in a set of images suitable for easy application of segmentation with a global threshold. The
threshold value is set automatically based on the Otsu’s method with chooses the threshold to minimize
the intraclass variance of the black and white pixels [Otsu (1979)].

For the micro-FE model of the vertebra, only a subregion was selected – the cortical shell and internal
trabecular structure of the vertebral body was considered. The endplates and the posterior processes
has been mathematically removed. These parts were excluded from the inverse computation of the
overall stiffness due to simplify the load application and specification of the boundary conditions. Direct
conversion from micro-CT volumetric data to voxel micro-FE models requires only setting appropriate
threshold to distinguish between the bone and empty space. The threshold value was chosen iteratively
using one selected reconstructed cross-section of the vertebra.

2.3. Inverse calculation of the stiffness and strength

To compute the overall stiffness of the vertebral body in the infero-superior direction a unit displacement
has been prescribed on the top surface of the vertebral body. The lower surface of the body was fixed
(all nodes with minimal z-coordinate were prescribed zero displacements in three directions). Based
on our previous nanoindentation results [Jirousek et al (2011)] the tissue-level material properties were
prescribed: Young’s modulus of elasticity ETISSUE=15 GPa, Poisson’s ratio: μTISSUE=0.2.

From the volume data, 100×100×100 voxels were selected in the middle part for easy comparison of
orthotropic elastic properties. The coordinate axes were aligned such as to keep Z-axis in the direction of
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Fig. 2: Cross-sectional image data of the whole rat vertebra and the FE model created from the vertebral
body part showing the microstructure represented using hexahedral elements

loading during the experiment. Total number of nodes was 566,790 for the 100×100×100 voxel model
and 4,791,142 for the FE model of rat vertebra. Prior the computations, the FE models were verified for
mesh connectivity.

2.4. Parallel computation using PCG solver

The critical part of the FE computation of such a large model is the solver. For the current micro-FE
analyses of voxel models of trabecular bone is one level element-by-element preconditioned conjugate
gradient (EBE-PCG) Hughes et al (1987) considered as the most frequently used solver. The solver takes
advantage of the identical size of every element in the voxel model (every element has exactly the same
stiffness matrix) and it is very memory efficient (it does not compute the global stiffness matrix) since
it requires only a matrix-vector product. However, due to its slow convergence and poor scalability, this
solver is efficient only for problems of moderate size (under 1 million elements) and can be successfully
used for the solution of small-volume samples of trabecular bone. For large models of whole bones or for
nonlinear material models (plasticity) this solver is inefficient. An example of this inefficiency is given
in van Rietbergen et al (2003) where linear elastic analysis of a micro-FE model of the proximal femur
with 96 million elements using the EBE-PCG solver with a convergence tolerance of 10−3 took 25,000
CPU hours (almost 7 weeks of wall-clock time) on 30 processors of an SGI-Origin2000 computer with
250MHz-R10000 processors using 17 GB of memory.

For our computations, PCG solver with 1.10−8 tolerance was chosen for all considered FE models
[Bangerth et al (2007), Bangerth et al (2011)]. Prior the computations with the largest system (rat verte-
bra, ∼15.106 unknowns) the convergence and speedup was tested using smaller FE models. These mod-
els were obtained by cutting the trabecular bone microstructure to smaller connected volumes with vari-
able number of degrees of freedom (DOF). The cutting resulted in three FE models: i) small (∼10,000
DOFs), ii) middle (∼400,000 DOFs) and iii) large(∼3,000,000 DOFs).

On the SGI Altix 4700 the PCG solver scaled nicely up to 32 CPUs (more CPUs were not tested due
to the workload of the computer by other users). Of course, the smallest FE model was not tested for
more than 2 CPUs, since the solver took less then 3 seconds to converge on 1 CPU on the SGI Altix and
less than 2 seconds on 1 core of Intel Xeon X5560. However, when number of unknows was larger than
100,000 the problems scaled very nicely on the SGI Altix system. As one can see from Tab. 1 the Intel
Xeon X5660 system scaled nicely only up to 8 processor cores. Time needed to finish the large model
using all 16 CPU cores was even larger when only 8 CPU cores were used. This might be caused by
the fact, that the system was not fully-dedicated for the only task and there was no scheduling system
available.
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Tab. 1: Solver time and speedup for the middle-size model (400,000 DOFs) using PCG solver on SGI
Altix 4700 architecture (Intel IA-64 Madison)

number of CPUs solver time [s] number of iterations speedup [-]

1 663 205 1

2 404 250 1.6

4 250 265 2.7

8 106 275 6.3

16 59 286 11.2

32 30 303 22.1

Tab. 2: Solver time and speedup for large model (3,000,000 DOFs) using PCG solver on 16-core shared-
memory Intel Xeon X5560 system

number of CPUs solver time [s] number of iterations speedup [-]

1 1194 479 1

2 653 496 1.8

4 366 514 3.3

8 208 525 5.7

16 211 545 5.7

For the large problem, the SGI Altix was tested only from 8 CPUs up, since the NUMAlink archi-
tecture does not allow to allocate more than 2 GB RAM per processor and the memory needed for this
problem was larger then the limit for smaller number of CPUs when used in parallel.

Fig. 3: Speedup of the PCG solver for differently-sized problems on the two architectures
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3. Conclusions

In the paper, solution strategy for large-scale FE models originating from micro-CT data of trabecular
microstructure of whole bones was presented. These micro-FE models are intended for validation of
computationally less-demanding numerical models, but can be successfully used for numerical studies
of implant-bone interaction, for studies of different approaches to vertebroplasty or in animal models for
verification and comparison of drug treatments.

Results from the FE simulations were written in large ASCII files in both VTK (visualization toolkit,
[Schroeder et al (2003)]) and GMV (general mesh viewer, [Ortega (2005)]) formats. The advantage
of using VTK format lies in the easy postprocessing with Paraview [Henderson (2007)] which takes
advantage of the multicore system (ParaView can be configured for visualization clusters using MPI
parallel server on the same machine that is running the GUI).

From the inverse calculation of the orthotropic properties of micro-FE model of trabecular bone
sample EX=1.06 GPa, EY =1.97 GPa and EZ=1.86 GPa were determined with agreement to previously
published results, see Jirousek and Zlamal (2011).

Since the memory requirements for the PCG solver are slightly over 1 GB per million DOFs, one
can easily compute the maximal number of unknowns solvable on a shared memory system. In our
computations, a specialized program for partitioning graphs and FE meshes which produces fill reducing
orderings for sparse matrices, METIS [Karypis and Kumar (1999)] was used. One limitation exists
for the SGI Altix systems - the memory available for one processor is limited (in our configuration, each
processor is eqquipped with 2 GB RAM) and therefore the user must decide how to partition the problem
not to exceed the memory available for the single processor. On the other hand, the extensibility of the
Altix 4700 is remarkable – the system can contain up to 2048 dual-core Itanium 2 processors (connected
by the NUMAlink 4 interconnect) equipped by up to 128 TB of memory.

As a conclusion, it can be stated, that for very-large problems with more than 10 million unknowns
the EBE-PCG solver (despite its low memory requirements) is inconvenient due to its slow convergence.
In this case, more powerful and more scalable strategy should be employed, such as the Algebraic Multi-
grid (AMG) solvers, such in Eswaran et al (2007).
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MEASUREMENT OF STRAINS IN CONCRETE BY 
INTERFEROMETRIC FIBRE OPTIC SENSORS 

D. Jiroutová*, M. Voká�**, P. Bouška*** 

Abstract: In recent years, fiber-optic technology appeared in measurement technology and sensors. The 
great advantage of fiber-optic technology is lifespan and measurement which is not influenced by 
electromagnetic fields. Therefore, the large cable length can be used. F�r the same reasons, the optic 
fibers are used in computer networks. A number of physical principles can be used for measuring. In the 
case of measuring strains in the concrete, a relatively simple and economically favorable principle of 
low-coherence interferometer can be used. These interferometric extensometers were used to measure 
strains in the pre-stressed concrete railway sleepers stored in the laboratory. Thus, effects of creep and 
shrinkage of concrete were monitored. The experiment was supplemented by tests on the accompanying 
specimens, i.e., the concrete strength, modulus of elasticity and shrinkage and creep measurements. 
Experimentally obtained data was compared with standard assumptions for the design of concrete 
structures EN 1992-1-1. 

Keywords:  Fiber-optic sensor, concrete, strain, shrinkage, creep. 

1. Introduction 

The appearance, quality, durability and safety of constructions are the most important parameters for 
design process in the civil engineering. The structural monitoring during construction and monitoring 
of reliability and durability of structure use different methods of watching its "health" and their goal is 
to provide accurate and "in-time" information about structure status. The most frequently monitored 
parameters in concrete structures are strain, vibration, temperature, displacement and deformation, 
humidity, cracks opening, etc. 

During the life of concrete structures, creep and shrinkage are caused by influences of several 
processes in material, external loading and environmental condition. These two parameters are 
variable over time and can significantly influence the final value of the strain. Creep and shrinkage of 
structures can be calculated through a variety of methods based on evaluations of similar parameters 
(material properties and surroundings conditions) with different importance. Therefore, it is necessary 
to choose a suitable prediction method of creep and shrinkage behavior for structure design spatially in 
case of pre-stressed concrete structure such as a bridge build by cantilever method. 

For this reason, displacement and deformation are the most watched parameters in the structures. 
The monitoring of these parameters can be performed in the short term, middle term, long term or 
during the whole lifespan of the structures. The whole range of conventional sensors (i.e. strain gauge, 
videoextensometer etc.) is used for strain monitoring in structures. Selection of appropriate 
conventional method depends on the application, the measurement range to the desired accuracy and 
other parameters. 

In the last few years, the field of structure monitoring of bridges, tunnels, dams, power stations, 
stadiums, historic buildings, as well as piping systems, etc., is increasingly utilizing systems based on 
fiber-optic technologies. Compared to traditional methods, the fiber-optic technology exhibit many 
advantages such as higher quality measurements, higher reliability, easier installation and 
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maintenance, insensitivity to the environment (mainly to the electromagnetic field), corrosion 
resistance, safety in explosive and flammable environments, the possibility of long-term monitoring 
and lower cost per lifetime. There is a large variety of fiber-optic sensors working on different 
physical principles. Results in this article were obtained by fiber-optic sensors working on principle of 
low-coherence interferometer. 

2. Theoretical background 

The total strain in concrete structure +c consists of strain due to stress +³, shrinkage +SH, creep +d and 
strain caused by temperature +T (1). Strain due to creep and shrinkage is dominant is strain monitoring 
of pre-stressed structure, therefore, the evaluation of these structure measuring shall take into account 
these phenomena and the entire job is more complicated. The experimental results led to a number of 
standards, recommendations and models for calculating the coefficient or creep. The model according 
to EN 1992-1-1 was chosen for strain course calculation by reason of simple application, adequate 
accuracy and sufficient number of important parameters. 

 TSHdc +++++ % ����  (1) 

Total strain calculated according to model EN 1992-1-1 was compared with experimental data of 
total strain obtained on monitoring structure. Total strain of monitored pre-stressed sleeper was 
measured by long-gauge optical fibers SOFO. This type of sensors was chosen by reason of possibility 
installation them into body of the structure, adequate accuracy and mainly ability of strain 
measurement along the structure, not only at local point. The SOFO sensor can be used for the whole 
lifespan structure monitoring without continuous data recording; it is one of their advantages. The 
SOFO interferometric sensor was developed at the Swiss Federal Institute of Technology in Lausanne 
and now are manufactured by SMARTEC. 

SOFO sensor consists of a measurement fiber and reference fiber installed in the structure. The 
total strain of the structure is then result in a change of the length difference between these fibers. The 
low-coherence double Michelson interferometer is used to make an absolute measurement. The first 
interferometer is made of the PA tube with measurement and reference fibers and the second low-
coherence interferometer with mobile mirror is placed into the portable reading unit (Gliši� & Inaudi, 
2007), Figure 1.  

 
Fig. 1:  Setup of the SOFO interferometric sensor system (Inaudi (2004)) 

552 Engineering Mechanics 2012, #205



 

3. Experimental 

SOFO interferometric extensometers were used to measure strains in the pre-stressed concrete 
railway sleepers stored in the laboratory conditions. Thus, effects of creep and shrinkage of concrete 
were monitored. Concreting of two reinforced concrete sleepers B91 S were conducted by the 
ŽPSV a.s. company in Nové Hrady on September 20, 2010. The fiber-optic extensometers were 
installed on steel reinforcement of sleepers before casting of concrete. Four fiber-optic extensometers 
with active length 0,5 m marked with serial number (9088, 9089, 9090 and 9091) were installed on the 
pre-stressing wires at the center span of sleeper – two extensometers on each sleeper. Location of 
extensometers is shown on scheme in Figure 2. In addition, two temperature sensors Ni 1000 (see 
Figure 2) marked with serial number 0301 and the 0302 were also installed. These two pre-stressed 
concrete railway sleepers were monitoring for 467 days in laboratory of Klokner Institute. Thus, 
obtained data of total strain was compared with theoretical prediction of total strain calculated 
according to EN 1992-1-1. 

320
teplota 0301

vlákno v ose

9088

750

9089

teplota 0302

9091

9090

25

5022
0

25

45 50 50 35

180

P?í@ný ?ezPohled do formy

 
Fig. 2:  Location of SOFO fiber-optic extensometers on reinforced concrete sleepers B91 S. 

 

Table 1: Concrete strength determine according to EN 12390 
Specimen 

No. 

Specimen 
diameter  

Specimen 
high Weight Bulk density Load Cylinder strenght 

fcm 
[mm] [mm] [g] [kg·m-3] [kN] [MPa] 

Date of the test: 29.9. 2010 – 9 days 
1 149,6 301,0 12979 2453 901 51,3 
2 149,4 301,3 12983 2458 1231 70,2 
3 150,3 301,5 13011 2432 1193 67,2 

Average value: 2450  63,0 
Date of the test: 18.10. 2010 – 28 days 

4 151,3 301,5 13169 2431 701 39,0 
5 150,5 301,5 13137 2449 1413 79,4 
6 150,0 302,0 13032 2444 1156 65,5 

Average value: 2440  61,5 

 

The parameters of model EN 1992-1-1 for strain prediction were obtained by experiments carried 
out on fundamental concrete elements (cylinder samples) made from same concrete recipe as 
monitored structure. Additional necessary experiments were tests of concrete strength, modulus of 
elasticity tests, shrinkage and creep measurements. Concrete strength was determined according to 
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EN 12390 on six test specimens at the age 9 days (three test specimens) and 28 days (three test 
specimens). Test specimens were made from same concrete recipe as the monitored pre-stressed 
railway sleepers in the same day. Results of concrete strength are shown in Table 1. Next important 
material parameter is modulus of elasticity. This parameter was determined according to ISO 6784 on 
the same test specimens as concrete strength. Values of elasticity modulus are stated in Table 2. 
Average concrete strength and elasticity modulus at the age 28 days were used in creep and shrinkage 
model according to EN 1992-1-1. 

 

Table 2: Elasticity modulus determine according to ISO 6784 
Specimen 

No. 

Specimen 
diameter 

Stress in cross-section [MPa] Strain [10-3] Elasticity 
modulus Ecm Lower 

level %d 

Upper 
level %h

(%, (+G (+J K,(+[mm] [GPa] 
Date of the test: 29.9. 2010 – 9 days 

1 149,6 0,5 22,5 21,96 0,535 0,403 0,469 46,8 
2 149,4 0,5 22,5 22,02 0,612 0,659 0,636 34,6 
3 150,3 0,5 22,3 21,76 0,490 0,598 0,544 40,0 

Average value: 40,5 
Date of the test: 18.10. 2010 – 28 days 

4 151,3 0,5 25,6 25,10 0,599 0,617 0,608 41,3 
5 150,5 0,5 22,5 21,98 0,566 0,505 0,536 41,0 
6 150,0 0,5 26,0 25,54 0,541 0,706 0,624 41,0 

Average value: 41,0 

 

One component of total strain is shrinkage. For this reason, the shrinkage measuring was 
conducted on three test specimens 100 x 100 x 500 mm made from same concrete recipe as the 
monitored pre-stressed railway sleepers. Results from these experiments are shown in Figure 3. 
Average values of experimental data were compared with shrinkage calculated according to EN 1992-
1-1 (see Figure 3). There is shown relative good agreement between experimental dates of shrinkage 
and calculated values. 
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Fig. 3:  Comparison of experimental shrinkage and calculated prediction of shrinkage according 

to EN 1992-1-1 
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All of these experimental data were used for prediction of total strain according to EN 1992-1-1. 
This prediction is shown in Figure 4. In Figure 4 are shown experimental data obtained from 
measuring of total strain in two pre-stressed concrete railway sleepers by four SOFO interferometric 
extensometers. 
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Fig. 4:  Comparison of experimental total strain and calculated (EN 1992-1-1) prediction of total 

strain 

4. Conclusions 

The comparison of experiment and chosen model proved the applicability of this model EN 1992-1-1 
with adequate accuracy for strain describing structures with same concrete recipe. Above mentioned 
mathematical model can be used for calculation other characteristics of pre-stressed reinforced 
concrete sleeper. Furthermore, this relatively simple experiment conducted on railway sleepers 
verified applicability of the fiber-optic extensometers for monitoring of pre-stressed concrete 
structures. 
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NUMERICAL ANALYSIS OF A BRIDGE PIER SUBJECTED TO 
TRUCK IMPACT 

P. Ji�í�ek, M. Foglar*,  

Abstract: The paper presents description and comparison of the procedures prescribed by the European 
standard EN 1991-1-7 for bridge pier impact load. The methods incorporate static and dynamic analysis 
and are compared with a outcomes from a detailed FEM model of a truck prepared in the AUTODYN 
software. The outcomes are evaluated and conclusions are drawn. 

Keywords:  Impact loading, numerical modelling. 

1. Introduction 

In some cases of the structural arrangement, the vehicle impact can represent the decisive loading for 
the design of bridge substructure.  

In the present design standards, the Eurocodes, there is a special part dealing with the accidental load 
caused from impact of road vehicles, trains, vessels etc., EN 1991-1-7. In the most common design 
cases the less sophisticated method based on an equivalent static load is used in the design praxis. The 
other method based on dynamic analysis is ignored because it is more demanding and requires 
performing of a special dynamic analysis. 

The two methods provided within this standard are described and compared among each other. Later, 
the two methods are compared to the outcomes from a detailed FEM model of a truck prepared in the 
AUTODYN software. 

2. Vehicle impact loading according to EN 1991-1-7 

The standard EN 1991-1-7 (2007) provides procedures for assessing load from impact of road 
vehicles, trains, vessels etc.  

The load can be obtained by: 

- Equivalent static load  

- Dynamic analysis 

2.1. Equivalent static load 

The equivalent static load should provide the same effect as a vehicle impacting the structure. This 
simplification can be used for: 

- Verification of the static equilibrium 

- Verification of the structural resistance 

- assessing of the deflection caused by the impact 

The load is divided according to the part of the structure it influences: 

- Impact of the substructure 

- Impact of the superstructure 
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Fig. 1: left: definition of the impact forces; right: vertical alignment of the impact force 

 (according to EN 1991-1-7 (2007)) 

 
Table 1: Design values of the impact forces on bridges over road network 

 (according to EN 1991-1-7 (2007)) 

Category of the 
communication 

Force Fdx [kN] Force Fdy [kN] 

Motorways and main roads 1000 500 

Other roads 750 375 

Local roads 500 250 

The load to substructure can be taken from Table 1, explained in Fig. 1. The longitudinal and 
transverse forces do not act simultaneously. 

The impact force acts in the height h (Fig. 1) and can be redistributed to an area with the height a. 
Values of the variables are provided within the cited design standard. 

2.2. Dynamic analysis 
A more detailed procedure for assessing the impact load is provided in Appendix C of EN 1991-1-7. 

The impact bifurcates to soft and hard impact. In the case of the hard impact, the impacting vehicle 
deflects while the impacted structure remains stiff and unmoved. On the contrary, during the soft 
impact the impacted structure deflects (e.g. safety barriers). The hard impact can be used in the case of 
a vehicle impacted bridge pier. 

The maximum dynamic force is defined as change of momentum in time: 

 �! � ����K�  (1) 

where vr is the speed of the impacting vehicle at the time of the impact 
m is the mass of the impacting vehicle m = ËAL 

Ìt is the duration of the impact (force impulse) K� � �� ��  
k is the equivalent stiffness of the impacting vehicle vztahem k = EA/L 
E is the modulus of elasticity 
A is the cross-sectional area 
L is the length of the impacting vehicle 
Ë is the volumetric mass of the impacting vehicle. 

The impacting force is constant during the impact or increases linearly (Fig. 2). 
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Fig. 2: Model of the impact, F = dynamic interaction force (according to EN 1991-1-7, (2007)) 

 

 

Table. 2: Design values of the mass of the impacting vehicle and the dynamic impact force F0; 
(according to EN 1991-1-7 (2007)) 

Category of the 
communication 

route 

mass speed deceleration impact  force breaking 
distance 

m v0 a F0 db
a) 

[kg] [km/h] [m/s2] [kN] [m] 

Motorway 30 000 90 3 2 400 20 

Road in a urban area) 30 000 50 3 1 300 10 
a)  speed reduced to 50 km/h                         

3. The assessment procedure according  to EN 1991-1-7 

The vehicle impact load is regarded as an accidental loading by the EN 1991-1-7. Therefore an 
accidental load combination has to be set-up. 

In general, an accidental load combination can be analytically described as:  
 ( ){ }ikikdjkd QQorAPGEE ,,21,1,21,1, ;;;; ψψψ=      j � 1; i > 1 (2) 

where the combination in the brackets {} can be written as: 

 ( ) HH
>≥

++++
1

,,2
1

1,1,21,1, """"""""
i

iki
j

kdjk QQorAPG ψψψ  (3) 

where the choice of the combination values Í1,1 or Í2,1 lies on the particular accidental design load. 
The combination can contain the design accidental load (impact, fire, etc.) or is related to the sesign 
situation following the accidental loading where A = 0. 

4. Numerical modelling 

This part of the paper is focused on application of the procedures described in the previous paragraphs. 
The utilization of the equivalent static force and the use of the dynamic analysis is compared to a 3D 
FEM model of a struck impacting a bridge pier. 
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Fig. 5: Location of the impact forces 

 
Fig. 6: Areal distribution of the impact forces on the bridge pier centre-line 

 

The effect of the equivalent impact load on the bridge pier is assessed by a linear FEM analysis. The 
accidental load combination according to EN 1990 (2007) (see Eq. 6 and 7) is used for combining the 
effects of self weight, dead load and traffic load (LM1 according to EN 1991-2 (2005)) if it acts 
adversely. 

The shear combined with the effect of torsion is the decisive load case, utilization of the cross-section 
is 60%, see Table 3. 

 
Tab. 3: Summary of truck impact modelled with the use of the equivalent static force 

Truck 
impact 

Impact direction Decisive 
loading 

Maximal 
impact force Utilization Dynamic 

coefficient 

longitudinal shear 1000,00 kN 60% × 

transverse shear 500,00 kN 60% × 

48
00

1000

Ftransverse = 500 kN

Flongitudinal = 1000 kN

BRIDGE PIER

flongitudinal = 2000 kN/m

50
0

50
0 

- 1
50

0
67

00

ftransverse = 266,7 kN/m2

50
0 

- 1
50

0

15
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Fig. 17: The acting impact force during the impact, - -  real time dependence, — the time dependence 

used in the assessment 

 
With the known course of the impact force the same procedure as in the previous part is used. 

From the known input values, the dynamic response of the system is obtained with the use of direct 
integration of the equation of motion. The force couple causing the maximal deflection is determined 
reversely from the matrix of docility (6471,64;-580,75) [kN] (Fig. 18). The 2D model of the bridge 
pier is then loaded by these forces and the resultant internal forces are determined. 

The initial impact force in the direction of the traffic is 5762,65kN (9707,76 kN local extreme), but the 
force causing the maximum deflections is 6471,64 kN (10802,05 kN local extreme); the resulting 
dynamic coefficient is 1,12).  

As in the previous chapter, shear is the decisive load case, utilization of the cross-section is 170% 
(280% for the local extreme), see Table 5.  

 
Tab. 5: Summary of truck impact modelled with the use of a real vehicle 

Truck 
impact 

Impact direction Decisive 
loading 

Maximal 
impact force 

Utilizati
on 

Dynamic 
coefficient 

longitudinal shear 6471,64 kN 170% 1,12 

transverse × × × × 
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Fig. 18: Dynamic response of the system to the real truck impact load, - -  deflection at the top of the 

bridge pier, — deflection at the spot of the impact 

5. Conclusions 

Three different approaches to vehicle impact were assessed. The first two are incorporated in the EN 
1991-1-7 design code: the equivalent static load and the dynamic analysis. The pier of the modelled 
bridge provided satisfactory resistance to the impact loading. The commonly used method, the 
equivalent static load provided smaller loading and utilization than the load provided by the dynamic 
analysis. The equivalent static force was three times smaller than the impact force obtained by the 
dynamic analysis. 

The third tested approach lied in full-scale modelling of the impacting truck. A non-linear 
computational model of a 32 tonne truck impacting the concrete pier was prepared. From the speed of 
the vehicle during the impact, the acting impact force during the 334 ms long impact was calculated. 
This force is two times higher than the impact force obtained by the dynamic analysis and six times 
higher than the equivalent static force. Thusly the resistance of the bridge pier is not satisfactory when 
using regular standard approaches for its assessment. 

It is questionable whether to use the force calculated from the full-scale modelling of the impacting 
truck for the assessment of the bridge pier cross-section according to present design standards. The 
bridge pier experienced some cracking and erosion of crushed concrete elements. By the opinion of 
the authors, the damaged pier should be loaded by the design load and its residual bearing capacity 
verified by the means of a non-linear analysis. This analysis will be performed in the ongoing 
research. 
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SIMULATION OF PITTING FORMATION IN GEARING 

J. Jurenka*, M. Španiel** 

Abstract: In the presented article is presented a numerical simulation approach of pitting arise 
phenomena on the gear teeth. The basic assumption of the presented approach was that pitting (pits on 
the contact surfaces) is a result of fatigue crack propagation under (rolling) contact loading conditions. 
The solution approach consisted of numerical simulations of fatigue cracks growth in the FEM 
framework. Fatigue crack growth simulations are based on evaluation of the so called Paris law in 
conjunction with FEA of crack tip loading conditions and fracture criteria evaluation. Penetration of the 
fluid lubricant into fatigue (pitting) cracks is simulated using special cavity finite elements, which allow 
to introduce so called lubricant closure inside crack. A simplified distribution of residual stresses in the 
surface layers of teeth is included as well. The simulations were carried out under the commercial code 
ABAQUS CAE FEM  programme which allows to develop in-house codes using the Python scripting 
language. Mentioned programme codes are the basis of all FEA including the simulation of the contact 
loading conditions and the incremental crack growth. 

Keywords: gears, pitting, FEM simulation, crack propagation. 

1. Introduction 

Pitting is understood as fatigue damage of components caused by cyclic contact load, when material 
particles come off and shallow pits arise in contact surface. Pitting is most often related to damage of 
contact surface of gear teeth (Fig. 1), but it also occurs on working surface of rolling bearing or on 
heads of rails and railway's wheels. Pitting formation leads to degradation (in extreme case to loss) of 
functionality of afflicted device, to escalation of vibrations, noise and other negative effects. 
Therefore, appreciable attention is given to study of this damage with purpose of reducing or 
eliminating these negative effects.  

 
Fig. 1:  Pitting damage of real gear. 

Physical fundamentals of pitting formation are so complex, that there are still being used special 
empirical relations for determination of lifetime (of for example gear sets), which require experimental 
data gained from tests carried out directly on gear sets in special test stands. These experiments are 
time-consuming and also costly. 
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Many attempts to mathematical description of pitting wear were implemented in recent years. The 
basic assumption of these attempts is that initiation and fatigue crack propagation are in progress 
before pit rise. The results of experiments indicate that pitting cracks propagate from contact surface 
into material of surface layer at first and after cracks reach a specific deep, they curve and turned 
backward towards the surface. Finally, end-fracture results in detachment of a material particle, as a 
result of which the pit is originated. 

Two main domains are discussed in conjunction with approaches to the numerical simulation of 
pitting damage rise process. The basic assumption of the first group is that a pressured fluid lubricant 
penetrates into cracks and influences its growth. This approach can be represented e.g. by Fajdiga et 
al. (2004), who simulate fatigue crack growth from a surface initial crack and contact loading 
approximated by pressure distribution corresponding to the EHD lubrication theory. In the second 
group of approaches other possible damage mechanisms of pitting rise are assumed. E.g. Ding et al. 
(2003) simulate pitting rise from subsurface initial cracks. 

The presented article belongs to the first group of the above mentioned approaches. The fatigue 
crack growth is numerically simulated by finite element method. The crack growth starts from the 
surface initial crack. The contact conditions between real gear teeth near the pitting crack mouth are 
computed and the pressured fluid lubricant penetration into pitting crack is assumed. 

2. Implemented phenomenological fatigue crack growth theories  

The basic assumption of the presented crack growth simulations is validity of the small scale yielding 
(SSY) conditions. In another words, the initial cracks are so long that the material can be modelled as 
an isotropic continuum and a dimension of crack tip plastic zone is negligible compared to the total 
crack length. 

Then the rate of fatigue cracks propagation can be described by phenomenological theory – the 
Paris law, which is usually expressed as a relation of crack growth rate against stress intensity factor 
amplitude. In the pitting crack simulations the crack growth predictions were based on the fracture 
mechanics criterion – J-integral. The application of J-integral criterion was enforced by nonlinear 
character of performed FE analyses (stress intensity factors are not supported), where the gear 
meshing has to be solved under large deformation condition. With respect to that, the modification of 
Paris law relation is required and consists in substitution of stress intensity factor amplitude by 
amplitude of J-integral (1). 

 � �mJC
N
a Δ

d
d

� , (1) 

where C and m are material parameters and <J is a J-integral amplitude. 

The fatigue crack growth direction corresponds to the direction in which the maximum energy 
release rate is achieved. Under SSY conditions the criterion of maximum energy release rate is equal 
to maximal J-integral criterion and is equivalent to the maximal tangential stress criterion. 

3. Experimental works 

Experimental works were carried out at two basic levels. Firstly, simple so called CT test specimens 
were employed to provide data for validation of the crack growth prediction models under program 
ABAQUS and secondly, shortened fatigue tests of the real gearing were carried out using special 
testing machine (Niemann closed testing chain, Fig. 2 - Petr, K. 2010) to provide real pits shapes and 
gearing lifetime. More detailed information about used experimental equipment can be seen in the 
paper Jurenka (2011). 

The both CT specimens and testing gears were manufactured from the 18CrNiMo7-6 material. 
After heat finishing (gears tempering and contact surfaces cementing into deep approximately 0.7 - 0.9 
mm and hardening to final hardness approximately 58-60 HRC) the following characteristics of the 
material can be mentioned: Young's modulus 210 000 MPa, yield stress 1100 MPa, strength 1250 
MPa. The estimated Paris law parameters are the following: C=1.42e-5 mm/[cycle.(N.mm)1.3] and 
m=1.3. 
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Fig. 2:  Gear testing equipment (Petr, K. 2010). 

Six tests were carried out. Digital pictures of teeth contact surfaces were made in the fixed time 
interval during the testing with time increment 2.5 hours. An example of time series of surface fatigue 
damage pictures is shown in the Fig. 3. Tested gearings were designed according to norm ISO 
6336/1996 to limit durability approximately 30 hours under given loading conditions. Each test was 
stopped after formation of large pit or more smaller pits (maximal permissible pitting damage 
pollution of contact surface is 4%). The average life time of tested gearing was approximately 54 
hours Fig. 4. 

 
Fig. 3:  Pitting damage formation during gears testing. 

For providing more complete and accurate information about formation of observed pits, the 
detailed metallographic samples were created and analyzed. Material cuts were carried out through the 
biggest pits, and in the region of the tooth root, and region of the tooth head, of the pinion. The 
experimental tests results are shown in the Fig. 5, where the topology of four analyzed pits is 
displayed by the curved lines in context to the pinion tooth geometry. The direction of pitting crack 
initiation along the contact surface is shown by arrows. 
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Fig. 4:  Pitting damage formation during gears testing - gearing lifetime. 

 
Fig. 5:  Pitting damage formation during gears testing - pit topology and initial crack orientations 

(arrows) - metallographic sample. 

According to presented pictures sequence in the Fig. 3 and pictures of metallographic samples, the 
probable process of pitting damage formation can be estimated: 

I  Pitting cracks start to propagate especially from the so called one tooth meshing contact 
area, thus the pitting damage is concentrated in this domain. In this domain the pitting 
cracks growth from tooth root to the tooth head. 

I  Relatively straight crack mouth could be a result of propagation of many short cracks in 
the critical domain of contact surface, from which the magistral crack is created 
subsequently. Presence of mentioned short cracks can lead to the creation of initial small 
pits in the critical region around the magistral crack mouth. 

I  The initial assumption, that the pits are created by fatigue crack growth, can be confirmed 
by the analysis of material particles, which were found in the oil tank. The dimensions and 
shape some of these particles correspond very well with formed pits (Fig. 6). So the pits 
were created by breaking off one or more relatively large material particles. This is in 
compliance with mentioned pictures sequence in the Fig. 3. 
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Fig. 6:  Magistral pit and inverse material particle. 

4. Pitting crack growth simulations 

Simulations were performed under the commercial FEM code ABAQUS, which provides both 
computation tools for evaluation fracture mechanics criterion J-integral and Python language interface 
for in-house programme codes (developed at the Faculty of Mechanical Engineering CTU in Prague) 
submitting, which provide full automatic FE model creation and simulation control. 

4.1. FE model and simulation flow 

The numerical prediction of pitting formation presented in this article is based on the simulations of 
the gearing contact conditions, which induce boundary conditions for subsequent fatigue crack growth 
computational predictions. Basic mechanical quantities defining contact conditions are: contact 
pressure, shear stress, relative slip range and rate. Actually these quantities could be affected by both 
properties of fluid lubricant used and contact surface roughness. In the FE models the complex 
tribological relations (so called EHD lubrication conditions) are approximated by friction coefficient f, 
whose value can be in the range of 0.01-0.1 and special cavity model, which allows to include 
pressured fluid lubricant penetration into the pitting cracks. The residual pressure distribution in the 
subsurface layers was approximately estimated on the basis of experimental measurement using X-
Ray diffraction. Linear elastic isotropic material model was assumed and all FE analyses are assumed 
as quasistatic and planar considering plane strain conditions. 

 
Fig. 7: The basic model concept. 
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The parametric FE model is conceived as the planar model, which combines two 2D models (one 
with pitting crack and one without) to simulate kvasi-3D contact conditions during gearing meshing. 
(Fig. 7).These two 2D models are merged in the gear ring regions and their thicknesses correspond to 
the thickness of cracked respectively non-cracked contact surface. 

The initial crack is included in the FE model before the simulation start (Jurenka, 2011). Between 
modelled crack surfaces the special cavity finite elements (F2D2) are defined to simulate penetration 
of pressured lubricant into crack during gearing meshing. The law of mass flow q of pressure lubricant 
is defined by the simple relation: 

 pCq v Δ� , (2) 

where Cv is the viscous resistance coefficient and <p is the pressure gradient. The value of Cv is 
approximately estimated using analytical equation for laminar flow into thin slot as: 

 3Δ
12

h
l
p

η
b

ρ
q

G
� , (3) 

where ( is a lubricant density, b is a crack width, l is a crack length and h is a distance between crack 
surfaces. J is the dynamic viscosity of lubricant, which is a function of the pressure inside lubricant 
according to relation: 

 � �pαηη GG� exp0 , (4) 

where J0 is dynamic viscosity for 0 pressure, > is the piezo-coefficient of lubricant and p   is a actual 
pressure inside lubricant. On the basis of comparison of relation (2) and (3) the relation for Cv 
estimation is given: 

 
3

12
hb

lηCv
G

GG
� , (5) 

Cavity volumes are defined between crack surfaces. These volumes correspond to the crack 
extension increments (Fig. 8). The mass flow between each two neighboring cavity volumes qi (i = 1, 
..., N, N is number of volumes, resp. crack extensions) is given by relation (2). In the cavity model the 
p corresponds to average pressure between neighboring cavity volumes, and the value of both p  and 
<p result from actual loading during gear meshing. The first cavity volume is connected with the 
contact surface and is pressured by actual contact pressure. 

 
Fig. 8: The basic model concept. 

In the FE model the residual stress distribution is defined as initial condition using several 
sublayers with constant residual pressure (Fig. 9). The distribution was approximately estimated on the 
basis of X-Ray diffraction residual stress measurement and theoretical knowledge (Neckář, F., 1991). 
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Fig. 9: Application of Residual stress distribution. 

The basic scheme of simulation of pitting crack propagation is shown in the Fig. 9.  In the first 
step the contact pressure distribution in the crack mouth is calculated. Subsequently the incremental 
crack growth is simulated in the loop as long as the final pit shape is achieved. In each computational 
iteration of the solution loop (item 2.1 in the Fig. 9) the J-integral is calculated in the several directions 
in front of the crack tip (Fig. 10). The probably crack extension direction is evaluated in the item 2.2 
(Fig. 9) either as the direction, in which the maximum of J-integral was calculated (Španiel, M., 2008), 
or as an average direction calculated from all J-integral values bigger than the threshold value. It is 
assumed, that the crack can growth only if it is opened. Thus if the contact between crack surfaces 
arise (pressure in the cavity is not able to open crack), then the crack can not growth. In the last part of 
the solution loop (item 2.3, Fig. 10), the model crack is extended and FE model is modified. 

 
Fig. 10: Block schema of pitting simulation under ABAQUS. 

 
Fig. 11:  Crack direction estimation. 

With respect to the complex physical background leading to pitting formation, which can not be 
fully experimentally explained, the developed FE model was created in the relatively general form. 
This means, that they contains many parameters, which can be change independently and its influence 
on the pitting crack growth can be evaluated. The basic model parameters are listed in the Tab 1. 
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Tab. 1: The basic FE model parameters. 

FEM model parameter Min value Max value 
Friction coefficient on the teeth contact surfaces - f [-] 0,01 0,15 
Friction coefficient between crack surfaces - fc [-] 0,3 1 
Initial crack length - aini [�m] 10 50 

Initial crack angle between crack and contact surface - � [°] 25 160 

Crack extension increment length - l [�m] 10 50 
Initial crack location on the contact surface (diameter of circle with 
center in the pinion axis) - ( [mm] 37,25 37,85 

Kinematic viscosity coefficient of fluid lubricant - K [mm2/s]  1 300 

Dynamic viscosity coefficient of fluid lubricant - J0 [MPaGs] 0,89e-9 0,27e-6 

Piezo-coefficient of fluid lubricant - > [mm2/N] 0,02 0,02 

Density of fluid lubricant - (' [kg/m3] 890 890 
Initial crack surfaces distance - h [mm] 1e-6 1e-4 

4.2. Results of simulations and discussion 

The presented research of pitting damage phenomenon is based on both experimental results of real 
gearing tests and numerical simulations of pitting crack propagation under contact loading conditions. 
The main goal of performed numerical simulations is to provide information, which can confirm or 
confute above mentioned theory of pitting damage formation. 

The simulated crack behavior (crack growth direction) is analyzed with respect to: 
I  The location of contact region between gear teeth according to the crack mouth, 
I  gearing meshing conditions, 
I  the stress field around the whole crack, 
I  the possibility of fluid lubrication penetration inside the crack, 
I  the J-integral values, and 
I  the residual stress distribution. 

Numerical model is defined by many parameters, whose values can not be experimentally verified. 
The detailed sensitivity study of the influence of selected parameters on the pitting crack behavior has 
to be done. In the first stage the possibility of growth of initial pitting cracks is assessed. 

In the presented simulation the following parameters were assumed (Tab. 2): 

 
Tab. 2: Assumed FE model parameters. 

FEM model parameter Value 
Friction coefficient on the teeth contact surfaces - f [-] 0,01 
Friction coefficient between crack surfaces - fc [-] 1 
Initial crack length - aini [�m] 15 

Initial crack angle between crack and contact surface - > [°] 30, 60, 90, 120, 150 

Crack extension increment length - l [�m] 20 
Initial crack location on the contact surface (diameter of circle with 
center in the pinion axis) - ( [mm] 37,55 

Dynamic viscous of fluid lubricant - J0 [MPaGs] 0,89e-9 L 0,27e-6 
Initial crack surfaces distance - h [mm] 1,6e-4 

The attention was focus on the initial stage of pitting cracks propagation in the presented article. 
With respect to the experimental observation the influent of small pits in the crack mouth region on 
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the pitting crack growth was studied. The several basic configurations were assumed (Fig. 12). The 
initial small pit deeps were chosen as a) 0,001; b) 0,01; c) 0,03; d) 0,05 and e) 0,08 mm. The initial 
crack length was equal to 0,015 mm and the initial crack angle was 30° against to the contact surface. 

 
Fig. 12:  Initial pitting cracks configuration. 

The shape of pitting cracks after several simulation loops (several cracks extensions) with respect 
to the initial small pit dimension is shown in the Fig. 13. The initial configuration before the first 
simulation run is shown in the Fig. 12. The advance cavity model according to the Fig. 8 was used and 
residual stress was neglected. The model crack surface distance was 1,6e-4 mm.  

 
Fig. 13:  Pitting cracks shapes. 

The predicted lifetimes, resp. number of loading cycles needed to simulated cracks growth is for 
presented cracks listed in the Tab. 3. These results show, that it is possible to use the developed FE 
model to simulation of pitting damage formation. The mentioned results are in a relative good 
agreement with experimental data from qualitative point of view and it seams, that it is possible to 
validate FE model on the basis of sensitivity study of its parameters. 

5. Conclusions 

The achieved results show, that the chosen numerical approach to the simulation of pitting damage 
formation can be used. However the developed FE model is very complex due to credible description 
of physical background. Many parameters can be change and experimental verification of their values 
does not exist. From this point of view, the large sensitivity study of the most important parameters 
has to be done. On the basis such complex results, the FE model can be finally validate. 

The main result and outputs of the above mentioned research are: 
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I  The complex parametric FE model for pitting crack growth was created. 
I  The advance cavity model for simulation of penetration of pressured fluid lubricant into 

pitting cracks was introduced. 
I  The methodology for implementation of residual stress into subsurface layers of material 

was developed. 
I  The complex experimental tests of real gears were performed and evaluated. 

In the future the attention will be focused on the extension of experimental base. Especially, on the 
validation of fatigue cracks growth under non-proportional mixed model loading conditions. 

In the simulation domain, the large sensitivity study of FE model parameters will be carried out 
and the real heat treatment of contact surfaces will be simulated in the special program code 
SYSWELD to achieved more accurate information about residual stress distribution. 

 
Tab. 3: Crack growth rate prediction. 

J-int.
No. 

cycles
Time J-int.

No. 
cycles

Time J-int.
No. 

cycles
Time J-int.

No. 
cycles

Time

J 
[Nmm]

N [] t [h]
J 

[Nmm]
N []

t 
[hour

J 
[Nmm]

N []
t 

[hour
J 

[Nmm]
N []

t 
[hour

1 0.0139 3.65E+05 4.19 0.1441 1.75E+04 0.20 0.1713 1.40E+04 0.16 0.1758 1.35E+04 0.16
2 0.0437 8.24E+04 0.95 0.0797 3.77E+04 0.43 0.1239 2.13E+04 0.24 0.1334 1.93E+04 0.22
3 0.0771 3.94E+04 0.45 0.1366 1.87E+04 0.22 0.1160 2.32E+04 0.27 0.1001 2.81E+04 0.32
4 0.1103 2.47E+04 0.28 0.1497 1.66E+04 0.19 0.2374 9.14E+03 0.11 0.1984 1.15E+04 0.13
5 0.1388 1.84E+04 0.21 0.0720 4.30E+04 0.49 0.2607 8.09E+03 0.09 0.2763 7.50E+03 0.09
6 0.0600 5.46E+04 0.63 0.2076 1.09E+04 0.12 0.2722 7.65E+03 0.09
7 0.0563 5.93E+04 0.68 0.2109 1.07E+04 0.12
8 0.0729 4.24E+04 0.49
9 0.0980 2.89E+04 0.33

10 0.1398 1.82E+04 0.21
suma 7.33E+05 8.43 1.34E+05 1.54 8.65E+04 0.99 9.82E+04 1.13

a) b) d) e)
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MATERIAL NON-LINEAR BEAM ELEMENT WITH SHEAR
CAPACITY

J. Kabeláč *

Abstract: The paper describes a new formulation of beam elements for deformational variant of FEM,
which respects non-linear material behaviour. This formulation considers combination of shear and axial
loading and is suitable for short or torque beams similarly to the Timoshenko theory. Non-uniform warping
and influence of transversal contraction are not considered in the formulation. The cross section can be of
arbitrary known shape and composed of more materials. The presented element respect real distribution
shear stress over cross section taking material non-linearity into consideration

Keywords: beam element, FEM, material non-linearity, shear, torque

1. Introduction

More economical usage of materials at technical objects is connected with the development of simulation
tools. A similar situation is at beam construction which is abundantly represented in technical practice.
Just use of material non-linearity provides reserves in material usage. Besides that in practice more and
more emphasis is placed on robustness of simulation tools without neccessarity of deep knowledge of
service. Frequent use of some materials makes correct use of linear models impossible, for example
reinforced concrete. For these reasons, based on practical requests of users, the following formulation of
beam element was developed. Geometry of the presented element is shown on fig. 1.

u1x

u1y
u1z

u2x

u2y
u2z

x

y
z

φ1z

φ2z

φ1y

φ2y

φ1x

φ2x

l

Fig. 1: Beam element

During making solution about used formulation of the element that should be implemented an exten-
sive research of available formulations in commercial CAE software’s ( Nastran, Abaqus, Marc, Ansys)
was done. All softwares provides a lot of formulations of the beam element including material non-
linearity. Their definition it is possible to find for example here Crisfield (2000),Němec (2010) and
Zienkiewicz (2000). Detail assessment shows that there is provided robust and sufficient solution for
Euler formulation of the element for uniaxial stress in all software’s. But in case of shear stress the situa-
tion is dismal. Here are provided solutions for Timoshenko formulation as well but detail analysis proves
that these solutions are very simplified. For example Ansys provides the element BEAM 188/189. This
element however supposes constant shear strain over cross section and strain corresponding to linear tor-
sion. But real stress distribution at shear loading is different ( for example Grutmann (1999) ). In other
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CAE software’s the situation is similar. Even literature search did not provide more complex formulation
for material non-linearity.

None of available formulations of the beam element respect real distribution shear stress over cross
section taking material non-linearity into consideration.

Solution of plastic torque is known for long time (for example here Chakrabarty (2006)). Numeric
solution of plastic torque for an arbitrary cross section is defined here Gruttmann (2001). By small
modification the author extend this solution to general shear loading Kabeláč (2011). The model for
axial part of stress is generally known (good description in Crisfield (2000)). By combining of these
solutions we obtain real stress distribution over cross section at arbitrary combination of beam loading.
In that way formulated cross section behaviour is combined with appropriate shape function. Result
of this combination is here presented formulation of beam element, which respects real shear stress
distribution over arbitrary cross section.

Use of various cross section characteristics, specified by an user, increases demands on an user and is
a source of possible mistakes. Therefore we left numerical values as input and the only input is a shape
of cross section or FEM mesh of cross section. On this mesh more materials can be defined. It means
the model is also usable for composite cross section.

The represented model is valid for small strain, straight prismatic beam and free warping of cross
section. The influence of transversal contraction is not considered. In connection to co-rotational formu-
lation its involving in geometric non-linearity is easy.

2. Formulation

The final formulation of beam element with the shear influence and considering of material non-linearity
is connection of following analyses:

1. Distribution of deformations along beam. A classical formulation of beam elements does not
seem to be suitable for this propose. A simplified formulation was used with constant strain along
axis of beam. From here transversal deformations are interpolated by quadratic function and the
other deformations are interpolated linearly.

Ψ = [
dux
dx

,
dφy

dx
,
dφz

dx
,
dφx

dx
, θy, θz]

T ; Ψ = Ξ.u (1)

2. Strain over cross section. In view of the formulation strain over cross section is defined by three
components εx , γxy and γxz the other components are zero. These components are defined by
current unknown warping function w and components of strain along axis of beam.

εi = Bi.wi +Gi.Ψ (2)

3. Calculation of warping function. Based on described process of strain over cross section and
using of equilibrium equations a particular PDE problem can be formulated. Considering used
material model it is a non-linear problem. This problem can be by variational principles trans-
formed to classical non-linear FEM problem over mesh of cross section. The result is an actual
warping function and then stress over cross section.

kF =
elem∑
i

∫
Ωi

BT
i .σ(

kεi).dΩi = 0⇒ w (3)

4. Calculation of cross section internal forces V and tangential stiffness matrix of cross section
D. Based on known warping function and stress over cross section it is easy to define final internal
forces and stiffness matrix of cross section.
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V = [Nx,My,Mz,Mx, Vy, Vz]
T =

elem∑
i

∫
Ωi

Gi
T .σi(εi).dΩi ; D =

∂Vi

∂Ψj
(4)

5. Internal forces R and tangential stiffness matrix of beam element K .

R = l.ΞT .V ; Kt = l.ΞT .D.Ξ (5)

2.1. Beam shape function

It is a known and generally widespread solution for Timoshenko beam in linear area. But it is not possible
to find a direct relation between deformation in grid and skew from shear by this solution. For this reason
a simplified formulation was developed. Process of rotation along beam is linear interpolation of rotation
in grid. Shape functions are used here.

η ∈< −1, 1 > (6a)

N1 =
1

2
(1− η) (6b)

N2 =
1

2
(1 + η) (6c)

x = l.N2 (6d)

φz = N1.φ1z +N2.φ2z (7)

It means the element has constant curvature in deformation. In this case bend must be interpolated
by quadratic polynomial.

uy = N1.u1y +N2.u2y + α.Nc (8)

Nc = 1− η2 (9)

Coefficient α is excluded as follows. Skew is obtained from the relation:

θz = −φz +
duy
dx

(10)

To avoid shear locking of the element, the skew must be constant.

dθz
dx

= 0 (11)

By solution of this equation it is excluded parameter α and for skew and transversal deformation is
valid:

uy = N1.u1y +N2.u2y −
L

8
(φ2z − φ1z).Nc (12)

θz =
1

L
(u2y − u1y)−

1

2
(φ1z + φ2z) (13)

It remains to express the relation between deformation in grid and strain of beam by transforming
into 3D:
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Ψ =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

dux
dx

dφy

dx

dφz

dx

dφx

dx

θy

θz

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
=

1

l

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

u2x − u1x

φ2y − φ1y

φ2z − φ1z

φ2x − φ1x

−u2z + u1z − l
2 (φ2y + φ1y)

u2y − u1y − l
2 (φ2z + φ1z)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
= Ξ.u (14)

In that way formulated element has a great advantage which lies in a fact that strain of beam are
constant.

2.2. Strain over cross section

In accordance with St’Venant theory free warping is occurring over cross section. Free warping is defined
by currently unknown warping function w. Examples of warping functions are shown on fig. 2 for
different shear loading.

torque shear shear

Fig. 2: Example of warping function on I - profile

For strain over cross section it could be written.

ε =

⎡⎢⎣ εx

γxy

γxz

⎤⎥⎦ =

⎡⎢⎢⎣
∂ux
∂x

∂ux
∂y +

∂uy

∂x

∂ux
∂z + ∂uz

∂x

⎤⎥⎥⎦ =

⎡⎢⎢⎣
dux
dx + z

dφy

dx − y dφz

dx

∂w
∂y + θz − z dφx

dx

∂w
∂z − θy + y dφx

dx

⎤⎥⎥⎦ (15)

Interpolation of warping function w by shape functions over mesh of cross section pursuant to FEM
principles is used. Warping function is clearly defined by values in grids of mesh wi. If B is derivation
matrix of shape function, than for strain it is possible to write:

ε = B.w +G.Ψ (16)

G =

⎡⎢⎣ 1 z −y 0 0 0

0 0 0 −z 0 1

0 0 0 y −1 0

⎤⎥⎦ (17)

2.3. Derive warping function

In the paper Kabeláč (2011) there was described analysis how to define warping function w by FEM :
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Ω :
∂σx
∂x

+
∂τxy
∂y

+
∂τxz
∂z

= 0 (18a)

Γ : τxy.ny + τxz.nz = 0 (18b)

In view of the formulation of the element the first derivation is zero. By using of variational principle
and FEM principles the problem is transformed into system of non-linear equations.

F =
elem∑
i

∫
Ωi

BT
i .σ(εi).dΩi = 0⇒ w (19)

KF =
∂Fi

∂wj
(20)

These equations are supplemented by conditions for warping function.

N =

∫
Ω
w.E.dΩ = 0 (21a)

My =

∫
Ω
z.w.E.dΩ = 0 (21b)

Mz =

∫
Ω
−y.w.E.dΩ = 0 (21c)

Which can be written down as:

L.w = 0 (22)

Here arbitrary material model can be used and defined as follows:

σ = f(ε) (23)

Dm =
∂fi
∂εj

(24)

The result is warping function defined by values in grid of mesh wi for actual deformations Ψ. More
details in Kabeláč (2011).

2.4. Internal forces and tangential stiffness matrix of cross section

To express searching warping function w it is possible to express internal forces of cross section by
simple relation.

V =

elem∑
i

∫
Ωi

Gi
T .σi(εi).dΩi (25)

Where εi is expressed by relation (16). It remains to express tangential stiffness matrix of cross
section D, whih is obtained by derivation of relation (25) according to Ψ.

D =
∂Vi

∂Ψj
=

elem∑
i

∫
Ωi

Gi
T .Dm. (Gi +Bi.dwi) .dΩi (26)
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dw =
∂wi

∂Ψj
(27)

Derivation w according to Ψ is a result of solution of system of linear equations.[
KF L
LT 0

]
·
[
dw
−λ

]
=

[
H
0

]
(28)

H =
elem∑
i

∫
Ωi

Bi
T .Dm.Gi.dΩi (29)

2.5. Internal forces and tangential stiffness matrix of beam

One last step is necessary to make. Because strain Ψ is constant along axis of beam for internal forces
in grids of beam element is valid.

R =

∫ l

0
ΞT .V.dx = l.ΞT .V (30)

And for tangential stiffness matrix of beam:

K =

∫ l

0
ΞT .D.Ξ.dx = l.ΞT .D.Ξ (31)

3. Conclusions

The element presented here is robust enough for practical use. Cross section can have arbitrary origin
point. It can be composed of more materials and the formulation is independent on material model. A
disadvantage of the element is neglecting of non-uniform warping especially in prevailing shear loading.
The element will be tested in future and it is supposed to be implemented in commercial CAE software.
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SIMULATION OF THE BEHAVIOUR OF A 3D LINK OF A KNITTED 
FABRIC MADE OF NI-TI TO THE MECHANICAL LOADING 

J. Kafka*

1. Introduction 

Technical textiles are used in many industries such as geoengineering, agroengineering, civil 
engineering, health service and transport facilities. The technical textiles have unique characteristics, 
which are the reasons, why they are tested in new fields of application. That brings new needs of 
testing of not only mechanical properties. One of the several possibilities of testing of the behaviour of 
the technical textiles to the mechanical loading is simulation by way of the finite element method. This 
method can be in some cases the only possibility. 

In this article is described a link of a knitted fabric, which is made from Ni-Ti material. Ni-Ti is 
one of the materials, which is part of the shape memory alloy materials (SMA). SMAs are a unique 
group of materials, which has the property to recover their shape, when the temperature is increased. 
Further these materials are capable of absorb large elastic deformations to 10%. 

Simulations of the mechanical behaviour of the Ni-Ti knitted fabrics, in which I am engaged, 
include nonlinearities in the form of the large deformations, contact and material. In consequence of 
these nonlinearities are the computational simulations of large models of the knitted fabrics time-
consuming. One of the possibilities, how the time-consuming of the FEM simulations can be reduced, 
is a disestablishment of the contact nonlinearity. The contact nonlinearity can be removed only in the 
case, that the influence of the frictional forces is inconsiderable. The investigation of the influence of 
the frictional forces is the main aim of the simulations, which are described thereinafter. 

2. Geometrical model

For a creation of a geometrical model of a 3D link of Ni-Ti knitted fabrics is used Dalidovic`s model. 
This model simplifies the geometry of the knitted fabrics by means of abscissas and semicircles. The 
shape of the Dalidovic`s geometry model of the knitted fabric is figured in Figure 1. The geometrical 
model, which is applied for the following simulations, is in Figure 2. 

                                                
* Ing. Jiří Kafka: Department of engineering mechanics, Technical university of Liberec, Studentská 2; 46117, Liberec; CZ, 
e-mail: jiri.kafka@tul.cz 
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Fig. 1:  Dalidovic`s model of the knitted fabrics. 

 

 
Fig. 2:  Geometrical model of the 3D link of the knitted fabrics. 

 

3. Finite element mesh 

A three dimensional mesh of elements is created from 2D elements QUAD4, which are created on one 
of two end sections of the thin wire of the knitted fabrics. These 2D elements are applied for the 
creation of 3D elements. The two dimensional elements are pulled in the direction of the axis of the 
thin wire. As a result are 3D elements HEX8, which are an eight/node, isoparametric, arbitrary 
hexahedral. These linear solid elements are converted to HEX20 elements, which are represented by 
three-dimensional 20-node bricks with Herrmann formulation. These elements use triquadratic 
interpolation functions to represent the coordinates and displacements and can be used for large strain 
behaviour. 

The both parts of the geometrical model of the knitted fabrics have an equable geometry, hence the 
finite element mesh of one thin wire of the knitted fabrics is used for the definition of the second thin 
wire. The final FE model is shown in Figure 3 and Figure 4. The parameters of the FE mesh are 
described in Table 1. 

 
Tab. 1: Parameters of the finite element mesh. 

Type and number of elements Number of nodes 

Element 35 – HEXA20 - 

11400 53238 
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Fig. 3:  Finite element mesh of the 3D link of the knitted fabrics. 

 

 
Fig. 4:  A detail of the nodes of the FE mesh. 

 

4. Boundary conditions 

The influence of the friction is observed on two types of the mechanical loading. The first type of the 
mechanical loading is a tension of one thin wire in the lengthwise direction of the knitted fabrics. The 
second thin wire of the knitted fabrics is fixed in the initial position. The boundary conditions for the 
fixed parts of the 3D link are transformed into the direction of the thin wire as shown the Figure 5. 
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Fig. 5:  The transformed boundary conditions for the fixed wire. 

 

The second type of the simulations is a tension of one thin wire in the cross direction of the knitted 
fabrics. The second wire is fixed as well as in the first simulation. 

The tension for the both simulations is defined by means of displacements. Maximal displacement 
is 0,5mm. All boundary conditions are defined on the end sections of the thin wires of the 3D link. The 
both type of boundary conditions are shown on Figure 6. 

 

 
Fig. 6:  The boundary conditions for both simulations. 

 

5. Material and material model 

One of the materials, which belong to SMAs, is called Nitinol (Ni-Ti). The chemical composition of 
Ni-Ti is 55.82 wt. % nickel (Ni). Nickel gives the fibers superelastic behaviour above 10°C. SMAs  
have two phases, each with a different crystal structure and therefore different properties. One of the 
phases is a high temperature phase called austenite (A) and the other is the low temperature phase 
called martensite (M). Austenite has a generally cubic crystal structure and martensite has tetragonal, 
orthorhombic or monoclinic crystal structure. The change from one structure to the other is called as 
martensitic transformation. 
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For the simulations of the behaviour of the 3D link of the knitted fabric is the material model 
defined by the help of structural material model for the shape memory alloy or more precisely 
Auricchio`s model. This material model is described by Helmholtz free energy. 
 Lidtrchel I�MMMMM �����  (1) 

This material model can be for tension cases replaced by trilinear material model. 

 

6. Contact 

For both simulations is for the contact between the wires of the 3D link of the knitted fabric used 
arctangent model, which belongs to the group of Coulomb friction models. This friction model is 
based on a continuously differentiable function in terms of the relative sliding velocity. 
 tnt

�
G�� �))  (2) 

 

7. Parameters of the computations 

All the variants of the simulations have the same computational parameters. A step of the simulation is 
set with a fixed and equally small increment. The small increment is important for a finding a contact 
between the thin wires of the 3D link of the knitted fabric in every step of the computation. During the 
simulations the large deformations rise. That is the reason, why the third part of the relation for the 
strain cannot be neglected. 
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8. Results 
For both types of the simulations are used the results for the displacement 0,25mm. The 
maximal displacement 0,5mm is too large. Below I show the results for contact normal forces, 
contact friction forces, principal stresses, normal stresses and shear stresses. 

 

 

Fig. 7:  The contact normal force [N] for 
the first type of the simulations. 

 

 

 

Fig. 8:  The contact friction force [N] for 
the first type of the simulations. 
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Fig. 9:  The stresses [MPa] for the first 
type of the simulations. 

 

Fig. 11:  The contact friction force [N] for 
the second type of the simulations. 

 

 

Fig. 10:  The contact normal force [N] for 
the second type of the simulations. 

 

Fig. 12:  The stresses [MPa] for the 
second type of the simulations. 

 

The results show, that only the contact friction force changes in depending on the friction 
coefficient, which is given the definition of the contact friction force. The contact normal force has 
large changes, but only for the first type of the simulations and for large friction coefficients, which 
are unrealistic for our materials. Other variables are unchanging in depending on the friction 
coefficient. 

 
Fig. 13:  Von Mises stress [MPa] for the second type of the simulations. 
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Fig. 14:  The volume fraction of martensite. 

 

 
Fig. 15:  The contact friction force [N]. 

 

 
Fig. 16:  The principal stress major [MPa]. 
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9. Conclusion 

The results of both simulations show, that we can the influence of the friction, if we do not research 
the friction or heat, which is generated from the friction. Other variables are independent on the 
friction coefficient. The changes of these variables are shown only for large friction coefficients. The 
main result of these simulations is the simplified geometrical model of the knitted fabric, which will 
be used for simulations of large models of the knitted fabrics. 
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SYMBOLIC ANALYSIS OF A MECHATRONIC DRIVE 
USING THE PROGRAM SAMD 

J. Kalous1, D. Biolek2, Z. Kolka1

Abstract:  The paper presents practical application of the new developed program SAMD on  
a mechatronic drive unit, consisting of a PWM dc-to-dc converter and a permanent-magnet dc motor, to 
get results of both its symbolic and semisymbolic analyses. Above all it is shown how to create individual 
purpose-oriented models of that drive to obtain transfer functions, poles and zeroes, frequency 
characteristics and step responses for both the input supply voltage and the controlling duty ratio. 

Keywords:   mechatronic drive, PWM dc-to-dc converter, permanent-magnet dc motor, symbolic 
analysis, program SAMD. 

1. Úvod 

Mechatronické pohony procházejí v sou
asné dobã rychlým vývojem p¿edevším díky tomu, že se v 
nich bezprost¿ednã uplat�ují nejrychleji se rozvíjející obory elektrotechniky, zejména výkonové 
elektroniky a 
íslicové ¿ídící a regula
ní techniky, a to bez ohledu na to, zda jde o pohony s motory 
st¿ídavými nebo s motory stejnosmãrnými. 

Až do nedávné doby byly stejnosmãrné motory ¿ízených 
i regulovaných pohon� zpravidla 
napájeny ze st¿ídavé elektrické sítã p¿es ¿ízené tyristorové usmãr�ova
e. V p¿ípadech, kdy v dané 
konkrétní aplikaci byl k dispozici pouze stejnosmãrný elektrický zdroj s konstantním napãtím (nap¿. 
akumulátorová baterie, diodový usmãr�ova
 apod.), bylo možné ¿ídit 
i regulovat stejnosmãrný motor 
pouze prost¿ednictvím ztrátové odporové regulace (reostat, odporový napã`ový dãli
, výkonový 
zesilova
), což samoz¿ejmã snižovalo energetickou ú
innost celého pohonu. V sou
asné dobã je dána 
možnost p¿ekonat tento vážný nedostatek použitím spínaných stejnosmãrných mãni
� s impulsní 
ší¿kovou modulací, jejichž energetická ú
innost p¿ekra
uje i 95 %. 

V po
áte
ním stadiu projektování jakéhokoliv ¿ízeného 
i regulovaného mechatronického pohonu 
je obvyklé získat co nejvãtších množství informací o statických a dynamických vlastnostech hnacího 
motoru a jeho napájecí jednotky, které ve vzájemné sou
innosti p¿edstavují ak
ní 
len pohonu. Jde 
zejména o následující kvantitativním ukazatele: stabilita soustavy, velikosti pól� a nul a jejich 
rozložení v Gaussovã rovinã komplexní promãnné, 
initel zesílení a amplitudové a fázové frekven
ní 
charakteristiky pro ¿ídící (ak
ní) veli
inu atp. 

V tomto p¿íspãvku, který bezprost¿ednã navazuje na p¿íspãvek Kalous et al. (2010) je ukázáno, jak 
využít novã vyvinutý program SAMD (z angl. Symbolic Analysis of Mechatronic Drives) 
k získání podklad� pro analýzu zejména dynamických vlastností ak
ního 
lenu stejnosmãrného 
mechatronického pohonu, tvo¿eného zvyšovacím spínaným stejnosmãrným mãni
em a stejnosmãrným 
motorem s permanentními magnety. 

2. Model spína�e s impulsní ší�kovou modulací 

Spínané stejnosmãrné mãni
e (SpSSM) jsou výkonové elektronické obvody, které umož�ují s vysokou 
ú
inností mãnit velikost stejnosmãrného napãtí 
ili plní ve stejnosmãrných elektrických obvodech 
obdobnou funkci jako transformátory v obvodech st¿ídavých. Obecnã obsahují výkonový 

1 Doc. Ing. Jaroslav Kalous, CSc., Prof. Dr. Ing. Zdenãk Kolka, ÚREL FEKT VUT Brno, Purky�ova 118,  
612 00 Brno, KalousJaroslav@upcmail.cz, kolka@feec.vutbr.cz

2 Prof. Ing. Dalibor Biolek, CSc., katedra elektrotechniky, Fakulta vojenských technologií, Univerzita obrany 
v Brnã, Kounicova 65, 662 10 Brno, dalibor.biolek@unob.cz
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stejnosmãrný vstup a výstup a ¿ídící vstup ve tvaru sledu pravoúhlých impuls� s opakovacím 
kmito
tem ¿ádu desetitisíc� až statisíc� impuls� za sekundu a s nastavitelnou ší¿kou (obr. 1). 

spínaný ss. m:ni<
výkonový
ss. vstup

výkonový
ss. výstup

>ídící vstup

Obr. 1 Blokové schéma stejnosm�rného m�ni�e

Na obr. 2 jsou pro ilustraci uvedena principiální obvodová schémata snižovacího a zvyšovacího 
SpSSM, k jejichž výkonovému vstupu je p¿ipojen ss. zdroj napãtí Us, k výkonovému výstupu je 
p¿ipojena rezistorová zátãž Ro. Svorkami a-p-c je v obou schématech vymezen tzv. spína
 s impulsní 
ší¿kovou modulací (spína
 s IŠM), složený z aktivního spína
e S (tranzistor typu BJT, MOSFET, 
IGBT apod.) a z výkonové polovodi
ové diody D ve funkci tzv. pasivního spína
e. Ke svorce a je 
p¿ipojen aktivní spína
 S, ke svorce p je p¿ipojena dioda D, svorka c je spole
ná pro obã elektronické 
sou
ástky. 

a

p

c L

R0CUs

S

D U0

a

pcL

R0CUs S

D

U0

a) snižovací m:ni<

b) zvyšovací m:ni<

Obr. 2 Principiální schémata spínaných stejnosm�rných m�ni��

Spína
 s IŠM je „srdcem“ všech SpSSM a pracuje následovnã. V 
asovém intervalu spTdt ≤<0
každé spínací periody Tsp je aktivní spína
 S sepnut a dioda D je v nevodivém stavu, zatímco v 

asovém intervalu spsp TtTd ≤<  je aktivní spína
 S rozpojen a dioda D je ve vodivém stavu. Veli
ina 

( )1,0∈d  je tzv. st�ída spínání, vyjad¿ující pomãrnou 
ást spínací periody, v níž je aktivní spína
 S
sepnut a dioda D je v nevodivém stavu. Zavedeme ještã tzv. dopl�kovou st�ídu spínání dd −=′ 1 , 
vyjad¿ující zbývající pomãrnou 
ást periody, v níž je aktivní spína
 S rozpojen a dioda D je ve 
vodivém stavu. 

V po
íta
ových analýzách a simulacích SpSSM se hojnã používá metoda, založená na tzv. 
pr�mãrovaných modelech spína
� s IŠM (Dijk, 1995; Kalous, 2004). Tato metoda byla vyvinuta s 
cílem snazšího vytvá¿ení tzv. obvodových model� SpSSM s IŠM na základã obvodových schémat 
SpSSM. Vychází z následující myšlenky. 

Zatímco pasivní prvky SpSSM (rezistory, cívky, kondenzátory) lze oprávnãnã považovat za prvky 
lineární, je spína
 s IŠM prvkem nelineárním, ur
ujícím obecnã nelineární charakter chování celého 
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mãni
e. Pracuje jako jednopólový dvoupolohový p¿epína
. Schéma ideálního spína
e s IŠM je spolu s 
p¿i¿azenými napãtími a proudy uvedeno na obr. 3. 

p

a c

Ia Ic

UcpUap

dTsp

(1-d)Tsp

ip

Uac

Obr. 3 Ideální spína� s IŠM 

Vyjdeme-li z výše uvedeného popisu 
innosti reálného spína
e s IŠM, potom pro okamžité 
hodnoty ss. proud� ve spína
i platí 
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Obdobnã pro okamžité hodnoty ss. napãtí ve spína
i platí 
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Pr�mãrné hodnoty proud� a napãtí v periodã spínání pro konstantní st¿ídu spínání 0dd = jsou 
potom rovny 
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Vztahy pro pr�mãrné hodnoty proudu aI  a napãtí cpU  jsou defini
ními vztahy pr�mãrovaného 
ideálního spína
e s IŠM. 

Jestliže st¿ída spínání d není konstantní, platí pro malé odchylky pr�mãrných hodnot proud� a 
napãtí vztahy  

,
~~~

,
~~~

,
~~~

,
~~~

0000

000

dUUdUdUUdU

dIIdIdIIdI

apapacapapcp

cocpccp

−′=+=
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 (4) 

které vypo
ítáme pomocí totálních diferenciál� vztah� (3). Indexem 0 jsou v nich ozna
eny hodnoty 
veli
in v pracovním bodã a vlnovkou nad jednotlivými veli
inami jsou ozna
eny jejich malé odchylky 
v okolí pracovního bodu. 
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Model spína
e s IŠM, do nãjž je zahrnut vliv ztrát, vyvolaných pulsující složkou proudu ( )tia
~  v 

pasivních prvcích, p¿ipojených mezi svorkami a – p spína
e, se od modelu ideálního ponãkud liší. 

Pro p¿ípad konstantní st¿ídy spínání 0dd =  je model takového spína
e s IŠM definován vztahy 
(Vorpérian, 1990) 

cecpapca IrdU
d

UIdI 0
0

0
1, ′+==  (5) 

kde re je ekvivalentní rezistor, jehož velikost je obecnã funkcí sériového ztrátového odporu kondenzátoru a 
zatãžovacího odporu mãni
e. 

Pro p¿ípad, kdy st¿ída spínání není konstantní, platí pro malé odchylky pr�mãrných hodnot proud� a napãtí 
vztahy 

,
~~~1~

,
~~~

0
0

0
00 d

d
UIrdU

d
UdIIdI d

cecpapcca −′+=+=  (6) 

kde 

( ) .0000 ceapd IrddUU ′−+=  (7) 

Na základã vztah� (5) až (7) byly pro knihovnu programu SAMD vytvo¿eny dva lineární 
submodely spína
e s IŠM, jejichž schématické zna
ky spolu s orienta
ními šipkami proud� jsou 
uvedeny na obr. 4 (Biolek & Biolková, 2007). 

a) model pro d = konst a) model pro d = var

p

a c
IcIa

p

D

caIa
Ic

ID = 0

Obr. 4 Schématické zna�ky model� spína�e s IŠM 

Zatímco model pro konstantní st¿ídu spínání se použije k výpo
tu funkcí typu „p¿enos vstupního 
napãtí“, model pro promãnnou st¿ídu spínání se použije pro výpo
ty funkcí typu „p¿enos st¿ídy 
spínání“. 

3. Symbolické a semisymbolické analýzy pohonu a jeho �ástí 

Jako p¿íklad uvažujme ak
ní 
len stejnosmãrného mechatronického pohonu, tvo¿eného zvyšovacím 
SpSSM a stejnosmãrným motorem s permanentními magnety (PMDC motor). Celý pohon je napájen z 
dvanácti voltové akumulátorové baterie. P¿edpokládá se, že rychlost otá
ení motoru bude regulována 
prost¿ednictvím zmãny p¿enosu napãtí SpSSM. Motor bude pracovat p¿i zadaném vstupním napãtí 30 
V bu� naprázdno nebo p¿i zatížení momentem dané velikosti. Uvedený p¿íklad pohonu v
etnã
parametr� je p¿evzat z Lyshevski (2000). 

Parametry PMDC motoru jsou následující: induk
nost vinutí kotvy La = 4 mH, odpor vinutí kotvy 
Ra = 3,2 Ω, 
initel magnetického pole cΦ = 0,105 V s rad-1 = 0,105 N m A-1, hmotný moment 
setrva
nosti J = 5.10-5 kg m2 a 
initel proporcionálního tlumení b = 1.10-5 N m s rad-1. 

Pro zadané provozní podmínky musí mít zvyšovací SpSSM ustálený p¿enos napãtí MU = 2,5, 

emuž odpovídá ustálená st¿ída spínání d0 = 0,6. Aby mãni
 pracoval jak p¿i chodu naprázdno, tak p¿i 
zatížení v nep¿erušovaném proudovém režimu, byly pro kmito
et spínání fsp = 200 kHz ur
eny 
následující parametry jeho prvk�: induk
nost cívky L = 0,7 mH a odpor jejího vinutí RL = 20 mΩ, 
kapacita kondenzátoru C = 3 mF a jeho sériový ztrátový odpor RC = 0,15 Ω. 
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3.1 Stejnosm�rný motor s permanentními magnety 

Obvodový model PMDC motoru pro p¿enos vstupního napãtí do úhlové rychlosti, vytvo¿ený 
schématickým editorem programu SAMD, je uveden na obr. 5. 

Obr. 5 Obvodový model PMDC motoru pro p�enos vstupního nap�tí 

Výsledky výpo
tu výše uvedeného p¿enosu, který je v SAMDu ozna
en jako p¿enos typu effort-to-
effort Kee, poskytne program v následujícím tvaru: 

_____________symbolic_________________ 
cF 
-------------------------------------- 
cF^(2) +Ra*b 
+s*( Ra*J1 +La*b ) 
+s^(2)*( La*J1 ) 

____________semisymbolic______________ 
Multip. Coefficient =  5.25000000000000E+0005 

 1.00000000000000E+0000 
-------------------------------------- 
 5.52850000000000E+0004 
 8.00200000000000E+0002 * s 
 1.00000000000000E+0000 * s^(2) 

_______________zeros__________________ 
none 

_______________poles__________________ 
-7.23820573952289E+0002 
-7.63794260477100E+0001 

Získaný výsledek lze p¿epsat do obvyklého symbolického a semisymbolického tvaru 
operátorového p¿enosu 

( ) ( )
( ) ( ) ( )( ) .

10.529,510.002,8
110.25,5 422

5

1
2

1 ++
=

+Φ+++
Φ==

ssbRcsbLJRsJL
c

sU
ssK

a
�

aaaa
ee

ω  (8) 

Je z¿ejmé, že uvedený p¿enos nemá žádnou nulu a má dva reálné záporné póly, jimž odpovídají 
asové 
konstanty τ1 = 1,382 ms a τ2 = 13,09 ms. 

Kromã toho SAMD poskytne též p¿echodovou charakteristiku v semisymbolickém tvaru 

___________step response______________ 
9.49624672153389E+0000 
 1.12028386911409E+0000*exp(-7.23820573952289E+0002*t) 
-1.06165305906479E+0001*exp(-7.63794260477100E+0001*t) 


emuž odpovídá matematický výraz  
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( ) 33 10.09,1310.38,1 62,1012,1466,9
−−

−−
−+=

tt

eethω . (9) 

P¿echodová charakteristika tedy obsahuje kromã stejnosmãrné složky i dvã aperiodické složky s 
¿ádovã odlišnými velikostmi a 
asovými konstantami. 

3.2 Zvyšovací spínaný stejnosm�rný m�ni�

Pro zvyšovací SpSSM je t¿eba vytvo¿it v editoru SAMDu dva obvodové modely a to jednak pro 
p¿enos vstupního napãtí do napãtí výstupního a jednak pro p¿enos st¿ídy spínání do výstupního napãtí..  

Pr�mãrovaný obvodový model zvyšovacího SpSSM pro p¿enos vstupního napãtí, vytvo¿ený 
schématickým editorem programu SAMD, je uveden na obr. 6. Ze srovnání tohoto modelu se 
zapojením zvyšovacího SpSSM na obr. 2b je z¿ejmé, že skute
ný spína
 s IŠM mezi svorkami c-a-p 
byl nahrazen modelem dle obr. 5a. Navíc byly do modelu doplnãny ztrátové rezistory RL a RC cívky a 
kondenzátoru. Velikost zatãžovacího odporu Rz odpovídá zatãžovacímu momentu motoru 0,6 N m. 
Ekvivalentní rezistor re v pr�mãrovaném modelu spína
e s IŠM je v tomto p¿ípadã dán paralelní 
kombinací sériového ztrátového odporu kondenzátoru Rc a zatãžovacího odporu Rz (Biolek & 
Biolková, 2007). 

   
Obr. 6 Obvodový model zvyšovacího SpSSM pro p�enos vstupního nap�tí do výstupního nap�tí 

Výsledky výpo
tu p¿enosu vstupního napãtí do výstupního napãtí, odpovídající p¿enosu typu 
effort-to-effort, poskytne SAMD v následujícím tvaru: 

_____________symbolic_________________ 
Rz -D*Rz 
+s*( C*Rc*Rz -C*Rc*D*Rz ) 
-------------------------------------- 
D^(2)*Rz +D*re -D^(2)*re +Rz -2*D*Rz +RL 
-s*( C*Rc*D^(2)*re +2*C*Rc*D*Rz -C*Rc*D^(2)*Rz -C*Rc*D*re +C*D^(2)*re*Rz -C*Rc*Rz -

RL*C*Rc -C*D*re*Rz -L -RL*C*Rz ) 
+s^(2)*( L*C*Rz +L*C*Rc ) 

____________semisymbolic______________ 
Multip. Coefficient =  8.33333333333333E+0001 

 2.22222222222222E+0003 
 1.00000000000000E+0000 * s 
-------------------------------------- 
 7.89234567901235E+0004 
 1.73621728395062E+0002 * s 
 1.00000000000000E+0000 * s^(2) 

_______________zeros__________________ 
-2.22222222222222E+0003 

_______________poles__________________ 
-8.68108641975308E+0001 + j  2.67184076335775E+0002

598 Engineering Mechanics 2012, #285



-8.68108641975308E+0001 - j  2.67184076335775E+0002

Získaný výsledek lze p¿epsat do symbolického a semisymbolického tvaru operátorového p¿enosu 

( ) ( )
( ) 422

3
1

01
2

2

01
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++
+=

++
+==

ss
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asasa
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sUsK
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out
ee . (10) 

Závislosti koeficient� polynom� v 
itateli b0, b1 a ve jmenovateli a0, a1, a2 p¿enosu (10) na 
parametrech analyzovaného SpSSM jsou z¿ejmé z výsledkového textu v 
ásti „symbolic“. 

Je z¿ejmé, že uvedený p¿enos má jednu nulu a dva komplexnã sdružené póly, všechny leží v levé 

ásti Gaussovy roviny komplexní promãnné. To znamená, že daný zvyšovací SpSSM je stabilní. 

Kromã toho SAMD poskytne též p¿echodovou charakteristiku v semisymbolickém tvaru 

___________step response______________ 
2.34638968839945E+0000 
-2.34638968839945E+0000*exp(-8.68108641975308E+0001*t)*cos( 2.67184076335775E+0002*t) 
-4.50471393772513E-0001*exp(-8.68108641975308E+0001*t)*sin( 2.67184076335775E+0002*t). 


emuž odpovídá matematický výraz  

( ) ( )952,22,267cos389,2346,2
310.52,11 −+=

−−
teth

t

Uout
. (11) 

P¿echodová charakteristika obsahuje kromã stejnosmãrné složky exponenciálnã tlumenou st¿ídavou 
složku se stejnã velkou amplitudou, s 
asovou konstantou τ = 11,52 ms a s frekvencí f = 42,52 Hz. 

Linearizovaný pr�mãrovaný obvodový model zvyšovacího SpSSM pro p¿enos st¿ídy spínání do 
výstupního napãtí, vytvo¿ený schématickým editorem programu SAMD, je uveden na obr. 7. Od 
modelu na obr. 6 se liší v tom, že byl použit 
ty¿pólový model spína
e s IŠM dle obr. 5b a jako vstup 
slouží „zdroj napãtí“ ozna
ený symbolem st¿ídy spínání d. 	íselné hodnoty parametr� linearizovaného 
spína
e s IŠM stejnã jako velikosti napãtí Uap, proudu Ic a zatãžovacího odporu Rz odpovídají 
zatãžovacímu momentu motoru 0,6 N m. 

Obr. 7 Obvodový model zvyšovacího SpSSM pro p�enos st�ídy spínání do výstupního nap�tí 

Výsledky výpo
tu p¿enosu st¿ídy spínání do výstupního napãtí, odpovídající nepochybnã p¿enosu 
typu effort-to-effort, poskytne SAMD v následujícím tvaru: 

_____________symbolic_________________ 
re*Ic*Rz +D*Vap*Rz +D^(2)*re*Ic*Rz -2*D*re*Ic*Rz +RL*Ic*Rz -Vap*Rz 
+s*( C*Rc*D*Vap*Rz +C*Rc*D^(2)*re*Ic*Rz -2*C*Rc*D*re*Ic*Rz +C*Rc*re*Ic*Rz -

C*Rc*Vap*Rz +L*Ic*Rz +RL*C*Rc*Ic*Rz ) 
+s^(2)*( L*C*Rc*Ic*Rz ) 
-------------------------------------- 
D^(2)*Rz +D*re -D^(2)*re -2*D*Rz +Rz +RL 
-s*( C*Rc*D^(2)*re -C*Rc*Rz -C*Rc*D^(2)*Rz -C*Rc*D*re +C*D^(2)*re*Rz +2*C*Rc*D*Rz -

RL*C*Rc -C*D*re*Rz -L -RL*C*Rz ) 
+s^(2)*( L*C*Rz +L*C*Rc ) 
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____________semisymbolic______________ 
Multip. Coefficient = -2.08395833333333E+0000 

-2.52831770024548E+0006 
 1.08447925711176E+0003 * s 
 1.00000000000000E+0000 * s^(2) 
-------------------------------------- 
 7.89234567901235E+0004 
 1.73621728395062E+0002 * s 
 1.00000000000000E+0000 * s^(2) 

_______________zeros__________________ 
-2.22222222222222E+0003 
 1.13774296511046E+0003 

_______________poles__________________ 
-8.68108641975308E+0001 + j  2.67184076335775E+0002
-8.68108641975308E+0001 - j  2.67184076335775E+0002

Získaný výsledek lze p¿epsat do symbolického a semisymbolického tvaru operátorového p¿enosu 
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Závislosti koeficient� polynom� v 
itateli b0, b1, b2 a ve jmenovateli a0, a1, a2 p¿enosu (12) na 
parametrech analyzovaného SpSSM jsou z¿ejmé z výsledkového textu v 
ásti „symbolic“. 

Je z¿ejmé, že uvedený p¿enos má dvã nuly, z nichž jedna leží v pravé 
ásti Gaussovy roviny 
komplexní promãnné. V d�sledku toho má analyzovaný zvyšovací SpSSM p¿i p¿enosu st¿ídy spínání 
do výstupního napãtí charakter dynamického 
lenu s neminimální fází. Dva komplexnã sdružené póly 
p¿enosu (12) jsou samoz¿ejmã stejné velikosti jako v p¿ípadã p¿enosu (9), takže daný SpSSM je i v 
tomto p¿ípadã stabilní. 

P¿echodová charakteristika, kterou vypo
ítá SAMD, má semisymbolický tvar 

___________step response______________ 
 6.67597309473158E+0001 
-6.88436892806491E+0001*exp(-8.68108641975308E+0001*t)*cos( 2.67184076335775E+0002*t) 
-2.94724498796548E+0001*exp(-8.68108641975308E+0001*t)*sin( 2.67184076335775E+0002*t), 

jemuž odpovídá matematický výraz 

( ) ( )737,22,267cos7488,06676,0
310.52,11 −+=

−−
teth

t

Uout
. (13) 

V nãm byly velikosti stejnosmãrné složky a amplitudy st¿ídavé složky stonásobnã zmenšeny, což 
odpovídá skokové zmãnã st¿ídy spínání o velikosti 0,01. Amplituda st¿ídavã složky je srovnatelná s 
velikostí stejnosmãrné složky. 

3.3 Stejnosm�rný mechatronický pohon se zvyšovacím spínaným m�ni�em 

Pro stejnosmãrný mechatronický pohon se zvyšovacím SpSSM je t¿eba vytvo¿it v editoru SAMDu dva 
obvodové modely, první pro p¿enos vstupního napãtí do výstupní rychlosti motoru a druhý pro p¿enos 
st¿ídy spínání do téže rychlosti. 

Pr�mãrovaný obvodový model stejnosmãrného mechatronického pohonu se zvyšovacím SpSSM 
pro p¿enos vstupního napãtí, vytvo¿ený schématickým editorem programu SAMD, je uveden na obr. 8. 
P¿edpokládá se, že pohon bude pracovat bu� naprázdno nebo zatížený ustáleným momentem 0,6 N m. 
Ekvivalentní rezistor re v pr�mãrovaném modelu spína
e s IŠM je v tomto p¿ípadã dán pouze 
sériovým ztrátovým odporem kondenzátoru RC. 
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Obr. 8 Obvodový model pohonu pro p�enos vstupního nap�tí do rychlosti 

Výsledky výpo
tu p¿enosu vstupního napãtí do výstupního rychlosti PMDC motoru, odpovídající 
p¿enosu typu effort-to-effort, poskytne SAMD v následujícím tvaru: 

_____________symbolic_________________ 
 -cF +D*cF 
-s*( C*Rc*cF -C*Rc*D*cF ) 
-------------------------------------- 
 -Ra*b +2*D*cF^(2) -D^(2)*Ra*b +2*D*Ra*b -D*re*b -cF^(2) -D^(2)*cF^(2) -RL*b +D^(2)*re*b 
+s*( 2*D*La*b -L*b -D*re*J -C*D*re*Ra*b +C*D^(2)*re*Ra*b -C*Rc*D*re*b 

+2*C*Rc*D*cF^(2) -D^(2)*La*b -C*D*re*cF^(2) -D^(2)*Ra*J +2*C*Rc*D*Ra*b -
C*Rc*D^(2)*cF^(2) +2*D*Ra*J +C*D^(2)*re*cF^(2) -La*b -C*Rc*D^(2)*Ra*b -
RL*C*cF^(2) -RL*C*Rc*b -C*Rc*cF^(2) +C*Rc*D^(2)*re*b +D^(2)*re*J -RL*J -
C*Rc*Ra*b -Ra*J -RL*C*Ra*b ) 

-s^(2)*( C*D*re*La*b -2*C*Rc*D*Ra*J +C*D*re*Ra*J -2*D*La*J +C*Rc*D^(2)*La*b -
C*D^(2)*re*La*b +D^(2)*La*J +C*Rc*D*re*J +C*Rc*Ra*J -C*Rc*D^(2)*re*J 
+RL*C*Ra*J +L*C*Rc*b +RL*C*Rc*J +L*J +L*C*cF^(2) -2*C*Rc*D*La*b +L*C*Ra*b 
+RL*C*La*b +C*Rc*D^(2)*Ra*J +C*Rc*La*b +La*J -C*D^(2)*re*Ra*J ) 

-s^(3)*( C*D*re*La*J +L*C*La*b +RL*C*La*J +L*C*Ra*J +C*Rc*La*J +L*C*Rc*J 
+C*Rc*D^(2)*La*J -C*D^(2)*re*La*J -2*C*Rc*D*La*J ) 

-s^(4)*( L*C*La*J ) 

____________semisymbolic______________ 
Multip. Coefficient =  4.50000000000000E+0007 

 2.22222222222222E+0003 
 1.00000000000000E+0000 * s 
-------------------------------------- 
 4.21352380952381E+0009 
 7.39698380952381E+0007 * s 
 3.09267738095238E+0005 * s^(2) 
 9.51985714285714E+0002 * s^(3) 
 1.00000000000000E+0000 * s^(4) 

_______________zeros__________________ 
-2.22222222222222E+0003 

_______________poles__________________ 
-6.30822885042182E+0002 
-1.22657996946038E+0002 + j  2.70221112370774E+0002
-1.22657996946038E+0002 - j  2.70221112370774E+0002
-7.58468353514534E+0001 

Získaný výsledek lze p¿epsat do symbolického a semisymbolického tvaru operátorového p¿enosu 
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Závislosti koeficient� polynom� v 
itateli b0, b1 a ve jmenovateli a0, a1, a2, a3, a4 p¿enosu (14) na 
parametrech analyzovaného SpSSM jsou z¿ejmé z výsledkového textu v 
ásti „symbolic“. 

Je z¿ejmé, že uvedený p¿enos má jednu nulu, dva reálné póly a dvojici komplexnã sdružených 
pól�. Všechny leží v levé 
ásti Gaussovy roviny komplexní promãnné. To znamená, že daný 
mechatronický stejnosmãrný pohon se zvyšovacím SpSSM je stabilní. 

Kromã toho SAMD poskytne též p¿echodovou charakteristiku v semisymbolickém tvaru 

___________step response______________ 
2.37331042900413E+0001 
 6.17522523926224E-0001*exp(-6.30822885042182E+0002*t) 
-3.05089075970093E+0001*exp(-7.58468353514534E+0001*t) 
 6.15828078304176E+0000*exp(-1.22657996946038E+0002*t)*cos( 2.70221112370774E+0002*t) 
-4.32643606343418E+0000*exp(-1.22657996946038E+0002*t)*sin( 2.70221112370774E+0002*t), 


emuž odpovídá matematický výraz  
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ttt

ω  (15) 

P¿echodová charakteristika tedy obsahuje kromã stejnosmãrné složky dvã aperiodické složky s ¿ádovã
odlišnými 
asovými konstantami τ 1= 1,59 ms a τ 2= 13,2 ms a exponenciálnã tlumenou st¿ídavou 
složku s 
asovou konstantou τ = 8,15 ms a s frekvencí f = 43 Hz. Dominantní složkou p¿echodové 
charakteristiky je aperiodická složka o velikosti 30,31 rad s-1, amplituda st¿ídavé složky p¿edstavuje 
cca 25 % velikosti dominantní složky. Navíc 
asová konstanta tlumení st¿ídavé složky je ve srovnání s 

asovou konstantou dominantní složky o nãco více než polovi
ní.Z toho vyplývá, že kmitání výstupní 
rychlosti je témã¿ zanedbatelné. O tom se lze v SAMDu snadno p¿esvãd
it zobrazením jejího 

asového pr�bãhu (pro úsporu místa není v tomto 
lánku uveden). 

Pro posuzování dynamických vlastností daného mechatronického pohonu je t¿eba znát i pr�bãh 
frekven
ní charakteristiky. Program SAMD nabízí jednak kmito
tovou charakteristiku ve tvaru 
Nyquistova diagramu a jednak ve tvaru logaritmických kmito
tových charakteristik (Bodeho 
diagramy). Na obr. 9 je uvedena logaritmická amplitudová frekven
ní charakteristika a na obr. 10 pak 
logaritmická fázová frekven
ní charakteristika pro p¿enos vstupního napãtí do výstupní rychlosti. 
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Obr. 9 Logaritmická amplitudová frekven�ní charakteristika pro p�enos vstupního nap�tí 
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Obr.10 Logaritmická fázová frekven�ní charakteristika pro p�enos vstupního nap�tí 

Linearizovaný pr�mãrovaný obvodový model stejnosmãrného mechatronického pohonu se 
zvyšovacím SpSSM pro p¿enos st¿ídy spínání, vytvo¿ený schématickým editorem programu SAMD, je 
uveden na obr. 11. Od modelu na obr. 8 se liší v tom, že byl použit 
ty¿pólový model spína
e s IŠM 
dle obr. 5b a jako vstup slouží „zdroj napãtí“ ozna
ený symbolem st¿ídy spínání d. 	íselné hodnoty 
parametr� linearizovaného spína
e s IŠM stejnã jako velikosti napãtí Uap, proudu Ic a zatãžovacího 
odporu Rz odpovídají zatãžovacímu momentu motoru 0,6 N m. 

Obr. 11 Linearizovaný obvodový model pohonu pro p�enos vstupního nap�tí do rychlosti 

Výsledky výpo
tu p¿enosu st¿ídy spínání do výstupní rychlosti PMDC motoru, odpovídající 
p¿enosu typu effort-to-effort, poskytne SAMD v následujícím tvaru: 

_____________symbolic_________________ 
 -re*Ic*cF -D*Vap*cF -D^(2)*re*Ic*cF +2*D*re*Ic*cF -RL*Ic*cF +Vap*cF 
-s*( C*Rc*D*Vap*cF +C*Rc*D^(2)*re*Ic*cF -2*C*Rc*D*re*Ic*cF +C*Rc*re*Ic*cF -

C*Rc*Vap*cF +L*Ic*cF +RL*C*Rc*Ic*cF ) 
-s^(2)*( L*C*Rc*Ic*cF ) 
-------------------------------------- 
2*D*Ra*b -cF^(2) -D^(2)*Ra*b -Ra*b -D*re*b +2*D*cF^(2) -D^(2)*cF^(2) -RL*b +D^(2)*re*b 
-s*( La*b +L*b +D*re*J1 +C*D*re*Ra*b -C*D^(2)*re*Ra*b +C*Rc*D*re*b +C*Rc*cF^(2) 

+D^(2)*La*b +C*D*re*cF^(2) +D^(2)*Ra*J1 +C*Rc*Ra*b +C*Rc*D^(2)*cF^(2) +Ra*J1 -
C*D^(2)*re*cF^(2) -2*D*La*b +C*Rc*D^(2)*Ra*b +RL*C*cF^(2) +RL*C*Rc*b -
2*C*Rc*D*cF^(2) -C*Rc*D^(2)*re*b -D^(2)*re*J1 +RL*J1 -2*C*Rc*D*Ra*b -2*D*Ra*J1 
+RL*C*Ra*b ) 

-s^(2)*( C*D*re*La*b +C*Rc*Ra*J1 +C*D*re*Ra*J1 +La*J1 +C*Rc*D^(2)*La*b -
C*D^(2)*re*La*b +D^(2)*La*J1 +C*Rc*D*re*J1 -2*C*Rc*D*Ra*J1 -C*Rc*D^(2)*re*J1 
+RL*C*Ra*J1 +L*C*Rc*b +RL*C*Rc*J1 +L*J1 +L*C*cF^(2) +C*Rc*La*b +L*C*Ra*b 
+RL*C*La*b +C*Rc*D^(2)*Ra*J1 -2*C*Rc*D*La*b -2*D*La*J1 -C*D^(2)*re*Ra*J1 ) 
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-s^(3)*( C*D*re*La*J1 +L*C*La*b +RL*C*La*J1 +L*C*Ra*J1 -2*C*Rc*D*La*J1 +L*C*Rc*J1 
+C*Rc*D^(2)*La*J1 -C*D^(2)*re*La*J1 +C*Rc*La*J1 ) 

-s^(4)*( L*C*La*J1 ) 

____________semisymbolic______________ 
Multip. Coefficient = -1.12533750000000E+0006 

-2.52618436691215E+0006 
 1.08543925711176E+0003 * s 
 1.00000000000000E+0000 * s^(2) 
-------------------------------------- 
 4.21352380952381E+0009 
 7.39698380952381E+0007 * s 
 3.09267738095238E+0005 * s^(2) 
 9.51985714285714E+0002 * s^(3) 
 1.00000000000000E+0000 * s^(4) 

_______________zeros__________________ 
-2.22222222222222E+0003 
 1.13678296511046E+0003 

_______________poles__________________ 
-6.30822885042182E+0002 
-1.22657996946038E+0002 + j  2.70221112370774E+0002
-1.22657996946038E+0002 - j  2.70221112370774E+0002
-7.58468353514534E+0001 

Získaný výsledek lze p¿epsat do symbolického a semisymbolického tvaru operátorového p¿enosu 

( ) ( )
( ) 9725324

632
6

01
2

2
3

3
4

4

01
2

2

10.214,410.397,710.093,310.52,9
10.256,210.085,110.125,1~ ++++

−+−=
++++

++==
ssss

ss
asasasasa

bsbsb
sd
ssKee

ω . (16) 

Závislosti koeficient� polynom� v 
itateli b0, b1, b2 a ve jmenovateli a0, a1, a2, a3, a4 p¿enosu (16) na 
parametrech analyzovaného SpSSM jsou z¿ejmé z výsledkového textu v 
ásti „symbolic“. 

Je z¿ejmé, že uvedený p¿enos má dvã nuly, z nichž jedna leží v pravé 
ásti Gaussovy roviny 
komplexní promãnné. V d�sledku toho má analyzovaný mechatronický pohon se zvyšovacím SpSSM 
p¿i p¿enosu st¿ídy spínání do výstupního rychlosti PMDC motoru charakter dynamického 
lenu s 
neminimální fází. Dva reálné póly a dvojice komplexnã sdružených pól� p¿enosu (16) jsou 
samoz¿ejmã stejné velikosti jako v p¿ípadã p¿enosu (14), takže daný SpSSM je i v tomto p¿ípadã
stabilní. 

P¿echodová charakteristika, kterou vypo
ítá SAMD, má semisymbolický tvar 

___________step response______________ 
 6.74687062067722E+0002 
 2.72965971705198E+0001*exp(-6.30822885042182E+0002*t) 
-9.25177733370800E+0002*exp(-7.58468353514534E+0001*t) 
 2.23194074132558E+0002*exp(-1.22657996946038E+0002*t)*cos( 2.70221112370774E+0002*t) 
-9.46482188129187E+0001*exp(-1.22657996946038E+0002*t)*sin( 2.70221112370774E+0002*t), 

jemuž odpovídá matematický výraz 

( ) ( )4011,02,2702,270cos424,2252,92730,0747,6
333 10.15,810.2,1310.59,1 −+−+=

−−−
−−−

teeeth
ttt

ω . (17) 

V nãm byly velikosti stejnosmãrné složky i obou aperiodických složek a amplitudy st¿ídavé složky 
stonásobnã zmenšeny, což odpovídá skokové zmãnã st¿ídy spínání o velikosti 0,01. Dominantní 
složkou p¿echodové charakteristiky je v tomto p¿ípadã aperiodická složka o velikosti 9,252 rad s-1, 
amplituda st¿ídavé složky p¿edstavuje cca 26 % velikosti dominantní složky. Navíc 
asová konstanta 
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tlumení st¿ídavé složky je ve srovnání s 
asovou konstantou dominantní složky o nãco více než 
polovi
ní. Z toho vyplývá, že kmitání výstupní rychlosti je témã¿ zanedbatelné. O tom se lze v 
SAMDu snadno p¿esvãd
it zobrazením jejího 
asového pr�bãhu (pro úsporu místa není v tomto 

lánku uveden). 

Pro posuzování dynamických vlastností daného mechatronického pohonu p¿i p¿enosu st¿ídy 
spínání do výstupní rychlosti je t¿eba znát i pr�bãhy frekven
ní charakteristiky pro chod naprázdno a 
pro chod se zatížením momentem 0,6 N m. Na obr. 12 jsou uvedeny logaritmické amplitudové 
frekven
ní charakteristiky a na obr. 13 pak logaritmické fázové frekven
ní charakteristiky pro p¿enos 
st¿ídy spínání do výstupní rychlosti a uvedená zatížení.  
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Obr. 12 Logaritmické amplitudové frekven�ní charakteristiky pro p�enos st�ídy spínání 
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Obr. 13 Logaritmické fázové frekven�ní charakteristiky pro p�enos st�ídy spínání 

Z pr�bãh� jak amplitudové tak i fázové frekven
ní charakteristiky pro p¿enos st¿ídy spínání je 
patrné, že jejich tvary závisí na zatížení motoru. U amplitudové charakteristiky je z¿ejmé, že p¿i 
zatížení motoru je frekvence, p¿i které tato charakteristika prochází nulou vyšší než p¿i chodu 
naprázdno a navíc se zmenšuje její strmost. Fázová charakteristika vykazuje p¿i vyšších frekvencích 
nulový fázový posuv. 

Výše uvedenými postupy byly zjištãny a analyzovány p¿enosy vstupního napãtí a st¿ídy spínání do 
výstupní rychlosti pohonu. Podobnã lze v p¿ípadã pot¿eby zjiš`ovat a analyzovat p¿enosy obou 
uvedených veli
in nap¿. do výstupního napãtí zvyšovacího SpSSM nebo do proudu kotvy PMDC 
motoru p¿esunutím výstupního bloku Out v obvodových modelech mezi p¿íslušné uzly nebo do 
p¿íslušné vãtve a volbou typu p¿enosu typu effort-to-flow pro p¿ípad výpo
tu p¿enos� do proudu kotvy 
PMDC motoru. 

Mz = 0,6 N m

Mz = 0 N m

Mz = 0,6 N m

Mz = 0 N m
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4. Záv�r 

V p¿íspãvku je na p¿íkladu ak
ního 
lenu mechatronického stejnosmãrného pohonu, tvo¿eného 
zvyšovacím SpSSM a PMDC motorem ukázáno, jakým zp�sobem lze pomocí programu SAMD 
analyzovat jeho základní dynamické vlastnosti p¿i p¿enosu vstupního napãtí a p¿i p¿enosu st¿ídy 
spínání do výstupní rychlosti motoru, které jsou výchozím podkladem pro návrhy p¿ímého nebo 
zpãtnovazebního ¿ízení a regulace celého pohonu. Ukázalo se, že vzhledem ke snadnosti vytvá¿ení 
ú
elovã orientovaných obvodových model� v grafickém editoru uvedeného programu, vycházejících v 
p¿ípadã elektrických a elektronických obvod� z jejich obvodových schémat a v p¿ípadã mechanických 

ástí z obdobných ekvivalentních schémat, a vzhledem ke snadnosti formulace p¿íslušných p¿enos� lze 
považovat program SAMD za významný p¿íspãvek k analýzám projektovaných nebo již realizovaných 
mechatronických pohon�. 
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SIMULATION OF FLIGHT CONTROL OF A HUMMINGBIRD LIKE
ROBOT NEAR HOVER

M. Karásek, A. Preumont *

Abstract: Interest in Micro Air Vehicles (MAVs) capable of hovering is gradually increasing because they
can be a low-cost solution for security applications or remote inspection. Much research has centred on
designs inspired by insects and hummingbirds, where the propellers are replaced by flapping wings. It
is assumed that that flapping wings improve, at small scales, both manoeuvrability and energy efficiency.
This numerical work based on quasi-steady aerodynamics applies to a hummingbird robot with a pair of
flapping wings and a 12 cm wingspan. We construct a control derivatives matrix that estimates the effect
of each wing kinematics parameter on the cycle averaged wing forces and forms the key stone of the flight
controller. We implement the controller in a simulation model with rigid body dynamics and ”continuous”
(i.e. not averaged) aerodynamics. The simulation results show that the controller stabilizes the robot
attitude and controls the flight in 4 DOF (translation in any direction + yaw rotation) by modifying only 2
wing kinematic parameters per wing - the flapping amplitude and the mean wing position. Other control
parameters are possible. Thus, various mechanical design solutions can be studied in the future.

Keywords: Micro Air Vehicle, flapping wings, control.

1. Introduction

Micro Air Vehicles (MAVs) are small flying robots with remote or autonomous operation designed to
fly indoors or outdoors. They are being used by private companies as well as law enforcement units for
aerial photography, terrain reconnaissance and video surveillance. A vast majority of MAVs is based on
fixed and rotary wings.

MAVs with flapping wings have been researched intensively during recent years. These bio-inspired
designs mimicking hummingbirds and insects are believed to combine energy efficient lift production,
capability of hovering flight and high maneuverability. First successful flapping wing MAVs had drag-
onfly morphology (de Croon et al., 2009), see Fig. 1 left. Nano Hummingbird (Keennon et al., 2012)
is the first man-made flapping wing MAV to take-off, hover and fly in any direction. The researchers
managed to integrate avionics, flapping and control mechanisms and a battery sufficient for 11 min flight
into a robot of 19 g with 16.5 cm wingspan (Fig. 1 right).
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Fig. 1: Examples of MAVs with flapping wings

Characteristic features of flapping flight include high flapping frequencies (from 15 Hz in large hum-
mingbirds to hundreds of Hz in insects) and high angles of attack. The aerodynamic mechanisms of
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flapping wings responsible for high lift production were described in (Sane, 2003; Shyy et al., 2010).
Studies on flapping flight stability and control mechanisms, recently reviewed by (Orlowski & Girard,
2012), show that the flapping flight is naturally unstable. It is controlled by modifications of wing trajec-
tory.

Many simulations of flapping flight have been carried out, the majority of them uses quasi-steady
aerodynamics derived from thin airfoil theory using blade elements theory (Sane & Dickinson, 2002).
Various control approaches were successfully used: pseudo-inverse allocation + PID (Orlowski et al.,
2010), output-feedback LQR (Deng et al., 2006a,b), back-stepping and feedback linearization (Rako-
tomamonjy et al., 2010) or Central Pattern Generator control that mimicks spinal cords (Chung &
Dorothy, 2010).

In this numerical work, based on quasi-steady aerodynamics and rigid body dynamics, we present a
control strategy that is similar to cascade control of quadrocopters (Michael et al., 2010). Flight is con-
trolled in 4 DOF (any direction + turning); vertical flight and turning is controlled directly, while flight
forward/backward and sideways is achieved by body pitching and rolling respectively. We parametrize
the wing kinematics and study the effect of each parameter on cycle averaged forces and moments gen-
erated by the wing. From the results we construct a control derivatives matrix (similar to (Doman et al.,
2010)), that is used to transform the control forces/moments into wing motion changes. We discuss the
selection of control parameters as these are crucial for design of wing mechanism in future robot. Finally
we test the control performance with a selected set of control parameters in simulation.

2. Mathematical model

2.1. Wing motion

Motion of a flapping wing can be described by 3 angles (Fig. 2): sweep angle φ, deviation angle δ and
wing inclination angle α∗. They are measured from the mean stroke plane, which is inclined from the
body horizontal plane xByB by Θ.

Fig. 2: Wing motion angles: sweep angle φ, deviation angle δ and inclination angle α∗

In the current study we assume harmonic motion in all three DOFs according to equations

φ = φ0 + φmcos(2πft)

α∗ = α0 + (π/2− αm)sin(2πft− ϕα)

δ =

{
δm1sin(2πft)
δm2sin(4πft)

(1)

where t is time. The motion is parameterized by 9 parameters (Fig. 3): flapping frequency f , mean
stroke plane angle Θ, sweep angle amplitude φm and offset φ0; inclination angle amplitude αm, offset
α0 and phase shift ϕα; deviation angle amplitude δm1 (resulting into an oval trajectory) or δm2 (resulting
into a ”figure 8” trajectory).

2.2. Quasi-steady aerodynamics

We use quasi steady approach (Sane & Dickinson, 2002) to model the forces generated by flapping
wings. The wing is assumed to be flat and rigid. The model was derived from steady flow thin airfoil
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Fig. 3: Wing motion angles: sweep angle φ, deviation angle δ and angle of attack α

theory using blade element theory. Experimentally obtained force coefficients published by (Dickinson
et al., 1999) include, at least partially, the effects of ”unsteady” flow mechanisms typical for flapping
flight.

We consider two force components: translational force and rotational force. Because they result
mainly from pressure field distribution around the wing they are placed to the center of pressure (CP).
We neglect the effect of added mass inertia of the surrounding fluid (virtual mass force) as its contribution
to the total force is very small.

The necessary wing geometry parameters are displayed in Fig. 4, definitions are given in (Ellington,
1984). S is the surface of a single wing, R is the wing length, c is the mean chord length, r̂ = r/R is
non-dimensional position of a wing blade and ĉ = c/c is the normalized chord length, x̂0 is the non-
dimensional position of the rotational axis. Similar to other studies we assume the center of pressure (CP)
is located, in chord-wise direction, at the rotational axis. The span-wise CP location RCP is determined
by the product of wing length R and the radius of second moment of inertia r̂2.
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Fig. 4: Wing geometry parameters

According to (Deng et al., 2006a) the total force can be expressed, in normal and tangential direction
of the wing, as

FT,tr = 0.5ρSU2
CPCT (α)

FN,tr = 0.5ρSU2
CPCN (α) + π

(
3

4
− x̂0

)
ρα̇

UCP

r̂2
c2R

∫ 1

0
r̂ĉ2(r̂)dr̂ (2)

where ρ is the air density and CN (α) and CT (α) are the force coefficients given as a function of angle
of attack α by expressions

CN (α) = 3.4 sin(α)

CT (α) =

⎧⎨⎩
0.4 cos2(2α) 0 ≤ |α| < π

4
0 π

4 ≤ |α| < 3π
4

−0.4 cos2(2α) 3π
4 ≤ |α| < π

(3)

2.3. Center of pressure velocity and angle of attack

To express the CP velocity we introduce three coordinate frames: global frame G, body-fixed frame B
and wing-fixed frame W. They are displayed in Fig. 5. A left superscript is used to indicate the frame in
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which a vector or matrix is expressed. The CP velocity is a resultant of body absolute motion (velocity
vGB, angular velocity ωGB) and the wing rotation around the body (angular velocity ωBW). Using the
simultaneous motion theory we can express the velocity of CP in W frame as

WvGCP =RWB

(
BvGB + BωGB × BrBCP

)
+ WωBW ×WrWCP (4)

where rWCP and rBCP is the CP position in the wing frame and in the body frame respectively. RWB

is the matrix of rotation from wing frame to body frame (given by wing position angles φ, δ and α∗).
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Fig. 5: Coordinate frames and center of pressure velocity
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Fig. 6: Angle of attack in various situations

The angle of attack is measured between the wing chord and the velocity vector of the wing. Since
not only the magnitude but also the direction of CP velocity changes, the aerodynamic angle of attack is
also affected as can be seen in Fig. 6. Situations, where angle of attack is negative or greater than 90◦
are also sketched. The magnitude of the CP velocity vector in xWzW plane of the wing is

UCP =
√

W v2GCPx +
W v2GCPz (5)

According to Fig. 6 the angle of attack can be computed as

α = atan2(−W vGCPz,−W vGCPx) (6)

where the atan2 function returns values between −π and π.

2.4. Body dynamics

The dynamics of the flying robot can be described, under rigid body assumption, by Newton-Euler mo-
tion equations. Similar to an aircraft (e.g. (Padfield, 2007)) we obtain 12 ordinary differential equations
with 12 unknown coordinates - velocity (u, v, w), angular velocity (p, q, r), position (x, y, z) and orien-
tation expressed by Roll-Pitch-Yaw angles (ϕ, ϑ, ψ) - see Fig.7. By omitting the equations for position
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and heading (yaw) angle ψ the system is reduced to 8 equations

u̇ = − (wq − vr) +X/m+ g sinϑ

v̇ = − (ur − wp) + Y/m− g cosϑ sinϕ

ẇ = − (vp− uq) + Z/m− g cosϑ cosϕ

Ixxṗ = (Iyy − Izz) qr + Ixz (ṙ + pq) + L

Iyy q̇ = (Izz − Ixx) pr + Ixz
(
r2 − p2

)
+M

Izz ṙ = (Ixx − Iyy) pq + Ixz (ṗ− qr) +N

ϕ̇ = p+ q sinϕ tanϑ+ r cosϕ tanϑ

ϑ̇ = q cosϕ− r sinϕ (7)

where m is the body mass. Ixx, Iyy, Izz and Ixz are the non-zero moments and product of inertia in body
frame (products Ixy and Iyz are both zero due to body symmetry). Aerodynamic forces and moments
are represented by vectors (X,Y, Z) and (L,M,N) respectively.

	�

��

��
���



���

���

�
����

�
����

�
����

&�

Fig. 7: Definition of body coordinates

We transform the wing forces (2) into body frame as follows

[X,Y, Z]T =
∑
i

[Xi, Yi, Zi]
T =

∑
i

RBWi [FT i, 0, FNi]
T (8)

[L,M,N ]T =
∑
i

BrBCPi
× [Xi, Yi, Zi]

T (9)

where index i stands for the left and the right wing. RBW is the transformation matrix from B frame to
W frame (RBW = RWB

T ) and BrBC is the CP (force application point) position expressed in the body
frame as

BrBC = BrBW +RBW
WrWCP (10)

with BrBW = [±w/2, 0, l1]T defining the position of the right/left wing base in the body frame and
WrWCP = [0,±RCP , 0]

T defining the CP position inside the right/left wing frame.

2.5. System linearization

The mathematical model introduced in previous sections is nonlinear and was used in simulations. For
control design a linear model is preferred.

The system dynamics (7) include aerodynamic forces and moments (8-9) that are functions of wing
motion parameters p = [f,ΘL, φmL, φ0L, αmL, α0L, ϕαL, δm1L, δm2L,ΘR, · · · , δm2R]

T , system state
x = [u, v, w, p, q, r, ϕ, ϑ]T and time t. Assuming the flapping frequency is much higher than the band-
width of the system, the aerodynamic forces can be replaced by their cycle averaged values (mean values
over one wingbeat), e.g.

X =

∫ 1
f

0
X(x,p, t)dt = X(x,p) (11)
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that depend only on x and p. We use small perturbation theory to rewrite the states and wing motion
parameters as

x = xe + δx, p = pe + δp (12)

where subscript e signifies the equilibrium values and δ is the perturbation. We approximate the aerody-
namic forces and moments by the linear terms of Taylor’s expansion. For force in x-axis we obtain

X(x,p) = Xe(xe,pe) +

6∑
i=1

∂X

∂xi
δxi +

n∑
j=1

∂X

∂pj
δpj (13)

where Xe is the cycle averaged force generated in equilibrium and n is number of wing kinematic pa-
rameters. The terms of the first summation are the derivatives with respect to body velocities and angular
velocities called the stability derivatives. If taken with an opposite sign they represent aerodynamic
damping. The second summation terms are the derivatives with respect to changes in wing motion. They
are called the control derivatives. Further the overbar notation for cycle averages is dropped and the
notation of the derivatives is shortened in the following manner

∂X

∂u
= Xu ,

∂X

∂v
= Xv , . . . ,

∂X

∂f
= Xf ,

∂X

∂Θ
= XΘ , . . . (14)

In this study we consider only near hover flight. Thus, all the equilibrium states are zero (ue = ve =
we = pe = qe = re = ϕe = ϑe = 0) and the perturbed states are equal to their absolute values (δx = x).
The wing motion parameters pe must ensure the trim: the z-force must be in balance with the gravity
force (Ze = mg), while the remaining forces and moments need to be zero (Xe = Ye = Le = Me =
Ne = 0).

First we suppose the wing kinematics does not change (δp = 0). Instead, we assume we can apply
an arbitrary external force or moment on the body. According to previous works on passive stability
(Taylor & Thomas, 2002; Taylor et al., 2003; Zhang & Sun, 2010) as well as to our results there exists no
aerodynamic coupling between the longitudinal and lateral system. By neglecting second order terms,
we can rewrite the equations as two linear subsystems represented in state space as[

u̇, ẇ, q̇, ϑ̇
]T

= Along [u,w, q, ϑ]
T +Blong[X,Z,M ]T

[v̇, ṗ, ṙ, ϕ̇]T = Alat [v, p, r, ϕ]
T +Blat[Y, L,N ]T (15)

where the system and control matrices, A and B, are expressed as

Along =

⎡⎢⎢⎢⎣
Xu
m

Xw
m

Xq

m g
Zu
m

Zw
m

Zq

m 0
Mu
Iyy

Mw
Iyy

Mq

Iyy
0

0 0 1 0

⎤⎥⎥⎥⎦ , Alat =

⎡⎢⎢⎢⎣
Yv
m

Yp

m
Yr
m −g

LvIzz+NvIxz
IxxIzz−I2xz

LpIzz+NpIxz
IxxIzz−I2xz

LrIzz+NrIxz
IxxIzz−I2xz

0
LvIxz+NvIxx
IxxIzz−I2xz

LpIxz+NpIxx
IxxIzz−I2xz

LrIxz+NrIxx
IxxIzz−I2xz

0

0 1 0 0

⎤⎥⎥⎥⎦

Blong =

⎡⎢⎢⎢⎣
1
m 0 0

0 1
m 0

0 0 1
Iyy

0 0 0

⎤⎥⎥⎥⎦ , Blat =

⎡⎢⎢⎢⎣
1
m 0 0

0 Izz
IxxIzz−I2xz

Ixz
IxxIzz−I2xz

0 Ixz
IxxIzz−I2xz

Ixx
IxxIzz−I2xz

0 0 0

⎤⎥⎥⎥⎦ (16)

In the following section a controller will be designed, assuming the external forces and moments as
inputs. In reality, these will be generated by the wings. From the approximation in (13) we can write a
relation between cycle averaged forces/moments and modifications of wing kinematics parameters Δp
as

[X,Y, Z, L,M,N ]T = JΔp (17)
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where J is the matrix of control derivatives defined as

J =

⎡⎢⎢⎢⎣
Xp1 Xp2 · · · Xpn

Yp1 Yp2 · · · Ypn
...

...
. . .

...
Np1 Np2 · · · Npn

⎤⎥⎥⎥⎦ (18)

The kinematic parameters modifications that should produce desired forces/moments are estimated by a
pseudoinverse of the previous relation

Δp = J+[X,Y, Z, L,M,N ]T (19)

3. Control design

In the previous section we have presented the complete mathematical model which is necessary to per-
form an open loop simulation. The next task is to develop a 4DOF flight controller, allowing us to fly
foreward/backward, up/down and sideways and to steer by changing the heading angle. As we show
further the system itself is unstable. Thus, the controller also needs to stabilize the attitude.

This section applies to a robot with wing and body properties of a typical hummingbird (Tab.1,2).
We take the mass of a ruby-throated hummingbird (Chai et al., 1996) and estimate the inertia and wing
base position according to a simplified 3D model in Catia with typical body dimensions. We used Matlab
image processing to obtain the wing geometry parameters from an image of a real hummingbird wing
profile (Fig. 8). Wing kinematic parameters for equilibrium (i.e. hover) pe are in Tab. 3. They were
chosen to satisfy the trim condition with a relative error below 0.5% while being close to real animal
observations (Tobalske et al., 2007).

Tab. 1: Aerodynamic parameters

R (mm) c (mm) S (mm2) x̂0 (-)
∫ 1
0 r̂ĉ2(r̂)dr̂ (-) r̂2 (-) ρ (kg.m-3)

48 12.7 611 0.25 0.428 0.492 1.2

Tab. 2: Body parameters

m (g) Ixx (g.mm2) Iyy (g.mm2) Izz (g.mm2) Ixz (g.mm2) l1 (mm) w (mm)

4.32 492 557 411 -220 10 14

Fig. 8: Hummingbird wing profile

3.1. System matrices

We evaluate the stability derivatives in hover as follows. We keep the wing kinematics constant and sym-
metric for both wings (pe). We pick several values of one of the velocities from a defined neighborhood
around zero while keeping the others in zero. In each case we calculate the vector of cycle averaged
forces and moments in body frame. The relationships between the averaged forces/moments and the
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Tab. 3: Wing kinematics for hover

f (Hz) Θ (◦) φm (◦) φ0 (◦) αm (◦) α0 (◦) ϕα (◦) δm1 (◦) δm2 (◦)

48 0 70 0 30 0 0 0 0

varying velocity can be plotted - the derivatives are represented by a tangent to the curves in the origin.
We proceed similarly to get the derivatives with respect to the remaining velocities. We find out that
many of them are zero, so we only keep Xu, Xq, Yv, Yp, Zw, Lv, Lp, Mu, Mq and Nr. This justifies
splitting the system into longitudinal and lateral part. It further reveals that vertical translation and yaw
rotation are aerodynamically decoupled from the remaining motions.

The expressions in the system matrices reduce to

Along =

⎡⎢⎢⎢⎣
Xu
m 0

Xq

m g

0 Zw
m 0 0

Mu
Iyy

0
Mq

Iyy
0

0 0 1 0

⎤⎥⎥⎥⎦ , Alat =

⎡⎢⎢⎢⎣
Yv
m

Yp

m 0 −g
LvIzz

IxxIzz−I2xz

LpIzz
IxxIzz−I2xz

NrIxz
IxxIzz−I2xz

0
LvIxz

IxxIzz−I2xz

LpIxz
IxxIzz−I2xz

NrIxx
IxxIzz−I2xz

0

0 1 0 0

⎤⎥⎥⎥⎦ (20)

In the longitudinal system a vertical motion is fully decoupled from the rest. In the lateral system all
three motions are coupled. While the sideways motion and roll are coupled aerodynamically, yaw and
roll are coupled due to non-zero inertia product Ixz . Thus, it would be possible to avoid this coupling by
designing a robot with mass distribution that would be symmetrical around all the three body axes.

Calculation of system poles gives results that are in accordance with previous stability studies (re-
viewed in (Orlowski & Girard, 2012)). Both systems, longitudinal and lateral, have similar pole structure
resulting into one unstable oscillatory natural mode and two (fast and slow) stable natural modes and need
to be stabilized.

3.2. Control strategy

We have shown in the preceding section that the system can be split into 3 decoupled subsystems -
longitudinal dynamics (u,q), vertical dynamics (w) and lateral + yaw dynamics (v,p,r). Moreover, lateral
and yaw dynamics are coupled by inertia product Ixz - there is no aerodynamic coupling. We can take an
advantage of this decoupling and use a decentralized cascade control strategy similar to quadrocopters
(Michael et al., 2010). The controller is formed by two loops. An inner loop is stabilizing the attitude
(roll ϕ and pitch ϑ) by respective moments L, M . An outer loop controls the flight. Flying up/down
and turning is controlled directly by Z force and N moment. Forwards/backwards and sideways flight is
controlled indirectly by body inclination around pitch and roll axis. The controller scheme is in Fig. 9.
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Fig. 9: Cascade control: the inner loop controls attitude, the outer loop controls velocity
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Since we develop the controller for a cycle averaged linear system, the best performance is achieved
with a discrete design. The sampling frequency is equal to the flapping frequency. The attitude in the
inner loop, ϕ and θ, is controlled by a pair of lead compensators. The velocities in the outer loop, u, v,
w and r, are controlled by 4 PI controllers. The control gains were tuned for the linearized system (15)
using standard techniques.

3.3. Control derivatives

The forces from the controller are transformed into wing motion by the control derivatives matrix (18).
We compute the control derivatives in nearly the same way as the stability derivatives. Since we are
around hover we keep the body velocities and angular velocities zero. We chose one parameter, pi,
that we will vary around its equilibrium pei. All the other parameters are kept in equilibrium pe. We
evaluate the cycle averaged forces and moments for each value. If we plot the averaged forces/moments
as a function of the selected parameter, the control derivatives are given by the slopes of tangents to the
resulting curves in pei.

We split the results into two parts. When applying the wing kinematic changes symmetrically on
both wings (subscript S) only the longitudinal system forces and moment (X , Z and M ) are modified.
The linearized relationship can be written as

[X,Z,M ]T = JS [fS , φmS , φ0S , αmS , α0S , ϕαS , δm1S , δm2S ,ΘS ]
T (21)

To see the importance of each parameter we divide the row belonging to moment by characteristic length
RCP . The normalized matrix, with units N/Hz or N/◦, is evaluated as

ĴS =

⎡⎣
φmS φ0S αmS α0S ϕαS δm1S δm2S ΘS fS

X 0 0.212 0 −1.07 0 0.107 0 −0.739 0
Z 1.21 0 0.446 0 −0.248 0 1.18 0 1.77
M

RCP
0 −0.519 0 −0.240 0 0.702 0 −0.192 0

⎤⎦ (22)

For asymmetric changes of wing kinematics (subscript A) only the lateral system force and moments
(Y , L and N ) are affected. We get

[Y, L,N ]T = JA [φmA, φ0A, αmA, α0A, ϕαA, δm1A, δm2A,ΘA]
T (23)

where the control derivatives matrix, normalized as above, is

ĴA =

⎡⎣
φmA φ0A αmA α0A ϕαA δm1A δm2A ΘA

Y −0.288 0 0.0956 0 0.401 0 −0.136 0
L

RCP
−1.03 0 −0.615 0 0.176 0 −1.76 0

N
RCP

0 0.0628 0 −1.63 0 0.0317 0 −0.828

⎤⎦ (24)

By studying the matrices above we can identify two groups of parameters according to their effect
on generated forces and moments. The first group includes flapping frequency f , sweep amplitude φm,
angle of attack amplitude αm, phase shift ϕα and amplitude of figure eight-like deviation δm2. If we
modify these parameters symmetrically on both wings, we control the vertical force Z. If we modify
these parameters, excluding the flapping frequency, asymmetrically (with positive sign on left wing and
with negative sign on right wing) we modulate the L moment (roll) and Y force.

The second group includes sweep angle offset φ0, angle of attack offset α0, amplitude of oval-like
deviation δm1 and mean stroke plane inclination Θ. Symmetric changes of these parameters result into
M moment (pitch) and X force modulation. Same parameters taken asymmetrically modify the yaw
moment N .

3.4. Choice of control parameters

In the real robot design the number of parameters needed to control the flight needs to be minimized.
The matrices (22) and (24) show, that we only need two parameters per wing to generate independently
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the four control forces/moments Z, L, M and N . While this approach leaves us no control of the ”par-
asite” forces X and Y , it allows a simpler design of the future robot wing motion mechanism. Another
parameter per wing is necessary to assure that X and Y is zero. However, when tested in simulation
the controller performance decreased compared to the simpler two parameter per wing controller. Our
explanation is that the additional constraints actually reduce the effect of the parameter change on the
control force/moment.

For the selected pair of parameters p1, p2 we construct a reduced control derivatives matrix

Jred =

⎡⎢⎢⎣
Zp1L Zp1R Zp2L Zp2R
Lp1L Lp1R Lp2L Lp2R
Mp1L Mp1R Mp2L Mp2R
Np1L Np1R Np2L Np2R

⎤⎥⎥⎦ (25)

Finally, we transform the control forces/moments into wing kinematic parameters as

[p1L, p1R, p2L, p2R]
T = Jred

−1[X,L,M,N ]T (26)

There are many possible choices of the two control parameters. Since we ”ignore” the effect on
X and Y forces, full rank of the reduced control derivatives matrix Jred does not guarantee successful
control. Moreover we base the control design on the linearized model, while the original system is
nonlinear. This requires that the control performance of each combination needs to be tested in nonlinear
simulation. In the real robot the final choice of the control parameters will also be constrained by the
feasibility of the wing control mechanism design of each choice.

In the next section we present results for φm and φ0 chosen as control parameters. Their effects on
generated force/moments are sketched in Fig. 10.
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Fig. 10: Control force and moments generated through wing kinematics parameters φm and φ0

4. Simulation results

We evaluated the controller performance by simulations in Matlab/Simulink. The simulation model
included nonlinear models of aerodynamics and 6 DOF body dynamics, as described in chapters 2.1.-
2.4.. The simulation results are presented for two test trajectories in the four controlled DOFs (velocities
u,v,w, angular velocity r). The flight was controlled by the sweep angle amplitude φm and sweep angle
offset φ0.

In the first trajectory we applied a step command in each DOF, one after another, to show the control
performance in each single DOF with the coupling effects with the rest of the nonlinear system. The
results are in Fig. 11 left. We observe that the longitudinal and vertical dynamics are decoupled from the
rest of the system, as indicated by the linearized model. The high frequency oscillation is caused by the
pulsating forces due to flapping motion, however the mean values are closely following the linear results.
The lateral dynamics and yaw dynamics are coupled, as predicted by the linearization. The control
performance in lateral direction is worse than expected, but the system remains stable. The flapping
oscillation in lateral and yaw system occurs only when the wing kinematics differs between the wings,
but again the mean value follows the command.

The time behavior of the control parameters shows that the necessary changes in wing kinematics
are very small. Although the control parameters should be zero in hovering flight according to linearized
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Fig. 11: Step response: step commands one after another for each controlled DOF (left), all step com-
mands at once (right)

model, we observe that sweep amplitude φm is approximately -1◦ when all commands are zero. The
explanation is that the flapping motion induces a body oscillation that changes the velocity of the wing
and subsequently also the angle of attack. This results into slight increase of the cycle averaged lift force
that is then compensated by decreasing the sweep amplitude.

The control parameter peaks during the step commands are all below 5◦ and could be further de-
creased if the controller was tuned less aggressively. The only exception is the rotation around yaw axis
(step in r) during which the sweep offset φ0 remains relatively high (but still below 5◦). This is however
in accordance with the control derivatives matrix (24), where we can see that the effect of φ0 on yaw
moment R is relatively low. A more effective parameter for yaw control may be chosen in future.

In the second trajectory the step command was sent to all the DOFs at once to reveal any control
cross-coupling effects and evaluate the potential decrease of control performance. We can see in Fig.
11 right that apart from slight increase of transition times there is no significant change in the overall
performance and also the control parameters remain in a similar range.

Karásek M. Preumont A. 617



5. Conclusions

In this paper we presented a simulation model of a hummingbird sized tailless flapping-wing flying robot.
The mathematical model was based on rigid body dynamics and quasi steady aerodynamics.

First, we showed by employing system linearization and cycle averaging techniques that the system is
decoupled and can be split into separate subsystems for vertical, longitudinal and lateral+yaw dynamics.

Then we parameterized the wing motion and studied the effect of each parameter on the cycle aver-
aged forces. From the results we built a control derivatives matrix. We showed, that the parameters can
be split into two groups. The first group parameters can produce a lift force, when changes are applied
symmetrically on both wings, and a roll moment, when applied asymmetrically. The second group pa-
rameters produce pitch or yaw moments when being modified symmetrically or asymmetrically. Thus,
to generate the necessary control force and moments only two wing parameters per wing are neces-
sary. Several choices of the control parameters are possible. The control derivatives matrix was used to
transform the control forces and moments into wing motion changes.

Finally, the controller was implemented into the simulation model and tested. We chose sweep (flap-
ping) amplitude and sweep offset (mean wing position) as the control parameters. The controller showed
good performance with almost no cross-coupling effects. Apart from lateral dynamics, the nonlinear
system response was almost identical with the one of the linearized system. The control performance
in sideways flight is decreased, yet still acceptable. The linear approximation of non-linear behavior of
lateral dynamics seems to be less precise. A better control of lateral direction flight might be searched in
the future.

The results of this study will be further used in the development of the flapping wing robot. We
have shown that several choices of the two control parameters are possible. An implementation of these
parameters into mechanical design of the robot will be researched in future.
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DEPENDENCE OF SALTATION PARAMETERS ON BED 
ROUGHNESS AND BED POROSITY 

I. S. Kharlamova*, P. Vlasák** 

Abstract: In numerical models of bed load transport a bed structure of channel could be described by 
two parameters, a size of bed particles and a standard deviation of normal distribution of bed particles in 
the vertical direction. The present paper deals with the effect of bed parameters on average length and 
height of one jump of saltating particle. A new formula was proposed for bed roughness based on size 
and standard deviation of the normal distribution of the bed particles. The dependences of length and 
height of the jump on the diameter of the saltating and bed particles were determined for different 
variation of vertical distribution of the bed particles. 

Keywords: Saltation parameters, saltation length, saltation height, bed structure, normal distribution 
of bed particles, bed roughness. 

1. Introduction 

Saltation is a type of bed-load transport of solid particles in natural channels. During saltation the 
conveyed particles move along rough bed periodically jumping and colliding with bed particles. 
Parameters of motion of solid particles and its behaviour depend significantly on bed structure.  

The goal of the present paper is to find a dependence of average parameters of saltation motion, 
such as length and height of one jump, on size of bed particles and on their vertical distribution with 
respect to the bed plane.  

Present research is conducted on the base of simulation models of motion of spherical particles in 
the channel with rough bed, (Lukerchenko et al., 2009).  

2. Bed geometry  

The present investigation is an extension of the preceding one, in which a model of rough bed was 
presented (Kharlamova et al., (2011). Saltating particle during its motion collides with bed particles. 
The bed particles are grouped on the bed in small areas, which are appearing exactly in that place 
where saltating particle tent to lend. All bed particles are spherical grains of the same size; the size can 
be the same or different from the size of saltating particle. Bed particles are organized in particular 
ways in horizontal and vertical directions. Projections of all particles onto horizontal plane touch each 
other forming a compact hexagonal lattice, Fig. 1a. In vertical direction the bed particles are 
distributed along y-axis according to Gaussian distribution with standard deviation } around mean bed 
level, Fig. 1b. After collision of the saltating particle with a bed particle the bed particle remains in the 
same position, while the saltating particle after some energy dissipation continues its motion in the 
stream. The process of particle's motion continues in such a way until the saltating particle gets stuck 
into the space between bed particles or until it performs a given numbers of jumps.  

The above mentioned bed model allows changing size of bed particles and their vertical 
distribution around given bed level, it means change of the bed structure. Thickness of bed layer and 
its porosity can be controlled by stochastic distribution of bed particles around mean bed level and by 
their size. 
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e-mail: kharlamova@ih.cas.cz 
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a) b) 

Fig. 1. Bed structure in the present model: a) in the x-z plane particles form a compact hexagon; 
b) examples of distribution of bed particles along y-axis with Gaussian distribution with standard 

deviation ³ = db/3 around mean bed level. 

 

Twenty various bed geometries were analysed; these were formed by four different values of 
standard deviation, i.e. } = 0, 0.08db, 0.17db and 0.33db; and by five different sizes of the bed particles, 
i.e. db = 3, 4, 5, 6 and 7 mm. Two sets of numerical experiment were conducted. The first simulation 
provided a situation where the size of saltating particle was equal to size of bed particles (d = db). In 
the second simulation the size of saltating particle remained constant and equal to 3 mm; size of the 
bed particles varied from 3 to 7 mm. 

3. The investigation. Calculation of the shear velocity and bed roughness  

In order to investigate the change of saltation parameters with variation of bed particle's sizes, it was 
assumed that the saltation process occurs in the channel with a constant flow rate, Q, and variable bed 
roughness. In this case it is necessary to know the relationship between bed roughness, ks, and 
characteristic flow velocity – shear velocity, u*.  

In the literature there are several experimental studies which determine this connection: Wilson 
(1987), Yalin (1992), Van Rijn (1993), Sumer et al. (1996), Camenen et al. (2006). The work of 
Camenen et al. (2006) combines all experimental data from the abovementioned papers and presents a 
dependence of the equivalent bed roughness on different parameters such as bed shear stress, settling 
velocity of the bed particles and Froude number. However, the connection formula is very 
cumbersome and, as authors claim themselves, does not have any physical meaning: 

 1.2 2.4 1.7
*0.6 1.8s

s
b

k W F
d

L�� � , (1) 

where 2 1/ 3[( 1) /( )]s sW s gv w� �  – dimensionless settling velocity; s – ratio of solid particles’ density 
and liquid density, for sand and water s = 2.65; g = 9.81 – gravitational acceleration; � – kinematic 
viscosity of water; ws – sedimentation (settling) velocity of the bed grains; /avF U g� H  – Froude 
number;  – average velocity in the channel; Q – flow rate; H – water depth; b – width of 
the channel;  – dimensionless bed shear stress. 

/( )avU Q bH�
2

* * /(( 1) bu s gL � � )d
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We proposed a simple relationship between bed roughness, ks, and a size of bed particles, db, and 
their vertical distribution, } : 

 6 0.5s bk d%� � . (2) 

According to definition of the value of bed roughness, it is a distance between the smallest 
depression and the highest protrusion of bed formation, and it is also a random value in natural 
channels. According to (2) for standard deviation } = 0.33 db the value ks = 2.5 db is close to another 
simple formula for ks, (Yalin, 1992): ks = 2 db, when the value of the bed shear stress �* is less than 1. 
When the standard deviation is equal zero, } = 0, the bed roughness is minimum, ks = 0.5 db, as is clear 
from Fig. 1,2.  
 

a) b) 

c) d) 

Fig. 2. Examples of distribution of bed particles: 
 a) standard deviation ³ = 0, b) ³ = 0.08db , c) ³  = 0.17db , d) ³ = 0.33db. 

 

Value of shear velocity, u*, can be determined from the channel parameters, including bed 
roughness ks and a logarithmic law distribution of turbulent velocity profile in an open channel: 

 *
0

0 *

( ) ln , 0.11 0.033 s
u yu y y k

y u
�

B
� �

� � �� �
� �

. (3) 

Integrating (3) by depth of the channel and taking into account the width of the channel, a 
relationship between parameters of the channel and shear velocity can be obtained: 
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 0* *

0

ln 1 yu uQ H
Hb y HB B

� � �� � �� � �
� �� �

�
� . (5) 

Solving equation (5) and (2) the values of shear velocity and bed roughness can be obtained. For 
calculation of the values of these the following parameters of the channel, flow and particles were 
used: flow rate, Q, in channel is constant and equal 25·10-3 m3/s, channel width, b, is 25 cm, depth of 
water, H, is 10 cm, kinematic viscosity, �, and density of water, ¸, consequently equal 10-6 s/m2 and 
103 kg/m3, density of solid particles (sand) is 2.65·103 kg/m3, and Karman constant � = 0.41. The value 
of the flow rate Q was chosen so large so that it could allow realising a situation with developed, 
steady saltation when the saltating particle could perform up to 100 jumps. 

4. Results 

In result of the first set of numerical experiment the average saltation parameters – length and height 
of one jump – were calculated. The size of bed particles and the saltating particle was the same and 
equaled consistently to 3, 4, 5, 6, 7 mm, and standard deviation in normal distribution, }, was 0, 0.08, 
0.17, and 0.33 db, see Fig. 3. 

 

a) b) 

Fig. 3. Dependences of average saltation length and height on diameter of saltating particle at various 
standard deviations, diameter of bed particles is the same as that of the saltating particle. 

a) b) 

Fig. 4. Dependences of average saltation length and height of one jump on diameter of the 
bed particles at various standard deviations, diameter of saltating particle is 3 mm. 
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As can be seen from the graphs, the dependences are nearly linear; parameters decrease with 
increasing the diameter and with decreasing the standard deviation. Thus the smaller saltating particle 
and bed porosity the longer its jumps. 

In the second simulation set the size of saltating particle was constant and equal to 3 mm, sizes of 
bed particles equaled 3, 4, 5, 6, 7 mm, standard deviation equaled 0, 0.08, 0.17, and 0.33 db. The 
results of this simulation are shown in Fig. 4. 

Saltating particle has approximately the same values of length and height of its jump at various 
sizes of bed particles. The larger standard deviation the larger length and height. The form of saltating 
jump does not change with various ratios between diameters of saltating and bed particles. 

Saltating particle with 3 mm diameter at motion along porous bed (standard deviation ³ = 0.33 db, 
bed particles more then 5 mm) tends to stick into the holes in the bed and, as a consequence, makes a 
small numbers of jumps (20 from predesigned 100). 

5. Conclusions 

As a result of modelling different bed geometries saltation parameters (length, height of one jump) 
were obtained.  

It was conducted that for the equal saltating and bed particles (less than d ¹ 5 mm) the dependences of 
length and height on the diameter of particles (d = db) were nearly linear. The length and height of the 
jumps strongly depend on particle size d and on standard deviation } - they increase with decreasing 
particle diameter d and with increasing standard deviation, } (bed porosity).  

For constant diameter of the saltating particle d and varying size of the bed particles db, other 
tendencies were observed. The length and height of the jumps with varying diameter of bed particles 
remain approximately constant with slight tendency to increase; they also increase with increasing bed 
porosity (}). However, in the case of large bed porosity and small saltating particles, the saltating 
particles tend to stick into the bed among bed particles, and therefore they make only a limited 
numbers of jumps.  
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MODELING OF FRESH CONCRETE FLOW USING XFEM

F. Kolařı́k*, B. Patzák **

Abstract: Modeling of fresh concrete flow is interesting problem from both theoretical and practical point
of view and its application to self compacting concrete casting simulations is a subject of active research
with important practical aspects. Practical importance is especially in application to self compacting
concrete, which is highly actual. It is usually modeled in eulerian description of motion as a problem of
two immiscible fluids (concrete as a Bingham fluid and air as a Newtonian fluid). Due to different physical
properties of these fluids, there are discontinuities of velocity and pressure fields at the interface. In this
paper, the eXtended Finite Element Method (XFEM) is used allowing the standard FE approximation space
with tailor made functions across the interface to resolve the discontinuities.

Keywords: Flow, concrete, XFEM, Bingham model, level set

1. Introduction

This paper deals with eXtended Finite Element Method (XFEM) and its implementation in flow prob-
lems. Especially, it is focused on its application to fresh concrete flow. In modeling of flow problems
using standard Finite Element Method (FEM) fluid is usually considered as a single homogeneous con-
tinuous medium. There are in principle three ways, how to describe the motion of continuous medium.
In Lagrangian description, motion of each point is described in the framework of reference configuration.
This approach, usually used in structural mechanics, is not suitable for fluid description, because of large
deformations which require frequent re-meshing. In Eulerian description the motion is connected to ac-
tual configuration and therefore convective term is present and the Navier-Stokes equations governs the
motion of the fluid. In this case, computation can be done on a fixed grid and no re-meshing is needed.
On the other hand, one needs to use some stabilization due to convective terms and also LBB condition
has to be satisfied. The advantages of both approaches have been combined in Arbitrary Lagrangian Eu-
lerian formulation which is often used to model fluid-structure interactions. In the present work, Eulerian
formulation is used. Modeling of fresh concrete flow in the context of Eulerian formulation is typically
done using so called immiscible fluids concept (as a free surface flow), first proposed in (Chessa and
Belytschko (2003)). For example, in case of fresh concrete flow, one fluid represents concrete and the
other one represents air. Since both fluids are immiscible, the interface between them can be always
captured. There are different possibilities, how to track the interface. In FEM context, Volume Of Fluid
(see Gopala and Van Wachem (2008)) and level-set method (Sethian (1999), Osher and Fedkiw (2003))
are suitable choices. Since the flow is modeled using XFEM, the level-set method is used in this work.
The level-set method describes interface as a zero level set of higher dimensional function. Usually, that
function is chosen as a signed distance function. Motion of the interface is then governed by simple
convective equation. Extended Finite Element Method enriching the standard continuous approximation
of velocity and pressure fields by discontinuous enrichment functions along the interface is then used to
discrete governing equations.

2. Governing equations

As was mentioned before, problem is described by Navier-Stokes equations. In this work, only 2D flow
is considered. Let Ω ⊂ R2 be open set with boundary ∂Ω. Boundary ∂Ω is decomposed to four mu-
tually disjoint parts ΓD, ΓN , ΓSWF and ΓOUT , on which we prescribe Dirichlet boundary condition,
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Neumann boundary condition, so called ”slip with friction” boundary condition, ”penetration with re-
sistance” (Volker (2002)) and so called ”do nothing” boundary condition. The whole problem can be
formulated as follows:

ρ
∂u

∂t
+ ρ (u ·∇)u−∇ · σ − ρb = 0 in Ω (1)

∇ · u = 0 in Ω (2)
u = g on ΓD (3)
u = h on ΓN (4)

u · t+ β−1 n · (τ − pδ) · t = 0 on ΓSWF (5)
u · n+ α n · (τ − pδ) · n = 0 on ΓSWF (6)

n · (τ − pδ) = 0 on ΓOUT . (7)

Unknown fields are then velocity u and pressure p. Density ρ, body forces b and functions g and h
are prescribed. Parameters β and α in equations (5) and (6) are assumed to be constant. Outer normal
vector to the boundary is denoted as n, tangent vector as t. Standard decomposition of stress tensor σ
into deviatoric stress τ and hydrostatic pressure p is used. Strain rate tensor (8) is defined as symmetric
part of velocity gradient:

D =
1

2

(
∇u+ (∇u)T

)
. (8)

Constitutive law for air can be considered as one-parameter (viscosity μ) Newtonian fluid (9). It is
well known that fresh concrete flow can be described by at least two parameters. The first one is yield
stress τ0 which introduces minimal stress necessary for concrete flow. The second parameter, plastic
viscosity, μpl governs the main flow. Despite its simplicity, practical simulations have proved, that it
is a suitable choice for describing fresh concrete behavior. The Bingham model (10) is described by
following equations:

τ = μD (9)⎧⎨⎩τ =

[
μpl +

τ0√
Je
2

]
D ; |J2| ≤ τ0

D = 0 ; |J2| ≥ τ0

(10)

where Je
2 is the second invariant of deviatoric strain tensor and J2 is second invariant of deviatoric

stress tensor, which is defined as:

J2 =
1

2
τ : τ (11)

The second invariant of strain rate tensor is defined similarly.

3. Description of the interface

Generally speaking, there are two major approaches for description of the interface. So called interface
tracking and interface capturing methods. First group of methods uses deforming mesh to track the
interface and describes the interface in explicit manner. As it was mentioned before, in flow problems
it is usual to use fixed grid and describe the motion in eulerian sense. Therefore, interface capturing
methods have been developed (Sethian (1999)).They describes the interface in some implicit sense. One
of the most often used methods of this group is so called level-set method which is applied in this work
as well. In this method, interface is represented as a zero level set of some scalar function φ. Here, φ has
been chosen as a signed distance function, which is defined by following property:
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φ(x) = ± min
x∗∈Σ

||x− x∗|| (12)

The sign in the definition depends on which fluid occupies the point x, Σ denotes the interface
between both fluids. Since the interface is changing in time, the level-set representation has to be updated
at each time step. Motion of the interface is governed by level-set transport equation:

∂φ

∂t
+ u ·∇φ = 0 in Ω x [0, T ] (13)

where u is convective velocity of the fluid. Of course, to solve (13), the proper boundary and initial
conditions are needed.

4. Spatial dicretization and XFEM

Since both fluids in our model have different physical properties (density and viscosity), there are dis-
continuities in velocity and pressure fields along the interface. In general, one can distinguish between
two types of discontinuities: strong and weak discontinuities. Strong discontinuity is present when there
is a jump in a function. Weak discontinuity arises, when there is a jump in derivative of the function.
Example of both types of discontinuities is typically two phase flow with surface tension, where the
jump in pressure field (strong discontinuity) and jump in derivative of velocity field, or jump in strain
rate tensor (weak discontinuity) occur. Proper description of discontinuities in terms of standard FEM
is impossible because functions from approximation space are continuous. It is possible to refine mesh
in sub-domains where one expects some discontinuities in the solution. In the case of two phase flow,
such a solution is not efficient because the interface is evolving in time and therefore frequent re-meshing
would be necessary. Contrary to this, treatment of discontinuities is very easy and natural using XFEM.
The main idea behind XFEM is to enrich approximation space with tailored global (defined in whole
domain) functions which can describe discontinuities in the solution. Choice of these functions depends
on solved problem and on our a priori knowledge of solution. In our case, approximation of unknown
function in XFEM has following form:

uh(x, t) =
∑
i∈I

Ni(x)ui(t)︸ ︷︷ ︸
standard FE approx.

+
∑
i∈I∗

Mi(x)ai(t)︸ ︷︷ ︸
enrichment

(14)

where Ni(x) is standard FE shape function belonging to node i, I is the set of all nodes in computa-
tional domain Ω, Mi(x) is enrichment function belonging to node i and I∗ is the set of enriched nodes
(which is subset of I). Note, that enrichment function Mi(x) is defined as multiplication of proper global
shape function, which stores ”the knowledge” behind enrichment and ”partition of unity” (PU) function:

Mi(x) = Ni(x)[ψ(x)− ψ(xi)] ∀ i ∈ I∗ (15)

In (15), ψ is so called global enrichment function, which is defined on whole domain Ω and Ni(x)
is standard FE shape function. In general, one can use any set of functions with PU property instead of
FE shape functions. Note, that global enrichment function ψ is ”shifted” to ensure Kronecker-δ property
hold. In two phase flow, when interface is described by level-set method, the enrichment functions for
strong (16) and weak (17) discontinuities can be constructed easily as:

ψsign(x) = sign(φ(x)) =

⎧⎪⎨⎪⎩
−1 : φ(x) ≤ 0

0 : φ(x) = 0

1 : φ(x) ≥ 0

(16)

for strong discontinuity and
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ψabs = abs(φ(x)) (17)

for weak discontinuity. As was proposed in (Fries (2003)), enrichment function in form 17 can leads
to sub-optimal convergence because of presence of parasite terms in blending elements (elements in
which only some nodes are enriched). In this paper, so-called ”Ramp function”, first published in (Fries
(2003)), is used to overcome problems in blending elements.

Modeling of fresh concrete flow is a two fluid problem without the surface tension. Therefore, both
velocity and pressure fields are enriched by ”abs-enrichment” function. Namely:

uh(x, t) =
∑
i∈I

Ni(x)ui(t)+
∑
i∈I∗

Ni(x) [abs(φ(x))− abs(φ(xi)]ai(t) (18)

ph(x, t) =
∑
i∈I

Ni(x)pi(t) +
∑
i∈I∗

Ni(x) [abs(φ(x))− abs(φ(xi)] bi(t) (19)

Provided that proper function spaces are defined (see Tezduyar and Osawa (2000)), weak formulation
of (1) - (7) states as follows: find uh ∈ Sh

u and ph ∈ Sh
p such that ∀wh ∈ V h

u ,∀qh ∈ V h
p :∫

Ω
ρwh∂u

h

∂t
dΩ+

∫
Ω
ρwh · (uh ·∇uh)dΩ+

∫
Ω
∇wh : τ(uh)dΩ −

∫
Ω
wh · phdΩ

−
∫
Ω
wh · bdΩ−

∫
∂Ω

wh · (τ − pδ) · ndS +

∫
Ω
qh∇ · uhdΩ

+
∑
el

[∫
Ωe

τSUPG(u
h ·∇wh) ·

(
ρ
∂uh

∂t
+ ρwh · (uh ·∇uh)−∇ · τ(uh) +∇ph − b

)
dΩe

]
(20)

+
∑
el

[∫
Ωe

τPSPG
1

ρ
∇qh ·

(
ρ
∂uh

∂t
+ ρwh · (uh ·∇uh)−∇ · τ(uh) +∇ph − b

)
dΩe

]
+

∑
el

[∫
Ωe

τLSIC∇ ·whρ∇ · uhdΩe

]
= 0

Terms in the first two lines follows from standard Galerkin discretization, the third line represents
stabilization term due to convection effects, the fourth line provides PSPG stabilization for elements
not satisfying LBB condition and the last line provides another stabilization in higher velocity flow.
Stabilization parameters τSUPG, τPSPG, τLSIC are chosen according to (Tezduyar and Osawa (2000)).
Note, that in that work, finite elements linear in both velocity and pressure were used and therefore terms
with ∇τ vanishes. Moreover, due to relatively small flow velocity of concrete, only PSPG stabilization
is needed, because linear element does not satisfy the LBB condition.

Level-set function, as a scalar function, is discretized by the same shape functions as pressure:

φh(x) =
∑
i∈I

Ni(x)φi (21)

5. Temporal discretization and solving scheme
After spatial discretization, we have system of non-linear ordinary differential (in time) equations, which
has in general form:

(M +Mδ)a+ (N(u)+Nδ(u)) + (K +Kδ)u+Kμu+ (G+Gδ)p = F + Fδ (22)
GTu+Mεa+Nε(u)+Kεu+Gεp = E +Eε (23)

Terms M ,N(u),K,G,F ,E in (22) and (23) follows from standard Galerkin discretization and
represents time dependent term, convective term, diffusive term, term connected to pressure and terms
represents boundary conditions. Terms with δ subscript are due to the SUPG stabilization, terms with ε
are due to the PSPG stabilization and Kμ follows from LSIC stabilization.
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5.1. Solution scheme

Solution scheme introduced in (Patzák and Bittnar (2009)) can be described as follows:
1. Temporal discretization by θ-scheme.

at+Δt = at +Δa

ut+Δt − ut

Δt
= αat+Δt + (1− α)at (24)

pt+Δt = pt +Δp

2. Evaluation (prediction)

u = ut +Δat

a = at (25)
p = pt

3. Computing of velocity and pressure increments

M∗Δa−G∗Δp = R

(GT )∗Δa+GεΔp = Q (26)

where

M∗ = M +Mδ + αΔt

(
∂N

∂u
+

∂Nδ

∂u
+K +Kδ

)
G∗ = G+Gδ

(GT )∗ = Mε + αΔt

(
∂Nε

∂u
+Kε + (GT )

)
(27)

R = F + Fδ − [(M +Mδ)a+ (N(u)+Nδ(u)) + (K +Kδ)u+Kμu+ (G+Gδ)p]

Q = E +Eε −
[
GTu+Mεa+Nε(u) +Kεu+Gεp = E +Eε

]
4. Evaluation of velocity and pressure

a← a+Δa

p← p+Δp (28)
u← u+ΔtαΔa

5. Repeat steps 2.-4. until convergence is reached.
6. Solve the level set equation with computed velocity field u. This is done using positive explicit

scheme described for example in (Barth and Sethian (1998)).
7. Proceed with next time step.

6. Numerical example

Implementing of XFEM in combination with moving interface by level-set method is quite complicated
task and there is a lack of suitable benchmark tests. To illustrate the prototype implementation of XFEM
and its application, the application to structural behavior of composite cantilever with circular inclusions
is presented. The geometry and structured FE mesh are shown in Fig.1 together with stress magnitude
contours. Note, that the discretization is based on structured, regular grid and is not capturing the circular
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Fig. 1: Cantilever with weakened holes - stress magnitude contours
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Fig. 2: The stress profile

inclusion geometry which is captured by introducing weak discontinuity enrichment in velocity field
with kinks located at material interfaces. Material of cantilever is linear elastic with Young modulus
E = 3 · 104MPa, weakened holes have Young modulus E = 0.1MPa. Poisson ratio is equal to
0.3. Since there are different material properties, so-called ”abs enrichment” was used, because of weak
discontinuity in displacement (or strong discontinuity in strains and stresses). Constant continuous load
with intensity 1 kN/m has been prescribed on the top surface of the beam. In Fig.1, contours of stress
magnitude are shown. It can be seen, that in weakened holes the stress is nearly zero as the material has
very small Young Modulus. In Fig.2, normal stress profiles at the restraint, resp. at the cut through each
hole center is plotted shown. Again, it can be seen, that the stress is concentrated near the hole, while the
hole itself is not under the stress.

7. Conclusions

In this paper, the numerical model for fresh concrete casting simulations was presented. The problem is
treated as flow of a two immiscible homogeneous fluids with different physical properties. The concrete
is considered as two-parametric Bingham fluid, the air is modeled as a standard Newtonian fluid. The
interface between both fluids is descrideb in sense of level-set method. Extended finite element method
is then used to resolve description of discontinuities in velocity and pressure fields across the interface.
Since there is no surface tension in this problem, presenting discontinuity is only weak and therefore,
so-called ”abs enrichment” is used. The prototype XFEM implementation is illustrated on structural
analysis of composite cantilever with circular inclusions.
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LTB RESISTANCE OF BEAMS                                                    
INFLUENCED BY PLASTIC RESERVE OR LOCAL BUCKLING 

Y. Koleková*, I. Baláž** 

Abstract: The results of original procedure concerning calculation of the values of the critical moments 
Mcr using approximate formulae convenient for educational and standardization purposes are presented. 
The authors formulae are today used in many international and national standardization documents (e.g. 
in several Eurocodes and their National Annexes), in engineering practice of 32 countries and in 
educational process at many Universities (e.g. in EPU de São Paulo, EPFL Lausanne, etc.). New C1 
values are presented for beams under combination of uniform loading and unequal end moments. 
Development of useful modification of Eurocode formulae for lateral torsional buckling resistance Mb,Rd, 
which enable to show very clearly the influence of plastic resistance and local buckling on LTB resistance 
of metal (steel, stainless steel, aluminium) and timber beams calculated by any of 4 Eurocode methods.     

Keywords:  Critical moment, LTB resistance, steel and aluminium beams, Eurocodes.  

1. Introduction 

In different Eurocodes: EN 1993-1-1 (2005), EN 1993-1-4 (2006) for steel, EN 1995-1-1 (2004) for 
timber, EN 1994-1-1 (2004) for composite steel and concrete and EN 1999-1-1 (2007) for aluminium 
alloys structures, different ways of calculations of critical moments and resistances of laterally 
unrestrained beams are used. It was shown in the papers Baláž, I. – Koleková, Y. (2000 b, c, 2002 a, b, 
2004 a, b) that rules of different Eurocodes concerning lateral torsional buckling could be unified. In 
this paper EN 1993-1-1 (2005) (ENV 1993-1-1, 1992), EN 1993-1-4 (2006) and EN 1999-1-1 (2007) 
will be analysed. Lateral torsional buckling of timber structures including analysis of EN 1995-1-1 
rules was analysed in Baláž, I. – Koleková, Y. (2004 a, b) and in Baláž (2005). 

2. Critical moment crM  

Critical moment crM  is an important quantity, which is needed for calculation of relative slenderness 

LTÑ . The value of crM may be calculated: (i) more exactly by using a computer program, or (ii) 
approximately by using various less or more exact approximate formulae of different authors or 
standards, which have different forms. 

The approximate Clark-Mrázik 3-factors formula (see Baláž, I. – Koleková, Y., 2000 c, 2002 a, b) 
has the best form and it is much more convenient than 1-factor formulae, see e.g. in Roik, K. – Carl, J. 
– Lindner, J. (1972). Similar 3-factors formula was used also in European prestandards ENV 1993-1-1 
(1992) and in ENV 1999-1-1 (1998). Authors showed several times (Baláž, I., 1999, Baláž, I. – 
Koleková, Y., 1999, 2000, 2002, Koleková, Y., 1999) that using of values of factors 321 ,, CCC taken 
from tables of ENV 1993-1-1 (1992) or from ENV 1999-1-1 (1998) leads in many cases to incorrect 
values of critical moments. Despite of this fact the factors 321 ,, CCC  defined in ENV 1993-1-1 
(1992) and ENV 1999-1-1 (1998) are still used in practise, in many good books (e.g. in Hirt, M.A. – 
Bez, R., 1998, Hirt, M.A. – Bez, R. – Nussbaumer, A., 2007)) and also in Access Steel available in 
Internet. Authors criticized their use in drafts prEN 1993-1-1 and prEN 1999-1-1 and consequently the 
informative annex containing the ENV tables was completely removed from EN 1993-1-1 (2005), 
                                                 
*   Assoc. Prof. Ing. Yvona Koleková, PhD.: Department of Structural Mechanics, Faculty of Civil Engineering, Slovak 
University of Technology, Radlinského 11; 813 68, Bratislava; SK, e-mail: yvona.kolekova@stuba.sk 
**  Prof. Ing. Ivan Baláž, PhD.: Department of Metal and Timber Structures, Fakulty of Civil Engineering, Slovak University 
of Technology, Radlinského 11; 813 68, Bratislava; SK, e-mail: ivan.balaz@stuba.sk 

m
2012

. 18thInternational Conference
ENGINEERING MECHANICS 2012 pp. 639–655
Svratka, Czech Republic, May 14 – 17, 2012 Paper #235



 

which now does not contain any crM  formulae.  New more general formulae and tables enabling to 
compute crM developed by authors in Baláž, I. – Koleková, Y. (2000 b) were fully accepted for 
Annex I of drafts and later also of final version of EN 1999-1-1 (2007). In Fruchtengarten, J. (2005) a 
lot of various formulae were evaluated in the frame of parametric study by comparing them with exact 
results of program PEFSYS and it was concluded that proposal of Baláž, I. – Koleková, Y. (2000 b) 
gives the most exact results. Factors 321 ,, CCC  computed by authors Baláž, I. – Koleková, Y. (2000 
b) and their formula for calculating of elastic critical moment crM are used in several National 
Annexes, e.g. in Slovak (STN EN 1993-1-1/NA, 2007), Czech (	SN EN 1993-1-1, 2006), Austrian 
(ÖNORM B 1993-1-1, 2007) and Belgian (2005) National Annexes to Eurocode EN 1993-1-1 (2005), 
because this Eurocode gives no details of calculation of crM . Authors results are used also in tables 
used in the following publications: Deutscher Ausschluß für Stahlbau (2005), ECCS Technical 
Committee 8 – Stability (2006), Design Manual For Structural Stainless Steel. (2006), Excerpt from 
the Background Document to EN 1993-1-1 (2010).  

     According to authors proposal the elastic critical moment crM can be computed from the formula  

                                                  
L

GIEIÒ
ÓM tz

crcr =                                                                           (1) 

where                     [ ])-(-)-(++1= j3g2
2

j3g2
2
wt

z

1
cr ÔCÔCÔCÔCÕ

k
C

Ó                                                 (2) 

three non-dimensional parameters are 

                         
t

w

w
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g
g =
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EI

Lk
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Ô ,      
t

z

z

j
j =

GI
EI

Lk
zÒ

Ô                                         (3) 

and three factors 321 ,, CCC depend on the loadings, end restraint conditions, shape of the cross-
section and 1C  also on torsional properties. The details and numerical values see in Tables 1-4 or in 
Tables 1 and 2 in Baláž, I. – Koleková, Y. (2000 b), Tables I.1 - I.4 in EN 1999-1-1 (2007) or Tables 
NB.3.1-NB.3.4 in STN EN 1993-1-1/NA (2007). 

     Our general formula (1) becomes very approximate formula used in German standard DIN 18 800 
(1990, 2008) in the case of double symmetric cross-section ( mm0=jz ) when our more refined 
values of factor 2C are replaced by rough value 0,5 used in DIN 18 800 (1990, 2008). The meaning of 
our factor 1C is the same as the meaning of the factor Ô used in DIN 18 800 (1990, 2008), Table 10.  

     Factor 1C depends on bending moment distribution, boundary conditions and parameter wtÕ . In 
Baláž, I. – Koleková, Y. (2000 b), in EN 1999-1-1 (2007) or in  STN EN 1993-1-1/NA (2007) a linear 
interpolation between values )0=(= wt10,1 ÕCC  and )1=(= wt11,1 ÕCC  is proposed. For 1wtÕ  it is 
proposed in Baláž, I. – Koleková, Y. (2000 b), in EN 1999-1-1 (2007) and in STN EN 1993-1-1/NA 
(2007) to use an approximation )1( wt1 ÕC )1=(= wt11,1 ÕCC . For many loading cases the 
difference between values )0=(= wt10,1 ÕCC  and )1=(= wt11,1 ÕCC is negligible, that is why many 
authors of various publications even do not inform, which value of 1C they use. Eurocode EN 1993-1-
1 (2005) uses 1C in Table A.1, formulae BB.5 and BB.9 without any definition . Here it is an advise to 
users of EN 1993-1-1 (2005): you can use relevant values of 1C  given in Baláž, I. – Koleková, Y. 
(2000 b), in EN 1999-1-1 (2007) or in STN EN 1993-1-1/NA (2007), or you can use an approximation 

2-
1 )(= ckC , where ck  is a correction factor for relevant moment distribution (see Table 6.6 in EN 

1993-1-1 (2005)). 
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Tab. 1: Values of factors 1C and 3C  corresponding to various end moment ratios Í , values of 

buckling length factor zk  and cross-section parameters fÍ  and wtÕ .  

End moment loading of the simply supported beam with buckling length factors 1=yk  for major axis 
bending and 1=wk  for torsion 

 

 
1) 1,1wt0,11,10,11 ) -(+= CÕCCCC  ,   ( 0,11 CC =  for 0wt =κ ,  1,11 CC =  for 1wt ≥κ  ) 

2) =L7,0 left end fixed, R7,0 = right end fixed 
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Tab. 2: Values of factors C1, C2 and C3 corresponding to various transverse loading cases, values of 
buckling length factors yk , zk , wk , cross-section monosymmetry factor fψ  and torsion parameter 

wtκ . 

 

 

1) 1,1wt0,11,10,11 ) -(+= CÕCCCC  ,   ( 0,11 CC =  for 0wt =κ ,  1,11 CC =  for 1wt ≥κ ). 

2) Parameter fψ  refers to the middle of the span. 

3) Values of critical moments Mcr refer to the cross section, where Mmax is located 
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Tab. 3: Relative non-dimensional critical moment crμ  for cantilever )2( wzy === kkk  loaded by 
concentrated tip load F .  

 

a) For 0j =z , 0g =z  and  8wt0 ≤κ :  2
wt0wt0cr 017,014,127,1 κκμ ++= . 

b) For 0j =z , 44 g ≤≤− ζ  and 4wt ≤κ , crμ may be calculated also from formulae (I.7) and (I.8), 
where the following approximate values of the factors 21 C,C  should be used for the cantilever under 
tip load F:  

3
wt

2
wtwt1 5,062,2675,456,2 κκκ +−+=C , if  2wt ≤κ  

55,51 =C if  2wt >κ   

4
wt

3
wt

2
wtwt2 024,0245,0931,0566,1255,1 κκκκ −+−+=C , if   0g ≥ζ  

g
2
wtwt

2
wtwt2 )013,0102,0032,0(054,0585,0192,0 ζκκκκ −+−−+=C , if   0g <ζ  
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Tab. 4: Relative non-dimensional critical moment crμ  for cantilever )2( wzy === kkk  loaded by 
uniformly distributed load q  

 

a) For 0j =z , 0=gz  and  80 ≤wtκ :  2
00 021,068,204,2 wtwtcr κκμ ++= .  

b) For 0j =z , 44 g ≤≤− ζ  and 4wt ≤κ , crμ  may be calculated also from formula (I.7) and (I.8),  

where the following approximate values of the factors 21, CC  should be used for the cantilever under 
uniform load q: 

3
wt

2
wtwt1 975,065,52,1111,4 κκκ +−+=C , if  2wt ≤κ  

121 =C if  2wt >κ  

4
wt

3
wt

2
wtwt2 014,0153,0609,0068,1661,1 κκκκ −+−+=C ,if  0g ≥ζ  

g
2
wtwt

2
wtwt2 )0085,0074,0061,0(029,0426,0535,0 ζκκκκ −+−−+=C , if  0g <ζ  
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In this paper we give values of )235,0=( wt1 ÕC  for a lot of new moment distributions valid for beam 
supported at both ends by “forks”, with double symmetric cross-section, for which parameter 0=jÔ  
and there is no need to know value of 3C . These 1C  values may be used also for continuous girders 
being on the safe side. Investigated loading case is shown in Figure 1. 

 

 

 

 

 

 

 

 

 

                                          Fig.1: Investigated loading case 

The following was taken into account: 
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,       otherwise  Fmax = MM               (5) 

Elastic critical moment crM may be calculated from the formula (1) for cases 0=gÔ . For cases 
0�gÔ , because we have not relevant values of factor 2C  for various cases, we can use an 

approximate value 5,0=2C  for all cases as it was done also in DIN 18 800 (1990, 2008). Then 

                                             [ ]g
2

g
2
wt

z

1
cr 5,0-)5,0(++1 ÔÔÕ

k
C

Ó                                                        (6) 

The numerical values of factor 1C  were calculated for 235,0=wtÕ  and different moment distributions 
defined by parameters MMÍ /, 0 by an efficient computer program CalcMcr Version 1.9 developed 
by the authors and they may be used also for the beams with any wtÕ values. 1C values were computed 
for combination of 21 end moments ratios  Í = -1; -0,9; -0,8; -0,7; -0,6; -0,5; -0,4; -0,3; -0,2; -0,1; 0; 
0,1; 0,2; 0,3; 0,4; 0,5; 0,6; 0,7; 0,8; 0,9; 1, and 11 moment ratios MM /0 = 0; - 0,25; - 0,5; - 0,75; - 1; - 
1,25; - 1,5; - 1,75; - 2; -10; -� (see Table 5 and Figure 2). 16,11C  for MM /0 = - 10 and 13,1=1C  
for �-=/0 MM  for all Í  values. Similar table as Table 5 was created also for �/0 0 MM , but 
it is not given here because of limited size of the paper. Location of the elastic critical moment crM is 
identical with location of maximum moment maxM . 

Similar tables like Table 1 were created also for four other loadings and boundary conditions:   

(i)   point load F in the middle of the beam span combined with support moments,  

(ii)  two point loads F acting in quarters of the beam span combined with support moments,  

(iii) cantilever under uniform loading q and  

(iv) cantilever under tip load F .  

L 

q

M
2

1
⋅

ψ+  M  
M⋅ψ- 

+ FM  

0M  
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Computer program CalcMcr Version 1.9 enables for these 4 loading cases to take into account exactly, 
according to (1) and (2), also point of load Fq, application related to shear center and mono-
symmetry of cross-sections. 

Tab. 5: Values of factor )/;;235,0=( 0wt1 MMÍÕC . Boundary conditions: 1=yk , 1=zk , 1=wk . 

1C  MM /0  

Í  0 - 0,25 - 0,5 - 0,75 - 1 - 1,25 - 1,5 - 1,75 - 2 -10 -� 

1 1,00 1,28 1,75 2,67 4,36 4,61 2,59 1,69 1,24 

1,16 1,13 

0,9 1,06 1,37 1,93 3,03 4,70 4,14 2,36 1,58 1,23 

0,8 1,11 1,46 2,11 3,40 5,05 3,66 2,14 1,47 1,22 

0,7 1,17 1,56 2,29 3,77 5,31 3,19 1,92 1,36 1,21 

0,6 1,24 1,68 2,52 4,11 5,07 2,78 1,75 1,26 1,21 

0,5 1.32 1,82 2,77 4,34 4,54 2,48 1,63 1,22 1,20 

0,4 1,39 1,95 3,01 4,65 4,01 2,18 1,49 1,18 1,19 

0,3 1,48 2,11 3,26 4,77 3,34 1,98 1,39 1,20 1,19 

0,2 1,58 2,27 3,49 4,64 2,84 1,80 1,30 1,20 1,19 

0,1 1,68 2,44 3,73 4,26 2,47 1,64 1,23 1,19 1,18 

0 1,79 2,61 3,83 3,74 2,23 1,53 1,20 1,19 1,18 

-0,1 1,90 2,79 3,99 3,26 1,96 1,39 1,18 1,18 1,17 

-0,2 2,03 2,96 3,97 2,76 1,79 1,29 1,19 1,18 1,17 

-0,3 2,15 3,11 3,75 2,38 1,63 1,23 1,19 1,18 1,17 

-0,4 2,28 3,28 3,29 2,10 1,49 1,21 1,19 1,18 1,17 

-0,5 2,40 3,27 2,84 1,92 1,40 1,21 1,19 1,17 1,17 

-0,6 2,54 3,18 2,47 1,70 1,30 1,20 1,19 1,17 1,16 

-0,7 2,65 2,93 2,19 1,56 1,25 1,21 1,19 1,17 1,16 

-0,8 2,65 2,83 1,99 1,49 1,25 1,21 1,19 1,17 1,16 

-0,9 2,64 2,77 1,81 1,43 1,26 1,21 1,19 1,17 1,16 

-1 2,62 2,71 1,63 1,36 1,26 1,22 1,19 1,17 1,16 

 

 

 

 

 

 

 

 

 

 

 

                                                                                                  

                                                                                    

Fig. 2: )/;;235,0=( 0wt1 MMÍÕC for 11- Í  (21 values) and for 0/�- 0 MM  (11 values)                    

C1
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All above mentioned tables are more general containing both )0=(= wt10,1 ÕCC  and 
)1=(= wt11,1 ÕCC  values, what enables to obtain more exact 1C value for any wtÕ  by using an 

interpolation. 

3. Design buckling resistance moment Rdb,M  

The design buckling resistance moment Rdb,M  as it is defined in Eurocodes is described in paragraph 
3.1. After modifications of Eurocode formulae the influence of plastic reserve and local buckling may 
be shown. This is done in paragraph 3.2. 

3.1 Rdb,M according to Eurocodes EN 1993-1-1 (2005), -1-4 (2006) and EN 1999-1-1 (2007) 
A laterally unrestrained member subject to major axis bending should be verified against 
lateral-torsional buckling as follows 

                                                           0,1
Rdb,

Ed
M
M

                                                                       (7) 

where EdM  is the design value of the moment. 

The characteristic Rkb,M  and design Rdb,M  buckling resistance moment of a laterally 
unrestrained beam should be taken as 

                                              yyLTRkb, = fWÖM ,       
M1

Rkb,
Rdb, =

×
M

M                                                  (8)   

where yf  is the yield strength (in EN 1999-1-1 (2007) symbol of  is used), 

     M1×  is partial safety factor of material which may be defined in national annex. The 
recommended values are given in Table 6. 

Tab. 6: Recommended values of partial factor M1×  

EN EN 1993-1-1 (2005) EN 1993-1-4 (2006) EN 1993-2 (2006) EN 1999-1-1 (2007) 

M1×  1,0 1,1 1,1 1,1 
     

The value of reduction factor LTÖ  for lateral torsional buckling depends on relative slenderness ÑLT , 
and imperfection factor LT�   

                                           0,1 ,
-+

1
= LT2

LT
2
LTLT

LT Ö
Ñ�ØØ

Ö                                                    (9) 

                                            [ ] Ñ�ÑÑ� = Ø 2
LTLT,0LTLTLT +)-(+15,0                                            (10)  

where 1=�  in 6.3.2.2 and value 75,0=�  is recommended in 6.3.2.3 of EN 1993-1-1 (2005), ( �  may 
be changed in National Annex for rolled I-sections and equivalent I-sections in 6.3.2.3). 

LT�  is an imperfection factor depending on buckling curve and it is defined in Eurocodes (Table 7), 

LT,0Ñ  is the limit of the horizontal plateau (Table 7), 

cr

yy
LT =

M
fW

Ñ  is the relative slenderness,                                                                                           (11) 

 crM  is the elastic critical moment for lateral torsional buckling (see paragraph 2.). 
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Tab. 7: Values of imperfection factor LT�  

EN Limits LT�  LT,0Ñ  

EN 1993-1-1 (2005) 

6.3.2.2 General case 

[EN 1993-2 (2006)] 

 

Rolled I-sections 
2/ bh  0,21 

0,2 

2/ bh  0,34 

Welded I-sections 
2/ bh  0,49 

2/ bh  0,76 

Other cross-sections 0,76 

EN 1993-1-1 (2005) 

6.3.2.3 Rolled I-sections 

and equivalent I-sections 

[EN 1993-2 (2006)] 

Rolled I-sections 
2/ bh  0,34 

0,4 

2/ bh  0,49 

Welded I-sections 
2/ bh  0,49 

2/ bh  0,76 

EN 1993-1-4 (2006) 

Cold formed sections and                
hollow sections (welded and seamless) 0,34 

Welded open sections and                 
other sections for which no test data are 

available 
0,76 0,4 

EN 1999-1-1 (2007) 
Class 1 and class 2 cross-sections 0,1 0,6 

Class 3 and class 4 cross-sections 0,2 0,4 

 

 yW   is the appropriate section modulus as follows: 

 ypl,y = WW  for Class 1 or 2 cross-sections 

 yel,y = WW   for Class 3 cross-sections 

 yeff,y = WW  for Class 4 cross-sections. 

      Instead of this explicit definition of yW used in EN 1993-1-1 (2005), the implicit formulae are used 
in ENV 1993-1-1 (1992) ypl,wy = W�W and in ENV 1999-1-1 (1998) and in EN 1999-1-1 (2007)  

yel,wy = W�W . Shape factors w� and w�  are defined in Table 8.  

  Tab. 8: Values of shape factors w� in EN 1993-1-1 (2005) and w�  in EN 1999-1-1 (2007) 

Cross-section 
class EN 1993-1-1 (2005), factor w�  

EN 1999-1-1 (2007),  factor w�  

Without welds With longitudinal 
welds 

1 1 elpl /WW *) elhaz pl, /WW *) 

2 1 elpl /WW  elhazpl, /WW  

3 plel /WW  u3,�  w3,�  

4 pleff /WW  eleff /WW  elhazeff, /WW  

*) NOTE: These formulae are on the conservative side. 
                 For more refined value, recommendations are given in EN 1999-1-1 (2007), Annex F. 
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In Table 8 the various section moduli W  and u3,� , w3,�  are defined as: 

plW         plastic modulus of gross section 

effW       effective elastic section modulus, obtained using a reduced thickness efft  for the class 4 parts 

        (see 6.2.5.2 in EN 1999-1-1 (2007)) 

hazel,W   effective elastic modulus of the gross section, obtained using a reduced thickness tË hazo,  for 

       the HAZ material (see 6.2.5.2 in EN 1999-1-1 (2007)) 

hazpl,W  effective plastic modulus of the gross section, obtained using a reduced thickness tË hazo,  for  

             the HAZ material (see 6.2.5.2 in EN 1999-1-1 (2007)) 

hazeff,W effective elastic section modulus, obtained using a reduced thickness tËc  for the class 4 parts 

            or a reduced thickness tË hazo,  for the HAZ material, whichever is the smaller (see 6.2.5.2 in 

            EN 1999-1-1 (2007)) 

u3,�  = 1  or may alternatively be taken as 

                                                                 1
el

el pl

23

mcp3
u3, W

W-W
� - �

� - �
 +  = �                                                            (12) 

w3,�  = elhazel, /WW  or may alternatively be taken as 

                                                        
el

hazel,hazpl,

23

mcp3

el

hazel,
w3, W

W - W
 � - �

� - �
+ 

W
W
  = �                                         (13) 

where: 

mcp�  is the slenderness parameter for the most critical part in the section (see EN 1999-1-1 (2007)) 

2�  and 3�  are the limiting values for that same part according to Table 8. 

The critical part is determined by the lowest value of )/()( 32 �-��-� . 

For aluminium alloys cross-sections without welds it can be written 

                                                       
pl

el
ww =

W
W

�� ,   
el

pl
ww =

W
W

��                                                       (14)                          

3.2 Modified formulae of Rdb,M showing plastic reserve and local buckling influence 

There are two possible forms how to express the characteristic lateral torsional buckling resistance of 
member in bending: 

a) the form utilising as reference moment the plastic moment resistance of cross section ypl fW as it is 
used in EN 1993-1-1 (2005) for steel members and EN 1993-1-4 (2006) for stainless steel members: 

                                                           yplWLTRkb, = fW�ÖM                                                               (15) 

with    
2

Wcrypl
2

LTLT

w

ypl

Rkb,
wLT

)/(-+
==

�MfW�ØØ

�
fW

M
�Ö ,   if    

W

LT,0

cr

ypl

�
Ñ

M
fW

              (16) 

otherwise                                     WyplRkb,WLT =/= �fWM�Ö                                                        (17) 
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where            [ ]2
WcryplLT,0WcryplLTLT )/(+)-/(+15,0= �MfW�Ñ�MfW�Ø                      (18) 

with 1=w�   for class 1, 2,  plelW /= WW�  for class 3 sections and plefW /= WW� f  for class 4 
sections. 

b) the form utilising as reference moment the elastic moment resistance of cross section yel fW  as it is 
used in EN 1999-1-1 (2007) for design of aluminium members: 

                                                           yelWLTRkb, = fW�ÖM                                                         (19) 

with 
2

Wcryel
2

LTLTyel

Rkb,
wLT

)/(-+
==

�MfW�ØØ

�
fW

M
�Ö w ,   if  

W

LT,0

cr

yel

�
Ñ

M
fW

      (20) 

otherwise                                     WyelRkb,WLT =/= �fWM�Ö                                                         (21) 

where            [ ]2
WcryelLT,0WcryelLTLT )/(+)-/(+15,0= �MfW�Ñ�MfW�Ø                       (22) 

with elplw /= WW�   for class 1, 2,  1=W�  for class 3 sections and eleffW /= WW�  for class 4 
sections.  

This modification may be done for formulae of all methods defining lateral buckling curves used 
in EN 1993-1-1 (2005): (i) general case in 6.3.2.2, with or without utilising 6.3.2.2(4), which means 
that 1=LTÖ  in interval LT,0LT0 ÑÑ , (ii) rolled I-sections or equivalent welded sections in 6.3.2.3 
with or without utilising factor f defined in 6.3.2.3(2).  

According to 6.3.2.3(2) of EN 1993-1-1 (2005) the design buckling resistance moment may be 
increased by dividing by factor f , which may be defined in National Annex. The following minimum 
values are recommended in EN 1993-1-1 (2005): 

                   [ ]2
WcryplcWcryplc )8,0-/(2-1)-1(5,0-1=)/,( �MfWk�MfWkf                        (23) 

but                                            0,1)/,( Wcryplc �MfWkf                                                           (24) 

The factor f  defined by (23) is smaller than 1  only in the interval  

               [ ] [ ] 5,15,0+8,0/5,0+8,0;max1,0;max WcryplLT,0LT,0 �MfWÑÑ                 (25) 

The correction factor ck  for different moment distributions is given in Table 9a and in Table 6.6 in 
EN 1993-1-1 (2005)). In corrigendum EN 1993-1-1 (2005) from April 2009 it is recommended to use 

ck values for calculation of 1C values used in EN 1993-1-1 (2005) in Table A.1, formulae BB.5 and 
BB.9. The comparisons in Table 9b show that 1C values calculated from ck values are only 
approximate ones. It is better to use more exact 1C values of authors published in Baláž, I. – Koleková, 
Y. (2000 b), in EN 1999-1-1 (2007) or in STN EN 1993-1-1/NA (2007). 

It is very important to mention that all ck values compared in Table 9b relate to the cross-section 
in the middle of the span and they are valid for boundary conditions 1=zk  (both beam ends are 
restrained against lateral movement and free to rotate in plan) and 1=wk  (both beam ends are 
restrained against rotation about longitudinl axis and free to warp). 
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 Tab. 9a:  ck from EN 1993-1-1 (2005)          Tab. 9b: Comparison of 1C values of authors with 2-
ck  

 

*) Values 2,576 and 2,608 relate to maxM  and 0,9, 1,235, 1,288 and 1,304 relate to M in midspan 

Distribution of modified lateral torsional buckling curves defined in 6.3.2.2 with utilising 6.3.2.2(4) is 
shown in Fig.3. The ends of plateaux are denoted by relative slenderness values 4.0=LT,0Ñ , 

434,0==85.0/LT,0 eÑ  and 478,0==7.0/LT,0 fÑ  (Fig.3). Note the discrepancies  in member 
resistances ( plel  > MM ) at these points when 6.3.2.2(4) is utilised. 

 

Fig. 3: Functions )/(= cryplWLT MfWf�Ö  based on EN 1993-1-1 (2005), 6.3.2.2 calculated for 

imperfection factor 76,0=LT� , relative slenderness defining end of the plateau 4,0=LT,0Ñ , 1=�  
and for (i) 1=w�  (black dashed line), (ii) 85,0=/= plelw WW�  (red solid line) and (iii) 

7,0=/= pleffw WW�  (blue dot-and-dashed line). Plastic reserve of member is defined by the 
ordinates of the bottom black dotted line, which should be multiplied by 100 to obtain plastic reserve 
in %.               
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4. Conclusions 

The paper is devoted to (i) critical moment crM and (ii) lateral torsional buckling resistance moment 

Rdb,M  of metal (steel and aluminium) beams.  

The original results of the authors are presented concerning calculation of crM  by using 
approximate formulae convenient for standardization and educational purposes and for engineering 
practice. The results are based on large parametrical studies (Baláž, I., 1999-2001, 2005, 2007, Baláž, 
I. – Koleková, Y., 1999-2001, 2002, Koleková, Y., 1999)  which showed that procedure used in 
prestandard Eurocodes ENV 1993-1-1 (1992) and ENV 1999-1-1 (1998) may lead in many cases to 
incorrect results. Authors results, which were the first time published in (Baláž, I. – Koleková, Y., 
1999 a, b, 2000 b, c, 2002 a, b) are today used in many international and national standardization 
documents including Eurocodes (Belgian National Annex, 2005, Czech National Annex 	SN EN 
1993-1-1, 2006, Austrian National Annex ÖNORM B 1993-1-1, 2007, Slovak National Annex STN 
EN 1993-1-1/NA, 2007, Design Manual For Structural Stainless Steel, 2006, Deutscher Ausschluß für 
Stahlbau, 2005, ECCS Technical Committee 8 – Stability, 2006, Excerpt from the Background 
Document to EN 1993-1-1, 2010, EN 1999-1-1, 2007). The correctness and the exactness of results 
based on authors results (Table 1-4) were verified in habilitation thesis (Koleková, Y., 1999) and later 
also in two independent Brazilian and Slovak PhD thesis (Fruchtengarten, J., 2005, Živner, T., 2010). 
The Brazilian PhD thesis stated that crM values calculated on the basis of the authors results are the 
best among all used approximate formulae. Procedure of crM  calculation based on authors results 
were introduced in the engineering practice of many countries. In Slovakia it was thanks to courses for 
the engineers in practice organized by Universities and Slovak Chamber of Civil Engineers and the 
textbooks written for them (Baláž, I., 2007, 2010, 2012) and for the university students. It was also 
showed how the procedure used for many years in Czechoslovak, Czech and Slovak standards may be 
improved (Baláž, I., 1980, 1997, 1998, 2000), Baláž, I. – Živner, T., 2007). The detailed numerical 
examples were published in the above mentioned textbooks and in the several papers (e.g. Baláž, I. 
(2012). The authors created for engineers in practice and for students at Universities the original 
computer program CalcMcr. 

New 1C values derived by authors for uniform loading combined with end moments are presented 
in Table 5 and Figure 2.  

The Table 9a, b shows that using of ck values recommended in corrigendum EN 1993-1-1 (2005) 
from April 2009 for calculation of  1C values may lead to approximate values, which may be used in 
correct way only if user knows that: (i) relating boundary conditions are 1=zk  (both beam ends are 
restrained against lateral movement and free to rotate in plan) and 1=wk  (both beam ends are 
restrained against rotation about longitudinal axis and free to warp and that (ii) ck values compared in 
Table 9b with authors more exact 1C  values are valid for M in midspan and not to cross-section were 

maxM is located.  

      The paper presents also the way how the Eurocode formulae (EN 1993-1-1, 2005), EN 1993-1-4, 
2006), EN 1999-1-1, 2007) for calculation of lateral torsional buckling resistance Rdb,M  may be 
modified to show clearly influence of plastic reserve and local buckling on beam resistance (paragraph 
3.2 and Figure 3). This may be very useful for engineers in practice. The much more similar diagrams 
as it is on Figure 3 were published in (Baláž, I. – Koleková, Y., 2007, 2008, 2009). 

The paper is devoted to the lateral torsional buckling resistance of metal (steel, stainless steel, 
aluminium) beams, but the presented results may be used also for design and verification of structures 
made of other structural materials (timber, concrete, composite steel and concrete structures). The 
results relating to lateral torsional buckling of: (i) timber beams authors solved in the papers (Baláž, I., 
2001, 2005, Baláž, I. – Koleková, Y., 2004 a, b), (ii) concrete beams in (Baláž, I. – Živner, T., 2006), 
(iii) aluminium beams in (Baláž, I. – Valach, P., 1997, Baláž, I. – Koleková, Y. – Ároch, R., 1998, 
Baláž, I. – Koleková, Y., 2000 a, 2007, 2008). The influence of beam end stiffeners was solved in 
(Živner, T., 2010, Živner, T. – Baláž, I., 2010). 
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The second author is the member of 5 working Evolution Groups: EG EN 1993-1-1, EG EN 1993-
1-3, EG EN 1993-1-5, EG EN 1993-2 and EG EN 1999-1-1. All members of EGs are very active 
without any financial support on the European level. Even accommodation, travel, food and other 
expenses must be covered by own budget of EGs members. EGs are responsible for maintenance of 
existing Eurocodes (creating of Corrigenda and Amendments) and for further development of the next 
generation of Eurocodes. Nobody else from Slovak republic is member of EGs. 

We spent blessed moments in investigation of these problems during several years despite of the 
fact that financial support was very poor.  The reasons of poor funding were: a) the funding into the 
science in Slovakia is for long time deeply undersized comparing with all other EU countries,  b) only 
the results published in current journals are highly evaluated even when they are without any useful 
application, c)  journals with high impact factors are preferred despite of the fact that the European 
Association of Science Editors already in November 2007 issued an official statement recommending 
"that journal impact factors are used only – and cautiously – for measuring and comparing the 
influence of entire journals, but not for the assessment of single papers, and certainly not for the 
assessment of researchers or research programs", d) a well known specialist from the Institute of 
Construction and Architecture, Slovak Academy of Sciences in Bratislava evaluated our first grant 
application for this project in 1999 and in his review he gave us the lowest possible grades and used  
the following wordings:  “investigators – underaverage; scientific team composition – inadequate; 
expected contributions – not important; scientific goals – obsolete, everything was already solved”. 

Acknowledgement  
The authors acknowledge support by the Slovak Scientific Grant Agency under the contracts 
No. 1/1101/12.  

References  
Baláž, I.  (1980) Klopenie nosníkov v zmysle revidovanej 	SN 73 1401. Staveb. �as. 28,  
.6, VEDA,  

Bratislava, s. 465-478. 
Baláž, I. (1997) Comparison of Different Design Curves for Lateral Torsional Buckling of Rolled and Welded 

Steel Beams, in: Proc. of 18th Czecho-Slovak International  Conference on Steel Structures and Bridges `97 . 
Brno, p. 2 / 3 – 2 / 11. 

Baláž, I. (1998) Klopenie nosníkov pod�a STN 73 1401: 1997, in: Zborník prednášok z konferencie „SúÂasný 
stav európskych a slovenských technických noriem a ich aplikácie v stavebníctve.“ SvF TU Košice. Košice, 
s. 41-48. 

Baláž, I. (1999 a) Buckling of monosymmetric beams – conjured  problem, in: Proc. Eurosteel 2nd European 
Conference on Steel Structures, Praha, pp.701-704. 

Baláž, I.: (1999 b) Kritické momenty pri klopení pod�a STN 73 1401, in: Zborník prednášok z XXV. 
Celoštátneho aktívu „Stratégia rozvoja oceÝových konštrukcií.“ Lipovce, s.77-82. 

Baláž, I. (1999 c) Klopenie kovových nosníkov, in: Zborník XI. Mezinárodní v�decké konference. VUT Brno, s. 
63-66. 

Baláž, I. (2000) Kapitola 6.8.2  “Prúty namáhané ohybom“ str.104 – 112 a „Príloha   H“  str. 235 – 250. in: P. 
Juhás a kol.: Navrhovanie oceÝových konštrukcií.  Komentár k STN 73 1401: 1998.  SÚTN Bratislava, str. 1 – 
260. ISBN 80-88971-06-3. 

Baláž, I. (2001) Klopenie drevených nosníkov, in: Zborník prednášok z konferencie „Výstavba a obnova 
budov“, výstava PRO DOMO. Košice. Dom techniky Košice, s. 27-32. 

Baláž, I. (2005) Lateral torsional buckling of timber beams. Wood Research, 50(1), pp.51-58. 
Baláž, I. (2007 a) Klopenie nosníkov v STN EN 1993-1-1 a EN 1999-1-1. in: Zborník odborných prednášok, 1. 

ÂasÞ. ESF SÚTN Nové európske normy na navrhovanie kovových konštrukcií – Eurokód 3 a 9. STU 
Bratislava. S. 84 – 94 a in: Zborník odborných prednášok, 2.ÂasÞ, s. 1 – 8. 

Baláž, I. (2007 b) Kapitola 6: Klopenie ohýbaných nosníkov. Prúty namáhané kombinovane  osovou silou NEd a 
ohybovým momentom MEd pod�a STN EN 1993-1-1 In: Zborník SKSI: Baláž, I. – Ároch, R. – Chladný, E. –
Kme`, S. – Vi
an, J.: Navrhovanie oce�ových konštrukcií pod�a Eurokódov STN EN 993-1-1: 2006 a STN 
EN 1993-1-8: 2007. Bratislava, s.96-131. 

Baláž, I. (2010) Kapitola 6: Klopenie ohýbaných nosníkov. Prúty namáhané kombinovane  osovou silou NEd a 
ohybovým momentom MEd pod�aSTN EN 1993-1-1 In: Zborník SKSI: Baláž, I. – Ároch, R. – Chladný, E. – 
Kme`, S. – Vi
an, J.: Navrhovanie oce�ových konštrukcií pod�a EurokódovSTN EN 1993, 
asti -1-1:2006 a 
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B-SPLINE FINITE ELEMENT METHOD IN ONE-DIMENSIONAL
ELASTIC WAVE PROPAGATION PROBLEMS

R. Kolman *, J. Plešek∗, M. Okrouhlı́k∗

Abstract: In this paper, the spline variant of finite element method (FEM) is tested in one-dimensional
elastic wave propagation problems. The special attention is paid to propagation of stress discontinuities
as an outcome of the shock loading and also to spurious oscillations occurring near theoretical wave-
fronts. Spline variant of FEM is a modern strategy for numerical solution of partial differential equations.
This method is based on spline basic functions as shape, testing functions in FEM content. For examples,
B-splines, T-splines, NURBS and more others could be applied. For one-dimensional problems, B-spline
representation is sufficient. B-spline basis functions are piecewise polynomial functions. It was shown, that
B-spline shape functions produce outstanding convergence and dispersion properties and also appropriate
frequency errors in elastodynamics problems. In this initial work, accuracy, convergence and stability
of the B-spline based FEM are studied in numerical modelling of one-dimensional elastic wave propagation
of stress discontinuities. For the time integration, the Newmark method, the central difference method
and the generalized-α method are employed.

Keywords: elastic wave propagation, B-spline based finite element method, spurious oscillations.

1. Introduction

A modern approach in the finite element analysis is the isogeometric analysis (IGA), see Cottrell et al.
(2009), where shape functions are based on varied types of splines. For example, B-spline, NURBS,
T-spline and others are used for spatial discretization. This approach has an advantage that the geometry
and approximation of the field of unknown quantities is prescribed by the same technique. Another
benefit is that the approximation is smooth.

It was shown for the IGA approach, that the optical modes did not exist unlike higher-order La-
grangian finite elements, see Cottrell et al. (2006); Hughes et al. (2008). Further, dispersion and fre-
quency errors for the isogeometric analysis were reported to decrease with the increasing order of spline,
see Cottrell et al. (2009). IGA, where continuous piecewise higher order polynomials are used as shape
functions, improves the dispersion errors and frequency spectrum in comparison with Lagrangian finite
elements. The spline based FEM with the small dispersion errors and the variation diminishing prop-
erty, see Piegl and Tiller (1997), could eliminate the spurious oscillations, which are the outcome of
the Gibb’s effect and dispersion behaviour of FEM based on the continuous Galerkin’s approximation
method, see Chin (1975) and Belytschko and Mullen (1978). The convergence and accuracy of IGA in
explicit elastodynamics have been shown in the paper Auricchio et al. (2012).

For one-dimensional problems, the B-spline basis functions could be used for spatial discretization.
Generally, the B-spline basis functions for bounded solids are not uniform due to the end point interpo-
lating property, see Fig. 1. For this reason, the non-homogeneity of basis functions near the boundary
of the domain produces the dispersion and attenuation behaviour, see Kolman et al. (2011). The homo-
geneous spline shape functions are very important for wave propagation problems, because they produce
repeating rows of mass and stiffness matrices. Thus the B-spline FEM in an unbounded domain does not
produce optical modes unlike higher-order Lagrangian FEM, see Hughes et al. (2008).

A lot of methods for the numerical solution of wave propagation problems in elastic solids have been
developed, for example finite difference method, finite volume method, front tracking algorithms, space-
time treatment methods, oscillations filtering by postprocessing, finite element spatial discretization with
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the finite difference in time (semidiscretization), discontinuity Galerkin’s method and variational con-
struction method and more others. Details for references see Belytschko and Hughes (1986), Hughes
(1983), Park et al. (2012). In this paper, only the semidiscretization method is tested in one-dimensional
elastic wave propagation of sharp wave fronts and stress discontinuities. For the spatial discretization,
the continuous Galerkin’s approximation method is employed, see Hughes (1983). In this initial work,
accuracy, convergence and stability of the B-spline based FEM is studied in numerical modelling of
one-dimensional elastic wave propagation of stress discontinuities. For the time integration, the New-
mark method, see Newmark (1959) or Subbaraj and Dokainish (1989), the central difference method,
see Dokainish and Subbaraj (1989), and the implicit form of the generalized-α method , see Chung and
Hulbert (1993), are employed.

2. B-SPLINE BASED FINITE ELEMENT METHOD

In this section, the basis of B-spline based finite element method is shortly introduced. In Computer-
Aided Design (CAD), a B-spline curve is given by the linear combination of B-spline basis functions
Ni,p, see book of Piegl and Tiller (1997),

C(ξ) =
n∑

i=1

Ni,p (ξ)Bi (1)

where Bi, i = 1, 2, . . . , n are corresponding coordinates of control points. B-spline basis functions
Ni,p(ξ) are prescribed by the Cox-de Boor recursion formula, see Piegl and Tiller (1997). For a given
knot vector Ξ, Ni,p(ξ) are defined recursively starting with piecewise constants (p = 0)

Ni,0 (ξ) =

{
1
0

if ξi ≤ ξ ≤ ξi+1

otherwise (2)

For p = 1, 2, 3, ..., they are defined by

Ni,p (ξ) =
ξ − ξi

ξi+p − ξi
Ni,p−1 (ξ) +

ξi+p+1 − ξ

ξi+p+1 − ξi+1
Ni+1,p−1 (ξ) (3)
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Fig. 1: Cubic B-spline basis functions (on the left) and an open cubic B-spline curve interpolating
end points (on the right) for ten control points and the uniform knot vector. Red lines correspond to
non-uniform basis functions and blue lines correspond to uniform (homogeneous) basis functions. The
number of non-uniform basis functions depends on the polynomial order.

A knot vector in one dimensional case is a non-decreasing set of coordinates in the parameter space,
written Ξ = {ξ1, ξ2, ..., ξm}, where ξi ∈ R is the i-th knot, i is the knot index, i = 1, 2, . . . ,m, where
m = n + p + 1, p is the polynomial order, and n is the number of basis functions. The main properties
of B-spline basis functions are introduced in book Piegl and Tiller (1997). The knot vector for an open
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B-spline curve interpolating end points should be in the form Ξ = {a, . . . , a, ξp+2, . . . , ξn, b, . . . , b},
where values are usually set as a = 0 and b = 1. The multiplicity of the first and last knot value is
p+1. If the values ξp+1 up to ξn+1 are chosen uniformly, the knot vector Ξ is called uniform, otherwise
non-uniform, see Piegl and Tiller (1997). An example of cubic B-spline basis functions and an open
cubic B-spline curve interpolating end points with its control polygon is displayed in Fig. 1.

In the B-spline based FEM, see book Cottrell et al. (2009), the approximation of the displacement
field uh is given by

uh(ξ) =
n∑

i=1

Ni,p (ξ)u
B
i (4)

where uBi is the component of the vector of control variables – displacements corresponding to the control
points. Remark, the linear B-spline FEM is identical with the standard linear FEM. In the following
text, the continuous Galerkin’s approximation method for the numerical solution of partial differential
equations is employed, see book Hughes (1983). Spatial discretization of elastodynamics problems
by the finite element method leads to, see Hughes (1983),

Mü+Ku = R (5)

Here, M is the mass matrix, K the stiffness matrix, R is the time-dependent load vector, u and ü contain
control point variables–displacements and accelerations. Mass matrix, stiffness matrix and load vector
are defined by the same relationships as the standard FEM, see Hughes (1983). The element stiffness
and mass matrices are given by

K =

∫
V
EBTB dV, M =

∫
V
ρNTN dV (6)

where E is the modulus of elasticity, ρ is the mass matrix, B is the strain-displacement matrix, N stores
the displacement shape functions and integration is carried over the non-deformed domain V . Global
matrices are assembled in the usual fashion. Mass matrix defined by the relationship (6) is called the
consistent mass matrix. In this paper, the diagonal mass matrix is put together by ’row sum’ method,
see Hughes (1983). If the theory of linear elastodynamics is considered, then the mass matrix M and
the stiffness matrix K are constant. These matrices are evaluated by the Gauss-Legendre quadrature
formula, see Hughes (1983).

3. FINITE ELEMENT RESPONSE AND NUMERICAL INTEGRATION

For an undamped system in the current configuration at time t, we get the equations of motion in the
form resulting from the finite element semidiscretization Mü = Fres where the residual vector is
Fres = R − Fint. Generally, Fint is the vector of the internal control points forces corresponding to
element stresses. In the linear elasticity theory, the interval forces are given Fint = Ku. The aim of
computational procedures used for the solution of transient problems is to satisfy the equation of mo-
tion, not continually, but at discrete time intervals only. It is assumed that in the considered time span
[0, tmax] all the discretized quantities at times 0,Δt, 2Δt, 3Δt, . . . , t are known, while the quantities at
times t + Δt, . . . , tmax are to be found. The quantity Δt, being the time step, need not necessarily be
constant throughout the integration process. We consider the constant time step Δt in the following text.

In this paper, the B-spline based FEM response of the elastic bar is computed numerically by the
Newmark method with parameters β = 1/4, γ = 1/2, see the paper Newmark (1959), with the consis-
tent mass matrix and the central difference method, see the paper Dokainish and Subbaraj (1989), with
the lumped mass matrix by the ’row sum’ method are employed. Implementation of the both methods
is prescribed in work Okrouhlik (2008). The last method of the direct time integration is the implicit
generalized-α method, see Chung and Hulbert (1993), with consistent mass matrix. The predictor-
corrector explicit form of the implicit generalized-α method was implemented, see Hulbert and Chung
(1996). The generalized-α method is an extension of the Newmark method that exhibits algorithmic
damping. This second order algorithmic damping introduced to improve the shortcoming. This method
achieves high-frequency dissipation while minimizing unwanted low-frequency dissipation. The dissi-
pation effect of the generalized-α method is controlled by the spectral radius in the high-frequency limit
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ρ∞ ∈ [0, 1]. The value of ρ∞ = 0 eliminates the high-frequency response (known as asymptotic an-
nihilation). On the other side, setting ρ∞ = 1 eliminates the algorithmic damping and the trapezoidal
time-integration is considered. The value of ρ∞ = 0.8 is recommended with respect to dissipation, dis-
persion and period time elongation, see paper Chung and Hulbert (1993). The values of ρ = 0.8 and
ρ = 0.5 are tested in connection with B-spline discretization.

4. Problem description

In this contribution, the crucial test is a problem of axial elastic waves propagation in a free-fixed ”thin”
bar under the force loading prescribed by the Heaviside step function. The scheme of the task is depicted
on Fig. 2. The shock loading generates stress and velocity jumps propagating by theoretical wave speeds.
The parameters of the task are set: the bar length L = 1m, the cross-section A = 1m2, Young’s modulus
E = 1Pa, the mass density ρ = 1 kg/m3 and the amplitude of impact pressure σ0 = 1Pa. The
analytical solution of this impact problem could be found in book Kolsky (1963), where the displacement
field u(x, t) without a wave reflection in the time range t ∈ [0, L/c0] is derived in the form

u(x, t) = v0 (t− x/c0)H(t− x/c0), (7)

where the impact velocity is given by v0 = σ0/
√
Eρ and H(t) is the Heaviside time step function defined

in book Kanwal (1998). Wave speed in an elastic bar is prescribed by the relationship c0 =
√
E/ρ, see

Kolsky (1963).

L

xF(t)
A,E,�

�
t

�
F (t)

F0 = Aσ0

Fig. 2: Scheme of an elastic free-fixed bar under a shock loading.

5. Finite element response

The response of the elastic bar is computed numerically by the Newmark method, see Newmark (1959),
with the consistent mass matrix , by the central difference method, see Dokainish and Subbaraj (1989),
with the lumped mass matrix with respect to the ’row sum’ method and by the implicit generalized-
α method, see Hulbert and Chung (1996), with the consistent mass matrix. Details for the numerical
implementation see the works Okrouhlik (2008) and Grosu and Harari (2007).
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Fig. 3: Stress in an elastic bar under the shock loading at time t = 0.5L/c0 computed by the Newmark
method for linear (on the left) and cubic (on the right) B-splines.
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Fig. 4: Stress in an elastic bar under the shock loading at time t = 0.5L/c0 computed by the central
difference method for linear (on the left) and cubic (on the right) B-splines.
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Fig. 5: Stress in an elastic bar under the shock loading at time t = 0.5L/c0 computed by the implicit
generalized-α method with ρ∞ = 0.8 for linear (on the left) and cubic (on the right) B-splines.
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Fig. 6: Stress in an elastic bar under the shock loading at time t = 0.5L/c0 computed by the implicit
generalized α-method with ρ∞ = 0.5 for linear (on the left) and cubic (on the right) B-splines.
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Time step for the Newmark method is chosen as ΔtNM = 1/8Tmin, where Tmin is the minimal
vibration period of the whole system (5). It is valid Tmin = 2π/ωmax, where ωmax is the maximum
eigenfrequency of the whole system (5). The period elongation error for the Newmark method with
this time step is smaller than 5%, see Hughes (1983). Time step for the central difference method is
set with respect to the stability limit and good dispersion behaviour. Practically, time step is chosen as
ΔtCDM = 0.99999Δtcrit, where the critical value is given by critical time step Δtcrit = 2/ωmax, see
paper Park (1977). The time step for the implicit form of generalized-α method is chosen with respect
to the stability limit, see paper Hulbert and Chung (1996).

The bar is discretized by linear (p = 1) and cubic (p = 3) B-splines with N = 101 control points.
For the linear B-spline discretization, the knot vector is used uniform, Piegl and Tiller (1997), and the
control points are distributed uniformly with constant distances. For the cubic B-spline discretization,
the knot vector is also employed uniform, but the control points are given by the Greville abscissa,
see Greville (1967). Thus, this parameterization is linear. It means that the mapping from the para-
metric space to the geometrical one is linear and Jacobians of this transformation are constant values.
This linear parametrization produces smaller dispersion and frequency errors than the uniform one, see
paper Kolman et al. (2011). On the other side, the higher-order spline discretization with the linear pa-
rameterization shows the ’outlier frequencies’ but with the smaller frequency errors that the non-linear
parameterization, see Hughes et al. (2008). The ’outlier frequencies’ correspond to the vibration of bar
borders. These non-physical high frequencies influence the value of time step, and, in generally, also the
accuracy and stability of the direct time integrations.

The courses of dimensionless stress σ/σ0 along the bar computed by the Newmark method are
depicted on Fig. 3 at time t = 0.5L/c0. The results for the central difference method are shown on Fig. 4.
For the implicit generalized-α method, the stress waveforms are presented for spectral radius ρ = 0.8
on Fig. 5 and for ρ = 0.5 on Fig. 6. The theoretical wavefront takes place in half of the bar and the stress
value in the overlaying area should hold the magnitude σ = −σ0.

6. Discussion and conclusions

In the numerical test of stress discontinuity propagation computed by B-spline variant of FEM, the os-
cillations near sharp wave-fronts are smaller than for the classical FEM due to the variation diminishing
property and smaller dispersion errors. The post-shock oscillations are typical for the central difference
method due to the ’row sum’ diagonal mass matrix. This diagonal mass matrix is only of second order
accuracy and also it produces unsuitable frequency spectrum. On the other side, the Newmark method
and the implicit form of the generalized-α method produce the both types of oscillations, both post-shock
and front-shock oscillations. However, the front-shock oscillations are dominant. Jumps in behaviour of
a stress function obtained by the implicit form of the generalized-α method with high level of frequency
dissipation are well approximated. Nevertheless, the total energy is not preserved. The best results have
been obtained by the central difference method for the combination - uniform linear finite elements,
lumped mass matrix and time step near the critical time step. In this case, dispersion effect and period
elongation are reciprocally eliminated.

The post- and front-oscillations could be explained by dispersion behaviour of FEM for the consistent
and diagonal mass matrices. The consistent mass matrix overestimates the wave speed. Thus, distortion
of the wave-front comes up. Spurious oscillations occur in the front of the theoretical wave-front. On the
other side, the diagonal mass matrix underestimates the wave speed and spurious oscillations occur
behind of the theoretical wave-front. This effect for the central difference method is more intensified
by higher-order non-homogeneous B-spline shape functions due to the end point interpolating property.
The higher-order B-spline discretization with the ’row sum’ diagonal mass matrix of second order ac-
curacy produces frequency spectrum with extensive errors. The maximal frequency defines the global
critical time step. But inside a bar, the local appropriate time step should be chosen considerably lower.
Therefore, the central difference method integrates equations of motion with the time step performed
for producing poor dispersion characteristics.
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FRICTIONLESS CONTACT OF ELASTIC BODIES: COMPARISON
OF TREATMENT IN FINITE ELEMENT ANALYSI

AND ISOGEOMETRIC ANALYSIS

J. Kopačka, R. Kolman, D. Gabriel, J. Plešek *

Abstract: Artificial oscillations in contact force due to non-smooth contact surface are treated by isogeo-
metric analysis (IGA). After brief overview of B-splines and Non-Uniform Rational B-Splines (NURBS) rep-
resentation, the mortar-based contact algorithm is presented in the frictionless small deformation regime.
Contact constraints are regularized by penalty method. The contact algorithm is tested by means of contact
patch test.

Keywords: Isogeometric analysis, Contact analysis, NURBS

1. Introduction

The main difficulty in contact analysis is non-smoothness. It arises from inequality constraint as well
as the geometric discontinuities inducted by spatial discretization. Contact analysis based on traditional
finite elements utilizes element facets to describe a contact surface. The facets are C0 continuous so that
surface normal can experience jump across facet boundaries leading to artificial oscillations in contact
force.

There were attempts to treat the geometric discontinuities by smoothing the contact surfaces using
splines interpolation. These remedies introduce an additional geometry on the top of the existing finite
element mesh. This adds an additional layer of data management and increasing computational overhead.
Details and further references can be found in Wriggers (2006).

Another remedy to the geometric discontinuity provides isogeometric analysis (IGA). The fundamen-
tal idea is to accurately describe a physical domain of interest by proper representation (e.g. NURBS) and
then utilize the same basis for analysis. This is in contrast with the classical finite element method where
the basis is given in advance by the element type and so that the physical domain could be approximated
inaccurately. More detailed description could be found in Cottrell et al. (2009).

Isogeometric NURBS-based contact analysis has some additional advantages: preserving geometric
continuity, facilitating patch-wise contact search, supporting a variationally consistent formulation, and
having a uniform data structure for the contact surface and the underlying volumes.

Geometric basis and formulation for frictionless isogeometric contact has been given in Lu (2010).
Sharp corners or C0 edges that can exist on the interface of patches present a challenge to contact de-
tection. A strategy to seamlessly deal with sharp corners has been proposed in this reference. Herein,
the contact constraints are regularized by penalty method and contact virtual work is discretized by finite
strain surface-to-surface contact element. Both one-pass and two-pass algorithm are tested.

In Temizer et al. (2011), finite deformation frictionless quasi-static thermomechanical contact prob-
lems are considered. Two penalty-based contact algorithms are studied herein. The former is called
knot-to-surface (KTS) algorithm. It is the straightforward extension of the classical node-to-surface
(NTS) algorithm. Since NURBS control points are not interpolatory, contact constraints are enforce di-
rectly at the physical points of the quadrature points. It is shown in this reference that this approach is
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over-constrained and therefore not acceptable if a robust formulation with accurate tractions is desired.
The latter is called mortar-KTS algorithm. In this algorithm a mortar projection to control pressures is
employed to obtain the correct number of constraints.

The penalty-based mortar-KTS algorithm has been extended to frictional contact in Lorenzis et al.
(2011) and Temizer et al. (2012). The mortar-KTS algorithm has been also studied in conjugation with
augmented Lagrangian method in Lorenzis et al. (2012). Isogeometric frictionless contact analysis using
non-conforming mortar method in two-dimensional linear elasticity regime has been presented in Kim
(2011).

In this paper, we present mortar-based frictionless isogeometric contact algorithm in small deforma-
tion regime. The main contribution of this work is to prepare an implementation of the IGA procedures
for further investigation. After brief overview of B-Splines and NURBS representation in section 2., the
isogeometric contact algorithm is presented in section 3. The robustness of the algrithm is chacked by
means of contact patch test in section 4.

2. B-splines and NURBS

This section gives a brief overview of the main concerns of B-splines and NURBS. For more detailed
description as well as efficient algorithms see Piegl and Tiller (1997). Throughout this paper we use p to
indicate the polynomial degree, n to indicate the number of basis functions, dp to indicate the number of
parametric dimensions, and ds to indicate the number of spatial dimensions.

Let Ξi, i = 1, . . . dp be the open non-uniform knot vector associated with ith parametric dimension
of a patch

Ξi =

⎧⎪⎨⎪⎩ξi1, . . . , ξ
i
pi+1︸ ︷︷ ︸

pi+1 equal terms

, ξipi+2, . . . , ξ
i
ni
, ξini+1, . . . , ξ

i
ni+pi+1︸ ︷︷ ︸

pi+1 equal terms

⎫⎪⎬⎪⎭ . (1)

The knot vector is a non-decreasing sequence of parametric coordinates. The knot vector is said to be
non-uniform if the knots are unequally spaced in the parametric space. If the first and the last knot value
appears pi + 1 times, the knot vector is called open. Open knot vectors are interpolatory at the corners
of patches. It means that the boundary of a B-spline object with dp parametric dimensions is itself a
B-spline object of dp − 1.

The B-spline basis functions are defined by Cox-de Boor recursion formula. For p = 0

Nj,0(ξ) =

{
1 ξ ∈ [ξj , ξj+1) , j = 1 . . . n

0 otherwise,
(2)

and for p > 0

Nj,p(ξ) =
ξ − ξj

ξj+p − ξj
Nj,p−1(ξ) +

ξj+1+p − ξ

ξj+1+p − ξj+1
Nj+1,p−1(ξ). (3)

B-splines are known to be unable to exactly describe some curves, whereas rational functions can.
NURBS (Non-Uniform Rational B-Splines) was developed to extend interpolatory capability of the B-
splines. The extension originates from projection geometry of conic sections. A pth degree NURBS
basis function is defined by

Rp
j (ξ) =

Nj,p(ξ)wj∑n
ĵ=1

Nĵ,p(ξ)wĵ

, (4)

where wj is referred to as the jth weight.

Multivariate NURBS objects can be constructed simply by tensor product of univariate NURBS basis
functions (4). For dp = 2

Rp1,p2
j1,j2

(ξ1, ξ2) = Rp1
j1
(ξ1)⊗Rp2

j2
(ξ2) =

Nj1,p1(ξ
1)Nj2,p2(ξ

2)wj1,j2∑n1

ĵ1=1

∑n2

ĵ2=1
Nĵ1,p1

(ξ1)Nĵ2,p2
(ξ2)wĵ1,ĵ2

(5)
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and similarly for the higher parametric dimension. With NURBS basis functions at hand we can finally
introduce surface discretization by

x(ξ1, ξ2) =

n1∑
j1=1

n2∑
j2=1

Rp1,p2
j1,j2

(ξ1, ξ2)Pj1,j2 , (6)

where Pj1,j2 ∈ Rds is the control net, i.e., array of coordinates of control points. Adopting the isoge-
ometric concept, an analogous interpretation is used for unknown displacement field and its variation.
Utilizing proper connectivity arrays according to Cottrell et al. (2009), one can write

x(ξ) =

ncp∑
A=1

NA(ξ)xA u(ξ) =

ncp∑
A=1

NA(ξ)uA δu(ξ) =

ncp∑
A=1

NA(ξ)δuA, (7)

where ξ = (ξ1, ξ2) ∈ Rdp , A is the index of global basis function and ncp is the number of control
points. It is also useful to consider local mappings defined over one individual knot span which can be
interpreted as a finite element

x(ξ) =

nec∑
a=1

Na(ξ)xa u(ξ) =

nec∑
a=1

Na(ξ)ua δu(ξ) =

nec∑
a=1

Na(ξ)δua, (8)

where a is the number of local basis function, and nec is the number of element control points.

3. Isogeometric contact treatment

In this section we present isogeometric treatment of small displacement frictionless contact between
two elastic deformable bodies. We adopt mortar-KTS algorithm according to Temizer et al. (2011) and
customize it for the small displacement regime. For more detailed description of computational contact,
the reader is referred to Wriggers (2006).

3.1. Contact kinematics

Consider two elastic bodies Ω1 and Ω2 in contact without friction. The size and the location of the
contact boundary Γc = ∂Ω1 ∩ ∂Ω2 is unknown. For its determination, a function which measures the
distance between the bodies is introduced

d(ξ) := ‖xs − xm(ξ)‖ , xm ∈ ∂Ω1, xs ∈ ∂Ω2. (9)

With the aid of this function one can assign to each slave point xs ∈ ∂Ω2 a master point x̄m ∈ ∂Ω1 by
the closest point projection

∇d(ξ) =
∂xm(ξ)

∂ξ
· [xs − x̄m(ξ)] = 0. (10)

This is a system of non-linear algebraic equations with respect to ξ = (ξ1, . . . , ξdp). Different methods
for its numerical solution were studied in Gabriel et al. (2011). Customizing to the isogeometric analysis
is straightforward. It consists in replacing basis functions and its derivatives. The closest projection point
as well as related variables will be indicated by the bar symbol further in this paper (e.g. x̄m, ξ̄).

With the closest point, x̄m, at hand we can define the normal gap as

gN = (xs − x̄m) · n̄m = (us − ūm) · n̄m + g0, (11)

and its variation
δgN =

(
δu1 − δū2

)
· n̄m, (12)

where us and ūm are displacements of the slave and master points respectively, and g0 is the initial
normal gap.
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3.2. Contact constraints

Non-penetration condition dictates that normal gap has to be non-negative. If the gap is closed, it has
to generate pressure. These two natural criteria can be written as Karush-Kuhn-Tucker (KKT) condition
for contact

gN ≥ 0 (13)
tN ≤ 0 on Γc, (14)

tNgN = 0 (15)

where the third equality is called complementary condition. It states that either the gap or the contact
traction has to be zero. One of the possibilities how to regularized the KKT conditions is the penalty
method. The regularized normal contact constraint reads as

tN = ε 〈gN〉 , 〈gN〉 =
{
gN if gN ≤ 0

0 otherwise
, (16)

where εN is the penalty parameter.

3.3. Weak form

Contact boundary value problem can be formulated in a weak sense by

δΠ(u, δu) = δΠint(u, δu) + δΠext(u, δu) + δΠc(u, δu) = 0, (17)

subjected to (13). The terms on the right hand side denote virtual work due to internal forces, virtual
work due to external forces and virtual work due to contact forces respectively. Assuming the validity of
the action-reaction principle, contact virtual work can be expressed as

δΠc(u, δu) =

∫
Γc

εNgNδgN dΓ (18)

3.4. Discretized form

By substituting (8) into (11) and (12), the normal gap and its variation becomes

gN =

⎡⎣ ns
ec∑

a=1

Rs
a(ξ

s)us
a −

nm
ec∑

a=1

Rm
a (ξ̄)u

m
a

⎤⎦ · n̄m + g0(ξ̄), (19)

δgN =

⎛⎝ ns
ec∑

a=1

Rs
a(ξ

s)δus
a −

nm
ec∑

a=1

Rm
a (ξ̄)δu

m
a

⎞⎠ · n̄m. (20)

Defining the vectors

u =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

us1
...

usns
ec

um1
...

umnm
ec

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
δu =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

δus1
...

δusns
ec

δum1
...

δumnm
ec

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
N =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

Rs
1(ξ

s)n̄m
...

Rs
ns
ec
(ξs)n̄m

−Rm
1 (ξ̄)n̄m

...
−Rm

nm
ec
(ξ̄)n̄m

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
, (21)

equations (19) and (20) can be cast in matrix form as

gN = NTu+ g0, (22)

δgN = δuTN. (23)
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3.5. Mortar-KTS contact algorithm

In the spirit of the mortar method, the the contact virtual work is expressed as

δΠc(u, δu) =
∑
A

εNgNA
δgNA

AA, (24)

where summation is extended to the active control points. The control point normal gap and its variation
are defined as the weighted average, with the basis functions as weights

gNA
=

∫
Γc

RAgN dΓ∫
Γc

RA dΓ
δgNA

=

∫
Γc

RAδgN dΓ∫
Γc

RA dΓ
. (25)

An active control point is one for which gNA ≤ 0. The ’area of competence’ of a control point is defined
as

AA =

∫
Γc

RA dΓ. (26)

Substituting (25) and (26) into (24) yields

δΠc =
∑
A

εN∫
Γc

RA dΓ

∫
Γc

RAgN dΓ

∫
Γc

RAδgN dΓ. (27)

Substituting (22) and (23) into (27)

δΠc = δuT
∑
A

εN∫
Γc

RA dΓ

(∫
Γc

RAN dΓ

∫
Γc

RAN
T dΓu+

∫
Γc

RAg0 dΓ

∫
Γc

RAN dΓ

)
. (28)

Finally, the contact residual vector is immediately obtained from (28)

Gc = Kc + Fc, (29)

where by gauss integration

Kc =
∑
A

εN∑ngp

g=1RA(ξg)wgjg

ngp∑
g=1

RA(ξg)Nwgjg

ngp∑
g=1

RA(ξg)N
Twgjg, (30)

Fc =
∑
A

εN∑ngp

g=1RA(ξg)wgjg

ngp∑
g=1

RA(ξg)g0(ξg)wgjg

ngp∑
g=1

RA(ξg)Nwgjg, (31)

where wg are Gauss-Legendre weights, jg are the Jacobian determinant, both evaluated at Gaussian
quadrature point g = 1, . . . , ngp.

4. Contact patch test

In this section we present a three-dimensional version of the contact patch test acoording to Taylor and
Papadopoulos (1991). Dimensions are depicted in the Fig. 1. Both blocks are subjected to a pressure
p = 1F/UL2. The same material with ν = 0.3 and E = 1000F/UL2 is used for both blocks. The
analytical solution is σz = −1F/UL2.

Either of the blocks is discretized by one trivariate NURBS patch of order p = 1 in each parametric
dimension. The knot vectors are

Ξi =
{

0 0 0.25 0.5 0.75 1 1
}
, i = 1, . . . , 3. (32)

There are four nonzero knot spans which are depicted by the black grid in the Fig. 2. There are contours
of the z-displacement field in the Fig. 2. The constant partial derivative with respect to z implies constant
pressure in both blocks. The same results has been obtained for tri-quadratic and tri-cubic NURBS
patches.
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Fig. 1: The contact patch test according to Taylor and Papadopoulos (1991). UL is the unit length,
p = 1F/UL2 is the presuure.

z

-0.003

-0.0025

-0.002

-0.0015

-0.001

-0.0005

0

x
y

z

Fig. 2: Z-displacement field. The constant partial derivative with respect to z implies constant pressure.

5. Conclusions

The frictionless mortar-based isogeometric contact algorithm in small deformation regime has been out-
lined. The correct implementation of the contact algorithm has been successfully tested by means of
contact patch test. Indeed, one cannot make serious conclusins based on one numerical example. There-
fore, we will continue in the assessment of the algorithm in the further work.
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NUMERICAL MODELLING OF THE REINFORCEMENT 
CORROSION 

P. Koteš*, M. Brod an** 

Abstract: The reinforcement corrosion is the phenomenon that highly affects the reliability and 
durability of reinforced concrete structures. From that reason, a lot of researchers in Slovakia and in the 
world pay their attention to reinforcement corrosion. In the frame of the research work, the reinforced 
concrete girder bridges were diagnosed and observed. These bridges are influenced by reinforcement 
corrosion of main girders. The paper is concerned with detection and simulation of corrosion of steel 
reinforcement in the reinforced concrete. The cracking response of the reinforced concrete beams due to 
the corrosion effect of the steel reinforcement was analyzed. The effect of corrosion was simulated by the 
nonlinear numerical analysis using the program ATENA. 

Keywords:  Crack, reinforcement, corrosion, numerical modeling, concrete. 

1. Introduction 

Reinforced concrete is a versatile, economical and successful construction material. Usually, it is 
durable and resistant material, performing well throughout its service life. However, sometimes it does 
not perform adequately as it is expected. It is due to poor design, construction, inadequate materials 
selection and severe environment than anticipated or a combination of those factors (Broomfield, 
1997).  

The corrosion of reinforcing steel in concrete, due to severe environment, is the phenomenon that 
highly affects the reliability and durability of reinforced concrete structures. In the frame of the 
research work of Department of Structures and Bridges at the University of Žilina, reinforced concrete 
girder bridges were diagnosed and observed. Simultaneously, the bridge was evaluated and its 
remaining lifetime was estimated.  

The considered bridges are situated in the villages Kolárovice and Topol�ianky (Fig. 1). The 
bridge´s structural system is created by the reinforced concrete single span girder with theoretical span 
of 10.006 m (Kolárovice) or 13.60 m (Topol�ianky). The width of road is 7.51m and the overall width 
of bridge is 9.51m (Kolárovice) and in the case of bridge in Topol�ianky, the road width is 6.00 m and 
the overall width is 7.80 m. The bridge obliqueness is 45° and 80°. 

 

      
Fig. 1: Diagnosed bridges in villages Kolárovice and Topol�ianky. 
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In the case of bridge near Kolarovice, from the results of the bridge diagnostics follows that the 
concrete has quality of C30/37 and the beams are reinforced by rebar of the type A (10 210) in two 
layers (5NA30 in the lower layer and 2NA30 in the upper layer). Accordingly, the reinforcement 
corrosion was indicated. The corrosion caused the diameter loss from the initial value of 30 mm to the 
actual average value of 29.3 mm (the minimal measured value is 28.7 mm) and also caused the 
dropping out the concrete cover. The concrete cover is 30 mm. 

Alike in the case of bridge near Topol�ianky, from the results of the bridge diagnostics follows 
that the concrete has quality of C16/20 and the beams are reinforced by rebar of the type C (10 452) 
also in two layers (5NC35 in the lower layer and 2NC35 in the upper layer). The corrosion caused the 
diameter loss from the initial value of 35 mm to the actual average value of 33.99 mm (the minimal 
measured value is 33.50 mm) and also caused the dropping out the concrete cover. The concrete cover 
is just 15 mm. 

From the results of the bridge evaluation follows that the remaining lifetime of bridges is about 20 
years (Koteš & Vi�an, 2006; Kala & Omishore, 2009). From those results, the urgency of bridge 
reconstruction or strengthening in order to increase its load-carrying capacity is evident. 

The reinforcement corrosion of main girders influenced the remaining lifetime severely. The 
corrosion does not only decrease the reinforcement cross-section, but also causes the cracks and 
dropping out the concrete cover. It means that the flexural stiffness is decreasing. The corrosive 
reduction rate (rust) causes the pressure at surrounding concrete by increasing its volume. So, the 
tension stresses are appearing. The micro cracks are created after exceeding of concrete tension 
strength. The micro cracks are getting connected into longitudinal cracks by subsequent increasing of 
corrosive reduction rate volume. The cracks with corrosive reduction rate are able to cause the 
decreasing of bond between concrete and reinforcement and following dropping out of concrete cover. 
The same effect occurs also at some places of spandrel beams (Fig.1).  

For the purpose of the better comprehension of crack formation and development, the numerical 
model of reinforcement corrosion in concrete cross-section was created in computer program ATENA. 

2. Numerical models of reinforcement corrosion 

2.1. 2D numerical model 

The girder bridge near Kolárovice was used for numerical modeling. Firstly, the numerical model of 
reinforcement corrosion was created in the 2D module ATENA. Only cross-section of the T-girder 
with real dimensions was modelled (Fig. 2). 
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a) Cross-section of  T-girder                               b) 2D numerical model 

Fig. 2: Cross-section of T-girder and numerical model. 

 

The material model of concrete „Concrete-SBETA Material“ with compression strength 
fcu = 40.0 N.mm-2, derived from CEB-FIP MC 90, was applied for concrete. The basic properties of 
this material model are: tensile strength, fracture energy and the equivalent uniaxial law. This material 
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model provides objective results due to formulations based on energetic principles and its dependency 
on the finite element mesh is negligible. The main reinforcement in the RC girder was modelled as a 
3D Bilinear Steel von Mises element with yield strength of fy = 200.0 N.mm-2. Others characteristics 
are calculated by software ATENA on the basis of redefined formulas. The rigid contacts between 
concrete and reinforcement were considered.  

The concrete part of the cross-section was divided into two parts – the upper part was divided into 
macro elements with dimensions 20x20 mm (the influence of corrosion on cracks was not expected) 
and the bottom part was divided into macro elements with dimensions 2x2 mm. The reinforcement 
was also divided into macro elements with dimensions 2x2 mm. 

The reinforcement corrosion modeling was the most important part of the problem. It was chosen 
in such a way in modeling that the increase of reinforcement volume acts as load on the T-girder 
cross-section. In general, the reinforcement cross-section area is decreased due to corrosion, but the 
corrosion product (rust), on the contrary, increases its volume, what means the increase of the cross-
section area of reinforcement. 

The increase of reinforcement volume can be given by percentage. The increasing percentage “p” 
depends on corrosion type and its products and it achieves the values from 4% to 12%. The value 
p = 8% was chosen in this case. However, this is just increasing percentage of the corrosion rate area. 
Thus, it was needed to find the total percentage of growth of corroded reinforcement area and 
corrosion rate together. The corrosion – increase of full reinforcement cross-section – was modeled 
using the function “shrinkage” with minus sign (swelling). This way of corrosion modeling was 
verified in (Koteš et al., 2006; Koteš et al., 2008). 

If the corrosion rate area As1,rozd(t) is considered be increasing with time for about percentage “p”, 
the entire reinforcement area including corrosion rate area (Fig. 3) is equal to 

 � �� �2 2
1, 1 1,( ) ( ) ( ) (1 ) 1 ( )

4
� � ) � � ) ) � � )s celk s s rozdA t A t A t p p t p� N N , (1) 

where �  is the reinforcement diameter, 

 �(t) is the changed reinforcement diameter in time. 

 

N
As1

N(t )
N

As1(t )
As1,rozd(t )

N(t )

As1(t )
As1,rozd(t ).p

a) b) c) As1,celk(t )=As1(t )+As1,rozd(t ).p

*N,(t )
 

Fig. 3: Change of reinforcement cross-section area due to corrosion. 

 

Vice versa, it is also possible to derive the new reinforcement diameter taking into account area 
increasing 

 � �* 2 2( ) 1 ( )� ) � � )t p t pN N N . (2) 

The percentage increase “p*” taking into account changing of the whole reinforcement area is 
given by: 

 

 1,
1, 1

1

( )
( ) (1 *) * 1� ) � O � �s celk

s celk s
s

A t
A t A p p

A
. (3) 
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The changing of the whole reinforcement area means that the remaining carrying part of 
reinforcement As1(t) decreases and the corrosion rate area As1,rozd(t) increases. The initial value of 
diameter � = 30.0 mm, the reduced diameter in time � (t) = 28.7 mm and the percentage p = 8% were 
considered in the numerical model. So, the final increase of reinforcement area is p* = 0,678 %. For 
better observing of cracks formation and development, the value p* was divided into ten loading steps.  

2.2. 3D numerical model 

The 2D model created is not perfect because it considers the transverse cracks only. The cracks across 
the longitudinal axis cannot be modeled in 2D. Thus, the 3D model was created in ATENA to obtain 
better understanding of the crack formation and development. The 3D model of the half length of the 
girder is shown in Fig. 4. 

 

   
Fig. 4: 3D numerical model. 

 

In this case, the material models of concrete „CC3DNonLinCementitious2“ with compression 
strength fcu = 40.0 N.mm-2 was applied for concrete. The main reinforcement in the RC girder was 
modeled again as a 3D Bilinear Steel von Mises element with yield strength of fy = 210.0 Nmm-2. 
Other characteristics are calculated by software ATENA on the basis of redefined formulas. The rigid 
contacts between concrete and reinforcement were again considered. The list of used materials is 
given in Tab. 1. The two models were created: model 1 – without transverse stiffeners (just main 
reinforcement) and model 2 – with transverse stiffeners (using stirrups). 

 
Tab. 1: Review of used material characteristics – 3D model. 

Material Material element  

Concrete C30/37 3D Nonlinear Cementitious 2, fcu = 40.0 N.mm-2 (C30/37) 

Main reinforcement 5NA30 3D Bilinear Steel Von Mises, E = 210.103 N.mm-2;  
fy = 200 N.mm-2 

Stirrups NA8 and reinforcement in slab 
NA10 

Reinforcement, bilinear, E = 210.103  N.mm-2;  
fy = 200 N.mm-2 

Steel plate 3D Elastic Isotropic, E = 210.103  N.mm-2;  
fy = 210 N.mm-2 
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In the 3D model, the concrete part of cross-section was divided into 11 parts – the upper part was 
divided into macro elements with dimensions 200x200 mm (the influence of corrosion on cracks was 
not expected) and the bottom 10 parts were divided into macro elements with dimensions 20x20 mm. 
The reinforcement was also divided into macro elements with maximal dimensions 20x20 mm.  

In this case, the corrosion was considered just in the middle of the span, not along the full length. 

3. Results of numerical model 

3.1. 2D model 

In the 2D model, the cracks formation and development were observed in the T-girder cross-section. 
From this reason, the monitoring points were situated in various places of cross-section. The 
parameters like cracks width or strains in direction x or y were observed in these points. There were 21 
monitoring points in cross-section of numerical model (Fig. 5). 

 

  

1 234 5 67
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9

1011

12 13 14

15 16 17 18 19

20 21

X

Y

 
Fig. 5: Monitoring points in cross-section. 

 

The crack formation and development in cross-section are shown in Fig. 6. There is possible to see 
the consecutive cracks development from the bulk towards the edges of the figure. The majority of 
cracks, with maximum width, occurred just inside. The cracks were connected into edge cracks 
causing the concrete cover dropping out. Moreover, they caused large failure of concrete inside the 
concrete cross-section and therefore the bond between concrete and reinforcement was decreased. The 
main compressive and tensile stresses are shown in Fig. 7. 

 

         
a) Step 2                                     b) Step 5                                     c) Step 10 

Fig. 6: Cracks formation and development in loading steps. 

 

      
a) The main compression stresses in step 2          b) The main tension stresses in step 2 

Fig. 7: Main stresses ³1,2 in step 2. 
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Fig. 8: Cracks development – 2D model. 

 

The crack width at the two monitoring point 15 and 12 in the 2D model is shown in Fig. 8. It can 
be seen in the figure that the crack width at the monitor point 15 is monotonically increasing, whereas 
at the monitor point 12 the crack width decreases, after a small initial increase. This is due to 
repartitioning of the compression and tension stresses in the cross-section. 

3.2. 3D model 

Once again, the monitoring points were situated in various places of the cross-section or in 
macroelements. The parameters like cracks width or strains and deformations in directions x, y or z 
were observed at these points.  

The crack formation and development in cross-section in the middle of the girder of both models 
are shown in Fig. 9. It is possible to observe the consecutive cracks development from the bulk 
towards the edges like in the 2D model. The majority of cracks with maximum width again occurred 
just inside. This 3D model also confirms that the cracks are getting connected into edge cracks causing 
the concrete cover dropping out. The crack pattern is similar to the 2D model (Fig. 6). The crack width 
development of both models is shown in Fig. 10. 

 

                            
a) Model 1 - without transverse stiffeners                        b) Model 2 - with transverse stiffeners 

Fig. 9: Cracks formation and development – cross-section in middle of girder. 

 

  
a) Model 1                                                                            b) Model 2 

Fig. 10: Cracks development – 3D models. 
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4. Conclusions 

The results concerning the reinforcement corrosion numerical modeling are presented in the paper. 
The influence of reinforcement corrosion on the crack formation and propagation were observed in the 
cross-section of the T-girder. In the paper was shown that already a small corrosion (percentage of 
corroded reinforcement area) caused the micro crack formation and propagation inside the cross-
section near reinforcement. 

Small differences between the 2D and 3D models are probably due to repartitioning of the 
compression and tension stresses, not only in the cross-section (directions y, z - 2D model), but also in 
the full girder volume (directions x, y, z – 3D models).  

From the results of the 3D models (model 1 - without transverse stirrups, model 2 - with transverse 
stirrups) follows that the stirrups (transfers stiffeners) did not influence greatly the crack pattern (Fig. 
9) at cross-section – in both models were achieved approximately the same crack development. 
However according to expectation, the stirrups did influence the crack width (Fig. 10). Using the 
stirrups causes the crack width to decrease in longitudinal direction about 11 % (direction x). 
Nevertheless, the limit crack width was exceeded in both models without using vertical loading 
induced bending stresses. The crack width in the vertical direction (direction z) is not markedly 
changed.  

The micro cracks are getting connected into edge cracks due to corrosion increase, which can lead 
to concrete cover dropping out. In that case, the sufficient strength and bonding of concrete cover is 
not ensured. Consequently, using some types of strengthening (e.g. gluing of FRP materials on 
concrete cover) is limited or is not possible to apply. 

Practically, it means the need to insist on better diagnostics, to check the degree of failure of 
concrete cover and to control the bonding between concrete and reinforcement. Based on correct 
diagnostics, it is recommended to decide if the existing concrete cover is better to retain or is it 
preferable to replace it by the new concrete cover. 
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COMPARATIVE STUDY ON NUMERICAL AND ANALYTICAL
ASSESSMENT OF ELASTIC PROPERTIES OF METAL FOAMS

P. Koudelka, O. Jiroušek, T. Doktor, P. Zlámal, T. Fı́la*

Abstract: Recently, titanium metal foams are being considered as a suitable replacement for substituting
trabecular bone microstructure especially for their similar pore distribution. The most common methods
for determination of compressive effective elastic properties of such materials involve different approaches
based on finite element analysis (FEA) of their microstructure. The internal geometry is usually modeled by
two different methods - directly on the basis of a series of CT scans or using one of discretization schemes.
However, all these techniques require highly specialized hardware, software and significant amount of
computational time. In this paper, the effective elastic properties of the metal foam are instead obtained by
analytical modulus-porosity relations and results are compared with previous FE based analysis.

Keywords: metal foams, modulus-porosity relations, finite element method, compressive behavior, ef-
fective elastic properties

1. Introduction

Metal foams are highly porous materials that possess unique combination of mechanical, acoustic and
electromagnetic properties. At very low specific weights and thus high specific stiffnesses, they are
able to absorb significant amount of deformation energy while guaranteeing other properties such as
high fire and heat resistance, noise attenuation and shielding of electromagnetic devices (Banhart, 2001).
Combination of these characteristics attracts application of metal foams in many engineering fields from
interior design and equipment to civil engineering and vehicle construction.

The recent development of many cost-effective production techniques increases their potential for
substitution of legacy engineering practices and/or substitution of the most commonly used materials.
Particularly, metal foams will be potentially able to outperform certain types of polymer foams and
honeycomb structures in light of mechanical and environmental properties respectively.

Furthermore, open-cell metal foams manufactured from biocompatible materials (i.e. pure Titanium,
Ti-Ni alloys, etc.) successfully mimic natural characteristics of human bones. Usage of titanium and
its alloys as fusion implants is one of the most important developments in the field of biomechanics
and biomaterials. Such structural implants offer high corrosion resistance, good mechanical properties
and exceptional biocompatibility among other biomaterials. Open-pore structure with mean pore di-
mensions of 200 – 500μm is susceptible of transport of body fluids and also the ingrowth of new bone
tissue. By modifying the morphology, amount, size and orientation of pores, mechanical characteristics
can be adjusted to particular bone tissue, which gives the opportunity to assess optimal characteristics
compatible with the bone. This is the key parameter in bone implant applications because it prevents the
stress-shielding problem existing in the implantation of bulk materials due to the mismatch of mechanical
properties.

During the last decades, there has been much effort dedicated to understanding of the porosity de-
pendence of the effective elastic constants of cellular metals. Numerous relations derived from various
constitutive laws have been developed as a result of extensive theoretical and experimental work. The
most of the relationships give the variation of elastic constants in terms of porosity. However, many
of the suggested laws contain fitting parameters whose mechanical and physical explanation is either
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unclear or values of the parameters do not correspond to microstructural characteristics of the material.
This indicates that the derivation of the microstructure-property relationships for porous metals (with
both open- and closed-cell pores) is still an open issue and in many cases other parameters (i.e. pore
shape and distribution) have to be taken also into account.

In this paper, effective elastic properties in compression predicted by various models for modulus-
porosity relations are compared to experimental and numerical results of compressive behavior of Al-
poras aluminium closed-cell foam and Optinium open-cell biocompatible titanium foam. Experimental
values of elastic modulus and porosity of Alporas foam were assessed on the basis of quasi static com-
pressional loading and weighting of the sample respectively.

2. Materials

2.1. Alporas

Alporas R© is a closed-cell aluminium foam developed in late 80’s and produced by Japan manufacturer
Shinko Wire Co., Ltd. Structure of this material is typically constituted by large inner pores of polyhedral
shape with average size 4.5 mm. Cell walls that create complex random inner structure are typically
100μm thick with overall porosity approximately 90% (Miyoshi, 1998), although it can be manufactured
at different levels of porosity saying that polyhedron cells become spherical at porosities under 70%.
Foam is manufactured using special unnormalized alloy containing 97% of aluminium, 1.5% of calcium
and 1.5% of titanium (Miyoshi, 1998). Because material properties of this alloy are not provided by the
manufacturer, the material models typically use mechanical properties of 98% aluminium as stated in
(Konstantinidis, 2005).

Fig. 1: Alporas - macroscopic structure (left), surface of the cell wall captured using SEM - specimen
prepared for nanoindentation experiment (right)

2.2. Optinium

Optinium c© foam is manufactured using commercial grade CP4 titanium powder which is transformed
to open-pore structure using a propellant (space holder technique, see Singh (2009b)). Final porous
structure reaches effective porosity of 60− 65% and as has been shown in a permeability study of these
materials (Singh, 2009a), the pore and interconnect sizes are almost independent of relative density, but
foam strut thickness decreases with increasing porosity. Implants manufactured from this material are
ideal for their bone integration and ongrowth potential. The combination of bone-like mechanical prop-
erties with the interconnecting porosity leads to excellent biological fixation, a method that has already
been proven in endoprosthetics. Main usage of the implants is the surgical treatment of degenerate discs
of the lumbar spine and restoration of initial height of the intervertebral disc space.

3. Finite element analysis

Determination of mechanical characteristics of cellular materials using finite element (FE) analysis is
strongly dependent on microstructure modeling scheme. The internal structure can be generated directly
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Fig. 2: Macroscopic structure of Optinium

from samples of the real material or using one of several discretization methods. Direct modeling of the
internal structure is based on computed-tomography scanning of specimens. This approach facilitates
FE representation of the internal structure including all of its irregularities and defects (Vavřı́k, 2011).
Simultaneously, material properties at the level of the individual cells can be assessed by nanoindenta-
tion with high reliability and reproducibility (Jiroušek, 2009; Králı́k, 2011); moreover Digital Volumetric
Correlation (DVC) method can be used to identify the three-dimensional strain field in the loaded mi-
crostructure (Jiroušek, 2011). Instead of modeling the complex internal structure of metal foam directly,
a unit cell approach is often used. Internal structure of cellular materials can be then represented by mis-
cellaneous two- and three-dimensional models according to the various cellular forms. In the preceding
FE study (Koudelka, 2011) the beam-only discretization with cubic cells (Fig. 3) was used intentionally
to investigate its suitability for modeling of closed-cell foams and trabecular bones. It has been shown
that this discretization scheme, originally developed for modeling of open-cell foams, is suitable for also
assessment of elastic characteristics of Alporas closed-cell foam (Fig. 4). Declared elastic modulus
of Alporas (in the range from 0.4 GPa to 1.0 GPa) was acquired with model relative density in interval
0.08−0.13, which is consistent with real mechanical characteristics while significantly reducing amount
of computational time.

Fig. 3: Gibson-Ashby’s cell with corresponding equivalent ellipsoid

Fig. 4: Evolution of relative elastic modulus plotted against relative density - FE simulations of Alporas
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4. Effective elastic moduli of porous metals

From the view of micromechanics, cellular metals can be considered as a special case of multiphase
mixtures or materials with microstructure. The effective elastic properties can be predicted when me-
chanical characteristics of material components and microstructural details are known. Microstructural
information of the lowest order involve volume fractions of constituent phase whereas higher order in-
formation stands for pore size, shape and orientation including their statistical characteristics (Markov,
2000; Milton, 2003; Nemat-Nasser, 1999; Torquato, 2002).

Effective elastic modulus Ee can be then considered as a function of phase moduli Ei and the lowest-
order only (porosity φi) microstructural information (Pabst, 2004a):

Ee = f(Ei, φi) (1)

where Ei, i ∈ (0, 1, . . . , n) are the phase moduli of all n constituent phases and φi are the volume
fractions of the n phases.

For porous metals where the void phase exhibits approximately zero mechanical properties one can
assume that the void phase is redundant and therefore write the following basic assumptions: φ1 ≡ 1−φ,
φ2 ≡ φ and for void phase with zero elastic modulus: E2 = 0, E1 ≡ E0.

This provides for definition of Hashin-Shtrikman (HS) bound for the effective elastic modulus as:

EHS =
9KHSGHS

3KHS +GHS
(2)

where GHS ans KHS are HS bounds for the shear and bulk modulus respectively (Hashin, 1963). In gen-
eral, HS bounds are valid for microstructure called Hashin assemblage, which consists of polydisperse
composite spheres containing concentric spherical inclusions. In the case of macroscopically isotropic
porous material, Hashin assemblage would be approximated by a material containing hollow spheres
with an infinitely wide size distribution.

In the case of porous materials relative elastic modulus is the most frequently defined as:

Er =
Ee

E0
(3)

where Ee is the effective elastic modulus and E0 is the elastic modulus of matrix phase or solid skeleton
phase (for closed-cell and open-cell materials respectively). Linear dependence between the relative
elastic moduli and porosity can be considered at very low porosities:

Er = 1− [E]φ (4)

where [E] is the intrinsic elastic modulus defined as (Pabst, 2003):

[E] ≡ − lim
φ→0

Er − 1

φ
(5)

In the special case of a cellular material with spherical pores and solid phase Poisson’s ratio υ0 = 0.2
or υ0 = 0.33 the intrinsic elastic modulus is equal to two ([E] = 2) and any deviations from this value
may be inflicted by discrepancies from sphericity of pore shapes or discrepancies of the solid phase
Poisson’s ratio (Pabst, 2006a). This model also predicts a critical porosity parameter φc = [E]−1 ≤ 1
representing a point where the effective elastic modulus reaches zero and the material looses its integrity.

4.1. Nonlinear models

Porosity dependence of the effective elastic moduli is usually nonlinear. The applicability of modulus-
porosity relations is often stated to be controlled by the approximate isometry and not only by the spheric-
ity of pores. This is supported by the fact that Coble-Kingery relation in the form (Coble, 1956):
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Er = 1− [E]φ+ ([E]− 1)φ2 (6)

which reduces to:

Er = (1− φ)2 (7)

for porous material with spherical pores and solid phase Poisson ratio υ0 = 0.2 is in the same form
as a special case of power-law relations, functional equation approach, differential approach and semi-
empirical Gibson-Ashby model derived by fitting large set of experimental data irrespective to spherical
pore shape or isolated-pore topology. As a result, the connectedness of pores itself does not exclude the
use of any modulus-porosity relation.

The mechanical properties of foams can be modeled by considering deformation mechanisms of
individual cells (Ashby, 2004). Open-cell foams deform by bending followed at large loads by the
formation of plastic hinges within the cell walls. Relative elastic modulus is then defined as:

Er = α

(
ρf
ρ0

)η

(8)

where ρf is density of the foam, ρ0 is density of the matrix material, α and η are constants related to cell
geometry.

In closed-cell foams, bending of the cell walls is accompanied by stretching of the cell faces (Gibson,
1997). The relation for the relative elastic modulus has then a linear density term, which is related to
face stretching, and square term related to edge bending:

Er = Cϕ2

(
ρf
ρ0

)2

+ C(1− ϕ)

(
ρf
ρ0

)
(9)

where C is a constant related to cell geometry and ϕ is the fraction of solid contained in the cell edges. It
should be noted that experimental verification of these relations exhibits problems with the determination
of ϕ for high foam’s relative densities (above 30%) because there is no distinction between cell edges
and faces. Furthermore, either the cell size effect and cell anisotropy effect on mechanical properties are
not incorporated in the Gibson-Ashby’s model.

Other considered relations based on exponential and power laws are the most commonly used for
determination of modulus-porosity dependence of ceramic materials. In case of porous metals considered
in this paper, the modified exponential relation, Mooney-type exponential relation, Archie type relation,
Phani-Niyogi relation and Pabst-Gregorová relation are studied.

The modified exponential relation appears in the form (Mooney, 1951):

Er = exp

(−[E]φ

1− φ

)
(10)

Derivation of this equation has been given via the functional equation approach (Pabst, 2004b) and
trivial case for porous material with spherical pores leads to the prediction:

Er = exp

( −2φ
1− φ

)
(11)

This model results in zero relative modulus only in the case of 100% porosity. To allow for zero
relative modulus at porosities lower than 100%, additional parameter of critical porosity has to be intro-
duced, which leads to the Mooney-type exponential relation (Mooney, 1951):

Er = exp

(
−[E]φ

1− φ
φc

)
(12)
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Power-law relations are in the simplest form represented by the Archie-type relation (Archie, 1942):

Er = (1− φ)[E] (13)

This equation does not exhibit problem with zero relative modulus at 100% porosity and again the
critical porosity parameter can be introduced to allow zero relative modulus at porosities lower than
100%. This results in a Krieger-type power-law relation (Krieger, 1972), often called Phani-Niyogi
relation (Phani, 1987):

Er =

(
1− φ

φc

)[E]φc

(14)

All these exponential and power-law relations can be derived via the functional equation approach
and their semi-empirical character is given by the fact that intrinsic elastic modulus may not be reli-
ably known due to variations in pore shape and difficulties in assessment of pore size distribution and
connectivity. Thus, reliable estimates of critical porosities are not available.

Pabst-Gregorová model (Pabst, 2004c) has been found heuristically and appears in the form:

Er =
(
1− [E]φ+ ([E]− 1)φ2

) (
1− φ

φc

)
(1− φ)

(15)

This relation ensures zero relative elastic moduli for the case φ = φc. When critical porosity of
the material with spherical isometric pores is considered to be equal to 1, the relation reduces to the
Coble-Kingery relation (Eq. 6).

5. Results

The hereinbefore mentioned relations were applied to prediction of relative elastic moduli of porous
aluminium and titanium. Elastic characteristics of pore-free macroscopically isotropic matrix materials
which are necessary input information for calculation of the relative moduli were taken from literature
(Miyoshi, 1998; Singh, 2009b) and are listed in Tab. 1.

Tab. 1: Elastic characteristics of pore-free aluminium and titanium alloys used for manufacturing of
Alporas and Optinium respectively (CP stands for ”Commercially Pure”)

Alporas Optinium

Elastic property CP Aluminium CP4 Titanium

E [GPa] 69 112.3

υ [1] 0.33 0.317

Tab. 2: Elastic characteristics of reference materials

Material property Alporas Optinium

E [GPa] 0.826 10.4

porosity [1] 0.914 0.639

Internal structure of the studied materials is constituted of large overlapping void inclusions (closed
pores) of polyhedral shape and skeleton-like open pore structure with considerable variation in the size
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and orientation of the pores and hence the foam struts in case of Alporas and Optinium respectively. This
may lead to preliminary estimates of intrinsic elastic moduli significantly divergent from benchmark
value of 2.

For Alporas, however, when the data are fitted with master curve using the Archie-type relation (Eq.
13) which seems to be the most promising among other models, the resulting intrinsic tensile modulus
obtained via this equation is [E] = 1.84 for experimental results and [E] = 2.11 for FE results. When
the Phani-Niyogi relation (Eq. 14) is used for fitting with critical porosity as a additional parameter, the
intrinsic tensile modulus is [E] = 2.36, the critical porosity exceeds unity giving φC = 1.13 for exper-
imental data and [E] = 2.11, φC = 1.01 for FE results. Similarly, when the Pabst-Gregorová (Eq. 15)
model is considered in its complex form with both fitting parameters (intrinsic elastic modulus and criti-
cal porosity), fitted values are again close to benchmark ones with experimental [E] = 1.95, φC = 1.01
and numerical [E] = 2.03, φC = 1.00. It is apparent that if one lets vary freely the intrinsic elastic modu-
lus in the power-law equations (making it adjustable fit parameter) the resulting intrinsic tensiel modulus
is always approximately 2. Although internal structure of Alporas is composed of overlapping polyhe-
dral cells and not spherical ones (that are indicated by the intrinsic elastic modulus equal to 2), it can
be interpreted as a clear confirmation of the approximate isometricity of pores and also foam’s isotropic
mechanical characteristics. As contrasted to porosity dependence of porous ceramics, exponential-law
models are completely unsatisfactory for metal foams with modified exponential model (Eq. 10)resulting
in value [E] = 0.44 a and [E] = 0.88 for experimental and numerical results respectively. This result
indicates significant deviation from spherical pore shape but visual comparison of fitting curve and nu-
merical results shows diametrically different evolution of the fit model. By contrast, evolution of the
Mooney-type model (Eq. 12)fits the numerical curve well with intrinsic elastic moduli [E] = 0.88 and
[E] = 1.6 for experimental and numerical results respectively. Nevertheless, the corresponding critical
porosity values amount to experimental φC = 1.01 and numerical φC = 1.29 that is clearly nonsense
from the physical reality (Tab. 3, Fig. 5).

Tab. 3: Fit parameters determined for the master curve of the porosity dependence of the elastic modulus
of Alporas and Optinium metal foams using power- and exponential-law models

Alporas Optinium

Relation Fit model [E] φC [E] φC

Archie Er = (1− φ)[E] 2.11 − 2.20 −

Phani-Niyogi Er =
(
1− φ

φc

)[E]φc

2.11 1.01 1.89 0.92

Pabst-Gregorová Er =
(
1− [E]φ+ ([E]− 1)φ2

) (
1− φ

φc

)

(1−φ) 2.03 1.00 2.08 1.01

Modified exponential Er = exp
(−[E]φ

1−φ

)
0.88 − 1.37 −

Mooney Er = exp

(
−[E]φ

1− φ
φc

)
1.60 1.29 1.37 1.01

Analogous results have been obtained for Optinium foam with exponential models predicting large
deviations from actual curves representing modulus-porosity dependence of this type of foam. Foam ex-
hibits different relative stiffnesses in directions perpendicular and parallel to compaction direction due to
eccentric spaceholders used during the production process. This kind of pore geometry and macroscopic
material characteristics is essential according to intended usage of this material. PlivioPore implant sys-
tem is indicated for posterior lumbar intercorporeal fusion using osteoconductive titanium implants from
Optinium ensuring excellent both primary and secondary stability. This is primarily achieved by virtue
of rotation principle during embedding of the implant into spinal column. Firstly, the implant is fully in-
serted into the intervertebral disc space using the implant holder and consequently rotated by 90 degrees
to its desired position (Synthes, 2007). Such utilization principle and surgical technique require highest
material stiffness in directions perpendicular to transverse and sagital plane where most loads are trans-
ferred. These material characteristics can be predicted by power-law equations, as in the case of Alporas
(see Tab. 3). Moreover, both exponential-law models are suitable for prediction of modulus-porosity
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dependence of this material with intrinsic elastic moduli [E] = 1.37 and critical porosity φC = 1.01
indicating anisometry of the internal structure due to nonspherical spaceholders.

Table 4 summarizes results obtained by fitting the master curves using Gibson-Ashby’s equations
(Eqs. 8, 9). For Optinium, if one lets vary both fitting parameters freely, optimal master curve character-
izing porosity-dependence of this foam is achieved with α = 1.78 and η = 2.82. This is in contrast with
previous theoretical and experimental works with α = 2.03 and η = 2 according to experimental study
of Dillard (2004) and α = 0.6 and η = 1.6 according to theoretical model of strut bending of Ashby
(2004). Values of constants in these experimental and numerical studies were obtained for nickel-based
open-cell foam indicating that any of the models is not applicable in general and must be adapted to
particular studied material. When η = 2 is considered, the optimal value of α amounts to 1.01 which
is consistent with more detailed structural mechanics analysis of a low density, open-cell, Kelvin foam
with tetrakaidecahedral cells and struts with a Plateau border shape (Warren, 1997). FE simulations of
Kelvin foam lead to prediction of α = 0.98 and comparison with experimental data suggests that α = 1
can be used for a wide variety of open-cell foams. By contrast, application of Gibson-Ashby’s equation
for porosity dependence of elastic modulus for closed-cell foams is limited due to difficulties in deter-
mination of fraction of solid contained in the cell edges. FE simulations of a unit tetrakaidecahedral
closed-cell with flat faces give ϕ = 0.32 for relative densities less than 0.2 (Simone, 1998). For such low
relative densities, the second linear density term dominates, implying that cell face stretching is the more
significant mechanism of deformation in closed-cell foams. Similar simulations on tetrakaidecahedral
closed-cells and Weaire-Phelan closed-cells give ϕ = 0.311 (Kraynik, 1999). Fitting using these values
give optimal constant equal to approximately 1.5 but, as was observed at exponential-law models, com-
parison of fitting curve and numerical results shows diametrically different evolution of the fit model. If
one lets fraction of solid contained in the cell edges vary freely as a additional fitting parameter, master
curve fits the actual modulus-porosity dependence well. Yet, optimal fit model values are C = 2.14 and
ϕ = 1.02 which is nonreasonable value for closed-cell foams corresponding to all of the foam’s solid
contained in the cell edges (Fig. 6).

Tab. 4: Fit parameters determined for the master curve of the porosity dependence of the elastic modulus
of Alporas and Optinium metal foams using Gibson-Ashby’s models

Alporas Optinium

Structure Fit model α η C ϕ

Open-cell Er = α
(

ρf
ρ0

)η
1.78 2.82 − −

Closed-cell Er = Cϕ2
(

ρf
ρ0

)2
+ C(1− ϕ)

(
ρf
ρ0

)
− − 1.03 2.14
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Fig. 5: Evolution of relative elastic modulus plotted against porosity for Alporas showing master curves
determined by fitting using equations listed in Tabs. 3 and 4

Fig. 6: Evolution of relative elastic modulus plotted against porosity for Optinium showing master curves
determined by fitting using equations listed in Tabs. 3 and 4

6. Conclusion

Several exponential- and power-law equations have been introduced in order to obtain a master curve
characterizing as precisely as possible the general trend of the porosity dependence of the elastic moduli.
Predictions given by these mathematical models have been applied to mechanical behavior of Alporas
closed-cell aluminium foam and Optinium open-cell titanium biocompatible foam. Based on the concept
of intrinsic elastic moduli a brief overview of modulus-porosity relations has been given including expo-
nential and power-law expressions as well as Gibson-Ashby’s relations for both types of studied foams,
among them also the relations with critical porosity. It has been shown that for materials with microstruc-
ture types investigated here, both the modified exponential relation and Mooney type relation provide
unsatisfactory predictions of the actual porosity dependence of Alporas. Power-law models proved to be
well suitable for determination of modulus-porosity dependence of both studied foams whereas Gibson-
Ashby’s semi-empirical equations are only suitable for predictions of modulus-porosity dependence of
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Optinium. From the view of computational resources, modulus-porosity predictions assessed by fitting of
aforementioned equations is incomparably simpler than performing sets of FE simulations - irrespective
of direct or indirect microstructural modeling. Experimental verification of modulus-porosity predic-
tions implies custom manufactured samples of cellular materials as both Alporas and Optinium foams
are produced only at 90 % and 65 % levels of porosity respectively.
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Fig. 1. Experimental equipment with transparent glass sides before experiment E6/,02 with non-
cohesive sandy sample into:   

a) Lateral view at right equipment side (left). The moved front wall with five bi-component pressure 
sensors is left, back stabile wall with six pressure sensors is right.    

b)  Front view at hardware facilities in front of the experimental equipment (right). Red frame bearing 
six black cameras is left. 
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Table 1. History of experiment E6/0,2 - Rotation about the top 
µÃË£®�� ¾���� ¦��������
¬������¤�

î����ï�
������
î��¥ï�

µ���
î��¥ï�

~������¤�
î�Ë�Ë�ï�

¾���������
î����Ë���ï�
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î��ï�

Ð������¥�
î��Ë���ï��
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Fig. 2: Deformation of the sample front part according to the red strips and beginning the first slip 
surfaces Nos. 1, 2 in a strip of depth of -0,9 m comparatively to theoretical slip surfaces 
according to ČSN 73 0037 and EC 7-1 after passive movement of the toe of 49.58 mm.�
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Fig. 3: View at right sides of the samples (granular masses of the same sand of size of 0.3 mm. 
a)Experiment E6/0,2 after toe movement of 212.3 mm(left). �

b)Experiment E5/0,2 after toe movement of 226.9 mm (right).�
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�


 ��� � 
 ��X!


�����
� 
��
	��
�	�������
��	��_
��
	��
�	���	���"
 6 
��
	��
���	��
��
��]����
^���	�	���
���
 � 
��
	��

������
���	���




��� ���	
�����	
����	�����������������

��
 	���
 �����"
 	��
 �_	����
 ��������
 �����	����
 ��
 ����]
 �����
 ���
 ����������"
 ����"
 	��
 ���

����������
���
	��
���
��������
�����	�����
$��
���	����
���
�����	��
��������
�����	����
��

����]
�����
����
 �� 
���
���
����������
�_����
���
�����
��



 � �� � � � �� �� �� ���� � ��� �6 6 



 � �� � � � �� �� �� ���� � ��� �6 6 
 ��+!


�����
 �
��� ���
 �

��� ���
	��
�����
���
	��
����
����]
�����"
������	�����


$��
���
��������
����]
����
��������
�����	����
����
 �� 
���
�����
��



 � �� � � �� �� �� ���� � ���6 6 "
 � � � � �� �� �� ���� � ��� �6 6 



 � �� � � �� �� �� ���� � ���6 6 "
 � � � � �� �� �� ���� � ��� �6 6 
 ���!


��� ��������������������


�	
 ��
 ����������
 �
 �����	����	�����	��
 �	�����	
 �	����
 �	
 ���
 ��
 �����
 ��
 �
 +\�
 ������
 �����


����
 �������	���
 �����	����
 ��	�
 	��
 ���	�
 ��
 	��
 �	���
 ���� �� ���
 �����	
 �� �� �
 $��
 ���	��

����]
��	�
���	�
 �� �� 
����
	��
�_��
 �� ��
��������
��
	��
	��
���
��		��
��������
��
	��
�	���"
��

��������
 ��	���
 �����
 ����
 �������
 ��
 ����
 ���	����
 ���
 �� "
 �
 ����
 �����	��
 ���
 �� "
 �
 ����

���������
 ���
 �� !
��
�������	����
��
 ����
����
 �������"
����
 	��
 �	���
 �����
���
 	���	���
 ����

���
��	�
���������
�����
��������	�
��
	��
���	���
����������	
���
�����	��
�����	���
���	����
#

^���	��
 ��
 	��
 �	���
 ��
 �������
 �������
 ��
 ��\�_��
 �����	���
 ��
 	��
 �����	��
 ��	�"
 	��
 �����

����������	�
 ���
 	�����	��
 	���	���
 ���	��
 ��������	�
 ���
 ���������
 ��
 ��
 ��
 	��
 �����

��������	�
 ��
 	��
 ���	���
 ����������	
 ���
 �����	��
 �����	���
 ���	���
 ����������
 $���"
 ��
 	��

��		��
��
	��
^���	��
��
	��
�	���
�_���	
	��
����]
����
��
����
 � �� � "
 � �� � "
 �� � "
 �� � "
����
��

	��
����	
�	���
 � �� � "
 � �� � "
 �� � "
 �� � �
#�
���
��
	��
����������
����]
��
�������"
� ���
 � 

���
���������
��
	��
�������
��
	��
����]"
����
��
	��
����
��

��������
����]
	��
��	��	���
� ���

� ���
���������
��
��	�
����]
�����
��
���
��
��
��	��	���
���
������
��
	��
����]
��������






̀ ��
	��
�����	����	�����	��
��	����"
��
������
	��
 � � ����	� ����� � �������	�
���"
+<<<
!�



 �� 	
�� 		�
 ��� ���� � "
 �� 	

�� �	�
 ��� ���� � "
 �� 	
�� 	��� ��� ���� � "
 �� 	

�� ��� ��� ���� � "



 �
�� ���� -��� "
 �

�� ���� -��� � "
 �
�� ���� -��� "



 � �
�� ���� �� � �� - ��� �� � "
 	 �

�� ���
 �� � �� � ��� �� � �



 �
�
 �	
�� � �� � �� �� "
 �

�� �	��� � �� � �� �� "
 �
�� �
��� � �� � �� �� "



 ��
�� 
���
 �� 
�� ��� �� � "
 ��

�� �	�	�
 �� 
�� ��� �� � �


714 Engineering Mechanics 2012, #56



�


 � �
�� �		�� �� � ��� ��� � �� � "
 � �

�� ���
 �� � ��� ��� � �� � 


$��
^���	��
��
	��
�	���
��
�������
��
�[<<
�����
^�����	�
����	�
�����	��


��
 `����
 X\["
 	��
 ��������
 ����	�
 ���
 �����
 ���
 �
 ����������
 �����
 ��
�����
 ��������
 ��!
 ����

���������
 ���
 � ���� � �
 ���!
 ����
 ���	����
 ���
 	

� � �� � �� �
 ����!
 ����
 �����	��
 ���

	

� � �� �� �� �
 `���
 X
 �����
 	��
 ���	����	���
 ��
 
 	��
 ���	���
 ��	��	��
 ����
 	��
 ����]
 ����
 ���
 	��

���
 ����������
 ����]
 �����	����
 �	
 ���
 ��
 ����
 	��	
 	��
 ���	����
 ��	��	��
 ��
 ����	���"
 ��
 �
 ����

���	����
���
��
�������
#
������
���������
���
��
��������
���
	��
�����	��
��	��	��
�`���+!
��
	��

����]
����
�����
���
����������
����]
�����	����"
��	
	��
����	���
�����	��
��	��	��
��
�������
��

�
����
�����	��
 ���
 ��
������
���
 �	�
�����	���
 ��
 �����
 	���
 	��
����
�������������
 	�
�
����

���	����
����



?���
 ��	����	���
 ��
 	��
 ����]
 �������
 ����������	
 �����
 ��
 `���
 ��
 ���
 `���[�
 `��
 	��
 ���

����������
 ����]
 �����
 �`���
 ��!"
 �
 �����������
 �������
 ��
 ����]
 ��
 ������
 ��
 �
 ����
 �����	��

������
 ���
 �
 ����
 ���	����
 ������"
 	�����
 �	
 ��
 �	�
 ����	�
 ����
 	���
 ��
 	��
 ����
 ��
 �
 ����

���������
�������
`��
	��
���
��������
����]
�����"
�������"
	��
�������
���������
��
��������"

����
	��
����
�������
��
������
��
�
����
���������
������"
����
	��
����]
�������
����������	

��
����	���
�����]
������!
�����
�
����
�����	��
�������



 

�����	��
������������������������������������������������������������������������������������������

�����������������������


 

��������
����������������������������������������������������������������������������������������

�����������������������

Krahulec S. Sládek J. Sládek V. Staňák P. 715
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MODELING OF MACROSCOPIC ELASTIC PROPERTIES OF 
ALUMINIUM FOAM 

V. Králík*, J. N½me�ek**

Abstract: This paper is focused on the prediction of macroscopic elastic properties of highly porous 
aluminium foam. The material is characterized by a closed pore system with very thin pore walls and 
large air pores. Intrinsic material properties of cell wall constituents are assessed with nanoindentation 
whereas analytical homogenizations are employed for the assessment of the cell wall elastic properties. 
Very good agreement was found between the various analytical estimates. Two-dimensional 
microstructural FEM model was applied to obtain effective elastic properties of the upper material level. 
for which the Young's modulus reached 1.11 GPa. The value is by ~30% lower than the range of 
experimental values obtained from experimental compression tests. It follows from the 2-D 
approximation that the 2-D model underestimates the stiffness, by ~30% compared to the real case 
constrained in 3-D. Therefore, more appropriate 3-D model based on microCT data will be prepared in 
the future work. 

Keywords: metal foam, porous system, nanoindentation, micromechanical properties, 
homogenization.  

1. Introduction 

Traditionally, materials are tested on large samples by macroscopic methods that can give overall (or 
effective) properties. Together with the development of experimental techniques in the past, 
microstructural and micromechanical properties have become important in the description of the 
material behavior since they could give answers on the origin of many macrolevel phenomena. 

Aluminium foams belong to the up-to-date structural materials with high potential to many 
engineering applications. This highly porous material with a cellular structure is known for its 
attractive mechanical and physical characteristics. The application of this material is very wide. Some 
structural and functional applications of aluminium foams for industrial sector which covers mainly 
automotive, aircraft but also building industries have been reviewed e.g. by Banhart (2001).  

In general, mechanical properties of metal foams are governed by two major factors: (i) cell 
morphology (shape, size and distribution of cells) and (ii) material properties of the cell walls 
(Miyoshi et al., 1998). However, measurement of mechanical properties of the cell walls is a difficult 
problem that cannot be solved with conventional methods due to their small dimensions, low local 
bearing capacity and local yielding and bending of the cell walls. These problems can be overcome 
using micromechanical methods, namely nanoindentation, in which the load–displacement curve is 
obtained in the sub-micrometer range.  

In this study, micromechanical analysis of a commercially available aluminium foam Alporas®

(Shinko Wire Co., Ltd) was performed. Nanoindentation technique was applied to access elastic 
properties of the distinct phases within the cell walls. Based on these results, overall effective elastic 
properties (Young’s modulus) of the solid phase were evaluated by several homogenization schemes. 
To calculate the effective elastic properties at the whole structural level (including the air pores) 
microstructural FEM model was applied. 

                                                
*   Ing. Vlastimil Králík: Faculty of Civil Engineering, Department of Mechanics, Czech Technical University in Prague, 
Thákurova 2077/7; 166 29, Prague; CZ, e-mail: vlastimil.kralik@fsv.cvut.cz 
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ek, Ph.D.: Faculty of Civil Engineering, Department of Mechanics, Czech Technical University in 
Prague, Thákurova 2077/7; 166 29, Prague; CZ, e-mail: jiri.nemecek@fsv.cvut.cz 

m
2012

. 18thInternational Conference
ENGINEERING MECHANICS 2012 pp. 719–724
Svratka, Czech Republic, May 14 – 17, 2012 Paper #125



2. Material characterization 

2.1. Structure of Al-foam  

The properties of Al-foam depend directly on the shape and structure of the cells, therefore description 
of its structure is very important. The Alporas foam is characterized by a hierarchical microstructure
with the system of closed pores. An internal structure of the aluminum foam is shown in Fig. 1. The 
most important structural characteristic of a cellular solid is its relative density, 1 / 1s (where 1 is the 
foam density and 1s is the density of the solid, i.e. Al). The fraction of pore space in the foam can be 
defined by its porosity (1- 1 / 1s) (Gibson, 1997). The porosity was detected by weighing of a 
sufficiently large foam sample and by taking into account the density of pure aluminum (2700 kg/m3). 
The relative density was assessed as 0.0859 and porosity reached 0.914, i.e. 91.4%.  

Fig. 1. Overall view on a typical structure of 
aluminium foam 

Fig. 2. ESEM image of a cell wall 

Other important parameters for the description of the internal foam structure are both distribution 
of cell wall thicknesses and pore size and shape characteristics. These geometric parameters of the cell 
structure are crucial for the selection of the homogenization schemes and modeling mechanical 
performance. A high resolution optical image of the foam surface on a cross-section embedded to 
blackwashed gypsum was prepared. Prior to imaging the specimen was mechanically polished with 
fine SiC papers to receive smooth and flat surface. Size of the scanned area was 112 × 158 mm (which 
is sufficiently large to represent a structural level of the material).  

The cell wall thickness assessed as the minimum distance between neighboring pores was 
evaluated using image analysis. Distribution of the cell wall thicknesses for is shown in Fig. 3. The 
distribution shows a significant peak, i.e. a characteristic thickness, around L~61 μm. The majority of 
cell wall thicknesses lies between 20 to 200 μm.  

               
Fig. 3 Distribution of cell wall thickness                   Fig. 4 Distribution of shape factor 

A characteristic size of each pore was also estimated with the help of image analysis. Some small 
corrections and noise filtering in the binary image was necessary to help the algorithm automatically 
identify all individual pores. The pores are almost spherical or polyhedral shape due to a high foaming 
ratio.In the analysis, the pores were replaced by equivalent ellipses. Further, a shape factor computed 
as the ratio between the longer and shorter axes of the ellipse was obtained. Distribution of the values 
of shape factor is shown in Fig. 4. The mean value of shape factor was 1.15. This value indicates that 
the shape of the pores is nearly circular with a small flattening. 
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An equivalent pore diameter assuming circular pores was also calculated. The distribution of this 
equivalent pore diameters can be seen in Fig. 5. The equivalent diameters of pores are distributed over 
a range of 0.2 mm to 6 mm and the mean value of the equivalent diameter is 2.9 mm.  

Fig. 5 Distribution of equivalent diameter 

2.2. Definition of the model  

At least two characteristic length scales can be distinguished for the material: the cell wall level and 
the foam level. Therefore, two-scale microstructural model for the prediction of macroscopic elastic 
properties on the whole foam level is proposed based on the utilization of nanoindentation data 
received on cell walls (Nãme
ek et al., 2011; Hasan et al., 2008). The model covers: 

• Level I (the cell wall level). 

In this level, characteristic dimension of the cell wall defined by the mean midspan wall thickness 
is L~61 μm. This level consists of prevailing aluminium matrix (Al-rich area) with embedded 
heterogeneities in the form of Ca/Ti-rich areas (Králík et al., 2011). Distinct elastic properties of the 
microstructural constituents were assessed using nanoindentation at this level. 

• Level II (the foam level). 

At this level, the whole foam containing large pores with an average diameter ~2.9 mm are 
considered. Cell walls are considered as homogeneous having the properties that come from the 
Level I homogenization. 

3. Level I homogenization 

Firstly, intrinsic elastic properties of the microstructural constituents were assessed by nanoindentation 
at this level. Detailed description of the experimental part can be found in Nãme
ek et al., 2011. Two-
phase system (major Al-rich and minor Ca/Ti-rich phase) was assumed in the statistical deconvolution 
algorithm (Constantinides et al., 2006) to obtain Young's moduli and volume fractions of the two 
phases (Tab. 1). Poisson's ratio 0.35 was considered for both phases. Based on these results, effective 
elastic properties (Young’s modulus) of the solid phase were evaluated by selected analytical 
homogenization schemes, namely Voigt and Reuss bounds, Mori-Tanaka method and self-consistent 
scheme (Zaoui, 2002). The homogenized elastic modulus for the cell wall is summarized in Tab. 2. 
Very close bounds and insignificant differences in the elastic moduli estimates by the schemes were 
found.  

Tab. 1: Elastic moduli and volume fractions of the two microstructural phases from deconvolution  

Input values from 
nanoindentation Mean E (GPa) St.dev. (GPa) Volume fraction 

Al-rich zone 61.9 4.6 0.638 

Ca/Ti-rich zone 87 17 0.362 

Králı́k V. Němeček J. 721



Tab. 2: Effective values of Young’s modulus computed by different homogenization schemes at Level I 

Scheme Mori-
Tanaka

Self-consist. 
scheme 

Voigt 
bound 

Reuss 
bound 

Eeff, Level I (GPa) 70.076 70.135 71.118 69.195 

4. Level II homogenization 

At this level, cell walls are considered as a homogeneous phase having the properties that come from 
the Level I homogenization. The cell walls create a matrix phase and the large air pores can be 
considered as inclusions in this homogenization.  

At first, effective elastic properties of the Level II were estimated with the same analytical 
schemes used in Level I. The volume of air pores was evaluated experimentally (Section 2.1) on our 
samples as 91.41 %. The homogenized elastic modulus for the Level II structure is summarized in 
Tab. 3. It is clear from Tab. 3 that the analytical schemes show a high dispersion of results. None of 
the schemes used here give appropriate results compared to experiments. Nevertheless, the correct 
solution should lie between Voight and Reuss bounds that are, in this case, quite distant (Tab. 3). The 
Mori-Tanaka ends up close to the average phase value, whereas the self-consistent scheme tends to 
reach lower stiffness value (i.e. the air) due to the very large volume fraction of pores. 

Tab. 3: Effective values of Young’s modulus computed by different analytical homogenization schemes 
at Level II 

Scheme Mori-
Tanaka

Self-
consist. 
scheme 

Voigt 
bound 

Reuss 
bound 

Eeff, Level II (GPa) 3.1510 0.0012 6.0200 0.0011 

At second, the more appropriate two dimensional microstructural FEM model was applied. The 
model geometry was generated from high resolution optical images of Al-foam cross-section, whose 
preparation is described in section 2.1. Size of the selected representative area was 60×60 mm and was
rotated about both coordinate axes (axes of symmetry). Resulting area with a size of 120×120 mm was 
thus created to represent a higher structural level of the material. At this image, pore centroids were 
detected, Delaunay triangulation applied and Voronoi cells created. Then, an equivalent 2D-beam 
structure was generated from cell boundaries (Fig. 6). As a first estimate, uniform cross-sectional area 
was prescribed to all beams (~8.59 % of the total area). 

The aim of the numerical analysis was to determine the effective elastic constants using the 
micromechanical approach in which the homogenized medium (a composite) should exhibit the same 
deformation behavior as the microscopically inhomogeneous sample in an average sense, In this 
analysis, prescribed macroscopic strain ΕΕΕΕ is imposed on the boundaries of the RVE and microscopic 
strains and stresses are solved in the RVE. Volumetric averaging of microscopic stresses leads to the 
assessment of an average macroscopic stress and finally estimation of effective stiffness parameters. 

The key issue of the computation is the size of RVE and application of boundary conditions around 
the domain. Since the RVE size is always smaller than an infinite body, any constraints can strongly 
influence the results. Application of the kinematic boundary conditions leads to the overestimation of 
effective stiffness and it can give an upper bound, whereas the static boundary conditions give a lower 
bound (Šmilauer, 2006). The best solution is usually provided by applying periodic boundary 
conditions to RVE which are, however, difficult to implement into commercial codes. 

Nevertheless, the influence of the boundary conditions on microscopic strains and stresses in the 
domain decrease in distant points from the boundary. The size of our domain (120×120 mm) allowed 
us to solve the problem with kinematic boundary conditions. For homogenization, considerably 
smaller region (20×20 mm) was used. Microscopic strains and stresses were computed inside this 
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smaller area which was still sufficiently large to describe the material inhomogeneities and to serve as 
material RVE.  

The whole domain (120×120 mm) was subjected to homogeneous macroscopic strain in one axial 
direction (ΕΕΕΕ={1,0,0}T) by imposing prescribed displacement to one domain side (Fig. 6). The test was 
performed using Oofem software package (Patzák et al., 2001) and microscopic strains and stresses 
solved in the domain. Strains and stresses (structural forces for the case of beams, respectively) inside 
the smaller area (20×20 mm) were averaged and used for computation of the homogenized stiffness 
matrix (one column in the matrix, respectively). Assuming material isotropy, the (1,1) member at the 
material stiffness matrix is given by: 

)21)(1(
)1(

11 νν
ν
−+

−= EL ,  

in which E is the Young's modulus and ν Poisson's ratio, respectively. Since the Poisson's ratio of the 
whole foam is close to zero (as confirmed by experimental measurements) the L11 member coincides 
with the Young's modulus E. For the tension test in x-direction (Fig.6), the homogenized Young's 
modulus was found to be Ehom = 1.11 GPa.  

    
Fig. 6. 2D-beam structure with prescribed boundary conditions. 

Such stiffness is comparable with the range of experimental values (0.4−1 GPa) reported for 
Alporas® e.g. by Ashby et. al. (2002). It is lower than first results obtained from our currently running 
experimental measurements (uniaxial compression test on 30×30×60 mm Alporas blocks) that indicate 
E#1.45 GPa. The lower stiffness obtained from two-dimensional model can be explained by the lack 
of additional confinement appearing the three-dimensional case. Therefore, the results of the 
simplified 2-D model can be treated as a first estimate of the Level II material properties which need
to be refined. The real confinement of a 3-D cell structure can hardly be captured in 2-D computation 
and leads to the necessity of the 3-D computation. 

5. Conclusions 

The microstructure of Al-foam was studied by image analysis and phase properties assessed with 
nanoindentation. Important parameters such as relative density (0.0859), porosity (0.914), distribution 
of cell wall thicknesses, distribution of equivalent pore diameters and shape factors of pores were 
determined. Two-scale micromechanical model was proposed for the assessment of foam effective 
elastic properties. Elastic parameters of cell walls (Level I) were obtained from statistical 
nanoindentation results from which one dominant and one minor mechanical phase were separated by 
the deconvolution algorithm. Application of analytical homogenization schemes showed very similar 
results of effective cell wall elastic properties (ELevel-I # 70 GPa). This value together with 
corresponding volume fraction of cell walls and large pores were used in micromechanical up-scaling 
to the upper level (Level II). Effective elastic properties of Level II were estimated with the same 
analytical schemes used in Level I. However, the analytical methods do not give satisfactory results in 
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this case. Therefore more appropriate two dimensional microstructural FEM model was applied. 
Homogenized Young's modulus reached 1.11 GPa. The estimated value was lower by 30% compared 
to experimental results (1.45 GPa). It is primarily due to the three dimensional effects (cell shape, 
additional confinement) that cannot be captured in the two dimensional model. Therefore, further 
development of the numerical model (influence of beam stiffness variations, size of RVE, extension to 
3-D) and extending an experimental program is planned in the near future. 
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MOBILE ROBOT TRACKING USING IMAGE PROCESSING 

J. Krejsa*, S. V¡chet**, T. Ripel** 

Abstract: During the evaluation of autonomous mobile robot navigation routines the determination of 
true robot position on its track is essential. The paper presents simple yet reliable method of tracking 
robot position using processing of images acquired from the devices positioned above the operation 
space. The method consists of two steps for each image: detection of the robot in image space and 
transfer of its coordinates to operation space. 

Keywords:  Mobile robot, image processing, object tracking. 

1. Introduction 

To evaluate the quality of localization and path planning routines (V�chet 2011) with real robots, the 
determination of true position of the robot must be performed. This paper proposes simple yet reliable 
method of tracking the position of the robot based on the processing of robot images acquired by bird 
eye positioned camera. The method was used when the quality of Extended Kalman filter based 
localization was evaluated, as described by Krejsa (2012), focused on the utilization in the prototype 
of presentation robot Advee (Ripel 2011). 

Proposed method consists of two steps. During the first stage the position of the robot in the image 
space is found, using the detection of marks placed on the robot. In the second stage found coordinates 
are recalculated into operational space, providing the correction of imprecise image acquiring device 
mounting, optic flow imperfections, etc. 

2. Detection in image space  

The sequence of the robot images is acquired from the digital camera mounted above the operational 
space, as indicated on Fig. 1. 

 
Fig. 1. The principle of image acquiring 
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Two devices were used to acquire the images, differing in resolution and optical systems, in 
particular Canon 350D with Canon EF20/f2.8 lens and Pixelink PLB-762G camera with Edmund 
Optics SZ110M lens. Both devices were positioned 3650 mm above the operational space of the robot. 
Two white marks with diameter of 21.5mm were placed on the sides of the robot in 607mm relative 
distance. The mounting of the devices is illustrated on Fig. 2. 

 
Fig.2. Image acquiring - particular devices mounting 

 

Different optics result in different field of view and therefore the covered operational space. Canon 
350D chip has the resolution of 3456 x 2304 pixels and with given optics covers the area of 
4.7 x 3.3m, with the final resolution of 1.4mm/pixel. Pixelink camera chip has the resolution of 
752 x 480 pixels, covers the area of 10.1 x 6.5m thus producing the final resolution of 13mm/pixel. 

Both devices are controlled from the computer, frame rate was set to 1s for the Canon camera due 
to the duration of image data saving, frame rate for the Pixelink camera was set to 0.5s, even though 
several experiments were performed with higher frame rates (Pixelink device is capable of maximum 
60 fps). 

Image data were acquired and saved and then processed offline, therefore there was no demand for 
optimized image processing with respect to computational requirements. Acquired images were 
processed in following way, with examples of actual images shown on Fig. 3: 

o Format processing: raw to grayscale; region of interest (ROI) determination 

o Thresholding ROI with given adaptive threshold value 

o Evaluation of the intensity sums of rectangular image blocks uniformly covering the region of 
interest, with parametrically given overlay. 

o Determination of priority blocks by sorting the blocks according to the intensity sum and 
selection of the blocks with given minimal distance in image space. 

o Calculation of precise position of the marks in priority blocks using COG procedure. 
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Original image in grayscale with ROI ROI thresholding 

Detected priority blocks holding the condition 
of minimal distance 

Determination of exact position using COG 
procedure for priority blocks #####

#####################################����#ª�#¢[*�Q#�+�`Q]]�<�#��#*`�}�+Q>#�[*�Q] 

Images are processed in batch, with constant parameters of block sizes, its overlay and minimal 
distance between the blocks. Other parameters are variable during the processing, in particular the 
threshold and region of interest boundaries. Image processing outputs the positions of detected marks 
in image space in the form of text file for further processing. 

3. Recalculation to operational space 

Once the position of the marks is found, the next stage is to determine the position of the marks in the 
operational space. Due to the imperfections in camera mounting and optical flow the values can not be 
simply multiplied by a constant, but the nonlinear transformation is necessary. The transformation 
uses the set of calibration points in the operational space, for which the real position ! ",r rx y  is known 

and corresponding position in image space ! ",o ox y  can be found. The points from both operational 
and image space are first centered into the center of image space and then transformed to polar 
coordinates. Thus the coordinates ! ",r r* D  and ! ",o o* D  are obtained. The transformation from image 
to operational space is then performed using polynomial of the 4th order: 
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To determine the unknown coefficients of the polynomial, at least 30 equations are required, 
represented by 15 calibration points. In performed experiments dozens of points were used, 
determining the coefficients by least squares optimization. 

Krejsa J. Věchet S. Ripel T. 743



 

Quality of the transformation was verified using translation motion of the robot through the whole 
observed region and checking the distance between the marks, that should remain constant during the 
motion. Pixelink camera distortion was found substantially smaller, however due to the lower 
resolution and larger viewing angle of the optics the average error in the distance is higher. In 
particular the standard deviation is 0.43 mm for the Canon camera and 2.92 mm for Pixelink camera. 
In both cases, however, the values correspond to subpixel precision of marks detection in image space. 

The example of comparison of true trajectory detected from image processing and the estimate 
generated by Extended Kalman filter based localization technique for the experimental robot Leela is 
shown in Fig. 4. 

 
Fig. 4. Comparison of true trajectory of the robot and EKF based localization estimate 

4. Conclusions 

Presented method is simple and easy to implement. The processing was performed offline, but the 
computational requirements are low enough to perform online tracking. The method depends on 
possibility to mark the robot with at least two markers. The precision of the method depends on the 
rate between the image resolution and covered operational space, the image detection can reach 
subpixel precision. 
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THE PROBABILISTIC CALCULATING OF FATIGUE CRACK
PROPAGATION USING FCPROBCALC PROGRAM

M. Krejsa*

Abstract: The paper gives examples of the probabilistic assessment of a steel cyclic loaded structure.
Fatigue progression of the cracks from the edge and from the surface is used as a basis for proposing a
system of inspections. The newly developed method Direct Optimized Probabilistic Calculation (DOProC
method) was used for solution. The method was applied in FCProbCalc software.

Keywords: DOProC method, FCProbCalc, Fatigue Crack, Inspection of Structure, Safety Margin.

1. Introduction

Reliability of bearing structures which are subject to load cycles is affected considerably by degradation
processes being, in particular, the result of fatigue of the basic material. Methods are under development
now which would detect failures and defects, if any, resulting from initiation cracks. Linear fracture
mechanics is among alternative methods. Mechanical engineering experts have been dealing with such
issues for many years. Results have been gradually taken over and implemented into designs of the
loading structures in buildings. Because input variables include uncertainties and reliability should be
taken into account, probabilistic methods should be used in investigation into the propagation rate of the
fatigue crack.

This paper describes the use of the original method and method which is under development now:
the Direct Optimized Probabilistic Calculation (”DOProC”) can be used for a probabilistic design and
assessment of reliability of structures with the specified designed probability of failure, without using
any simulation techniques - Janas et al. (2009); Janas et al. (2009). The DOProC method deals, as the
other probabilistic methods, with tasks where at least certain input quantities are of a random nature. In
many cases, this calculation method is very efficient and provides accurate estimates of resulting prob-
abilities. Only a calculation error and an error resulting from discretizing of input and output quantities
are involved there.

DOProC method has proved to be a good solution, among others, in probabilistic analysis of fatigue
crack propagation in constructions subject to cyclical loads. Detailed methods with examples of the
probabilistic assessment for a construction subject to fatigue load are available, a particular attention
being paid to cracks from the edge and those from the surface. Similarly to other probabilistic analysis,
this information is used as a basis for designing a system of inspections of the cyclic load construction,
e.g. Moan (2005), Straub (2009), Chen et al. (2011), Krejsa et al. (2011), the aim being to analyze real
propagation of fatigue cracks in those structural details which tend most to be damaged by fatigue. If no
fatigue cracks are found, the analysis of inspection results give conditional probability during occurrence.

In order to improve quality of probabilistic calculations, a special software - FCProbCalc - was
developed. Using this software, it is possible to monitor effectively and flexibly development of fatigue
damage in structures, to determine times for inspections and to ensure that the construction will be fit for
operation in terms of fatigue safety. The methods and application can considerably improve estimation
of maintenance costs for the structures and bridges subject to cyclical loads.

*Doc. Ing. Martin Krejsa, Ph.D.: Department of Structural Mechanics, Faculty of Civil Engineering, VSB - Technical
University Ostrava, Ludvika Podeste 1875/17; 708 00, Ostrava-Poruba; CZ, e-mail: martin.krejsa@vsb.cz
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2. Direct Optimized Probabilistic Calculation (DOProC)

The Direct Optimized Probabilistic Calculation (”DOProC”) has been under development since 2002.
Principles of DOProC method which can be used for various types of probabilistic tasks have been
described in theory in many publications. The calculation procedure for a certain task in DOProC method
is clearly determined by its algorithm, while Monte Carlo simulation methods generate calculation data
for simulation on a random basis, e.g. Konecny et al. (2007), Krivy et al. (2007).

Similarly as with the other probabilistic methods, Kralik (2009), input random quantities in DOProC
(such as the load, geometry, material properties, or imperfections) are described using the non-parametric
(empirical) distribution in histograms. This technique can be also used for parametric divisions. The
distribution is typically based on observations, being often long-lasting ones. A computational procedure
is being developed now, the aim being to implement into DOProC method the statistic dependence of
input parameters.

In DOProC method, each calculation of the failure probability, pf , is, however, limited by the number
of random input variables. If there are too many random variables, the application is extremely time
demanding - even if high-performance computers are used. The number of necessary computational
operations and time needed for the calculation is also influenced by the number of intervals in each input
random variable. This influences, in turn, accuracy of final probabilities. Therefore, efforts have been
made to optimize calculations in order to reduce the number of operations, keeping, at the same time,
reliable calculation results. The goal of optimizing techniques is to minimize the computational time and
to maintain correctness and high accuracy even in relatively demanding probabilistic tasks. This is the
reason why the method includes in its name the word ”Optimized”.

DOProC method has been used, so far, in probabilistic assessment of combined load or reliability
of cross-sections and systems consisting of statically determined or undetermined load carrying con-
structions, e.g. Janas et al. (2003), in probabilistic assessment of load carrying constructions which are
subject to shocks in probabilistic analysis of steel-fibre reinforced concrete mixtures or in probabilistic
assessment of reliability of anchored reinforcement or arc reinforcement in underground and long mine
works with a special focus on anti-slipping properties.

It is possible to use ProbCalc in DOProC probabilistic calculations (see Fig. 1). ProbCalc is a soft-
ware application which is still under development. It is rather easy and simple to implement quite a
complicated analytical transformation model of a probabilistic task defined using a text-oriented editor.
In more complex numerical calculation models, there is a chance to use the procedure programmed by
the user as DLL (with a dynamic library extension). The optimizing techniques have been implemented
into ProbCalc and can be combined now in the probabilistic calculation.

Fig. 1: Desktop of the ProbCalc software (left) and calculated 3D chart of reliability function (right).

More advanced user knowledge is required then to enter the probabilistic tasks in ProbCalc. It is
essential to know, at least, general basics of algorithms because this influence the way of defining the
computational model and selection of the best optimizing procedure. This weakness is removed if the
application software is customized for a specific probabilistic task, this being, for instance, the case of
FCProbCalc.
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3. Probabilistic calculation of fatigue crack propagation

Occurrence of initiation cracks and crack propagation in structures subject to fatigue load has been known
for a long time. The process is closely connected with fabrication of the steel structures, Kala (2005),
and, in particular, with creation of details which tend to be damaged by fatigue. The key difference is
between initiation of cracks resulting from steelmaking inclusions and those created during fabrication
of structural details. Regarding the former, it takes a long time until it reaches the surface, while the latter
is at the surface from the beginning of the loading. Standardized approaches of previous EC standards
suppose that surface cracks were not present there. The acceptable damage method which is described in
the new standard admits random occurrence of surface cracks. The major difference is that a fatigue crack
might not be fragile, but could be ductile. In real components of steel structures and bridges, the latter
is more frequent that the former which is used in experimental measurements in processed small test-
pieces. This fact is not a new phenomenon. It has been known for a long time and has been mentioned,
for instance, by Anderson (2005). During the designing, fabrication and processing of details, nobody,
however, paid attention to random occurrence of initiation cracks from surface areas (from the surface or
from the edge).

Three sizes are important for the characteristics of the propagation of fatigue cracks. These are the
initiation size, the detectable size and the final acceptable size which occurs prior to failure caused by
a fragile or ductile crack. The fatigue crack damage depends on a number of stress range cycles. This
is a time factor in the course of reliability for the entire designed service life. In the course of time, the
failure rate increases, while the reliability drops.

The topic is discussed in two levels that affect each other: the probabilistic solution to the propaga-
tion of the fatigue crack and uncertainties in determination of quantities used in the calculation. When
investigating into the propagation, the fatigue crack that deteriorates a certain area of the structure com-
ponents is described with one dimension only: a. In order to describe the propagation of the crack, the
linear elastic fracture mechanics is typically used. It is based on the Paris-Erdogan law, e.g. Sanford
(2003):

da

dN
= C · (�K)m , (1)

where C, m are material constants Carpinteri et al. (2007), a is the crack size and N is the number of
loading cycles.

The initial assumption is that the primary design should take into account the effects of the extreme
loading resulting from the ultimate state of carrying capacity method. Then, the fatigue resistance should
be assessed. This means, the reliability margin in the technical probability method is:

Z(R,S) = RF = R− S , (2)

where R is the random resistance of the element and S represents random variable effects of the extreme
load.

When using (1), the condition for the acceptable crack length aac is:

N =
1

C

∫ aac

a0

da

�Km
> Ntot , (3)

where N is the number of cycles needed to increase the crack from the initiation size a0 to the acceptable
crack size aac, and Ntot is the number of cycles throughout the service life.

The equation for the propagation of the crack size (1) needs to be modified for this purpose. The
state of stress near the crack face is described using ΔK (the stress intensity coefficient) which depends
on the loading (bending, tension), size and shape of the fatigue crack, and geometry of the load-bearing
component. If the Δσ stress range and axial stress-load of the flange are constant, the following relation
applies:

ΔK = Δσ ·
√
πa · F(a) , (4)

where F(a) is the calibration function which represents the course of propagation of the crack. After the
change of the number of cycles from N1 to N2, the crack will propagate from the length a1 to a2. Having
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modified (1) and using (4), the following formula will be achieved:∫ a2

a1

da

(
√
πa · F(a))m

=

∫ N2

N1

C · (�σ)m dN . (5)

If the length of the crack a1 equals to the initial length a0 (this is the assumed size of the initiation
crack in the probabilistic approach) and if a2 equals to the final acceptable crack length aac (this is the
acceptable crack size which replaces the critical crack size acr if the crack results in a brittle fracture),
the left-hand side of the equation (5) can be regarded as the resistance of the structure R(aac):

R(aac) =

∫ aac

a0

da

(
√
πa · F(a))m

. (6)

If the upper integration limit ad is used, the resistance of the structure R(aad) can be specified sim-
ilarly. Similarly, it is possible to define the cumulated effect of loads that is equal to the right side
(randomly variable effects of the extreme load) (5):

S =

∫ N

N0

C · (�σ)m dN = C · (�σ)m · (N −N0) , (7)

where N is the total number of oscillations of stress peaks (Δσ) for the change of the length from a0 to
aaac , and N0 is the number of oscillations in the time of initialization of the fatigue crack (typically, the
number of oscillations is zero).

It is possible to define a reliability function RF :

RF(X) = R(aac) − S(N) . (8)

where X is a vector of random physical properties such as mechanical properties, geometry of the struc-
ture, load effects and dimensions of the fatigue crack.

The analysis of the reliability function (8) gives a failure probability pf :

pf = P (RF(X) < 0) = P (R(aac) < S(N)) . (9)

3.1. Probabilistic calculation of fatigue cracks propagating from the edge

A tension flange has been chosen for applications of the theoretical solution suggested in the studies
Tomica et al. (2007). Depending on location of an initial crack, the crack may propagate from the edge
or from the surface (see Fig. 2). Regarding the frequency, weight and stress concentration, those locations
rank among those with the major hazard of fatigue cracks appearing in the steel structures and bridges.

A flange without stress concentration is used for confronting the both cases depending on the location
of the crack initiation. The cases are different in calibration functions F(a) - and in weakened surfaces
which are appearing during the crack propagation.

For the crack propagating from the edge, the calibration function is:

F(a) = 1.12− 1.39 · a
b
+ 7.32 ·

(a
b

)2
− 13.8 ·

(a
b

)3
+ 14.0 ·

(a
b

)4
, (10)

where a is the length of the crack and b is the width of the flange Janssen et al. (2002); (see Fig.2).

The acceptable crack size aac can be described then by a formula resulting from the deduced weak-
ening of the cross-section area of the flange:

aac = b ·
(
1− σmax

fy

)
. (11)
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Fig. 2: Characteristic propagation of cracks from the outer edge (left) and from the surface (right).

3.2. Probabilistic calculation of fatigue cracks propagating from the surface

A similar approach can be used to determine the acceptable size of a crack propagating from the surface.
The bending component can be neglected for welded steel two-axis symmetric I-profiles where the fa-
tigue crack appears in the lower tension flange. The flange is loaded only by the normal stress resulting
from the axial load - tension: σm = σ.

It is rather difficult to deduce analytically the acceptable size of the crack propagating from the
surface. In accordance with Krejsa et al. (2010), the shape is replaced with a semi-elliptic curve where
the ellipsis axes are a (the crack depth) and c (a half of the crack width) - see Fig. 2. The area of the
surface crack depends on the number of N loading cycles and is described by the following formula:

Acr(N) =
1

2
· π · aN · cN . (12)

During propagation of the fatigue crack from the surface, it is not enough to monitor only one crack
size (which would be sufficient, for instance, for a crack propagating from the edge). In that case, the
crack size needs to be analyzed for directions of the both semi-axes: a and c. The propagation of the
fatigue crack from the surface in the a direction depends on the propagation in the c direction. Crack
velocity propagation is described by (1). In Krejsa et al. (2010) there is a formula for calculation of the
crack depth Δa as a result of an increased width of the Δc crack:

Δa =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
1[

1.1 + 0.35 ·
(a
t

)2
·
√

a

c

]
⎫⎪⎪⎪⎬⎪⎪⎪⎭

m

·Δc . (13)

The crack sizes for a and c are during the propagation limited by upper limit values:

2 · c ≤ 0, 4 · bf a ≤ 0, 8 · tf , (14)

If these upper limit values are exceeded, the fatigue crack propagates differently. Krejsa (2011) gives
also the formula for the mutual dependence of the sizes in a and c:

c = 0.3027 · a
2

t
+ 1.0202 · a+ 0.00699 · t . (15)

Krejsa M. 749



When determining the acceptable crack size, a modified relation (12) using (13) and (15), should be
taken as a basis. After modification:

σmax ·
bf tf

bf tf −
1

2
· πa ·

(
0.3027 · a

2

tf
+ 1.0202 · a+ 0.00699 · tf

) ≤ fy , (16)

It is difficult to describe the a crack size directly explicitly. In order to calculate the acceptable
crack size aac, it is necessary to use a numerical iteration approach where restrictions resulting from (16)
should be taken as a basis.

3.3. Determination of inspections of structures subject to fatigue

Because it is not certain in the probabilistic calculation whether the initiation crack exists and what the
initiation crack size is and because other inaccuracies influence the calculation of the crack propagation, a
special inspection is necessary to check the size of the measurable crack in a specific period of time. The
acceptable crack size influences the time of the inspection. If no fatigue cracks are found, the analysis of
inspection results give conditional probability during occurrence.

While the fatigue crack is propagating, it is possible to define following random phenomena that are
related to the growth of the fatigue crack and may occur in any time, t, during the service life of the
structure. Then:

• U(t) phenomenon: No fatigue crack failure has not been revealed within the t-time and the fatigue
crack size a(t) has not reached the detectable crack size ad . This means:

a(t) < ad , (17)

• D(t) phenomenon: A fatigue crack failure has been revealed within the t-time and the fatigue
crack size a(t) is still below the acceptable crack size aac. This means:

ad ≤ a(t) < aac , (18)

• F(t) phenomenon: A failure has been revealed within the t-time and the fatigue crack size a(t)
has reached the acceptable crack size aac. This means:

aac < a(t) . (19)

Using the phenomena above, it is possible to define probability for their occurrence in any t-time.
Those three phenomena cover the complete spectrum of phenomena that might occur in the t-time. This
means:

P (U(t)) + P (D(t)) + P (F(t)) = 1 . (20)

The probabilities of random phenomena can be determined in any period of time, t, using, for in-
stance, DOProC method. The probabilistic calculation is carried out in time steps where one step equals
to one year of the service life of the construction. When the failure probability (for the F phenomenon)
reaches the designed failure probability pd, the inspection should be carried out in order to find out fatigue
cracks, if any, in the construction element. The inspection provides information about real conditions of
the construction. Such conditions can be taken into account when carrying out further probabilistic cal-
culations. The inspection in the t time may result in any of the three mentioned phenomena. Using the
inspection results for the t time, it is possible to define the probability of the mentioned phenomena in
another times: T > tI . For that purpose, the conditional probability should be taken into consideration.
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3.4. Using the conditioned probability to determine times to inspect the construction

If the crack is not revealed within the t-time, this may mean that there is not any fatigue crack in the
construction element. This might be an initiative phase of nucleation of the fatigue crack (when a crack
appears in the material) and this phenomenon is not taken into account in the fracture mechanics.

Even if the fatigue crack is not revealed it is likely that it exists but the fatigue crack size is so small
that it cannot be detected under existing conditions.

In order to fix the time for the next inspection, it is necessary to determine the conditioned probabil-
ities, P (F(T ) | U(tI)) and/or P (F(T ) | D(tI)), which can be expressed using the Bayes’ formula:

P (F(T ) | U(tI)) =
P (F(T ))− P (F(tI))− P (D(tI)) · P (F(T ) | D(tI))

P (U(tI))
, (21)

P (F(T ) | D(tI)) =
P (F(T ))− P (F(tI))− P (U(tI)) · P (F(T ) | U(tI))

P (D(tI))
. (22)

If redistribution of stress from a point that is weakened by the crack is not taken into account, the
crack propagation crack is usually rather high in the practical range of measurable values. If a fatigue
crack is found during the inspection of the construction, it is necessary to monitor the safe growth of the
crack or to take actions that will slow down or stop further propagation of the fatigue crack. In order to
time the inspections well, the equation which defines the failure probability in T > tI is most important -
provided that no fatigue cracks have been revealed during the last inspection. It is clear from the equation
that the results of the failure probability are influenced by mutual relations between the three crack sizes
- the initiation crack size, measurable crack size and acceptable crack size.

When the failure probability reaches the designed failure probability pd, an inspection should be
carried out in order to reveal fatigue cracks, if any, in the construction component. The inspection may
result in one of the mentioned phenomena with corresponding probabilities. The entire calculation can
be repeated in order to ensure well-timed inspections in the future.

4. FCProbCalc software

FCProbCalc was developed using the aforementioned techniques. By means of FCProbCalc, it is pos-
sible to carry out the probabilistic calculation of propagation of fatigue cracks in a user friendly envi-
ronment. The attention is paid to propagation of fatigue cracks from the surface and edge. On the basis
of these data, times for the first and next inspections are determined, the goal being to identify fatigue
damage to structural details which most tend to be damaged by fatigue.

The reference probabilistic calculation used input quantities from the publication which had included
the probabilistic assessment of a steel/reinforced concrete bridge on the highway in a point where a
longitudinal beam connects to a transversal beam. Tables 1 and 2 show the input quantities which were
entered deterministically and stochastically. The required reliability was expressed by the reliability
index β = 2 which corresponds to the failure rate of pd = 0.02277.

Using FCProbCalc it is possible to specify propagation of fatigue crack from the edge for a certain
time interval - the resistance of the structure R(ad) and R(aac) (numerical integration using Simpson’s rule
with 1000 differences was used), Fig. 3), load effect S as well as probability of elementary phenomena
U , D and F which are the source information for determination of the time of the first inspection. If no
fatigue damage is found during the inspection, times for next inspections have been determined on the
basis of the conditioned probability.

The calculated probabilities of the random phenomena, U , D and F (Fig. 4), are the source infor-
mation for next inspections of the bridge based on the conditioned probability. If the edge crack cannot
be detected during the first inspection in the 50th year of operation, the next inspection will take place in
the 58th year of operation. And if the crack is not identified there again, the next year of inspection is the
63th year. After that year, the inspection intervals will become shorter considerably (operation years: 66,
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Tab. 1: Overview of variable input quantities expressed in a histogram with parametric distribution of
probabilities

Quantity Type Mean value Standard deviation

Oscillation of stress peaks Δσ [MPa] Normal 30 3

Total number of oscillation of stress peaks per year N [-] Normal 106 105

Yield stress fy [MPa] Lognormal 280 28

Nominal stress in the flange plate σ [MPa] Normal 200 20

Initial size of the crack a0 [mm] Lognormal 0.2 0.05

Smallest detectable size of the crack ad [mm] Normal 10 0.6

Tab. 2: Overview of input quantities expressed in a deterministic way

Quantity Value

Material constant m 3

Material constant C 2.2 · 1013

Width of the flange plate bf [mm] 400

Thickness of the flange plate tf [mm] 25

Nominal probability of failure pd 0.02277

Fig. 3: FCProbCalc program output: Resulting histogram of the structural resistance R(aac) for propa-
gation of fatigue crack from the edge (left) and from the surface (right).

69, 71, 73 and 74). If the crack is not identified during the 75th year, it can be assumed that - if the input
values have not changed (in particular, the intensity and efficiency of the operation load) - the medium
value of the initial crack will be less than 0.2 mm or there is not any fatigue crack at all.

The similar approach is used in the probabilistic calculation for propagation of a fatigue crack from
surface (calculated time of inspections in years: 110, 123, 131, 137, 142 and 147).

The Fig. 5 shows the graphic results of the inspections calculated using DOProC method.
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Fig. 4: FCProbCalc program output: Probabilities of the phenomena U , D and F for the propagation
of fatigue crack from the edge (0 to 100 years of operation, left) and for the propagation of fatigue crack
from the surface (0 to 150 years of operation, right).

Fig. 5: FCProbCalc program output: failure probability pf , depending on the years of operation for the
propagation of fatigue crack from the edge (0 to 100 years of operation, left) and for the propagation of
fatigue crack from the surface (0 to 150 years of operation, right).

5. Conclusions

This paper addresses application of the new probabilistic method, DOProC, for probabilistic assessment
of steel structures which are subject to load cycles and which tend to suffer from fatigue cracks. The
method was included into FCProbCalc which is the software which makes it possible to solve very
efficiently the probabilistic task of fatigue crack propagation in a user-friendly environment.

FCProbCalc was used for the probabilistic assessment of fatigue damage to a bridge structure where
cracks were propagating from both the surface and edge. Times were specified for inspections of the
bridge structure, where the purpose was to monitor occurrence of certain fatigue cracks. The comparison
proved that velocity of propagation of the fatigue crack from the surface is considerably slower than that
from the edge.

It should be pointed out that FCProbCalc still provides many other options to be used. Future de-
velopment of this software will focus, in particular, on numerical integration in calculation of structural
resistance and on impacts of the chosen numerical methods and input parameters on the computational
time and final accuracy of the calculations in the context of the time of the proposed inspections.

Appendix

For a lite version of FCProbCalc and for other software products based on DOProC method please visit
web pages http://www.fast.vsb.cz/popv , Janas et al. (2012).
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NUMERICAL ANALYSIS OF COUPLED HEAT AND MOISTURE
TRANSFER BASED ON KUNZEL MODEL

J. Kruis *, J. Maděra **

Abstract: Coupled heat and moisture transfer is still more often used in many civil engineering problems.
In connection with concrete and plasters, the Künzel model is very popular. Unfortunately, very different
orders of material parameters have devastating influence on the condition number of matrices obtained
after space and time discretization of problems. It results in severe numerical difficulties. This contribution
deals with some strategies leading to better numerical behaviour of the coupled transport processes.

Keywords: coupled heat and moisture transport, Künzel model, condition number, non-symmetric sys-
tems of equations.

1. Introduction

Continuous rapid development of computers enables solution of very complicated and complex prob-
lems. Whereas single-physics problems dominated in the past because of limited computer power,
multi-physics problems have become a standard in recent years. In civil engineering, the multi-physics
problems are usually represented by hydro-thermo-mechanical problems. The coupled heat and mois-
ture transfer is used in connection with concrete ageing, problems in soils and rocks, plaster design,
reconstruction of historical buildings, etc.

In the past, the temperature and moisture distribution in structures was estimated and the temperature
and relative humidity or the water content were assumed as material parameters of mechanical models.
Nowadays, simultaneous analysis of mechanical behaviour together with the temperature and moisture
distribution can be performed.

There are several models of heat and moisture transfer depending whether the convection or diffusion
phenomena prevails. Comprehensive list of models can be found in reference Černý and Rovnanı́ková
(2002). The coupled heat and moisture transfer in buildings or building components is usually described
by the Künzel model which is summarized in section 2.

The material coefficients depend on the actual values of temperature and relative humidity and they
are not constant. It means, the conductivity matrix of material has to be computed in every time step. In
some configurations, the conductivities are very small and it leads to serious numerical problems because
there are zero diagonal matrix entries. In such cases, appropriate degrees of freedom should be removed
from the system and they can be returned back when the conductivities become physically important.

2. Künzel model of coupled heat and moisture transport

In 1995, Künzel proposed in reference Künzel (1995) a model of coupled heat and moisture transfer
suitable for building components.

The Künzel model of coupled heat and moisture transport is based on the relative humidity, ϕ, and
temperature, T . Instead of the relative humidity, water content, w, can be also used but it is generally
non-continuous variable while the relative humidity is always continuous. The continuity of a variable is
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an advantage in the finite element method. The relative humidity is defined by the relationship

ϕ =
pv

pvs(T )
, (1)

where pv denotes the partial pressure of water vapour and pvs(T ) denotes the saturated water vapour
pressure which depends on the temperature. The water content, w, can be expressed as a function of the
relative humidity, ϕ. The partial pressure of saturated water vapour in the air has the form

pvs(T ) = e
23,5771− 4042,9

T−37,58 . (2)

The vapour diffusion flux density has the form

qv = Dm∇m+DT∇T ≈ Dm∇m = −δ∇pv , (3)

where Dm (kg/m/s) is the mass-related diffusion coefficient, m (-) is the mass fraction of water vapour
related to the total mass of the vapour and air mixture, DT (kg/m/s/K) is the thermo-diffusion coefficient,
T is the temperature, δ (kg/m/s/Pa) is the water vapour diffusion coefficient in air, pv (Pa) denotes the
water vapour partial pressure. The contribution DT∇T is usually negligible and the mass fraction of
water vapour related to the total mass of the vapour and air mixture can be replaced by the water vapour
partial pressure. The water vapour diffusion coefficient in air has the form

δ =
2, 306.10−5

RvT

(
T

273, 15

)1,81

, (4)

where Rv = 461, 5 J/K/kg. Furthermore, in the case of small capillaries, water vapour diffusion resis-
tance factor, μ, has to be introduced and the vapour diffusion flux density has the form

qv = − δ

μ
∇pv = −δp∇pv , (5)

where δp (kg/m/s/Pa) denotes the water vapour permeability. With the help of (1), the vapour diffusion
flux density can be written in the form

qv = −δp∇pv = −δppvs∇ϕ− δpϕ
dpvs
dT

∇T . (6)

Liquid conduction is described by the liquid flux density (kg/m2/s) in the form

ql = −Dw(w)∇w , (7)

where Dw(w) (m2/s) denotes the capillary transport coefficient. The liquid conduction can be also
described by the Darcy’s formula

ql = K1∇pk , (8)

where K1 (kg/m/s/Pa) is the permeability coefficient and pk (Pa) denotes the capillary suction stress.
With the help of Kelvin’s formula, the capillary suction stress can be written in the form

pk = −�wR0T lnϕ , (9)

where ρw (kg/m3) is the density of water and R0 (J/kg/K) denotes the gas constant for water vapour.
Equation (8) can be rearranged into new form

ql = −K1�wR0 lnϕ∇T −K1�wR0T
1

ϕ
∇ϕ ≈ −K1�wR0

T

ϕ
∇ϕ . (10)

The term K1�wR0 lnϕ∇T is significantly smaller than the other and therefore it is usually neglected.
The liquid flux density can be also written in the form

ql = −Dϕ∇ϕ , (11)
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where Dϕ (kg/m/s) is the liquid conduction coefficient. Comparison of (11), (7) and (10) reveals rela-
tionships among the particular material parameters

Dϕ = Dw
dw

dϕ
= K1�wR0

T

ϕ
. (12)

Balance equation for the moisture has the form

∂w

∂t
= −div(ql + qv) + Sw , (13)

where Sw (kg/m3/s) denotes the moisture source or sink. Substitution of (11) and (6) into the balance
equation (13) results in

∂w

∂t
= div

(
Dϕ∇ϕ+ δppvs∇ϕ+ δpϕ

dpvs
dT

∇T

)
+ Sw =

= div

(
(Dϕ + δppvs)∇ϕ+ δpϕ

dpvs
dT

∇T

)
+ Sw . (14)

The time derivate on the left hand side can be further modified

∂w

∂t
=

dw

dϕ

∂ϕ

∂t
= hϕϕ . (15)

Heat transport is described by the well known balance equation

∂H

∂t
=

∂(Hs +Hw)

∂t
= −divqT + Sh , (16)

where H (J/m3) denotes the total enthalpy, Hs (J/m3) denotes the enthalpy of dry material, Hw (J/m3) de-
notes the enthalpy of material moisture, qT (J/m2/s=W/m2) denotes the heat flux density and Sh (W/m3)
denotes the heat source or sink. The Fourier law has the form

qT = −λ∇T , (17)

where λ (W/m/K) denotes the thermal conductivity of the moist material and T (K) denotes the temper-
ature. The source or sink of heat can be written in the form

Sh = −hvdivqv , (18)

where hv (J/kg) denotes the latent heat of phase change and qv (kg/m2/s) denotes the vapour diffusion
flux density.

With respect to (6), the balance equation has the form

∂H

∂t
= −divqT + Sh = div(λ∇T ) + hvdiv

(
δppvs∇ϕ+ δpϕ

dpvs
dT

∇T

)
=

= div

(
λ∇T + hvδppvs∇ϕ+ hvδpϕ

dpvs
dT

∇T

)
=

= div

(
hvδppvs∇ϕ+

(
λ+ hvδpϕ

dpvs
dT

)
∇T

)
. (19)

Similarly to the mass balance equation, the left hand side can be written in the form

∂H

∂t
=

(
dHs

dT
+

dHw

dT

)
∂T

∂t
=

(
�C +

dHw

dT

)
∂T

∂t
= hTT , (20)

where � (kg/m3) denotes the density of material and C (J/kg/K) is the heat capacity coefficient.
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Let new notation be introduced in the form(
qϕ
qT

)
=

(
Dϕϕ DϕT

DTϕ DTT

)(
gϕ

gT

)
=

=

⎛⎜⎝ Dϕ + δppvs δpϕ
dpvs
dT

hvδppvs λ+ hvδpϕ
dpvs
dT

⎞⎟⎠( ∇ϕ

∇T

)
. (21)

With the new notation, the balance equations have the form

hϕϕ
∂ϕ

∂t
= div (Dϕϕ∇ϕ+DϕT∇T ) , (22)

hTT
∂T

∂t
= div (DTϕ∇ϕ+DTT∇T ) . (23)

3. Initial and boundary conditions

The balance equations (22) and (23) are valid in domain Ω which has boundary Γ. The boundary of the
domain Ω is split into parts ΓT , Γϕ, where the Dirichlet boundary conditions are prescribed (prescribed
values), ΓqT , Γqϕ, where the Neumann boundary conditions are prescribed (prescribed fluxes) and ΓNT

and ΓNϕ, where the Newton (Cauchy) boundary conditions are prescribed. The parts ΓT , ΓqT and ΓNT

are disjoint and their union is the whole boundary Γ. The same is valid for the parts Γϕ, Γqϕ and ΓNϕ.

The Dirichlet boundary conditions have the form

ϕ(x, t) = ϕ(x, t), x ∈ Γϕ , (24)
T (x, t) = T (x, t), x ∈ ΓT , (25)

where T (x, t) denotes the prescribed temperature on the part ΓT and ϕ(x, t) denotes the prescribed
relative humidity on the part Γϕ. The Neumann boundary conditions have the form

qϕ(x, t) = qϕ(x, t), x ∈ Γqϕ , (26)
qT (x, t) = qT (x, t), x ∈ ΓqT , (27)

where qϕ(x, t) denotes the prescribed moisture flux on the part Γqϕ of the boundary and qT (x, t) denotes
the prescribed heat flux on the Cauchy boundary conditions part ΓqT . The Newton (Cauchy) boundary
conditions have the form

qϕ(x, t) = βϕ(p(x, t)− p∞(x, t))n, x ∈ ΓNϕ , (28)
qT (x, t) = βT (T (x, t)− T∞(x, t))n, x ∈ ΓNT , (29)

where p∞(x, t) denotes the ambient water vapour pressure and βϕ is the mass transfer coefficient, both
defined in the part ΓNϕ. The pressures are transformed to the relative humidity with the help of relation-
ship (1). T∞(x, t) is the ambient temperature and βT is the heat transfer coefficient, both defined in the
part ΓNT .

Besides the boundary conditions, the initial conditions are prescribed in the form

ϕ(x, 0) = ϕ0(x), x ∈ Ω, (30)
T (x, 0) = T0(x), x ∈ Ω, (31)

where ϕ0(x) denotes the initial relative humidity and T0(x) denotes the initial temperature.
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4. Discretization of the differential equations

The finite element method is used for spatial discretization of the partial differential equations (22) and
(23). The weighted residual statement is applied to the mass balance equation assuming (δϕ) = 0 on Γϕ

and (δT ) = 0 on ΓT . The brackets are used for weight functions (δϕ) and (δT ) because there are some
material parameters denoted by δ.

The mass balance equation multiplied by the test function (δϕ) has the form∫
Ω
(δϕ)

(
hϕϕ

∂ϕ

∂t
− div

(
Dϕϕ∇ϕ+DϕT∇T

))
dΩ = 0 (32)

and the energy balance equation multiplied by the test function (δT ) has the form∫
Ω
(δT )

(
hTT

∂T

∂t
− div

(
DTϕ∇ϕ+DTT∇T

))
dΩ = 0 . (33)

Applying Green’s theorem, the weak formulation for the mass transfer yields∫
Ω
(δϕ)hϕϕ

∂ϕ

∂t
dΩ +

∫
Ω
∇(δϕ)Dϕϕ∇ϕdΩ +

∫
Ω
∇(δϕ)DϕT∇TdΩ +

−
∫
Γqϕ∪ΓNϕ

(δϕ)Dϕϕ
dϕ

dn
dΓ−

∫
ΓqT∪ΓNT

(δϕ)DϕT
dT

dn
dΓ = 0 (34)

and the weak formulation for heat transfer∫
Ω
(δT )hTT

∂T

∂t
dΩ +

∫
Ω
∇(δT )DTϕ∇ϕdΩ +

∫
Ω
∇(δT )DTT∇TdΩ−

−
∫
Γqϕ∪ΓNϕ

(δT )DTϕ
dϕ

dn
dΓ−

∫
ΓqT∪ΓNT

(δT )DTT
dT

dn
dΓ = 0 . (35)

In the finite element method, the temperature T and relative humidity ϕ are approximated in the form

ϕ = Nϕ(x)dϕ , (36)
T = NT (x)dT , (37)

and the gradients of the temperature and relative humidity are also needed

∇ϕ = Bϕ(x)dϕ , (38)
∇T = BT (x)dT . (39)

In the previous equations, Nϕ(x) denotes the matrix of approximation functions for the relative humid-
ity, NT (x) denotes the matrix of approximation functions for the temperature, Bϕ(x) is the matrix of
gradients of the approximation functions collected in the matrix Nϕ(x), BT (x) is the matrix of gra-
dients of the approximation functions collected in the matrix NT (x), dϕ denotes the vector of nodal
relative humidities and dT denotes the vector of nodal temperatures. The approximations of weight
functions have the form

(δϕ) = N (δϕ)(x)d(δϕ) , (40)
(δT ) = N (δT )(x)d(δT ) , (41)

where the notation is similar to the previous one.

Using approximations (36)–(39) in equations (34) and (35), a set of the first order differential equa-
tions is obtained in the matrix form(

Kϕϕ KϕT

KTϕ KTT

)(
dϕ

dT

)
+

(
Cϕϕ CϕT

CTϕ CTT

)(
ḋϕ

ḋT

)
=

(
fϕ

fT

)
. (42)
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The matrices Kϕϕ, KϕT , KTϕ and KTT create the conductivity matrix of the problem and they have
the form

Kϕϕ =

∫
Ω
BT

(δϕ)DϕϕBϕdΩ, KϕT =

∫
Ω
BT

(δϕ)DϕTBTdΩ, (43)

KTϕ =

∫
Ω
BT

(δT )DTϕBϕdΩ, KTT =

∫
Ω
BT

(δT )DTTBTdΩ , (44)

where the conductivity matrices of material Dϕϕ, DϕT , DTϕ and DTT are diagonal matrices and the
diagonal entries are equal to appropriate conductivities

dϕϕ = Dw
dw

dϕ
+ δppvs, dϕT = δpϕ

dpvs
dT

, (45)

dTϕ = hvδppvs, dTT = λ+ hvδpϕ
dpvs
dT

. (46)

The matrices Cϕϕ, CϕT , CTϕ and CTT create the capacity matrix of the problem and they have the
form

Cϕϕ =

∫
Ω
NT

(δϕ)HϕϕNϕdΩ, CϕT =

∫
Ω
NT

(δϕ)HϕTNTdΩ, (47)

CTϕ =

∫
Ω
NT

(δT )HTϕNϕdΩ, CTT =

∫
Ω
NT

(δT )HTTNTdΩ, (48)

where the capacity matrices of material Hϕϕ, HϕT , HTϕ and HTT are diagonal matrices and the
diagonal entries are equal to appropriate capacities

hϕϕ =
dw

dϕ
, hϕT = 0, (49)

hTϕ = 0, hTT = ρC +
dHw

dT
. (50)

The vectors fϕ and fT contain prescribed nodal fluxes and have the form

fϕ =

∫
ΓqT∪ΓNT

NT
(δϕ)q̂ϕdΓ, fT =

∫
Γqϕ∪ΓNϕ

NT
(δT )q̂TdΓ , (51)

where q̂ϕ denotes the mass boundary fluxes and q̂T denotes the heat boundary fluxes.

5. Numerical solution

From the numerical point of view, coupled problems are described by balance equations which have
the form of partial differential equations. The exact solution cannot be obtained with respect to non-
linearities hidden in the material models. Another obstacle is caused by very general domains which are
solved in real engineering problems. Therefore, numerical methods have to be used.

The balance equations (42) can be written in the form(
Cϕϕ CϕT

CTϕ CTT

)(
ḋϕ

ḋT

)
+

(
Kϕϕ KϕT

KTϕ KTT

)(
dϕ

dT

)
=

(
fϕ

fT

)
=

(
fϕϕ + fϕT

fTϕ + fTT

)
, (52)

where the vectors fT and fϕ denote prescribed nodal fluxes and they can be further split to two contribu-
tions. The vector fϕ is the sum of vectors fϕϕ and fϕT which represent contributions to the nodal fluxes
caused by temperature changes and humidity changes. The meaning of other contributions is similar.

The system of differential equations (52) can be written more compactly in the form

C(d)ḋ+K(d)d = f , (53)
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where the dependency of the stiffness, conductivity, capacity and coupling matrices on the attained values
of variables is explicitly denoted. Δd and Δḋ denote increments of nodal variables and their time
derivatives.

The system (53) has to be solved by an incremental method. Time discretization is based on the
v-form of the generalized trapezoidal method Hughes (1987) defined by the relationships

dn+1 = dn +Δtvn+γ , (54)

vn+γ = (1− γ)vn + γvn+1 , (55)

where v denotes the first derivatives of nodal values with respect to time and γ is a parameter from the
range [0, 1]. The subscript n denotes the time step and it serves also as an index in the incremental
method, called the outer iteration loop. It is assumed that all variables are known at the time tn and
variables at the time tn+1 are searched.

Substitution of expressions defined in equations (54) and (55) to the system of differential equations
(53) leads to relationship

(Cn +ΔtγKn)vn+1 = fn+1 −Kn (dn +Δt(1− γ)vn) , (56)

where Cn and Kn denote the capacity and stiffness/conductivity matrices evaluated with the help of
values dn. The system of algebraic equations (56) is generally non-linear and the Newton-Raphson
method Bittnar and Šejnoha (1996) has to be used at each time step.

The trial solution vn+1,0 of the system of equations (56) is used for computation of the trial nodal
values dn+1,0 which are obtained from equations (55) and (54). Substitution of the trial solution back
to the system of equations (56) with modified matrices does not generally lead to equality. An iteration
loop, called the inner iteration loop, in every time step is based on residual which is computed from the
relationship

rn+1,j = fn+1 −Kn (dn +Δt(1− γ)vn) (57)
− (Cn+1,j +ΔtγKn+1,j)vn+1,j ,

where Cn+1,j and Kn+1,j denote the matrices evaluated for dn+1,j and j is the index in the inner loop.
Correction of nodal time derivatives are computed from the equation

(Cn+1,j +ΔtγKn+1,j)Δvn+1,j+1 = rn+1,j (58)

and new time derivatives are in the form

vn+1,j+1 = vn+1,j +Δvn+1,j+1 . (59)

It has to be noted that the permanent recalculation of matrices K and C with respect to actual nodal
values is very computationally demanding. In such a case, the matrix of the system of equations C(d)+
ΔtγK(d) has to be always factorized and it requires additional computational time. The numerical
examples show that the modified Newton method, which changes the system matrix only at the beginning
of a new time step is the best choice. More details can be found in references Kruis and Koudelka and
Krejčı́ (2010) and Kruis and Koudelka and Krejčı́ (2012).

6. Numerical experiments

In order to show possible difficulties, coupled heat and moisture transfer described by the Künzel model
on a rectangular two-dimensional domain is assumed. Rectangular finite elements with bi-linear basis
functions are used. The quadrilateral element contains four nodes and therefore there are eight degrees
of freedom in the case of heat and moisture transfer on each element. The degrees of freedom are located
in vector

dT
e = (ϕ1, ϕ2, ϕ3, ϕ4, T1, T2, T3, T4) . (60)
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Tab. 1: Material parameters.

density of material �=16.5 kg/m3

water vapour diffusion resistance factor μ=58 (-)
capillary transport coefficient Dw = 6.2× 10−12 m2/s

dH

dT
= �c

heat capacity coefficient c = 1567

Tab. 2: Thermal conductivity.

0.00000 0.0393
0.00219 0.0423
0.03040 0.0443
0.03968 0.0484
0.06349 0.5130

With respect to the ordering of degrees of freedom in the vector d, the matrix of basis functions has the
form

N =

(
Nϕ 0
0 NT

)
=

(
N1 N2 N3 N4 0 0 0 0
0 0 0 0 N1 N2 N3 N4

)
. (61)

The matrix of partial derivatives has the form

B =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

∂ϕ

∂x

∂ϕ

∂y

∂T

∂x

∂T

∂y

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
=

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

∂Nϕ

∂x
0

∂Nϕ

∂y
0

0
∂NT

∂x

0
∂NT

∂y

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
=

(
Bϕ 0

0 BT

)
. (62)

The conductivity matrix of an element has the form

K =

∫
Ωe

BTDB dΩ , (63)

where the matrices B and D are defined by relationships (62) and (21) respectively. Ωe denotes the
element area. The conductivity matrix is assembled from four blocks in the form(

Bϕ 0

0 BT

)T (
Dϕϕ DϕT

DTϕ DTT

)(
Bϕ 0

0 BT

)
=

(
BT

ϕDϕϕBϕ BT
ϕDϕTBT

BT
TDTϕBϕ BT

TDTTBT

)
. (64)

If the diagonal conductivity matrices of material, Dϕϕ,DTT , are zero or very close to zero, zero or
nearly zero entries appear on the main diagonal of the conductivity matrix of an element and on the main
diagonal of the conductivity matrix of problem.

Let the material parameters summarized in table 1 be used. Table 2 contains the thermal conductivity
which is given by measured data.
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The conductivity matrix of material, D, in the Künzel model is defined in (21). The matrix evaluated
at the beginning of the analysis has the form

DK =

⎛⎜⎝ Dϕ + δppvs δpϕ
dpvs
dT

Lvδppvs (λ+ Lvδpϕ
dpvs
dT

)

⎞⎟⎠ =

(
9.895512× 10−9 2.68344× 10−10

2.418454× 10−2 4.013119× 10−2

)
. (65)

There are obvious differences in orders of particular matrix entries. The eigenvalues of the matrix are

λ1 = 9.733798× 10−9 , (66)
λ2 = 4.013119× 10−2 , (67)

and their ratio is

κ = 4.123× 106 . (68)

In order to fix ideas, a plane stress problem is analyzed and compared with the coupled heat and moisture
transport. Let the Young modulus be E = 50 GPa and the Poisson ratio ν = 0.2. The stiffness matrix of
elastic material subjected to plane stress conditions has the form

Dps =

⎛⎜⎜⎝
E

1−ν2
Eν

1−ν2
0

Eν
1−ν2

E
1−ν2

0

0 0 E
2(1+ν)

⎞⎟⎟⎠ = 106

⎛⎜⎝ 52 083 10 417 0

10 417 52 083 0

0 0 20 833

⎞⎟⎠ . (69)

The eigenvalues of the stiffness matrix of the material are

λ1 = 20833× 106 , (70)
λ2 = 41666× 106 , (71)
λ3 = 62500× 106 (72)

and the ratio of the largest and smallest eigenvalues results in the condition number

κ = 3 . (73)

The larger condition number, the worse behaviour of many iterative method and greater cancellation
errors. Comparison of the condition numbers (73) for plane stress and (68) for the coupled heat and
moisture transfer reveals that the transport problem behaves much worse than the plane stress problem.

The conductivity matrix of the whole problem has the following smallest and largest eigenvalues

λ =

⎛⎜⎝ 0.000000001366664
...

0.085677899281368

⎞⎟⎠ (74)

and the condition number is

κ = 6.269× 107 . (75)

The conductivity matrix of the whole problem has no kernel because there have to be Dirichlet boundary
conditions somewhere on domain boundary.

The generalized trapezoidal rule generates the following matrix Cn + ΔtγKn. The smallest and
largest eigenvalues are

λ =

⎛⎜⎝ 0.0000669816805
...

132.3215121202840

⎞⎟⎠ (76)
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and the condition number is

κ = 1.975× 106 . (77)

It is slightly better than the condition number of the conductivity matrix of the whole problem K because
the capacity matrix is non-singular and positive definite.

The conductivity matrix of material DK based on the Künzel assumption is populated by entries
with very different order of magnitude. The better moisture insulation, the larger difference in orders of
magnitude. Theoretically, a perfect hydrophobic material leads to zero term dϕϕ = Dϕ + δppvs which
results in a zero row and column in the conductivity matrix of a finite element K. Moreover, there could
be a zero column and row in the matrix of the whole problem which make difficulties for solvers of linear
algebraic systems of equations. In the case of real materials, the diagonal term Dϕ+ δppvs is not exactly
equal to zero but it could be very small and rows and columns in the global matrix could be nearly zero.
The condition number of the global matrix is very large in such cases. It causes severe problems to
iterative solvers because the rate of convergence usually depends on the condition number. If a direct
solver is used for such systems of equations, significant cancellation errors could occur.

If materials with extremely small moisture conductivities are used, numerical difficulties may occur
when significant moisture fluxes are presents. Such situation emerges e.g. near boundary where moisture
flux is defined by external conditions. If an insulation material is close to the structure surface, the model
is unable to transport the moisture flux from the exterior into structure. It results in non-balanced fluxes
and the non-linear solver tends to reduce the length of time step. When the time step length is smaller
than reasonable threshold, e.g. 10−3 s, the solver announces problems and it stops. This phenomena is
illustrated in figures 1 and 2. The distribution of relative humidity along the coordinate axis is depicted
in figure 1 while the time behaviour of the relative humidity at point near the external surface is visible
in figure 2. The red line represents the relative humidity for structure with insulation near the surface. It
means, there are extremely small moisture conductivities. On the other hand, the blue curve shows the
relative humidity for structure without an insulation. Another examples can be found in references Kočı́
et al (2012) and Kočı́ et al (2010).

Zero columns and rows can be removed from the system of equations but it is not easy in real
world problems. It is difficult to recognize small value nearly equal to zero because of a hydrophobic
material with extremely small conductivity and small matrix entries caused by inappropriate scale of
variables. The decision which numbers could be removed from the system of equations has to be based
on evaluation of the heat and moisture fluxes. Contributions to the fluxes from particular gradients are
evaluated and they are compared. The moisture flux contains two contributions

qϕ = qϕϕ + qϕT , (78)

where

qϕϕ = (Dφ + δppvs)∇ϕ , (79)

qϕT = δpϕ
dpvs
dT

∇T . (80)

Similarly for the heat flux

qT = qTϕ + qTT , (81)

where

qTϕ = hvδppvs∇ϕ , (82)

qTT = (λ+ hvδpϕ
dpvs
dT

)∇T . (83)

If some of the contributions qϕϕ, qϕT , qTϕ, qTT are significantly smaller than others in the vicinity of
a node, the appropriate variable (temperature or relative humidity) is removed from the node and the
appropriate degree of freedom is removed from the discrete system. This operation represents perfect
barrier and no flux is possible there.
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Fig. 1: Distribution of the relative humidity along the thickness.

Fig. 2: Behaviour of the relative humidity in time at point near external boundary.
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7. Conclusions

Modification of the algorithm for solution of coupled heat and moisture transfer based on the Künzel
model was introduced. It evaluates contributions to the moisture and heat fluxes and it adaptively deals
with the degrees of freedom defined in nodes of finite element mesh. If some fluxes are smaller than
the others, the appropriate degrees of freedom are removed from the system and perfect insulation is
obtained. When material parameters change their values, the degrees of freedom are returned to the
system.
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EIGENVIBRATION OF ROAD BRIDGES: MEASUREMENT AND
NUMERICAL ANALYSIS

J. Kruis *, M. Polák **, T. Koudelka ***, T. Plachý †.

Abstract: Experimental and numerical analysis of existing highway concrete prestressed bridges were
performed. In order to obtain good agreement between the numerical and experimental analyses, three-
dimensional finite element models of the bridges were used. The eigenfrequencies and eigenmodes were
obtained by the subspace iteration method with Gram-Schmidt orthonormalization in the reduced problem.
The eigenfrequencies and eigenmodes obtained from the numerical analysis and from the experiment were
compared and very good agreement was attained.

Keywords: highway bridges, eigenmodes, eigenfrequencies, experimental analysis, subspace iteration
method.

1. Introduction

Highway bridges are subjected to experimental analysis of their vibration before they are put into service.
The aim of experimental analysis is to determine eigenfrequencies and eigenmodes of the bridges. In
order to perform the experiments smoothly and as much precisely as possible, it is useful to determine
the eigenfrequencies and eigenmodes by numerical analysis in advance. Sensors should be located in
antinodes because of significant displacements which can be measured more precisely than small dis-
placements near the vibration nodes, Polák et al (2005).

The bridges analysed are highway concrete prestressed bridges in Prague. They are six-span struc-
tures made from the concrete C35/45-XF2+XD1. The length of the left bridge is 560.976 m (71.999
+ 84.248 + 101.905 + 115.170 + 115.153 + 72.501) while the right bridge has the length 551.540 m
(72.000 + 83.737 + 99.952 + 112.436 + 112.246 + 71.169). Both bridges are horizontally curved with
radius 747.5 m and 753.75 m for the left and right bridge, respectively.

The cross sections of the bridges are changing along the length with respect to the quadratic parabola.
The maximum height of the cross section is 6.5 m over the piers while only 3.135 m in the span centers.
Each pier is created by four columns with a variable cross section.

2. Finite Element Model

With respect to the complicated bridge geometry, a three-dimensional finite element model was created.
The model is based on brick finite elements with eight nodes and linear approximation functions. The
three-dimensional model was used because of the curved shape of the bridge. In order to generate the
mesh as easily as possible, the bridge was modelled as a straight one and a special short computer code
was developed which bends the original mesh into the curved one. Special attention was devoted to the
bridge bearings. In order to describe the bearings correctly, local coordinate systems were defined in the
nodes of the mesh because of the movable supports.
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Tab. 1: The subspace iteration method.

definition of initial vectors V 0, k = 0

iterate k = 0, 1, 2, . . .

Ṽ k+1 = K−1MV k

Ṽ k+1 → V k+1 : V
T
k+1MV k+1 = I

Ω0,k+1 = V T
k+1KV k+1

if k > 1 and Ω0,k+1 −Ω0,k < εI , break

In the finite element model, the bridge piers were replaced by a set of 588 springs. The bridge piers
were modelled separately because they are also curved and even non-prismatic. Each pier was described
by its three-dimensional model and all neccessary stiffnesses were obtained. The bridge stiffeners near
the bridge supports were also modelled by spring elements.

The mesh contains 51 642 nodes, 39 750 finite brick elements, 588 bar elements representing the
bridge piers and stiffeners, 154 926 unknowns (degrees of freedom). The equation of motion of un-
damped free vibration has the form

Md̈+Kd = 0 , (1)

where M is the mass matrix, K is the stiffness matrix, d̈ is the vector of nodal accelerations and d is the
vector of nodal displacements. The eigenvalue problem is described by the equation

(K − ω2
0M)v = 0 , (2)

where v is the eigenvector and ω0 is the natural circular frequency. The eigenfrequencies and eigenvec-
tors were computed by the subspace iteration method which is a generalization of the inverse iteration
method. Instead of one vector used in the inverse iteration, the subspace method deals with several vec-
tors simultaneously located in the modal matrix V . Columns of the modal matrix V are orthonormalized
in every iteration step and approximations of the eigenvalues are computed in the form

Ω2
0 = V TKV . (3)

The orthonormalization is based on the Gram-Schmidt method. The subspace iteration is summarized
in table 1. More details about the method can be found in references Hughes (1987) and Bittnar and
Šejnoha (1996).

The system of linear algebraic equations is solved by a sparse direct solver based on the modified
minimum degree algorithm which can be found e.g. in reference Kruis (2006). The stiffness matrix is
stored in a symmetric compressed row storage scheme and 5,386,635 matrix entries are stored before
factorization while after it there are 108,925,929 matrix entries due to fill-in phenomenon. The sparse
direct solver was used because the classical LDLT factorization based on the skyline storage scheme
leads to unacceptable memory requirement. The symbolic QG factorization takes 1.330 s and the real
factorization takes 187.350 s.

3. Experimental Modal Analysis

The experimental modal analysis was performed for both highway bridges. The scheme and the proce-
dure of the modal analysis were the same for both bridges. The electrodynamic exciter TIRAVIB 5140
was used for excitation. The position of the exciter was determined based on the calculated eigenmodes
to be able to excite basic natural modes of the bridge, it was placed in one third of the 4th span on
the left side of the bridge cross section. The driving force was measured using three force transducers
S35 LUKAS located between the exciter and the bridge. The force transducers were connected to one
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channel to measure the total driving force. The response of the bridge was measured by six acceleration
transducers B12/200 Hottinger Baldwin Messtechnik (HBM). The transducers were connected to the
multianalyzer DEWETRON 5000.

The response measurement was done only from the 3rd to the 6th span of the bridge because of the
character of the calculated eigenmodes which have the amplitudes of the mode shapes much higher in
the spans No. 3, 4 and 5 than in the first two spans. The lengths of the 3rd, 4th and 5th measured spans
of the bridge were divided into ten equal parts - 10 cross sections and the length of the 6th span was
divided in four parts - 4 cross sections. The response was measured in five points in each cross section
on the upper road surface. The point positions were determined based on the finite element model and
they corresponded to the positions of some element nodes of the finite element model. The total number
of measured cross sections was 35 and the total number of measured points was 175 on each bridge. The
transducers were mounted on five steel weights, which were put to all points of one cross section at once,
thus the response was measured in all points of the cross section simultaneously. The vibration of the
bridge was measured in the vertical direction in all points in the first part of the experiment and in the
horizontal direction in the second part.

The reference acceleration transducer B12/200 HBM was added to the basic measurement system
to have the possibility to use the second measurement and the evaluation technique Ambient Vibration
Testing (AVT). The reference transducer was placed near the exciter. The temperature was measured
during the experiments with respect to the methodology published in reference Polák and Plachý (2010).

The time data records of the response were saved during the measurement and evaluated in off line
mode on the control computer. The Frequency Response Function (FRF) was evaluated for each point
of measurement

HrS(if) =
ẅr(if)

Fs(if)
, (4)

where i is the imaginary unit, wr(if) is the measured acceleration in the point r in frequency domain,
which was induced by excitation force Fs(if) acting in the point S. The values of the Frequency Re-
sponse Functions HrS(if) were determined as an average of the 8 measurements with 75% overlap of
the windows. The length of each signal window in time domain was 64 s, the frequency range of the
window was set to 10 Hz. According to the fact that the excitation force could be affected by additional
dynamic forces caused e.g. by wind during the experiment and these forces could not be measured, the
Operating Deflection Shapes Frequency Response Functions (ODS FRF) were evaluated. The function
ODS FRF is a complex function, which can be expressed by the real and the imaginary part or by mag-
nitude and phase functions. The magnitude function is expressed just as a frequency spectrum of the
measured response but the phase function is a phase of the measured response related to the phase mea-
sured in the reference point S. The evaluation of the natural frequencies and modes of vibration of the
bridges were done in the software MEScopeVES of the company Vibrant Technology, Inc.

4. Results

Because the finite element mesh was obtained from a mesh of virtual straight bridge by bending, the
numerical analysis was performed on both meshes. The reason is to show the influence of apposite mesh
on dynamic behaviour.

The relative difference between the calculated and measured eigenfrequencies is given in the code
ČSN 73 6209 in the form

Δ(j) =
f(j)cal − f(j)obs

f(j)cal
100(%) , (5)

where f(j)cal denotes the j-th calculated eigenfrequency and f(j)obs denotes the j-th observed (measured)
eigenfrequency. The permissible range for the relative difference has the form

r = ±(14 +
f(j)cal

f(min)cal
) ≤ ±25(%) . (6)
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Tab. 2: Measured and computed eigenfrequencies and circular eigenfrequencies.
j ω0,i (s−1) f(j)cal (Hz) f(j)obs (Hz) Δ(j) (%) r(%)

straight curved straight curved measured
1 5.862073 5.211826 0.932978 0.829487 0.78 5.96 ±14.7
2 6.548391 6.452192 1.042208 1.026898 0.88 14.3 ±14.9
3 6.975418 6.941419 1.110172 1.104761 1.05 4.95 ±15.0
4 7.251255 7.144612 1.154073 1.137100 1.23 -8.17 -15;+10
5 8.066984 7.852371 1.283900 1.249743 1.30 -4.02 ±15.1
6 8.614414 9.555517 1.371026 1.520807 ???? ???? ????
7 9.976354 9.828060 1.587786 1.564184 1.50 4.10 ±15.4
8 10.960545 10.948090 1.744424 1.742442 ???? ???? ????
9 12.502974 12.334055 1.989910 1.963025 1.80 8.30 ±15.7

10 14.295015 14.079335 2.275122 2.240795 ???? ???? ????

Table 2 summaries eigenfrequencies obtained from the numerical analysis and measured on existing
structure. The relative differences and permissible ranges are also included. Question marks indicate
values which were not obtained with required reliability.

First ten calculated eigenmodes are depicted in figures 1–10. The eigenmodes of virtual straight
bridge are in the left hand side of figures while the eigenmodes of the real curved bridge are in the right
hand side.

Fig. 1: 1st eigenmode.

The eight natural frequencies and natural mode shapes were evaluated during an experimental modal
analysis on both bridges in the frequency range from 0.5 to 2.5 Hz and the natural torsional mode with
the corresponding natural frequency 4.80 Hz for the left bridge and 4.74 Hz for the right bridge. The
evaluated natural modes are shown in figures 11–18.
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Fig. 2: 2nd eigenmode.

Fig. 3: 3rd eigenmode.
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Fig. 4: 4th eigenmode.

Fig. 5: 5th eigenmode.
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Fig. 6: 6th eigenmode.

Fig. 7: 7th eigenmode.
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Fig. 8: 8th eigenmode.

Fig. 9: 9th eigenmode.

782 Engineering Mechanics 2012, #297



Fig. 10: 10th eigenmode.

Fig. 11: 1st eigenmode.
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Fig. 12: 2nd eigenmode.

Fig. 13: 3rd eigenmode.

5. Conclusions

The measured eigenfrequencies and eigenmodes were compared with the eigenfrequencies and eigen-
modes obtained from numerical analysis based on the finite element three-dimensional model because
of the curved shape of the bridges. All compared eigenfrequencies satisfy conditions given in the code
ČSN 73 6209. The experimentally obtained eigenmodes contain the same number of vibration nodes
and lines as the numerically obtained eigenmodes. Moreover, the vibration lines are located in the same
bays of the bridges.
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Fig. 14: 4th eigenmode.

Fig. 15: 5th eigenmode.
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Fig. 16: 7th eigenmode.

Fig. 17: 9th eigenmode.
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Fig. 18: 10th eigenmode.
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A NUMERICAL STUDY OF THE BICYCLE HELMET DROP TEST

O. Krupička, M. Šudrich, J. Vyčichl *

Abstract: The study focused on helmet drop tests conducted in numerical software LS–DYNA. For this
purpose new virtual models of the test–head according to ČSN EN 960 (2007) and impact pad were created.
A modified model of a bicycle helmet, utilized in earlier studies and obtained from 3D scan of a real
bicycle helmet, was also used. The models had similar properties as a real drop test has. The aim was
to find out the output value of the model head acceleration during impact and determination of Head Injury
Criterion.

Keywords: Bicycle, Helmet, HIC, Impact, LS–DYNA

1. Introduction

The aim of the study was the creation of virtual drop test of bicycle helmets which would be a close
approximation to an actual helmet drop test. The main target of this study was to obtain acceleration
and Head Injury Criterion (HIC) values on the test–head during impact. The influence of the impact an-
gle of the helmet at pad, for two types of bicycle helmet, was also observed. This was ensured by the ap-
propriate choice of materials for used models and defining of the virtual test in FEM software. Numerical
analysis was conducted in LS–DYNA Solver and modification of models in LS–PrePost.

2. Virtual models

The creation of the test–head and impact pad, for simplicity, was conducted directly in Design Modeler
in Workbench. The helmet was created by scanning real bicycle helmet, which had been purchased
by Department of Mechanics and Materials on Faculty of Transportation Sciences.

2.1. Test–head model

The test–head model for study was modeled according to ČSN EN 960 (2007). The base of the virtual
model consisted of parallel planes. The base plane was perpendicular to the vertical axis. A reference
plane was derived from the base plane as well as other planes. The distances of the base and the reference
plane were different for each head model as well as the distance between the other planes. According
to the table values, in ČSN EN 960 (2007), there was part of head above and below the reference plane
modeled.

For analysed model, there was chosen a head of size M that corresponds to the inner helmet circum-
ference 600mm, total height of 247mm and volume 4.86dm3. For the numerical analysis, structural steel
was used for test–head as material. The density of material was adjusted to 1153.10kg/m3, so the height
of test–head was 5,60kg.

2.2. Bicycle helmet model

A Virtual model of a bicycle helmet was created earlier by Micka and Vyčichl (2007) using a 3D hand–
scanner. After the scanning process, some improvements were needed in Blender and Netgen software.
The purpose of these improvements was to simplify the whole surface of the helmet.

*Bc. Ondřej Krupička, Bc. Martin Šudrich, Ing. Jan Vyčichl, Ph.D.: Czech Technical University in Prague, Faculty of Trans-
portation Sciences, Konviktská 20; 110 00, Prague 1; CZ, e-mail: ondra.krupicka@gmail.com, msudrich@gmail.com, vyci-
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Tab. 1: Material properties

Structural steel EPS ABS

Material type Elastic Crushable foam Modified piecewise linear plasticity

Young’s modulus 200.00GPa 62.73MPa 3.00GPa

Density 7850.00kg/m3 100.00kg/m3 1040.00kg/m3

Poisson’s ratio 0.30 0.01 0.40

Maximum tensile stress x 1.30MPa x

Dumping coefficient x 0.20 x

Yield stress x x 60.00MPa

Tangent modulus x x 1.02MPa

Expanded Polystyrene (EPS) material is, by Mills and Gilchrist (2008), one of the most common
materials for bicycle helmet today and Acrylonitrile Butadiene Styrene (ABS) polymer is a common
material for the helmet shell. It was necessary to use a crushable foam type material. For the purpose
of the study the material library of Micka (Jı́ra and Jı́rová) was utilised. It contained both EPS, including
working curve for 100kg/m3, and ABS polymer for the shell. For the properties of both materials, see
in Tab. 1. The weight of the helmet was 0.21kg.

For the purposes of the study, there were two types of helmet created without any mounting sys-
tem. The first represented an In–Mold bicycle helmet with a shell of ABS on the top surface, while the
second helmet represented a Double–In–Mold with the ABS shell on all surfaces. These shells, both
with the same material properties, were created at the end in LS–PrePost after final assembly and mesh-
ing.

Fig. 1: Visualization of virtual models after mesh applied

2.3. Impact pad

An impact pad was created with a simple block shape. It is formed with the width of 300mm, length
300mm and a height of 35mm. As a pad material, structural steel (density 7850kg/m3) was selected
in the LS–PrePost.
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2.4. Completation and boundary conditions in LS–Prepost

When the helmet was ready, the test–head and impact pad were added. Because of academic license
problems in ANSYS Workbench, all models were exported in STEP format and final preparation was
conducted in LS–PrePost.

The mesh was created in LS–PrePost. Due to the helmet shape the mesh was unstable in some areas
so manual repair was needed. Models with the mesh applied are shown on Fig. 1. The test–head was
formed by 56 457 elements (Tetrahedron) and 10 420 nodes. The helmet was formed by 52 127 elements
(Tetrahedron) and 11 350 nodes. The ABS shell of the helmet was in both cases (In–Mold and Double–
In–Mold) defined from the nodes forming the foam. For this reason, the definition of contact between
the two parts of the helmet was not needed. The contact between the pad, the helmet and the test–head
were defined as automatic surface to surface.

The helmet and test–head were evaluated at the beginning of the simulation at an initial velocity
of 6.26m/s, always in the direction of vertical axis of the test–head. The chosen value corresponded
to a free fall from a height of 2m just before impact. The height of 2m is a standard height for real bicycle
helmet tests according to ČSN EN 1078 (1998). The tests were always calculated assuming a gravity
acceleration of 9.81m/s2. The pad is supported at all nodal points of its bottom surface. The termination
time was set to 0.02s to verify convergence.

2.5. Impact angles of helmet and test–head

For study influence of impact angle, 7 model situations were created for both types of helmets. The hel-
met and test–head were fixed and only the location of the pad was changed. For base fall of system,
the vertical axis for model head is perpendicular to the impact surface. In other situations, the pad is
rotated by 30◦, 60◦ and 90◦ to the front and by the same angles to the side.

3. Head Injury Criterion

The Head Injury Criterion (HIC) is usually formulated as a function of the instantaneous acceleration,
see Payne and Patel (2001). The acceleration in the center of the gravity of the test–head and its maximum
value were investigated on the falling system.

The human brain is very susceptible to accelerate, especially under action of a high value exceeding
hundred times acceleration of the gravity. The time period, over which the acceleration takes effect, is
very important. The brain is able to survive, without permanent damage, extreme acceleration values
of about 200g but only up to 2ms. In values around 80g, the period during which there is irreversible
damage, is much longer. In this case, it may be up to 200ms. The acceleration of 300g is critical
for the human brain. Exceeding this limit leads to irreversible damage. HIC score was determined using
the equitation 1.

HIC =

{
(t2 − t1)

[
1

t2 − t1

∫ t2

t1

a(t) dt

]2,5}
max (1)

4. Conclusions

In LS–DYNA Solver all situations were solved and then it was important to determine the acceleration
of the test–head during impacts. In situations where the impact pad was rotated by 90◦ to the side
and to the front, contact was made between the test–head and pad. It was caused by the absence
of the mounting system of the helmet. Only in these 4 situations, the maximum acceleration value
exceeded 300g, in other situations it did not. In most cases the g–value was around 180g for a very short
time.

Then HIC for 15ms was determined; because the values were less favorable. The resulting HIC
values are given in Tab. 2. The difference between both helmets was not so evident in the resulting
values. However, in most cases, the maximum value of acceleration was higher for Double–In–Mold
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Tab. 2: HIC score

Impact pad rotated to the side

Base impact 30◦ 60◦ 90◦

In-Mold helmet 287,85 270,80 183,99 562,75

Double-In-Mold helmet 292,98 288,17 172,52 548,83

Impact pad rotated to the front

Base impact 30◦ 60◦ 90◦

In-Mold helmet 287,85 281,35 230,92 371,86

Double-In-Mold helmet 292,98 278,35 202,08 371,85

helmet than In–Mold helmet, while HIC values were not. The results show that the size of the area under
the curve of acceleration for Double–In–Mold helmet is smaller. The HIC score is almost the same
or smaller then for In–Mold helmet. It is also evident from a sample graph on Fig. 2.

Fig. 2: Sample of acceleration-time diagram - base impact
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SEQUENTIAL DESIGNS OF EXPERIMENTS
FOR SAMPLING-BASED SENSITIVITY ANALYSIS

A. Kučerová*, E. Janouchová **

Abstract: The sensitivity analysis is a basic tool for investigating the sensitivity of a model response to its
inputs. One widely used strategy to assess the sensitivity is based on a set of simulations for a given sets
of input parameters, i.e. points in the design space. An estimate of the sensitivity can be then obtained by
computing correlations between the input parameters and the chosen components of the model response.
The accuracy of the sensitivity prediction depends on the choice and the number of design points called
the design of experiments. Moreover, once the design of experiments is created, the obtained sensitivity
prediction may be inaccurate because of the insufficient number of design points. To improve the prediction,
new design points should be sequentially added into the existing design. The aim of the presented paper
is to review and compare available criteria determining the quality of the sequential design of experiments
suitable for sampling-based sensitivity analysis.

Keywords: Sequential design of experiments, Space-filling, Orthogonality, Latin Hypercube Sampling,
Sampling-based sensitivity analysis

1. Introduction

Sensitivity analysis (SA) is an important tool for investigating properties of complex systems. It is
an essential part of inverse analysis procedures (Kučerová (2007)) and is also closely related to response
surface modelling (Helton et al (2006)) or uncertainty analysis (Helton et al (2006)). To be more specific,
SA provides some information about the contributions of individual system parameters/model inputs
to the system response/model outputs. A number of approaches to SA has been developed, see e.g.
Saltelli et al (2000) for an extensive review. The presented contribution is focused on widely used
sampling-based approaches (Helton et al (2006)), particularly aimed at an evaluation of Spearman’s
rank correlation coefficient (SRCC), which is able to reveal a nonlinear monotonic relationship between
the inputs and the corresponding outputs.

When computing the SA in a case of some real system using expensive experimental measurements
or some computationally exhaustive numerical model, the number of samples to be performed within
some reasonable time is rather limited. Randomly chosen sets of input parameters do not ensure ap-
propriate estimation of related sensitivities. Therefore the sets must be chosen carefully. A review and
comparison of several criteria, which can govern the stratified generation of input sets called as a design
of experiments (DOE), is presented in Janouchová and Kučerová (2011).

Another important aspect of a DOE generation is a choice of the number of design points. A small
DOE does not have to give us the required accuracy of the sensitivity prediction and one has to increase
the number of design points so as to achieve the accuracy improvement. Once having the time-consuming
measurements for the original small design, adding new points into the existing design is more efficient
than generation of the whole larger DOE. The subject of adding new points to the initial design is conside-
red e.g. in Crombecq et al (2011), where the authors use sequential space-filling designs for surrogate
modeling. In this paper we follow the results presented in Janouchová and Kučerová (2011) for small
DOEs and focus on sequentially generated DOEs based on the chosen criteria and their comparison
in terms of sensitivity prediction.

*Ing. Kučerová, Ph.D.: Faculty of Civil Engineering, Czech Technical University in Prague, Thákurova 7/2077; 166 29,
Prague; CZ, e-mail: anicka@cml.fsv.cvut.cz
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The following section reviews the criteria for optimization of a DOE, which are available in litera-
ture. Section 3. includes some comments on widely used methods for stratified generation of a DOE
and Section 4. deals with generation of optimal sequential DOEs. Section 6. presents the comparison
of the optimal sequential designs quality for usage in sampling-based SA for theoretical analytical func-
tions, while the results for structural models are given in Section 7. Concluding remarks are summarized
in Section 8.

2. Criteria for assessing optimal designs

A number of different criteria for assessing the quality of particular DOE can be found in literature.
In general, they can be organized into groups with respect to the preferred DOE property. The most
widely preferred features are

• space-filling property, which is needed in order to allow for evaluation of sensitivities valid for
the whole given domain of admissible input values, so-called design space;

• orthogonality, which is necessary to assess the impact of individual input parameters.

Other main objectives can be preferable in particular applications of DOE. In response surface methodo-
logy, reduction of noise and bias error can become more important than the orthogonality (Goel et al
(2008)). Nevertheless, no special objectives were formulated for the case of sampling-based SA, so we
employ the common ones.

2.1. Space-filling criteria

Let us recall four widely used space-filling criteria.

Audze-Eglais objective function (AE) proposed in Audze and Eglais (1977) is based on a potential
energy among the design points. The points are distributed as uniformly as possible when the potential
energy EAE proportional to the inverse of the squared distances among points is minimized, i.e.

EAE =

n∑
i=1

n∑
j=i+1

1

L2
ij

, (1)

where n is the number of the design points and Lij is the Euclidean distance between points i and j.

Euclidean maximin (EMM) distance is probably the best-known space-filling measure (Johnson
et al (1990); Morris and Mitchell (1995)). It states that the minimal distance Lmin,ij between any two
points i and j should be maximal. In order to apply the minimization procedure to all presented criteria,
we minimize the negative value of a minimal distance EEMM, i.e.

EEMM = −min{..., Lij , ...}, i = 1...n, j = (i+ 1) ... n . (2)

Modified L2 discrepancy (ML2) is a computationally cheaper variant of a discrepancy measure,
which is widely used to assess precision for multivariate quadrature rules (Fang and Wang (1994)).
Here, the designs are normalized in each dimension to the interval [0, 1] and then, the value of ML2 is
computed according to

EML2 =

(
4

3

)k

− 2(1−k)

n

n∑
d=1

k∏
i=1

(3− x2di) +
1

n2

n∑
d=1

n∑
j=1

k∏
i=1

[2−max(xdi, xji)] , (3)

where k is the number of input parameters, i.e. the dimension of the design space and xdi and xji are
the i-th coordinates of the d-th and j-th points, respectively. Since the evaluation of discrepancy for
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a large design can be time-consuming, some efficient algorithms are proposed e.g. in Heinrich (1996).
To achieve the best space-filling property of DOE, the value of ML2 should be minimized.

D-optimality criterion (Dopt) was proposed in Smith (1918) as a pioneering work in the field of
DOE for regression analysis. This criterion minimizes the variance associated with estimates of regres-
sion model coefficients by minimizing the determinant of the so-called dispersion matrix (ZTZ)−1 or
equivalently, by maximizing the determinant of the so-called information matrix (ZTZ) (de Aguiar et al
(1995)). Again, in order to apply a minimization procedure, but to avoid the inversion of the information
matrix, we can minimize negative value of the determinant of the information matrix, i.e.

EDopt = − det(ZTZ) , (4)

where Z is a matrix with evaluated regression terms in the design points. An important shortcoming of
this criterion concerns a choice of the number of regression terms to be included into the information
matrix, because few terms can lead to the D-optimal DOE with duplicated points. In this contribution
we employ a Bayesian approach as described in Hofwing and Strömberg (2010) or Janouchová and
Kučerová (2011).

2.2. Orthogonality-based criteria

There are two well-know approaches to evaluate the orthogonality of a DOE. The most popular one is
based on correlation among the samples’ coordinates, the other one is a conditional number.

Conditional number (CN) is commonly used in numerical linear algebra to examine the sensitivities
of a linear system (Cioppa and Lucas (2007)). Here, we use conditional number of XTX, where X is
a matrix of the design points’ coordinates, so-called design matrix

X =

⎡⎢⎢⎢⎣
x11 x12 · · · x1k
x21 x22 · · · x2k

...
...

...
xn1 xn2 · · · xnk

⎤⎥⎥⎥⎦ , (6)

where n is the number of the design points and k is the dimension of the design space and the columns
are centred to sum to 0 and scaled to the range [−1, 1]. The conditional number is then defined as

ECN = cond(XTX) =
λ1

λn
, (7)

where λ1 and λn are the largest and smallest eigenvalues of XTX, respectively, therefore the ECN is
greater or equal to 1. Values closer to 1 correspond to more orthogonal DOE, therefore the conditional
number should be minimized.

Pearson product-moment correlation coefficient (PMCC) is a standard measure of a linear de-
pendence between two variables. Having two variables xi and xj , the PMCC is defined as

cij =
Cov (xi, xj)

σxiσxj

=

∑n
a=1(xai − xi)(xaj − xj)√∑n

a=1(xai − xi)2
∑n

a=1(xaj − xj)2
, (8)

where

xi =
1

n

n∑
a=1

xai and xj =
1

n

n∑
a=1

xaj . (9)

The PMCC takes a value between −1 and 1 and positive values indicate that the value of xi tends to
increase together with increasing value of xj , while negative values indicate decreasing value of xi with
increasing value of xj . Zero value stands for no linear relationship between xi and xj . In order to obtain
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orthogonal DOE in a multi-dimensional design space, the PMCC needs to be evaluated for each pair of
columns in the design matrix (7). As a result, one obtains a k × k symmetrical correlation matrix

C =

⎡⎢⎢⎢⎣
c11 c12 · · · c1k
c21 c22 · · · c2k

...
...

...
ck1 ck2 · · · ckk

⎤⎥⎥⎥⎦ . (10)

In the case of an orthogonal DOE, the correlation matrix C is equal to identity matrix. To achieve
an orthogonal DOE, one can, for instance, minimize the maximum |cij | as in Cioppa and Lucas (2007)
or the sum of squares of the elements above the main diagonal of C as it is done in engineering softwares
(Novák (2011); Novák et al (2011)) as well as in presented results, i.e.

EPMCC =

√√√√ k∑
i=1

k∑
j=i+1

c2ij . (11)

Spearman’s rank correlation coefficient (SRCC) can be used to capture a nonlinear but monotonic
relationship between two variables and therefore, it can be efficiently applied for estimation of correla-
tions in sampling-based SA (Helton et al (2006)). The idea is to replace the values of xai and xaj by
their corresponding ranks r(xai) and r(xaj) and then the SRCC can be computed as

ρij = 1− 6
∑n

a=1 (r(xai)− r(xaj))
2

n(n2 − 1)
. (12)

In case of a multi-dimensional design space, the orthogonality of the DOE can be similarly to (11)
achieved by minimizing

ESRCC =

√√√√ k∑
i=1

k∑
j=i+1

ρ2ij . (13)

Kendall tau rank correlation coefficient (KRCC) is an alternative measure of a nonlinear depen-
dence between two variables. In particular, it is based on the number of concordant (Tc,ij) and discordant
(Td,ij) pairs of samples according to

τij =
Tc,ij − Td,ij

n(n− 1)/2
, (14)

and again, the orthogonal DOE can be obtained by minimizing

EKRCC =

√√√√ k∑
i=1

k∑
j=i+1

τ2ij . (15)

3. Latin Hypercube Sampling

Since the optimization of DOE defined on real domains becomes computationally exhaustive even at
moderate number of dimensions or design points, practical applications are usually restricted to the op-
timization of the so-called Latin Hypercube (LH) designs (Iman and Conover (1980)). LH sampling
provides a possibility to represent prescribed probabilistic distribution of particular variables and hence,
it can be efficiently applied in uncertainty analysis (Helton et al (2006)). The idea is to divide the range
of each variable xj into n disjoint intervals of equal probability and one value xij is selected from each
interval. This selection can be either random or commonly prescribed to the centre of the interval. Then,
the n values for each variable are randomly coupled without replacement with n values of other variables
resulting in n vectors of variables where each discrete value of each variable is used only once.
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The discretisation itself is quite useful for simplification of the optimization process. Therefore, we
focus our attention mainly to the optimization of DOE in discrete domains assuming that continuous
domains are usually also discretised so as to make the optimization process manageable. Of course,
the LH restriction simplifies the optimization even more, since the search space is significantly reduced.
However, it is not obvious, whether such restriction excludes the best solutions regarding the objective
of SA. Hence, we examine here both the LH designs as well as free designs without any prescribed
restrictions on points position.

4. Sequential designs of experiments

When generating experimental designs sequentially, lack of knowledge about the resulting number of de-
sign points leads obviously to worse properties of the resulting designs than the one-shot DOEs. Never-
theless, an optimization of a large one-shot DOE can become too complex and thus a sequential design
can achieve better qualities than the result of one-shot DOE optimization stuck in a local extreme.

The authors in Crombecq et al (2011) present a review of a different procedures for one by one
generated sequential designs and compare their qualities with one-shot DOEs in terms of projected and
intersite distance. In general, the aim of the described procedures is to provide DOEs with good space-
filling and orthogonal property, but they cannot be used for reliability analysis, since the DOEs do not
fulfil any probability distribution.

Other authors focus on LH designs which allow to maintain the probability distributions of particular
variables. Vořechovský (2009) proposed strategies for adding new points into an existing LH design
based on sequential refinement of the domain discretisation. The methods, however, suffer from highly
increasing number of points to be added.

In this contribution we focus on a humble goal to compare the qualities of sequential designs obtained
by sequential addition of a constant number of new points, preserving the original discretisation and
optimized to the individual criteria described in Section 2.. We assume that adding of a constant number
of points, which can be handled by an optimization process, should provide a DOE with better qualities
than sequential one by one DOEs.

5. Generation of Optimal Design of experiments

We start our comparison by generating small designs having 10 points in two-dimensional discrete do-
main. The both variables are defined always in ten equally distant discrete values. Each design is
optimized according to one of the criteria described in Section 2.. One set of LH designs is optimized
with the LH constrains, the other set of free designs is optimized without any constrains.

Since the designs are not excessively complex, the Simulated Annealing method (Kirkpatrick et al
(1983); Černý (1985)) was applied to optimize each criterion. The procedure slightly differs for the free
and for the LH designs. While in the first case a single loop of the algorithm involves a sequential
selection of a design point and its random movement to any unoccupied position, in the latter case
the algorithm randomly chooses two points and then switches one of their randomly chosen coordinates.
The acceptance of a new solution is driven by the Metropolis criterion

exp

(
fold − fnew

T

)
≥ U , (16)

where fold and fnew stand for values of a criterion for an actual and for a new solution, respectively. T
denotes the algorithmic temperature initially set to Tmax = 10−3 and gradually reduced by a multiplica-
tive constant Tmlt = (Tmax/10−6)1/100 after each nmax/10 iterations or sooner if the number of accepted
movements reaches the value nmax/100. The entire algorithm terminates after nmax = 106 criterion eval-
uations.

Of course, there is no guarantee that the global optimum is achieved, nevertheless, more frequent
falls to local extremes also reflect the shortcoming of a particular criterion. Hence, we decided to present
the obtained results without any deeper search for more robust and reliable optimization method.
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The optimization process was performed 100 times for each criterion and the obtained designs were
then employed as initial designs for sequential designs generation. Larger designs were generated se-
quentially in three steps by adding 10 new points into the existing designs. The following optimization
process is very similar to the optimization of the initial designs. The difference consists of optimization
only of the added points positions, while the optimized criterion is evaluated for the whole new design.

There are presented two methods for generating sequential designs in this paper. The first one is
based on unrestricted selection of new points according to the optimized criterion and both the free
DOEs as well as LH DOEs were employed as initial ones. Figs. 1 and 2 show examples of resulting
designs of this first method. The plotted examples are chosen among the other designs for their worst
result in the sum of the minimal distances to other points. The aim is to show the worst results one can
obtain by optimizing particular criteria.

AE EMM ML2 Dopt PMCC SRCC KRCC CN

Fig. 1: Sequential free designs.

AE EMM ML2 Dopt PMCC SRCC KRCC CN

Fig. 2: Sequential free designs from original LH designs.
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The second method preserve the LH constrains also for the added points and thus, the equal num-
ber of points are located in each column or row. Here the LH designs are used as the initial designs.
The resulting DOEs obtained by this method are presented in Fig. 3.

AE EMM ML2 Dopt PMCC SRCC KRCC CN

Fig. 3: Sequential mixed LH designs from original LH designs.

6. Sensitivity analysis on a set of mathematical functions

The SRCC criterion has been shown that it can significantly improve the results in estimating the impor-
tance of model parameters in sensitivity analysis for the case of nonlinear monotonic models (Helton et
al (2006)).

Having the numerical model given as

z = f(x1, x2, . . . , xk) (17)

relating the model response z and the model parameters xi, the impact of the parameter xi to the model
response z can be estimated by evaluating their Spearman’s rank correlation ρxi,z according to

ρxi,z = 1− 6
∑n

a=1 (r(xai)− r(za))
2

n(n2 − 1)
, (18)

where xai are values of particular model parameter corresponding to points in DOE and za are values of
model responses corresponding to these points.

In engineering practice, the majority of the numerical models fulfil the condition of a monotonic
relationship between the model parameters and the model response. Therefore, to support the study
of optimal DOE quality in sampling-based SA, we performed a comparison for a list of nonlinear but
monotonic models. The shapes of the chosen models plotted for the case of square 10 × 10 domain
are shown in Figure 4 together with corresponding parameter-response correlations obtained for the Full
design consisting of all feasible design points (here 100 points).

Then, the parameter-response correlations were estimated using the all obtained optimal designs and
the differences among correlations ρ̃ obtained by the optimal designs and correlations ρ obtained by
the full designs are stored. The error measure ε in the parameter-response correlations evaluated for
a given function is considered as an average difference between each parameter and model response
correlation obtained by an optimal and a full design, i.e.

ε =
1

k

k∑
i=1

|ρ̃xi,z − ρxi,z| . (19)
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Fig. 4: Shapes of 15 functions for sensitivity analysis with the corresponding values of parameter-
response correlations.

The statistics over the obtained values of errors ε is presented in Figure 5 using the box plots.

For an easier evaluation of particular criteria, the mean and maximal errors over all models multiplied
by 100 are listed in Table 1.

Tab. 1: Mean and maximal errors in correlation predictions for theoretical models.

AE EMM ML2 Dopt PMCC SRCC KRCC CN
points mean max mean max mean max mean max mean max mean max mean max mean max

1s
tm

et
ho

d
fr

ee 10 5.9 32.0 6.2 29.4 5.1 20.5 4.5 33.6 8.4 51.4 7.3 48.5 7.5 46.5 8.6 59.9
20 3.3 16.5 4.6 19.7 3.1 14.3 2.9 20.7 5.1 34.2 4.4 32.4 4.4 29.9 4.4 37.4
30 2.1 12.0 4.3 17.1 2.2 10.6 3.0 17.4 3.6 25.2 3.3 22.7 3.2 26.1 2.9 22.0
40 1.5 10.0 4.1 16.0 1.7 8.5 2.5 13.0 2.6 19.0 2.4 23.4 2.5 19.6 2.2 17.0

overall 3.2 17.6 4.8 20.6 3.0 13.5 3.2 21.2 4.9 32.5 4.4 31.8 4.4 30.5 4.5 34.1

L
H 10 6.7 28.9 9.8 31.1 4.5 11.2 6.8 20.3 5.5 31.4 5.8 28.4 5.6 33.0 5.3 30.7

20 2.9 20.2 5.6 23.8 2.8 13.5 3.5 20.3 4.2 25.2 3.9 31.4 3.9 25.7 3.6 25.7
30 2.0 12.6 4.5 16.5 2.0 9.5 3.0 15.3 3.1 19.1 2.9 23.7 2.9 20.0 2.7 22.6
40 1.8 10.6 4.3 18.6 1.7 8.3 2.4 13.6 2.5 16.5 2.3 16.9 2.3 14.8 2.2 17.9

overall 3.4 18.1 6.1 22.5 2.8 10.6 3.9 17.4 3.8 23.1 3.7 25.1 3.7 23.4 3.5 24.2

2n
d

m
et

ho
d

L
H 10 6.7 28.9 9.8 31.1 4.5 11.2 6.8 20.3 5.5 31.4 5.8 28.4 5.6 33.0 5.3 30.7

20 4.8 15.4 7.1 25.3 2.8 10.2 6.0 19.3 3.1 20.8 3.1 18.5 3.0 18.6 3.0 25.2
30 2.6 11.3 5.3 22.9 2.3 8.7 2.5 9.6 2.1 21.8 2.2 18.2 2.3 17.5 2.2 20.5
40 2.5 9.0 4.9 19.2 1.6 5.9 2.3 8.8 1.6 11.3 1.6 12.6 1.8 15.5 1.7 15.1

overall 4.2 16.2 6.8 24.6 2.8 9.0 4.4 14.5 3.1 21.3 3.2 19.4 3.2 21.2 3.1 22.9
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Fig. 5: Statistics on results of criteria in estimating parameter-response correlations for theoretical
models. Each rectangle contains 15 box plots representing the distribution of errors in correlation pre-
diction for particular models depicted in Figure 4. The scale is 0 at the bottom and 1 at the top per
rectangle. Furthermore, each rectangle refers to the optimal designs according to one criterion asso-
ciated with the corresponding column and to the chosen number of the design points and the type of
restriction applied associated with the corresponding row.

7. Sensitivity analysis on truss structures

The sensitivity analysis study presented in the previous section is aimed on two-dimensional theoretical
problems. Therefore, this section is devoted to illustrative engineering problems with higher number of
dimensions. We have chosen two models of truss structures commonly used as benchmarks for sizing
optimization.

The first one represents a ten-bar truss structure (Venkaya (1971)) shown in Figure 6. The design
variables are the cross-sectional areas of the bars. This benchmark is defined with two types of variables:
continuous and discrete one. Here we focus on a discrete formulation with discrete values of cross-
sectional areas together with values of material properties and loading taken from Lemonge and Barbosa
(2003). All ten cross-sectional areas have the same 42 feasible discrete values (in2): 1.62, 1.80, 1.99,
2.13, 2.38, 2.62, 2.63, 2.88, 2.83, 3.09, 3.13, 3.38, 3.47, 3.55, 3.63, 3.84, 3.87, 3.88, 4.18, 4.22, 4.49,
4.59, 4.80, 4.97, 5.12, 5.74, 7.22, 7.97, 11.50, 13.50, 13.90, 14.20, 15.50, 16.00, 16.90, 18.80, 19.90,
22.00, 22.90, 26.50, 30.00, 33.50.
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Fig. 6: Scheme of a ten-bar truss structure together with material parameters and values of applied
loading.

The second model concerns a 25-bar truss structure with a geometry, material properties and loading
given in Figure 7. Thanks to the symmetry of the structure, the bars can be organized into eight groups.
The bars in one group have the same cross-sectional areas and hence, there are only eight design vari-
ables. These variables are again discrete with 30 feasible values (in2): 0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8,
0.9, 1.0, 1.1, 1.2, 1.3, 1.4, 1.5, 1.6, 1.7, 1.8, 1.9, 2.0, 2.1, 2.2, 2.3, 2.4, 2.5, 2.6, 2.8, 3.0, 3.2, 3.4, see ?.
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Material: Aluminum
Specific weight: 0,1 lb/in3

Young’s modulus: 107 psi
Nodal loads

Node Fx Fy Fz

1 1.0 -10.0 -10.0
2 0.0 -10.0 -10.0
3 0.5 0.0 0.0
6 0.6 0.0 0.0

Fig. 7: Scheme of a 25-bar truss structure together with material parameters and values of applied
loading.

The response of these models consists of three components: total weight of the structure w, maximal
deflection d and maximal stress s. Because of higher dimensions of these problems, we have generated
the optimal DOEs only with LH restriction, since they can be optimized more easily. This restriction
automatically specifies the number of corresponding design points, which has to be equal to the number
of feasible values (42 for the ten-bar truss and 30 for the 25-bar truss).

A simulated annealing method with the same parameters as described in Section 5. but with a maxi-
mum of 107 iterations was employed to generate 20 optimal DOEs using each criterion under the study.
The parameter-response correlations were then estimated using the obtained optimal DOEs and com-
pared with the correlations computed using the Large DOEs consisting of 2 · 107 samples generated
by Monte Carlo method. The statistics on the errors ε in estimation of parameter-response correlations
is demonstrated again in terms of box plots independently for each criterion and each model response
component, see Figure 8.

For clearer summarization of the obtained results, the mean and maximal errors in correlation pre-
dictions multiplied again by 100 are listed in Table 2.
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Fig. 8: Statistics on results in estimation of parameter-response correlations for structural models. Each
rectangle contains three box plots representing the distribution of the errors in correlation prediction
for particular model responses: the total weight w, the maximal deflection d and the maximal stress
s. The scale is 0 at the bottom and 1 at the top per rectangle. Each rectangle refers to optimal de-
signs according to one criterion associated with the corresponding column and to the chosen structure
associated with the corresponding row.

Tab. 2: Mean and maximal errors in correlation predictions for structural models.

Model AE EMM ML2 Dopt PMCC SRCC KRCC CN
mean max mean max mean max mean max mean max mean max mean max mean max

10
-b

ar
42

w 5.1 7.5 4.9 7.5 4.1 5.5 4.3 5.4 6.2 10.3 5.9 9.2 5.8 7.5 27.0 29.7
d 4.5 6.7 4.4 5.6 0.7 1.1 4.6 6.5 4.5 7.3 4.3 6.2 4.7 7.1 21.7 23.0
s 5.1 7.3 4.7 7.7 8.9 13.9 5.1 8.0 6.5 9.2 6.8 11.0 6.6 10.7 15.7 17.7

overall 4.9 7.5 4.7 7.7 4.6 13.9 4.7 8.0 5.7 10.3 5.7 11.0 5.7 10.7 21.5 29.7

84

w 3.9 5.1 4.1 6.1 2.3 3.6 3.0 4.2 3.7 6.3 3.9 6.1 4.1 5.8 5.4 7.7
d 2.7 3.6 3.6 6.7 0.4 0.7 2.9 4.0 3.1 5.0 2.7 4.6 2.9 4.4 3.4 5.5
s 3.3 5.7 3.9 6.0 5.4 7.7 3.7 5.8 5.0 6.7 4.3 7.7 4.4 8.0 4.8 8.0

overall 3.3 5.7 3.9 6.7 2.7 7.7 3.2 5.8 3.9 6.7 3.6 7.7 3.8 8.0 4.5 8.0

25
-b

ar
30

w 30.0 32.3 30.4 33.5 26.8 28.9 31.6 38.3 29.5 30.8 29.6 30.7 29.9 31.4 30.0 31.2
d 24.6 27.2 25.1 27.5 23.6 28.3 26.8 35.7 24.4 28.1 24.1 27.1 24.3 25.8 24.5 27.2
s 22.6 25.9 23.2 27.6 21.2 27.4 25.2 33.4 23.8 27.2 23.0 26.0 22.7 25.8 23.4 26.3

overall 25.7 32.3 26.2 33.5 23.9 28.9 27.9 38.3 25.9 30.8 25.6 30.7 25.6 31.4 26.0 31.2

60

w 30.0 30.9 30.0 31.9 27.8 29.5 30.2 34.1 29.4 30.4 29.4 30.4 29.9 31.4 29.9 30.9
d 23.9 25.1 24.7 27.7 22.5 25.5 24.9 27.3 23.8 25.3 23.6 25.6 24.2 26.5 23.8 25.1
s 21.6 23.7 22.3 25.8 19.3 22.6 22.6 26.4 22.1 23.9 21.9 23.9 22.5 25.1 22.2 23.8

overall 25.2 30.9 25.7 31.9 23.2 29.5 25.9 34.1 25.1 30.4 25.0 30.4 25.5 31.4 25.3 30.9

8. Conclusions

This paper reviews eight criteria used for sequential optimization of a design of experiments and presents
a comparison of the resulting designs when employed for a sampling-based SA on 15 theoretical and two
structural models. The overall results can be summarized in several following conclusions:

• The quality of all the optimal DOEs can be improved by adding of new points and the conclusions
valid for small designs remains mostly valid also for the larger sequential designs.

• The best result was achieved by the ML2 criterion, which is very robust and thus the obtained
DOEs provided very small errors in sensitivity predictions with very small variance. The LH
designs optimized with respect to ML2 criterion provide better results and they are also more
easily optimized. Therefore they can be recommended for the practical usage.

• Orthogonality-based criteria provide good results on theoretical problems when applied for gene-
ration LH designs, but the resulting errors have higher variance and which lower their fidelity.
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• An interesting effect can be noticed on D-optimal designs. While the small D-optimal free designs
have significantly better results than the small D-optimal LH designs, this difference decreases
with increasing number of points and the larger D-optimal LH designs have the same or smaller
errors than the D-optimal free designs of the same size.

• Also AE criterion achieved very good results when applied to free designs, but the variance is
again relatively high.

• Worse results were obtained using EMM criterion.

The presented results revealed that the ML2 criterion, which is not very popular, can provide very
good results when applied for the generation of the DOE for sampling-based sensitivity analysis. The
results obtained for 25-bar structure were unsatisfactory for all the studied criteria. This can be caused
by too small number of samples in the generated designs. However, the larger designs did not improve
the results significantly.
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NUMERICAL ANALYSIS OF FRACTURED FEMUR WITH
INTERNAL OSTEOSYNTHESIS

V. Kunášek*, J. Jı́rová

Abstract: The internal osteosynthesis method of the thighbone diaphysis allows use of some different types
of devices in dependence on complexity and a type of the diaphysis fracture. The aim of this project is
a numerical stress analysis in case of two types osteosynthesis plates applied to two different thighbone
diaphysis fractures. We simulated incidents, when a pacient’s broken leg was too early however fully
treated and his thighbone did not begin to recovery yet. In these extreme incidents the whole stresses are
carried by the plates. The modeling and calculations was done using FEM software ANSYS Workbench.

Keywords: Biomechanics, Internal osteosynthesis, Femur, Finite element method, ANSYS Workbench

1. Introduction

This paper disserts about numerical analyses of two internal osteosynthesis methods used in fractured
human thighbone therapy. The aim is a comparison of stress distribution in two types of osteosynthesis
plates applied to two types of the thighbone diaphysis fractures, oblique and wedge, ones which represent
the most common fractures of the thighbone diaphysis caused by light traffic accidents. In the project
we analysed 5 models: a virtual model of unbroken thighbone, virtual model of an oblique fractured
thighbone with wave plate implementation, virtual model of wedge fractured thighbone with wave plate
implementation, virtual model of oblique fractured thighbone with straight plate implementation and
virtual model of wedge fractured thighbone with straight plate implementation.

2. Virtual models

The virtual models used in our analyses were made up by the fractured thighbone, two types of plate
with cortical screws and cortical filler in case of the wave plate. All models were imported or created in
ANSYS Workbench (fig.1).

2.1. Thighbone

The original *.x t format of 470 mm tall left thighbone virtual model is provided by author (Dr. Mar-
cello Papini, University Ryerson, Toronto, Canada) for noncomercial use. This model was imported
to ANSYS Workbench DesignModeler where we modified a volume of the cancellous bone and made
diaphysis fractures. A form of the cancellous bones inside both epiphyses of the femur were greatly
simplified.

The thighbone diaphysis fractures used in our thesis represent the most common fractures of the
thighbone diaphysis which have been caused by light traffic accidents- maximum impact speed was
25km/h (Drábek, 2009).

2.2. Plates and screws

The virtual model of the 230 mm tall wave plate was created in ANSYS Workbench DesignModeler
in the base of the original *.stl model provided for this project purposes by its producer, c©Litos

*Bc. Václav Kunášek, Doc. Ing. Jitka Jı́rová, CSc.: Department of Mechanics and Materials, Czech Technical Univer-
sity in Prague, Faculty of Transportation Sciences, Konviktská 20, 110 00, Praha 1; CZ, e-mail: vaclav.kunasek@seznam.cz,
jirova@fd.cvut.cz
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company. Our virtual model represented a little simplified contrary to original geometry especially use
of cylindrical screw holes in our model. The real use of the wave plate internal osteosynthesis is related
with implementation of the cortical filler between the wave-middle part of the plate and femur diaphysis.
We used a simple filler of cuboid design in our analyses.

The straight plate virtual model is based on our wave plate model and has not any real template. This
plate was made up by straightening wave plate middle part because of the objective stress distribution
comparison between the plate with wave and the same plate without wave.

Analogous to screw holes were created all virtual models of cortical screws. We designed cylindrical
screws according to their litos dimension template with the lenght agreed to robustness of the femur dia-
physis and the diameter of model cylindrical screws corresponded to outer diameter of the litos original
screws.

Fig. 1: Complete four virtual models of fractured femur diaphyses with internal osteosyntheses

2.3. Finite element model

We compromised mesh quality in dependence on sophistication of parts of our model systems between
hardware requirements to numerical analysis and precision of results. Our models consisted of 28 000 to
37 000 elements (size of elements: 2.5- 8mm). The finite element model was done in ANSYS Workbench
Mesher. The femur, plates and screws were meshed by solid tetrahedron elements. The cortical filler was
meshed by cuboid elements.

2.4. Material properties

Our models contained four types of materials. There were a material model of a cortical bone, cancellous
bone, Titanium Grade 1 for plates and T iAl6V4 for cortical screws. We used the homogeneous linear
isotropic mechanical properties for all used virtual models because of simplifying and agility of the
analyses. There was need to know two mechanical characteristics: Young’s modulus and Poisson’s ratio
(tab.1).

2.5. Initial conditions and loads

The thighbone was loaded by force of 2500N that occurred on a proximal side of the thighbone head. A
vector of the force occurred in axis (Z axis) intersected the center of the femur head on the proximal side
and the center of distal epiphysis. We used the support of distal parts of both condyluses that allowed
free displacement in ortoghonal plane (represented by X axis and Y axis) to the force vector (represented
by Z axis). Similar to the real experiment, we allowed a rotation around Z axis in our analyses.

In our analyses, were used three types of contact types. First contact type (in ANSYS Workbench
called Bounded) ensuring compagination of joined parts was used in cases of appositions of plates to
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Tab. 1: Material properties

Material Young’s modulus [MPa] Poisson’s ratio [-]

Cortical bone 17600 0.25

Cancellous bone 350 0.25

T iAl6V4 115000 0.34

Titanium Grade 1 103000 0.34

screws, screws to diaphyses parts of the damaged thighbone, for appositions of the wave plate to the
cortical filler and for joints of cancellous bone to the cortical bone. The second contact type called
frictional was used for appositions of proximals to distals faces of the fractured thighbones and for
diaphyses to the cortical filler contacts in cases of the wave plate use. This contact type allows frictional
sliding of contact faces (cortical bone to cortical bone) with friction coefficient equal to 0.15 (Landor,
2010). The last used contact type, Frictionless, allowed sliding of contact faces without friction. For
simplification of all analyses, we used this contact type in cases of appositions of plates to the thighbone
diaphyses.

3. Validation of virtual thighbone

There was required to validate our virtual model of the thighbone before the main numerical analyses
of fractured thighbones with internal osteosynthesis. This task proceeded per experiments (Jı́rová et
al.,1989) which contained stress values at medial and lateral side of a loaded real human thighbone. We
used identic initial conditions and loads for this publication for unbroken thighbone validation and for
next other analyses.

During the validation (fig.2), we analysed and compared stress values in 13 points at lateral dia-
physis side and stress values in 13 points at medial diaphysis side of our virtual model and the most
corresponding human 470 mm tall thighbone (Jı́rová et al.,1989).

Fig. 2: Graphically compared stress results: lateral side- tensile stress (left graph), medial side- com-
pression stress (right graph)

The stress results in graphs (fig.2) pointed at some diferences between a real human thighbone and
our virtual model. These differences were at first caused by different geometry structure of a real thigh-
bone and our virtual model especially by lenght of thighbone neck, at second by different robustness of
the cortical bone of diaphyses parts, at third by different conception of a cancellous bone and finally the
results could be different due to the finite element quality of our virtual models.

4. Results

Results of stress values on the undamaged thighbone were sufficiently comparable with each other for
us to continue in numerical analyses of damaged thighbones with internal osteosyntheses. This project’s
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aim was focused on numerical comparison of marked tensile stress values at screws and the wave plate
contrary to the straight plate implemented to the fractured thighbone (by oblique and wedge fractures).
We observed the stress results at plates, screws and contact faces of fragmented thighbones, safety factor
of the cortical bone and relative deformations of both fragmented parts of the fractured thighbone.

Firstly analysed magnitude represented the screws and plates tensile stress distribution. The specific
type and form of the oblique fracture influenced the stress distribution more than in the case of wedge
fracture because the oblique faces of fracture allowed a sliding of proximal part in distal part of the
fractured thighbobe. This fact caused redundant straining of the last screw in proximal part and especially
first screw in distal part of the fractured thighbone. The results with use of the wave plate showed lower
stress values (almost half) than with the straight plate. The stress results in the case of the wedge fractured
thighbone diaphysis showed almost equal stress distribution along all screws and screw holes in both
cases of the used plates.

Secondly a high value of the loading force caused mutual contacts of the proximal to distal parts
of the fractured thighbones and mutual contacts of the fractured thighbones to plates. Therefore there
was necessary to analyse the compression stress on these faces. In all analyses, we registered the higher
compression stress values on the contact faces of the proximal parts of the fractured thighbone. The
stress results in case of the wave plate, oblique fractured thighbone combination showed more than half
stress result values contrary to use of the straight plate again.

The last analysed magnitude was the safety factor of the cortical bone. Safety factor had been bearing
to compression stress on the contact faces of the model described in the last paragraph. This magnitude
is characterised by ratio of ultimate compression strenght to the Equivalent (von-Mises) stress of the
cortical bone, used 124 MPa (Valenta et al., 1985). The results in cases of the fractured thighbones with
both types of plates were not positive. We registered the vaules of safety factor less than limit value 1 in
cases of all analysed samples of the fractured thighbone with internal osteosyntheses. The most affected
areas in cases of models with the wedge fractures were located at the contact faces of proximal parts of
the fractured thighbones. In case of samples with oblique fracture the most damaged areas were located
on lateral sides of proximal parts of the thighbone under central parts of the plates. These presented areas
of the cortical bone had been probably more destructed.

5. Conclusions

The aim of this project was to compare the stress results at loaded virtual models of fractured thighbones
with internal osteosyntheses. We focused mostly on the tensile stress on plates and screws, compressive
stress on contact faces of fractured parts of the thighbones (proximal and distal part) and finally on the
safety factor of the cortical bone. We registered better ability of the wave plate to stress distribution
in all our analyses. Evidently lower values of the tensile stress in case of the analysed loaded oblique
fractured thighbone with the wave plate implementation contrary to straight plate. Also the compression
stress analyses showed more favorable results for wave plate osteosynthesis than use of the straight plate.
Finaly, the wave plate allowed less destruction of the cortical bone than the straight plate.
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Kunecký J. Cacciotti R. Kloiber M. 823



�

���,������
�	����	������������������
�	����������������	
�������B"G�	����	�����	��
�����������������
�����������
���	����	�
�������������������
������������	������������������
���

��������
������
������������	
��	��������	����������������������������������
���������	������	
�(��������

���-����������������������������(����������������������)������������'������%�����#��!�	���;$������	�
��
�������	����������������������
����	���
	�����������������������������������	��
���	�����������

���/	����	
� �����	����� 	��� ���� ��	
���� ��� �	����	
� �	�	������� ���
�� ��� 	����	���&� ��� �����

��'���� ���� ������� ����� ��	�� 	���
��
�� �������� ��
������ ,�� ���� ����� ����� �	����	
� �	��
���
����������
��	���������������	����

������	�����	���	���	�����+��	��������	
������O���E��
���
��	�������������

������
	��������������	
��������
����	�����	
�����������
��������������
���������$�������������
�����	��	�����������������	������	�	���
��������������������������	���
	

�������	���������������	�����������	����	��������	����	
������	��$��������
	��������
������
�������'����
������������	
��	�����

���0����������	�'��������
������

�����	�
�����	�������������������������������

���������������
���������
���

����� ���
����	��� ����� ������ ���� ���� �������&� ���� �������
�� ��� ��� ������
�� ��� ����
� ����
����	���	
� ���	����� ��� ��	������	
� ������� (�����R� ���� 	������ ��
�� ��� ��	�� ��� ������� �	���
�����	�������	����'�����������������
����	���������������	������������������	�����

� �

2>���|���_������

�������'��	��������������	�'���������������������	������/�����������-
����S�0%#!1"#2��""3�
�	

��� T �5��-� �-�� �55�55/�-4� 0�� ��/0��� !0�-45� 0�� "�540����.� �4�7�47��5@1� ,�� ��� 	
��� ��	���

��
	�'���
����������������������	���S0%##1"#2��""!���

$�^�/��>����
+�����0�������	
���!""B$���8�����	
�����������������������������������������	��	�������������������	�����%������

�������(���	
����
�FB�����FB�F:��!""B��
A������/���!""B$�Q���5��5)<�5/0����A.*0*�1�	�	�!""B��,8+I�H"�!3:�"":;�U�
1�N�	(�*���#<<:$�>��4�7)4:�����8.�54-054�����8���1.V.20*�+�	���
	�	�#<<:��,8+I�H"�":�""<;"�3�
���	 �5���!"#"$�Q�"�540���)<�)�089���9/0.0�����/�	;)7/��0/��89��A.*0*�1�	�	�!"#"��,8+I�<:H�H"�!3:�B"BH�:�

824 Engineering Mechanics 2012, #226



EARLY DEFECT DETECTION OF ACETABULAR IMPLANTS

D. Kytýř, O. Jiroušek, P. Zlámal, T. Doktor*, I. Jandejsek **

Abstract: The paper is focused on possibilities of modern X-ray detectors and micro-focus X-ray source for
investigation of early degradation processes of acetabular implants. To simulate the most adverse activity
(downstairs walking) a hip joint simulator was developed. The experimental setup was designed for cyclic
loading of polyethylene acetabular cup implanted into the human pelvic bone and fixed by commercial
polymethyl methacrylate bone cement. To predict the bone degradation numerical analysis of detailed three-
dimensional model of the acetabular cup and the cement mantle implanted in a bone block was performed.
Using large area flat panel detector and microfocus X-ray source it is possible to investigate micro-damage
propagation and detect early defect in the bone-implant interface.

Keywords: bone–cement interface, computed tomography, crack detection, hip simulator

1. Introduction

Total hip arthroplasty has emerged as one of the most successful interventions in orthopaedics. In spite
of the successful use of the total endoprosthesis there is still a number of problems connected with the ar-
tificially created co-existence and interaction between the bone tissue and the technical substances of the
endoprosthesis. From an engineering perspective these must be designed with the sufficient mechanical
strength and be able to endure the biological environment in which they are placed. In order to reduce
the incidence of an implant failure, it is important that the entire system is fully characterized; from the
anatomy of the joint and the biological response, through to the micro-structure of the material and the
design geometry.

Micro-motions and consecutive loosening of the acetabular implant is one of the most serious ther-
apeutic complications which often occurs several years after the implantation. Worldwide experiences
demonstrate that 80% of all revised endoprosthesis are damaged by the aseptic loosening. The important
part in the this process is remodelling of bone tissue as a result of the change of the stress field after the
implantation. Living bone tissue is continuously in the process of growing, strengthening and resorp-
tion; a process called bone remodelling. Initial cancellous bone adapts its internal structure by trabecular
surface remodelling to accomplish its mechanical function as a load bearing structure. In the case of
cemented acetabular implants the remaining cartilage is removed from the acetabulum and the shape is
adapted to the original one by means of a spherical milling machine. With this procedure a roughly
spherical bed is obtained. The size and character of the contact stress distribution in subchondral bone
influences the cement mantle degradation and the primary stability of the implant.

2. Materials and methods

To determine the degradation caused by cyclic mechanical loading radiological investigation have been
used. Cement layer degradation were investigated using using hip simulator. To predict the bone degrada-
tion numerical analysis of detailed three-dimensional model of the acetabular cup and the cement mantle
implanted in a bone block was performed. Image data from μCT were used to reconstruct the complex
geometry of the inner structure of the trabecular bone and the interface between the pelvic bone and the
implant. Visualization of trabecular bone structure and cement layer changes (damage accumulation)
provided information about implant instability progress.
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2.1. Hemipelvic bone specimen

The experiments and measurements were carried out using wet anatomical specimen of a hemipelvic
bone from female donor. With regards to microtomography device detector size it was necessary to cut
down the specimen to fit the detector. The bone was resected in ischial, pubic and iliac part; the acetab-
ular area remained intact. Cemented acetabular cup with its rim made of ultra-high molecular weight
polyethylene (UHMWPE) was implanted. For proper function of the cup and its fixation was essential
that the layer of cement was equally strong across the interface between the surface of a polyethylene
cup and machined acetabulum. Well compression into a bone bed and the grooves on the surface of the
cup obviated case rotation and movement of the implant. The implantation procedure depicted on Fig.1
consists of four basic steps:

• After removal of large boundary osteophytes was acetabulum emended by rasper cutter at an angle
of 45 ◦ from the longitudinal axis of the patient

• Customized acetabulum was drilled to make a anchor slots for the bone cement

• The bone cement was formed into a shape of acetabular cup. The cap was placed and fixed.
Horizontal declination of the cap from the frontal plane was 45 ◦ The centration was facilitated by
horizontal support arm of cap loader, which is parallel to the operating table and the longitudinal
axis of the patient.

• Final location of the implant was checked using protractor on the vertical arm.

Fig. 1: Acetabular component implantation procedure

2.2. Bone specimen for material testing

Knowledge of material properties is a prerequisite to perform mechanical analysis, especially in case of
numerical simulations. There is a very wide range of trabecular bone material properties (E = 0.1 −
4.5GPa) reported in literature, see Dalstra (1993) and Hanson (2004), almost no correlation between the
Young’s modulus and anatomical location. To obtain mechanical properties of the trabecular bone time-
resolved X-ray microtomography described in Jirousek & Zlamal (2011) and Digital Volume Correlation
(DVC) presented by Jirousek & Jandejsek (2011) was employed.

Regard to the cancellous bone microstructure composed of trabeculae (approximately with length
1000μm and thickness 150μm) the sapmle 12mm high and 10mm in diameter was drill out from
proximal femur.

Special loading device was designed for this purpose. The frame of the device was made from plastic
material with very low absorption of X-rays. The sample was fixed in an cylindrical chamber and loaded.
The incremental loading with 100μm increments up to 10% deformation was applied in the experiment.
The loading device was mounted on a rotational table and placed between the X-ray source and detector.
Microfocus X-ray source L8601-01 (Hamamatsu Photonics K.K.)was used together with X-ray detector
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Medipix-2, see Jakubek (2007), for the imaging. The detector chip is equipped with a single common
backside electrode and a front side matrix of electrodes. The active area of the detector with 55μm pitch
provides images with resolution 256× 256 px.

Fig. 2: Detail of loading device placed between X-ray source and detector with reconstructed specimen
based on μCT data

DVC is a novel technique for 3D strain and deformation measurements across entire material volumes
can be described in four steps: (i) control points in which the displacements will be tracked are defined
in the image data, (ii) image correlation is performed in a 20 × 20 × 20 px image subvolume around
the control point, (iii) displacement of each of the control points is computed by minimizing the 3D
correlation coefficient by using nonlinear optimization techniques, (iv) the strains are computed from the
established displacements and of the control points and overall mechanical properties (E = 0.853GPa)
are obtained.

2.3. Numerical analysis

To obtain a better information about stress distribution during the gait cycle (one step) and location of
early defect regions the numerical simulation was performed. Finite element model of acetabular socket
with cement layer and acetabular component was developed. The gait analysis (downstair gait cycle)
consists of sequence of 20 loadsteps.

2.4. Model development

Based on implant manufacturer (Beznoska s.r.o.) datasheed detailed geometrical model was created.
Four separately components was modeled. Femoral component was modeled as a spherical head with
( D = 32mm) and the cylindrical neck. Acetabular implant with inner diameter 32mmand outer
diameter 49mm was modeled with all construction detail without any simplification. The cement layer
was created as a imprint of the implant and one surface and hemisphere at other side. The thickness of
mantle was 3mm. This layer was surrounded by cylindrical socket bone socket.

10-node tetrahedral elements was chosen for meshing of all components because of the thin geometry
and small radius of the cement mantle model. The simulation was assumed to be quasistatic, divided in
20 loadsteps. The loading force value and the direction of downstair walking in each load step was
measured by Bergmann (2001). The contact was used for more accurate force transmission to the pelvis.
The model was constrained by fixation of all degrees of freedom at the bottom part.
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Fig. 3: Hip replacement CAD model composed of a) femoral component b) acetabular component c) ce-
ment layer d) bone socket

2.5. Contact definition

In accordance with Ansys modeling approaches, surface-to-surface contact was defined between head
and acetabular component. Elastic modulus of steel femoral part was more than three hundred times
higher than plastic cup; therefore the rigid-to-flexible method was used. The head and the inner hemi-
sphere of the cup was meshed by special elements to model the femoro-acetabular interface. Both types
of contact elements were second-order 8-nodes. For rigid-to-flexible contact designation the target sur-
face is always the rigid surface and the contact surface is always the deformable surface. Contact el-
ements are constrained against penetrating the target surface. However, target elements can penetrate
through the contact surface. To ensure a proper function of the contact it is necessary that all contact and
target element normals have opposite direction. Friction between the femoral head and the acetabular
cup was neglected. For better numerical stability the femoral and acetabular component was connected
by very flexible spar elements with no influence to stress distribution in pelvis.

2.6. Used materials

Material properties are described in Tab. 1. All materials were considered as isotropic linear elastic.
Trabecular bone material properties were obtained by experimental measurement, the properties of the
stainless steel, UHMWPE (ISO 5834 -2) and the bone-cement Palacos R (Heraeus Medical, GmbH) were
provided by the manufacturers.

Tab. 1: Material properties
Material Young’s modulus [GPa] Poisson’s ratio [ - ]
Stainless steel 220 0.30
UHMWPE (ISO 5834 -2) 0.69 0.46
Bone cement 2 0.38
Trabecular bone 0.853 0.25
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2.7. Numerical analysis results

In the Fig. 2.7. von Mises stress field distribution in the bone-cement interface during one step is depicted.
At 20% of the gait cycle the maximum stress 12.48MPa was reached in area of the acetabular labrum.
In this region the risk of potential damage is expected.

(a) 0% of gait cycle (b) 5% of gait cycle (c) 10% of gait cycle (d) 15% of gait cycle

(e) 20% of gait cycle (f) 25% of gait cycle (g) 30% of gait cycle (h) 35% of gait cycle

(i) 40% of gait cycle (j) 45% of gait cycle (k) 50% of gait cycle (l) 55% of gait cycle

(m) 60% of gait cycle (n) 65% of gait cycle (o) 70% of gait cycle (p) 75% of gait cycle

(q) 80% of gait cycle (r) 85% of gait cycle (s) 90% of gait cycle (t) 95% of gait cycle

Fig. 4: von Mises stress distribution in the bone-cement interface during the normal walking cycle

2.8. Fatigue testing

New hip joint simulator was designed to allow fatigue testing of the sample of pelvic bone with implanted
cemented acetabular component. The simulator was designed as an accessory for Instron 1343 (Illinois
Tool Works, Inc.). Fatigue tests were carried out using servo-hydraulic loading device. The force-driven
loading had a sinusoidal run. The hip contact force of required direction and magnitude was applied to
the implant using spherical femoral component head.
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According to hip contact forces measurement presented by Bergmann (2001) mean value 1300N
and amplitude 1000N (the peak value of the contact force corresponds to 260% of body weight) were
chosen to simulate the most unfavorable activity (downstairs walking).

Fig. 5: Comparison of measured hip contact force and experimental loading

The correct position of the bone with the implant and loading force direction was fundamental.
Bergmann (2001) measurements and setup of experiments carried out in University of Portsmouth were
used. The implanted hemipelvis was mounted onto the loading device for −8 ◦ on the sagital plane and
−32 ◦ on the transverse plane.

Lewis (2003) tested the effect of loading frequency on the fatigue live of acrylic bone cement. Usu-
ally, the experiments are performed with 1Hz frequency to simulate normal walking. Various types of
bone cement specimens were tested by compression test with 1Hz and 10Hz frequency. The main con-
clusion of this study was that the obtained results support the hypothesis that the test frequency (over the
range used) does not exert a statistically significant effect on the fatigue live of the cements. According
to possibilities of the loading device 4Hz frequency was chosen for the test.

Fig. 6: The hip simulator Fig. 7: Design of the hip simulator in detail

The experiment ran for eight hours per a day, that means approximately 115,000 cycles a day. The
bone was moistened by saline solution to simulate the physiological conditions during the testing. The
temperature in the laboratory was about 25 ◦C. Between the testing periods the bone was stored in the
freezer with temperature −15 ◦C. Following Grasa (2005) prediction and results of numerical analysis
described in section 2.7. the number of loading cycles before imaging with 25% probability of damage
was estimated to 250,000.
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2.9. Tomography

High resolution micro-focus X-ray computed tomography (μCT) was used in the investigation of changes
in the cement layer cement-bone interface and the actual trabecular bone at the microscopic level. The
process of damage accumulation was monitored by repeated scanning. Imaging was performed four
times a sample. First the pelvis resected by the dimensions of the corresponding size of the detector with
intact acetabulum was scanned. After that the joint replacement was implanted and re-imaged. A quarter
of a million load cycles were applied to the pelvis at the hip simulator. After this time some initialization
damage of cement could be expected, therefore another scanning has been done. After 300,000 load
cycles the pelvis damage was seen with the naked eye, therefore the loading test was completed and final
imaging was done.

2.10. Microtomography measurement

To acquire the radiograph of acetabular region microtomography device in detail described in Jakubek
(2006) was used. Manipulation with X-ray source, rotation table with specimen and detector was motor-
ized. Stepper motors controlled by Pixelman software plug-in was employed.

Fig. 8: Pelvis radiogram acquisition using microtomography device

Sequence of 360 projections with 1 ◦ step was acquire using microfocus X-ray source and flat panel
detector. Specimen was irradiated using X-ray source L8601-01 (Hamamatsu Photonics K.K.) with
emission spot of 5μm. Large area (120× 120mm)X-ray detector C7942CA-22 (Hamamatsu Photonics
K.K.) allowed to obtain image data with resolution up to 2368× 2240 px.

To minimize time of scanning the maximal power of the source (voltage 80 kV and current 125μA)
was set. This ratio provide maximal signal to noise ratio in the radiograph. To other improvement of
image quality 10 times 0.5 s acquisition was performed.

2.11. Corrections

Calibration measurements have been held for the noise reduction. Flat field (FF), dark field (DF) and
beam hardening (BH) and correction were performed. FF corection (scanning without specimen) reduce
the inhomogeneity across the chip. DF correction (scanning with disconnected source) avoids radiation
background. BH correction, see Vavrik (2009), was performed to obtain equivalent absorbing character-
istic.

2.12. Reconstruction

Tomographic reconstruction is a process which relies on mathematical algorithms to estimate the dis-
tribution search space based on 3D projection of 2D data and provides layers (slices) distribution. The
sequence of corrected projections were used for object reconstruction. The image reconstruction proce-
dure is based on Filtered Backprojection and Fan beam reconstruction algorithms.
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2.13. Specimen visualization

High resolution models based on a sequence of 1100 slices with resolution 2368 × 2240 px and 16 bit
color depth were developed to investigate implant degradation during the loading. Projections obtained
by μCT imaging were visualized using μCTvis&modeller software, see Vavrik (2011). A visualization
of the whole specimen with implanted acetabular component from three different direction before me-
chanical testing is depicted in Fig. 9. A direct volume rendering technique was used for this purpose.

Fig. 9: Reconstructed acetabulum from different views

3. Results and discussion

A visualization of the damage propagation is shown in 10. There is intacted specimen on the left side.
In the middle part the on the pelvis after 250,000 loading cycles crack propagation in trabecular bone
structure (marked by the red rectangle) is clearly visible. On the visualization after 300,000 cycles
depicted in the right part the crumbled cement particles are identified in green bordered area and cement
mantle debonding is marked by the blue rectangle. All these three observed types of damage negatively
influence stability of the implant.

Fig. 10: Damage propagation in the bone structure and cement mantle
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In accordance with the results obtained by the FE analysis – stress field with its maximum in region
of acetabular labrum – the crack is observable in the same region.

3.1. Model accuracy

The accuracy of the reconstructed model depends on the input data and the reconstruction method. Ra-
diograms could be improved by longer time of radiation. The quality of the reconstructed slices could be
improved considerably by increasing the number of projections from 360 to 720 or 1440 in case of 360 ◦
tomography. Using cone beam (inclusion of 3D beam divergence effect) results in better data but the re-
quired PC-time is not balanced by improvement of model accuracy. Longer radiation and higher number
of projections was disapproved because the the X-ray source was loosing its stability with long time of
radiation exposure. The other problem with higher number of projections was the hardware limit. The
data matrices were exceeding the capacity of the RAM memory of all available computers. Therefore
the accuracy of the reconstruction is optimal with respect to the available devices.

4. Conclusions

The aim of the research was to investigate the cemented bone–implant interface behavior (cement layer
degradation and bone-cement interface debonding) with an emphasis on the techniques suitable to detect
the early defects in the cement layer. The failure of total hip joint replacement was described in this
work by the method combining of material testing, numerical simulation, ex vivo experiments and radi-
ological imaging. Mechanical tests were carried out to obtain mechanical properties of trabecular bone
and to compare these measurement procedures. Assessed material properties were used in numerical
simulations.

The numerical analysis was performed to predict the degradation of acetabular replacement fixation.
Detailed three-dimensional finite element model of the acetabular cup and the cement mantle implanted
in a small bone block was developed. The analysis of the gait divided in 20 loadsteps ascertained stress
field distribution at the bone-cement interface during the gait cycle. The places of maximum value of
von Mises stress were in the acetabular labrum for all load steps considered. The place of maximum
stress value corresponded well with the place where the initial crack occurred in the experiment. The
performed experiments approved accuracy of the numerical model.

To simulate in vivo conditions a polyethylene acetabular cup was implanted into the human pelvic
bone using commercial polymethyl methacrylate bone cement. The implanted cup was then loaded in
a custom hip simulator to initiate fatigue crack propagation in the bone cement. The pelvic bone was
then repetitively scanned in a micro-tomography device. Reconstructed tomography images showed
failure processes that occurred in the cement layer during the first 300,000 cycles. Using large area flat
panel detector and microfocus X-ray source it is possible to investigate micro-damage propagation in the
bone-implant interface.

Presented hybrid experimental–numerical approach allow successful monitoring of cemented hip
joint replacement degradation. Particularized three-dimensional finite element model of the acetabular
cup and the cement mantle in a small bone block was developed. Numerical analysis was carried out
and from stress distribution during gait cycle number of cycles with 25% damage probability was es-
timated. Material properties of the trabecular bone in this model was obtained from mechanical tests.
The implanted cup was then loaded in a custom hip simulator to initiate fatigue crack propagation in the
bone cement. The crack propagation and debonding was observed using transmission radiography. The
replacement degradation was observed at the place predicted by numerical model.
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COLLISION OF A ROTATING SPHERICAL PARTICLE WITH FLAT 
WALL IN LIQUID 

N. Lukerchenko*, Yu. Kvurt**, Z. Chara***, P.Vlasak**** 

Abstract. The collision of the rotating spherical particle with a flat wall in liquid was studied 
experimentally. The glass and steel beads rotating in water and silicon oil were used. A high-speed video 
system recorded the bead motion before and after the collision. It was shown that the restitution 
coefficient depends not only on the Stokes number but also on the particle angular velocity; the restitution 
coefficient decreases with increasing of the rotational Reynolds number and decreasing of the Stokes 
number. These results can be useful in modelling of the two-phase flows near solid boundaries. 

Key words: restitution coefficient, spherical particle, particle rotation, liquid viscosity.  

1. Introduction 

The mechanisms of solid particles collision with a solid boundary or with other particles is a 
subject of interest for many years, especially in case of a two-phase flow, like processes of mixing in 
chemical reactors, slurry pipeline transport, pneumatic transport, bed load transport and erosion in 
channel, particle sedimentation, fluidization, filtering and suspension  thickening. 

The modeling of particle-particle or particle-wall collisions requires a detailed understanding of 
the mechanics of impact and rebound. The energy dissipation due to an inelastic contact is usually 
characterized by a coefficient of restitution e, defined as the ratio of the rebound velocity to the impact 
velocity (normal components) 

 e = | vr / vi |,                                                                    (1) 
where vi and vr are the impact and rebound velocities, respectively, i.e. the velocity just before and 
after the collision. The coefficient of restitution characterizes the energy losses during collision; the 
initial kinetic energy is transformed into elastic strain energy stored in the bodies and then restored 
into kinetic energy of the rebounding particle (Ruiz-Angulo & Hunt, 2010). 

Under negligible fluid resistance, in a fully elastic collision coefficient of restitution can be 
approximately unity, e ≈ 1, whereas for a perfectly plastic collision e = 0. Coefficient of restitution is 
less than one for the most part of collisions, i.e. collisions with inelastic losses. Inelasticity of the 
collision is evoked by plastic deformation, viscoelasticity or vibration. Their effects lead to energy 
losses, which are dependent on the impact velocity, and coefficient of restitution decreases with 
impact velocity with power law with small exponents (Gondret et all., 2002).   

Most of the known studies deal with so called dry collisions, i.e. collisions in vacuum or gas, 
where the fluid resistance is negligible. Only a few works take into account effect of fluid viscosity on 
the coefficient of restitution and collision process, but we have not found any study dealing with the 
effect of particle rotation. For collision of solid particles in liquid surrounding, the effect of liquid is 
important and the restitution coefficient is often named the effective restitution coefficient.    
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Davies et all. (1986) declared, that the pertinent number for the collision is not the Reynolds 
number, but the particle Stokes number which compares the particle inertia to the fluid viscous forces 

 St = (2/9) ρp | U | r / μ = (1/9) ( ρp / ρf ) Re,                                           (2) 

 Re = d U ρf / μ,                                                               (3) 

where ρp is a particle density, ρf  is a fluid density, r is a particle radius, μ is fluid dynamic viscosity, 
and is a Reynolds number based on the particle impact velocity U and particle diameter d. 

Let us suppose that the particle shape is spherical, it moves in liquid and collides with a plane 
wall. The rebound of the particle after collision depends on the material of particle and the wall, on 
impact velocity and the restitution coefficient e = e (St), which is a function of the particle Stokes 
number. For St < Stc, where Stc ≈ 10 is a critical Stokes number, the effective restitution coefficient is 
equal zero, and no rebound occurs. The restitution coefficient increases with increase of the Stokes 
number, and reaches the maximum value when the Stokes number is about 2000 – 3000. In this region 
the restitution coefficient is close to the value of restitution coefficient determined for a collision in 
gas or in vacuum (Gondret et all., 2002).  

2. Experimental equipment and procedure 
The goal of the present work is to examine experimentally the effect of liquid viscosity and of particle 
rotation on the restitution coefficient of the spherical particle rebounding from a plane wall in liquid. 
Two series of experiments were conducted. In the first series it was proved, that particle impact with 
wall causes the particle rotation. The second series deals with effect of particle rotation on the 
restitution coefficient. The experiments were focused on determining trajectory of a solid sphere 
falling in water onto a plane glass wall and evaluation of the effect of liquid viscosity and particle 
rotation on the restitution coefficient. 

Water and silicon oil were used as a liquid; viscosity of the oil was about 200 higher than that of 
water, what made possible to obtain different values of Stokes number. Smooth glass and steel 
spherical particles of diameter d = 14, 16, and 19 mm were used. Hairlines were drawn along two 
perimeters of the particle with the angle of 90  to make it possible to visualize the particle rotation. A 
sheet of glass of thickness 21 mm was used as impact surface. 

The particle was rotated about a horizontal axis in a spinning device developed in the Institute of 
Hydrodynamics AS CR, v. v. i., situated above the water level (see Fig. 1). The particle was held 
between cups and rotated around with an initial angular velocity ω0, which was measured by a 
tachometer.  When the trigger was released, the springs pulled the cups apart, allowing the particle to 
fall freely in water. The spinning device ensured the required particle rotation in the given plane and 
translational velocity of the particle was reached by free fall of the particle (Lukerchenko et all., 
2012). The device allowed to spin the particle up to 6 500 rpm (revolutions per minute).  

 

Fig. 1: Experimental setup. 
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Immediately before the collision the angular velocity becomes 1.5 – 2 times less than ω0. After the 
collision with the wall, the particle rebounded and the combined translational and rotational motions 
were recorded with a frequency of 1000 frames per second by the digital video camera MotionPro X 
High-Speed CMOS Digital Camera. Only experiments in which the plane of the particle trajectory was 
parallel to the plane of the video camera objective were chosen. The software MotionPro X Studio was 
used for data processing. 

3. Results and discussion 

For example, in the case of bed load transport or multi-phase flows in chemical reactor, the motion of 
particles in fluid near solid wall results in the particle-wall collisions and, when the impact angel is not 
equal π/2, the sequent particle rotation. The particle angular velocity ω could reach values of a few 
tens or even hundreds of revolutions per minute during the particle saltation pattern. Let us now 
consider the spherical shape of a particle. The sphere rotation in fluid generates the secondary flow, 
the centrifugal effect will produce a swirling radial jet directed outward of the equatorial region of the 
sphere, which is reason for flow of fluid towards the poles in the direction of the axis of rotation. The 
pole-ward flow exert equal and opposite forces on each hemisphere so that the resultant force is zero 
in unbounded area. When the particle rotates around an axis parallel to the wall the presence of the 
wall generates forces in normal and tangential directions, which are functions of the rotational 
Reynolds number, particle relative distance from the wall, and relative roughness of the particle and 
the wall. In neighbourhood of a wall, the boundary destroys the symmetry around the particle and the 
particle becomes a subject of forces, which can dump the impact velocity, and in consequence 
decrease the restitution coefficient. The forces would affect motion of the particle, attract or repulse it 
when the particle moves towards the boundary. Small particle-wall gap would bring into play strong 
viscous effect, which causes repulsive forces (Liu and Prosperetti, 2010).  

The value of the repulsive force depends on the angular velocity and roughness of the sphere 
surface. The larger roughness of the sphere surface gives the larger induced secondary fluid flow. In 
the case of a smooth sphere, the effect is noticeable for the large angular velocities only, whereas in 
the case of the rough sphere it can be observed even for the moderate or small angular velocity range. 
For the intensification of the secondary flow we used a golf ball with a rough surface (diameter  
d = 0.0428 m, mass m = 0.0458 kg). The glass wall was covered by the waterproof sandpaper and 
situated under angle of 250 to the horizontal vessel bed (see Fig. 1).  

The main difficulty of data processing of the conducted experiments is that time of a collision 
duration is much smaller than the time period between two successive images (Δt = 10-3 s) of the used 
camera. According to Gondret et all. (2002) the collision duration is typically 10-5 s (it was measured 
with a piezoelectric sensor). The values of the horizontal x and vertical y coordinates of two ends of a 
diameter (x1 , y1) and (x2 , y2) were obtained. The coordinates of the ball center (x0, y0) and the angle of 
the ball rotation φ were calculated as functions of time:   

 x0 (t) = 0.5[x1 (t) + x2 (t) ],                                                        (4) 

 y0 (t) = 0.5[y1 (t) + y2 (t) ];                                                        (5) 

 φ (t + Δt) = φ (t) + arccos [a (t).a(t + Δt)/d2 ,                                          (6) 

where  

 a (t) = [x2 (t) - x1 (t); y2 (t)- y1 (t) ]                                                   (7) 

is the vector coincided with the diameter. The dependences (4) – (6) were smoothed and then 
differentiated, and the translational and angular velocities immediately before and after the collision 
were calculated.  

Fig. 2 shows the time dependences of the coordinates of the ends of the horizontal diameter (x1 , 
y1) and (x2 , y2) and of the ball center (x0 , y0) in the case without the ball rotation before the collision 
(ω0 = 0). The slope angle of the plots allows us to define the components of the velocity of the ball 
center before and after the collision. As indicated in the picture the ball begins to rotate after the 
collision. The characteristics of the spherical particle motion before and after the collision for the 
experiments, where three different initial angular velocity ω0 were used (ω0 = 0; 4500, and 5200 rpm), 
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are given in Table 1. Immediately before the collision the angular velocity of the ball becomes 1.5 – 2 
times less than the initial angular velocity ω0 (Lukerchenko & Kvurt, 2011).  

 

 

Fig. 2: Coordinates of the ends of the horizontal diameter (x1,y1) [- - -] and (x2,y2) [·····] and of the ball  
center y0 [—] versus time t before and after the particle impact (ω0 = 0).  

Table 1 shows that the maximum value of the restitution coefficient e is when the ball does not 
rotate before the collision (Reω,r

 = 0). The rotational Reynolds number  

 Reω,r =ω·r2 ρf / μ                                                                 (8) 

is the dimensionless analogue of the angular velocity of a sphere. The larger angular velocity 
immediately before the collision corresponds to the smaller restitution coefficient. Based on these 
results, it can be conclude that the larger angular velocity immediately before the collision corresponds 
to the smaller value of the effective restitution coefficient. 

Table 1: The characteristics of the ball motion before and after the collision. 
No. ω0 [rpm] vi,n [m/s] vr,n [m/s] e St ωi [rpm] Reω,r 

1 0 -0.39 0.27 0.70 1 850 0 0 
2 4 500 -0.51 0.31 0.60 2 420 2 005 95 300 
3 5 200 -0.75 0.35 0.46 3 570  3 065  145 500 

Examples of experimental trajectories and velocity components for rotating glass spherical particle 
(diameter d = 16 mm) falling in water are illustrated in Fig. 3. The time between two successive 
images was Δt = 10 -3 s. Initial angular velocity ω0 = 5 800 rpm, due to the pass through water level 
and drag in water the angular velocity just before the 1st impact was significantly less, only ω1 = 3 288 
rpm, and further ω2 = 1 846 rpm, and ω3 = 895 rpm for the 2nd and 3rd impact, respectively. The three 
first impact and jump after the collision of the particle with horizontal glass plane wall were recorded.   

The distance of the particle centre y0 to the wall is displayed as a function of time t and of the 
horizontal coordinate x, respectively, in upper part of Fig. 3. The particle rotated in clockwise 
direction and due to the Magnus force its direction was downward and in negative x-axis direction. 
Both the trajectory in xy-plane and the record of y0 = f (t) show steady uniform motion before impact 
and gradual decrease of jump height due to the effect of the drag force and decreasing of the effective 
restitution coefficient. Interesting is effect of the particle rotation on change in x-direction during the 
first impact. The height of the jump gradually decreased in successive jumps on the contrary to length 
of the jumps. 

The instantaneous particle velocity components in vertical (normal) and horizontal (tangential) 
direction were computed as the time derivative of the co-ordinate increment between two successive 
images, and the corresponding velocity components vy and vx were plotted as function of time in 
bottom  part of Fig. 3, which illustrate character of velocity changes during collision. The values of 
velocity components just before and after collision (vi and vr, respectively) can be determined and used 
for the effective restitution coefficient e calculation, see Eq. (1). The particle vertical (normal) velocity 
component reached the maximum just before the first collision; during the individual jumps normal 
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velocity component reached very quickly maximum value and then gradually decreased due to drag of 
the surrounding liquid. This behaviour is, due to the viscosity of water, different from that of the 
particle in gas, where other forces than gravity are negligible. The jump trajectories are not parabolic.  
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Fig. 3: Trajectories and velocity components of rotating glass spherical particle falling in water  

(diameter d = 16 mm, initial angular velocity ω0 = 5 800 rpm). 
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Fig. 4: Dependence of the dimensionless restitution coefficient e/e0 on the Stokes number St;  

comparison of present experiments with Gondret et all. (2002) results. 
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The normal velocity decreased nonlinearly with time and its modulus was significantly smaller at the 
end of the jump than at the beginning. On the contrary, the tangential velocity increased after the 
particle collision due to the Magnus force.   

As it was mentioned above, for particle impact in liquid the viscous effects are important, since the 
particle rebound depends on both, the plasticity and viscous losses. Fig. 4 shows the comparison of our 
experimental data of the restitution coefficient e with results of Gondret et all. (2002), Ruiz-Angulo & 
Hunt (2010). For current experiment water and silicon oil were used as liquid, smooth glass and steel 
spherical particles of diameter 14, 16, and 19 mm and resistant glass wall (of thickness 21 mm) was 
used as impact surface. The silicon oil of viscosity about 200 higher than that of water made possible 
to obtain results in region of low Stokes number with used particles of relatively large diameter. Fig. 4 
shows that present experimental data of particles without rotation relatively well coincide with data 
from above mentioned literature. However, rotation of the particle entailed decreasing of the effective 
restitution coefficient. This finding is supported for instance by the data ◊ (glass particle in water, d = 
16 mm, ω0 = 5 800 rpm), which were also used for illustration of particle trajectories and velocity 
components in Fig. 3. 

According to Ruiz-Angulo & Hunt (2010) the solid line  

 e/e0 = 1 – 8.65/St0.75                                                           (9) 

is the best fit of experimental data of  experiments, which were conducted with no permanent 
deformation of either the impacted surface or of the particle (Joseph et all., 2001). The maximum 
coefficient of restitution e0 is value measured with given particle and plane wall in air. This curve was 
used as a reference for elastic collisions, corresponding to the greatest possible value of the restitution 
coefficient at a given Stokes number (Ruiz-Angulo & Hunt, 2010). We can see that for low values of 
the Stokes number, below approximately St = 10, the particles did not rebound due to the viscous 
effect. For the relatively large Stokes number, i.e. St > 103, the viscous effect became negligible and 
the effective restitution coefficient reached the elastic limit, e/e0 = 1. 

For constant parameters of particle and carrier liquid the increase of the Stokes number depends 
on the impact velocity. In the Stokes number interval between St = 20 and St = 103, as the impact 
velocity increased, the energy consumed by plastic deformation increased and energy consummated to 
displace the fluid from area between particle and wall decreased. However, the used velocities did not 
cover the regimes of high impact velocities where the plastic deformation dominates the 
hydrodynamic effects. 

4. Conclusions 
The collision of the rotating glass and steel spherical particle with a flat wall in water and silicon oil 
was studied experimentally. It was conducted that the restitution coefficient depends not only on the 
Stokes number, but also on the particle angular velocity, the restitution coefficient decreases with 
increasing of the rotational Reynolds number.  

It was confirmed, that the restitution coefficient increases with increase of the Stokes number, and 
reaches the maximum when the Stokes number St > 103, where the viscous effect became negligible 
and the restitution coefficient is close to the value of restitution coefficient determined for a collision 
in gas or in vacuum. For the Stokes number St < Stc, where Stc ≈ 10 is the critical Stokes number, the 
effective restitution coefficient is equal zero, and no rebound occurs.  
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COMPUTATIONAL HOMOGENIZATION OF ACOUSTIC PROBLEM
IN PERFORATED PLATES

V. Lukeš*, E. Rohan**

Abstract: We consider acoustic wave propagation described by Helmholtz equation and involving homog-
enized transmission conditions imposed along a thin perforated interface separating two halfspaces occu-
pied by the acoustic medium. The homogenized transmission conditions are imposed on this perforated
interface. The transmission conditions were obtained as the two-scale homogenization limit of the standard
acoustic problem imposed in the layer perforated by a sieve-like obstacle with periodic structure. By using
the sensitivity analysis we can solve the problem of an optimal design of the perforation to minimize the
transmission loss in a domain embedding the interface. The perforated periodic structure is represented by
a reference computational cell, whereby its geometry is controlled by the spline functions.

Keywords: linear acoustics, homogenization, sensitivity analysis, transmission condition

1. Introduction

Optimization of noise transmission in the acoustic fluid belongs to important merits of the acoustic engi-
neering. Sieve-like structures are classical elements employed in noise-reducing devices. For example,
in the exhaust silencers of the combustion engines the gas flows through ducts equipped with various
sieves which in part may influence the transmission losses associated with acoustic waves propagating
in the exhaust gas. In aerospace and automotive industry there are many applications related to acoustic
waves and fluid flow where optimal design of the sieves (perforated slabs) is a challenging problem.

In the paper we deal with the acoustic transmission through a perforated interface, cf. Chen (1996);
Bonnet-Bendhia and others (2005). The transmission conditions to be imposed on the interface plane
were derived in Rohan and Lukeš (2010), using the asymptotic analysis. The limit model of an inter-
face plane involves some homogenized impedance coefficients depending on the so-called microscopic
problems; these are imposed in the reference periodic cell embedding an obstacle which represents the
perforation. The two-scale modeling approach allows for an efficient treatment of complicated designs
of perforations. The limit model was subjected to the sensitivity analysis in Rohan and Lukeš (2009). It
resulted in the sensitivity formulas for the homogenized coefficients and we obtained the total variation
of an objective function depending on the acoustic pressure w.r.t. the obstacle shape at the “microlevel”.

An abstract optimization problem is formulated at three levels: at the “global” one the pressure field
is controlled by an interface variable – the transversal acoustic momentum involved in the homoge-
nized transmission condition; at the “homogenized interface” level, the interface variables are satisfy the
non-local transmission conditions depending on the homogenized impedance parameters; finally, at the
“microscopic level” these impedance (homogenized) parameters depend on solutions of auxiliary local
problems featured by the shape of perforations.

2. Acoustic transmission through perforated interfaces

We consider the global problem of the wave propagation in a duct Ω ⊂ R3 filled by the acoustic fluid.
Ω is subdivided by perforated plane Γ0 in two disjoint subdomains Ω+ and Ω−, so that Ω = Ω+ ∪
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Ω− ∪ Γ0, see Figure 1 (obviously, much more general setting is possible). The acoustic pressure field p
is discontinuous in general along Γ0. In a case of no convection flow (the linear acoustics), the waves
propagating in Ω are described by the following equations where κ is the wave number (i.e. frequency
ω = κc)

∇2p+ κ2p = 0 in Ω+ ∪ Ω− ,

transmission conditions G(κ, [p]+−, [∂p/∂n]+−) = 0 on Γ0 ,

riκp+
∂p

∂n
= s2iκp̄ on ∂Ω ,

(1)

where s, r and p̄ are given data, [·]+− is the jump across Γ0. ∂p
∂n = n · ∇p is the normal derivative on

Γ0. The homogenized transmission conditions G = 0 developed in Rohan and Lukeš (2010) introduce
two internal variables on Γ0: the “in-layer” acoustic potential p0 and the “trans-layer” acoustic velocity
g0, which is coupled with the “off-layer” fields through: ∂p/∂n± = ±iκg0, so that [∂p/∂n]+− = 0.
Boundary ∂Ω = Γw∪Γin∪Γout of the duct is split into walls and the input/output parts; by the constants
r, s in (1)3 different conditions on ∂Ω are respected: r = s = 0 on the duct walls Γw, whereas r = s = 1
on Γin and r = 1, s = 0 on Γout.

Ω
+

Ω
−

p+

p−

p0

y

y

0Γ
g0

ΓoutΓin

Γw

Ω
−

Γw

0Γ

Ω
+

*Y
−I

+I
Ω

ε

ε

Fig. 1: Left: illustration of the transmission coupling – the acoustic pressure jump is proportional to the
transverse acoustic velocity g0. Center: the domain and boundary decomposition of the global acoustic
problem considered. Right: perforated interface and the representative periodic cell Y = Y ∗ ∪ S.

3. Acoustic problem with homogenized sieve

We now formulate the state problem describing acoustic waves in open bounded domain Ω with im-
mersed homogenized sieve represented by non-local transmission conditions. We need the following
notation:

aΩ (p, q) =

∫
Ω
∇p · ∇q , (p, q)Ω =

∫
Ω
pq , 〈p, q〉Γ0

=

∫
Γ0

pq .

The problem is defined at two levels:

At the global level the interface conditions involve 3 geometrical parameters A,B, F which charac-
terize the design of the sieve perforation; we define (summation α, β = 1, 2)

A(p, q) =
∫
Γ0

Aαβ∂βp∂αq , B(g, q) =
∫
Γ0

Bαg∂αq , F(g, h) =
∫
Γ0

Fgh . (2)

The global problem is to find (p.p0, g0) ∈ H1(Ω \ Γ0)×H1(Γ0)× L2(Γ0) such that

aΩ (p, q)− κ2 (p, q)Ω + iκ 〈p, q〉Γin−out
− iκ

〈
g0, [q]+−

〉
Γ0

= 2iκ 〈p̄, q〉Γin

A(p0, φ)− κ2ς∗
〈
p0, φ

〉
Γ0

+ iκB(g0, φ) = 0 ,

−iκB(ψ, p0)− κ2F(g0, ψ) + iκ
1

ε0
〈
[p]+−, ψ

〉
Γ0

= 0 ,

(3)

for all (q, φ, ψ) ∈ H1(Ω \ Γ0)×H1(Γ0)× L2(Γ0), where ε0 is the real thickness of the layer.
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π1 ξ π1 ξ
A = 0.843, B = 0, F = 1.660 A = 0.542, B = 0.897, F = 6.603

Tab. 1: Correctors π, ξ and homogenized coefficients for two different geometrical structures.

At the local level the geometrical parameters A,B, F are determined upon solving “microscopic
problems”. The perforation design is characterized by computational cell Y = Ξ× ]− 1/2,+1/2[ with
Ξ = ]0, b1[ × ]0, b2[, where the fluid occupies domain Y ∗ and S = Y \ Y ∗ represents a rigid obstacle,
see Figure 1. Further I±y = Ξ± (0, 0, 1) are the “lower” and “upper” faces of Y . In (3), ς∗ = |Y ∗|/|Ξ| is
the porosity. Below the space H1

#(Y
∗) contains all Ξ-periodic functions in the Sobolev space H1(Y ∗).

The local problems read: find πβ , ξ ∈ H1
#(Y

∗) such that(
∇yπ

β , ∇yψ
)
Y ∗

= −
∫
Y ∗

∂y
βψ , β = 1, 2 ,

(∇yξ, ∇yψ)Y ∗ = −
(∫

I+y

ψ −
∫
I−y

ψ

)
,

(4)

for all ψ ∈ H1
#(Y

∗), where ∇y = (∂/∂yβ) and (, )Y ∗ is the inner product in L2(Y ∗). Using the local
responses, the geometrical parameters can now be computed, see (2) and Figure 1:

Aαβ =
1

|Ξ|
(
∇y(π

β + yβ), ∇y(π
α + yα)

)
Y ∗

,

Bα =∼
∫
Y ∗

∂y
αξ =∼

∫
I+y

πα− ∼
∫
I−y

πα , F = − ∼
∫
I+y

ξ− ∼
∫
I−y

ξ ,
(5)

where −
∫
= |Ξ|−1

∫
. Note F > 0 and A is positive definite.

Table 1 illustrates how the homogenized coefficients and corrector functions depend on the geomet-
rical arrangement of the reference cell Y .

4. Optimal design problem

One of the most frequently used criteria of optimality in acoustics is related to transmission loss (TL)
evaluated using two pressures pin = p on Γin, pout = p on Γout, where p satisfies the state problem
(3). In our numerical tests we observed some remarkable sensitivity of TL on the perforation design, see
Rohan and Lukeš (2010). In the further sections we will employ the following objective function:

ΦTL(p) = Φ̂(pin, pout) = 20 log

( |pin|
|pout|

)
− T̃L. (6)

Let the perforation design be controlled by design variables d which describe the shape of obstacle
S and, thereby, the shape of domain Y ∗, so that d influences the homogenized coefficients A,B, F
involved in (3). Let us recall that these coefficients are integrals of functions πβ , ξ which are solutions
of the microscopic problems (4) posed in Y ∗. At the global level, d influences the overall acoustic fields
(p, p0, g0).
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We can now define the optimal perforation design problem:

min
d∈Dadm

Φ(p, p0, g0)

subject to: (p, p0, g0) solves (3), where A,B, F are given by (4),(5),
(7)

where Dadm is the set of admissible designs, constraining shape regularity of ∂S and typically some
other features, like the size of the obstacle (thickness), or porosity of the interface.

To solve (7) using gradient-based methods, the sensitivity of Φ w.r.t. the design d = (di) must be
supplied at any iteration (Φ can be substituted by ΦTL or −Φ0, for instance). For this, any component
di is associated with the design velocity field �V i which can be constructed e.g. by solving an auxiliary
elasticity problem in domain Y ∗ or it results from derivative of the spline-based parametrization of the
reference cell mesh, see Fig. 2. The shape sensitivities δAαβ(�V i), δBβ(�V i), δF (�V i) and δζ∗(�V i) of
coefficients Aαβ , Bβ , F and ζ∗ can be obtained, as described in Rohan and Lukeš (2009), using the
general approach based on the material derivative.

The total design sensitivity δΦ(p, p0, g0; �V i) = ∂
∂di

Φ is obtained by formula

δΦ(p, p0, g0; �V i) = 2!
{∫

Γ0

δAαβ(�V i)∂βp
0∂p̃0 − κ2

∫
Γ0

δF (�V i)g0g̃0

−κ2δζ∗(�V i)

∫
Γ0

p0p̃0 + iκ

∫
Γ0

δBα(�V i)
(
∂αp̃

0 g0 − ∂αp
0 g̃0

)}
,

(8)

where (p̃, p̃0, g̃0) ∈ H1(Ω \ Γ0) ×H1(Γ0) × L2(Γ0) is the adjoint state, cf. Feijóo and others (2004),
satisfying the adjoint equation, see Rohan and Lukeš (2009) for details,

aΩ (p̃, q)− κ2 (p̃, q)Ω + iκ 〈p̃, q〉Γin−out
− iκ

〈
ψ, [p̃]+−

〉
Γ0

+ iκ
1

ε0
〈
[q]+−, g̃

0
〉
Γ0

+A(p̃0, φ)− κ2ς∗
〈
p̃0, φ

〉
Γ0

+ iκB(ψ, p̃)− iκB(g̃0, φ)− κ2F(g̃0, ψ)

=− 1

2

(
∂�(p,p0,g0)Φ(p, p

0, g0; q, φ, ψ)− i∂�(p,p0,g0)Φ(p, p
0, g0; q, φ, ψ)

)
,

(9)

for all (q, φ, ψ) ∈ H1(Ω \ Γ0) ×H1(Γ0) × L2(Γ0), where ! and " is the real and the imaginary part,
respectively.

(A) (B) (C)

Fig. 2: (A): spline-based parametrization of the reference cell mesh, initial state; (B): FE mesh modified
by moving position of the inner control points; (C): design velocity field �V associated with the shape
perturbation – y-shift of control point 4.

4.1. Numerical example

We consider a 2D problem of acoustic waves in a waveguide equipped with a perforated plate, see
Fig. 3, designed by repeating a reference cell which geometry is controlled by the spline functions. In
the optimal design problem we allow four inner control points to move, see Fig. 2, so we have eight
optimization parameters (two coordinates for each control point). The objective function to be optimized
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Fig. 3: Acoustic waveguide equipped with a perforated plate Γ0.

is considered in such form to find a shape of the obstacle for which the transmission loss TL(p) is
close to a required value T̃L. The results (local minima) were obtained by the SQP algorithm with box
constraints which secure the “mesh deformation” during the design iterations.

We started the optimization with two different initial states given by the parametrization vectors
[0, 0, 0, 0, 0, 0, 0, 0] (for rectangular shape), [0, 0, 0, 0,−0.3, 0.3,−0.3, 0.3] (for distorted shape), see
Fig. 4, (A) and (B). In both cases, the optimization process resulted in the shape parametrized by
the vector [−0.304, 0.304,−0.304, 0.304,−0.276,−0.276, 0.276, 0.276], the final shape is depicted in
Fig. 4(C). The box constraints were chosen as 〈−0.35, 0.35〉 for all eight parameters to secure the “safe
mesh deformation”. Figure 4(D) shows the shape ([−0.25, 0.25,−0.25, 0.25, 0.25,−0.25, 0.25,−0.25])
of the reference cell for which the transmission loss T̃L was computed. The fact, that the optimization
finished in state Fig. 4(C) and not in Fig. 4(D), can be explained by the existence of multiple local minima
of the used objective function.

(A) (B) (C) (D)

Fig. 4: (A) and (B): two different initial states used in optimization, parametrization: [0, 0, 0, 0, 0, 0, 0, 0]
(left), [0, 0, 0, 0,−0.3, 0.3,−0.3, 0.3] (middle); (C): final shape of the obstacle after optimization,
param.: [−0.304, 0.304,−0.304, 0.304,−0.276,−0.276, 0.276, 0.276] (D): the shape with param.
[−0.25, 0.25,−0.25, 0.25, 0.25,−0.25, 0.25,−0.25] for which T̃L was computed.

5. Conclusion

The “multi-scale” homogenization approach is employed for an efficient treatment of the optimal perfo-
ration design. We use the spline parametrization to control the shape of the solid obstacle forming the
perforation. The model and its sensitivity discussed in this paper are implemented in our in-house devel-
oped finite element based code SfePy (Cimrman and others (2012)). The numerical example demonstrate
the ability of the optimization method to find an appropriate shape of the solid obstacle for a given trans-
mission loss value.
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THE USE OF RUBBER VIBRO-BASE ISOLATION TO DECREASE 
STRUCTURE DYNAMIC RESPONSE 

D. Makovi�ka*, D. Makovi�ka** 

Abstract: The use of rubber or another elastomer in the foundation structure is an efficient solution to 
reduce vibrations propagating into the building structure through the subsoil. The principle of vibro-base 
isolation consists in inserting an elastic layer between the dual foundation plates, with protective 
hydroisolation against water flooding. The example of reinforced concrete structure of the building is 
used to show the efficiency of vibro-base isolation, comparing isolated versus non-isolated structures. 
This efficiency is assessed based on computational prognosis of vibration of the building floors. Non-
stationary dynamic load by the measured vibrations due to technical seismicity caused by cars passing 
near the analyzed structure is used to calculate the building response. technical seismicity, insulation, 
building, dynamic analysis, response prognosis. 

Keywords:  technical seismicity, vibro-base isolation, building, dynamic analysis, response. 

1. Introduction 

The example of a residential building is used to illustrate the use of vibro-base isolation against the 
propagation of vibrations (Makovi�ka & Makovi�ka, 2009) from the subsoil to the protected building. 
The building (ground plan size roughly 90 ×21 m) has three underground storeys and graduated six 
(north side) up to ten (south side) storeys over the ground. The building is founded on a foundation 
plate on the level of the 3rd underground storey. Spatial model was chosen for dynamic analysis of the 
structure. Floor slabs, load-bearing walls, columns and beams were modelled as reinforced concrete 
monoliths made of concrete C30/37. Load-bearing walls in the longitudinal direction of the storeys 
over the ground were modelled as built of bricks. Staircase broadsteps and loggia slabs were simulated 
as precast slabs, hinge-connected to the structure walls. 

 

 

 

 

 

 

 

 

 

 

 

 
Fig. 1: Measured horizontal acceleration excited by an underground train pass below the building
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Rubber antivibration blocks Ekodyn of the company Ekostar were chosen as isolation against 
vibrations caused by traffic. The rubber layer was designed to be placed underneath the entire ground 
plan of the building, and also on side walls of the underground storeys. The rubber layer would be laid 
using Ekodyn plates with the dimensions 500 × 500 × 30 mm for the horizontal isolation layer. Rubber 
thickness of 25 mm was used for the vertical layer. 

2. Computational model and load 

A 3D model of the whole structure was designed for the structure analysis, including underground 
storeys and the vibroisolation rubber layer. On the level of the floor of the 3rd underground storey, the 
computational model is placed on a multiple-layer subsoil structure. The foundation plate with the 
thickness 500 mm (upper foundation plate) is placed on the vibroisolation layer made of Ekodyn 
rubber blocks. Bottom concrete with the thickness 150 mm (lower foundation plate) is placed under 
the rubber layer, which is laid on the layer of the original subsoil formed by healthy slate (class R3). 
The footing bottom is below the underground water level. The relative structure damping value was 
chosen as 5% of the critical damping value. 

Modelled rubber stiffness in the computational model respects the selected rubber type. The 
stiffness of the rubber blocks in their rotation around the vertical axis of the sample and stiffness of 
bend compression of the rubber around horizontal axes was neglected compared to the vertical and 
horizontal stiffness of the rubber samples. 

The antivibration layer of the rubber plates was designed so that (a) its response to permanent and 
long-term loads in deflections is approximately uniform and does not exceed 10% to 15% of the 
rubber thickness, and so that (b) the dynamic response of the whole system fulfils the criteria of 
optimal vibration reduction compared to vibration of the base (Makovi�ka, & Makovi�ka, 2011, a,b). 

As for the dynamic analysis of the structure, non-bearing parts of the structure were incorporated 
in the mass of the load-bearing elements as mean “blurred“ value of load caused by thin partition 
walls, floorings, etc. Similarly, the magnitude of the long-term live load components were 
incorporated in the mass of ceiling structures in the value of 50%. 

 

Fig. 2: Calculation model ... South-West view 
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Nonstationary dynamic excitation (Fig. 1) due to traffic was introduced to the model at selected 
points of the structure, in an approximately regular grid of points on the level of the foundation plate. 
Attenuation of dynamic excitation along the distance from the source was introduced to the structure 
model in steps, using bands of the approximate width of 10 m, graduated based on measured 
vibrations. Dynamic load was introduced to the structure at the same moment and with the same 
phase. Part of the measured acceleration record, incorporating the effect of B line metro passage in the 
duration of 1 s, was used for the dynamic calculation. This selected 1 s of the record includes several 
maximum non-stationary values of the measured acceleration of the vibrations and corresponds to the 
maximum excited vibration on a test foundation block inside the area of construction (free-field 
measurement). 

The purpose of the calculation was to determine the relative response of individual building 
storeys compared to excitation on the foundation base level, at the place of rubber placement. For this 
reason, the response results were normalized. 

3. Natural vibration  

The calculation of natural vibration of the residential building was done for the model of the whole 
structure laid on the elastic vibroisolation layer. 

In terms of dynamic response of the building to the effects of dynamic load caused by external 
sources (traffic), the lowest possible tuning of the building structure is decisive. This is manifested by 
flexural vibration of the building on the rubber on one hand, and by vertical and horizontal translative 
vibration of the building as a whole on the rubber or by torsional vibration of the whole structure or its 
parts. 

Besides basic modes of natural vibration of the structure as a whole, natural vibration frequencies 
of floor slabs of individual storeys, inside walls and console of floor slabs (balconies) appear in the 
calculation results, which cause that the building response is slightly different on every storey and/or 
with loops at other stations. 

For an illustration, the six lowest natural vibration modes are arranged in Tab. 1 including 
comments to these modes. The first 75 natural modes were used for the dynamic calculation of forced 
vibration. 

Tab. 1:  Natural vibration frequencies of the building and description of natural modes 

Mode number Natural
frequency [Hz] Description of natural mode 

1 2.28 Rotation of the whole building around axis x 
2 3.54 Rotation of the building around axis x and twisting around axis z 
3 4.25 Rotation of the building around axis y and twisting around axis z 
4 5.83 Bending of the building in the direction y, bending of floor slabs 
5 7.41 Bending of the building around axis x, bending of floor slabs 

6 8.00 Bending of the building around axis x, bending of floor slabs, 
higher mode 

4. Vibration transfer through the foundation structure 

The calculation of vibration transfer from the lower to the upper part of the foundation plate of the 
building was done for the model of the structure part laid on the elastic vibroisolation layer, lower 
foundation plate (base concrete), and subsoil layer (slate R3). 

The interaction at the rubber and reinforced concrete foundation structure interface has an effect 
on vibration transmission to the building structure itself. Characteristics of this interaction depend on 
(a) intensity and frequency composition of dynamic load, (b) properties of the foundation structure and 
subsoil under foundation level, (c) properties of the rubber used, and (d) the upper part of the modelled 
structure of the whole building. 
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The same type of rubber is exposed to different types of stress (static load and deformation) in 
different parts of the foundation structure. In terms of evaluation of the concrete and rubber 
interaction, the average (most frequent) stress value (and resulting compression) for individual used 
rubber types must be determined. However, the resulting values are only average values, as well, and 
may show different behaviour in other conditions. 

Vibration of the lower part of the (unsprung) foundation structure was normalized to the maximum 
value 1.0 (100%); the intensity of vertical and horizontal vibration of the upper part of the isolated 
foundation structure does not exceed 40%. Conservatively, vibrations of the lower foundation plate, 
due to passing through the rubber layer and thanks to interaction at the contact point between 
individual parts of the foundation structure, can be considered to become reduced approximately by 
50%. Another positive consequence of using the rubber layer consists in changed intensities of 
individual dominant frequencies corresponding to natural frequencies of the system. The calculation 
results show very well that vibrations at frequencies of the order over 30 Hz become significantly 
attenuated and/or filtered off (Makovi�ka & Makovi�ka, 2011, b). 

 

 

 

 

 

 

 

 

 

 

 

Fig. 3: Time histories of vertical vibration within the vibration transfer through foundation structure. 

5. Forced vibration of the whole building 

Calculations of forced vibration of the residential building were done for the model of the whole 
structure laid on the elastic vibroisolation layer, or as a variant, on the original slate R3 subsoil. 
Calculation of forced vibration of the structure was done using the method of dynamic excitation 
decomposition to the spectrum of natural vibration modes. The calculation determined the dynamic 
response of the structure, while the overall duration of the calculation was 1.000 s, and the calculation 
was done with the step of 0.005 s. The calculated values (displacements of the foundation plate and 
floor slabs) were normalized so that the maximum displacement value in the foundation plate was 
equal to 1. Maximum calculated response values are shown in Tab. 2. Normalized displacements of 
the structure make it possible to perform a simple comparison of the increased or decreased response 
of the structure. 

Comparing the calculated response on the level of the foundation plate (at the place where the 
structure is laid on the rubber and at places where dynamic excitation is introduced) to the response on 
individual higher storeys, this ratio can be used to estimate the magnitude of vibration changes on 
individual storeys. This ratio depends on the structure tuning, thus on the effect of the building 
geometry, chosen cross-sections and thickness and load values, including the permanent component of 
live loads. This procedure is considerably conservative and on the safety side. 

For the sake of comparison, the structure response to dynamic load was calculated also for the 
nonisolated building (without any inserted rubber); the resulting normalized values in displacements 
caused by vertical and horizontal excitation are shown in Tab. 2. 
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Tab. 2: Extremes of relative floor displacements under vertical and horizontal excitation 
Isolated structure Nonisolated structure 

Vertical  Horizontal Vertical Horizontal 

uz uy uz uy
Floor level 

Max Min Max Min Max Min Max Min 

-3rd Floor 1.00 -0.76 1.00 -0.83 1.00 -1.00 1.00 -1.00 

-2nd Floor 1.22 -1.29 0.96 -1.07 1.43 -1.00 1.28 -1.89 

-1st Floor 1.24 -0.97 0.89 -0.89 1.00 -1.00 1.12 -1.23 

+1st Floor 0.87 -0.92 0.70 -0.59 0.85 -0.82 1.18 -1.49 

+2nd Floor 0.74 -0.64 1.00 -1.02 0.70 -0.53 0.85 -0.91 

+3rd Floor 0.70 -0.69 0.85 -0.76 0.54 -0.72 0.91 -0.95 

+4th Floor 0.73 -0.72 1.08 -1.13 0.63 -0.51 0.81 -1.04 

+5th Floor 0.66 -0.66 1.08 -0.93 0.63 -0.56 0.81 -1.19 

+6th Floor 0.69 -0.71 0.85 -1.04 0.52 -0.47 1.09 -1.32 

 
Tab. 3: Response comparison of isolated and nonisolated structure in frequency interval 1 to 20 Hz 

Isolated structure Nonisolated structure

Tuning 
effect

Transfer
through 

foundation 

Effective
acceleration

Tuning 
effect

Transfer
through 

foundation 

Effective
acceleration

 Floor level 

[–] [–] [mm/s2] [–] [–] [mm/s2]
Horizontal vibration 

-3rd to 1st FL, 
North part 1.00 0.5 1.01 2.66 1 9.71 

2nd to 9th FL, 
North part 0.69 0.5 0.7 2.91 1 10.61 

-3rd to 1st FL, 
South part 0.78 0.5 0.79 1.31 1 4.79 

2nd to 9th FL, 
South part 0.52 0.5 0.53 1.76 1 6.43 

Roof 1.34 0.5 1.35 2.89 1 10.55 

Balconies 0.71 0.5 0.72 2.62 1 9.55 

Vertical vibration 
-3rd to 1st FL, 

North part 2.54 0.5 2.79 1.90 1 6.77 

2nd to 9th FL, 
North part 2.60 0.5 2.86 1.75 1 6.24 

-3rd to 1st FL, 
South part 2.03 0.5 2.23 1.62 1 5.77 

2nd to 9th FL, 
South part 2.67 0.5 2.94 1.36 1 4.83 

Roof 3.44 0.5 3.78 4.26 1 15.15 

Balconies 4.44 0.5 4.88 3.67 1 13.08 
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Comparison of both analyses indicates that the isolated structure shows significantly lower 
vibrations in acceleration (Tab. 3) than structures without any isolation (Makovi�ka & Makovi�ka, 
2011, c). 

Time courses of the response, or dominant frequencies of this response, respectively, provide 
another effect that plays an important role in dynamic response assessment. Time courses of forced 
vibration in the vertical direction with horizontal excitation were calculated for selected points within 
an axis, located over each other (Fig. 4). Thanks to springing of the building structure by the inserted 
rubber layer, the frequency signal of the response would be redistributed in the area of low 
frequencies, approximately on the level between 1 Hz to 15 Hz, 20 Hz at the maximum (Jacquet. & 
Heiland, 2002 and Roško & Králik, 2009). Higher frequency components of excitation are markedly 
damped and are be transmitted to the building by negligibly small vibration amplitudes compared to 
the low frequency components. 

In the structure without any rubber layer, no redistribution of the frequency signal and attenuation 
of vibrations occur and/or they occur in a considerably lower extent. Individual parts of the structure 
then start vibrating at some of the dominant excitation frequencies that correspond to or approach the 
natural frequency (or higher harmonic frequencies) of the appropriate part of the structure. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 4: Time courses for selected points of vertical vibration under horizontal excitation. 

6. Conclusion 

The aim of this paper is to assess the effect of building vibroisolation on the transfer of vibrations due 
to traffic from the subsoil environment. When metro trains pass in the tunnel in immediate vicinity of 
the building, dominant vibrations are propagated to the surroundings in the form of transient vibration. 

Maximum measured intensities of vibrations at the construction site were used as non-periodic 
load of the building by technical seismicity caused by traffic effects. Based on calculation of static and 
dynamic response of the building, optimum distribution of the rubber in the foundation structure was 
designed. Furthermore, the calculation was used to predict floor vibration on individual storeys, and 
time courses of vibration at selected points were determined. 

This paper compares calculated responses for an isolated and nonisolated building (Tab. 3). 
Comparison of the results clearly indicates the advantages of implementing vibroisolation in the 
foundation part of the building. 
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APPLIED METHOD FOR DESIGN OPTIMIZATION OF 
HYDROSTATIC GUIDEWAY ON REAL MACHINE TOOL 

M. Mareš*, E. Stach**, T. Holkup*** 

Abstract: The main advantages of hydrostatic bearings are: design flexibility, excellent structural 
damping, and zero friction at low speeds; this is a great opportunity for various types of machine tools. 
However, the need to determine many parameters at the design stage and a lack of a general approach to 
their optimization pose a large obstacle to wider application. This paper suggests a general iterative 
method for design optimization of hydrostatic bearings for linear and low-speed rotary axes. The method 
uses automated generation of load combinations, multi-objective optimization for determining design 
parameters and FEM for predicting structural deflection of machine frame parts. 

Keywords:  Hydrostatic, guideway, bearing, optimization . 

1. Introduction 

1.1. Background 

Hydrostatic (HS) guideways represent one of the guidance types ensuring linear and rotating 
movement of machine tool parts that fulfil the above-mentioned requirements. The use of HS 
guideways in engineering is of a relatively recent date: with some earlier exceptions, this type was 
introduced in the 1960s and 1970s (Lewis, 1966). The main component of a HS guideway is a HS 
pocket containing pressurized fluid. This guideway type is a very good option for high-precision 
machines, machines requiring very small positioning steps, machines for hard machining (high 
damping needed), and large machines (design flexibility needed). Conditions for HS operation: 

- Very thin fluid layer (gap height) in the bearing (0.005 to 0.2 mm);  

- Very low fluid compressibility; 

- Sufficient parallelism and planarity of bearing surfaces in all operating modes; 

- Relatively constant viscosity of fluid (stable temperature). 

In practice, a distinction is made between two types of HS guideways: open guideways (preloaded 
by gravity of parts or other dominant load) and closed guideways (mutually preloaded pockets placed 
opposite each other). The characteristic dimensions of HS pockets, the pressure distribution, and a 
graphic representation of open and closed guideway types are shown in Fig. 1. HS guideway can 
generally operate in two operating modes corresponding to the settings of the hydraulic unit and the 
flow control methods: 

- Constant flow provided by the pump (One pump for each pocket, Flow dividers); 

- Constant pressure provided by the pump (Control by means of constant hydraulic resistance such 
as capillary tube or orifice, advanced flow control such as PM flow controller (source: 
Hyprostatik) or membrane, self-compensating systems used especially for radial HS bearings). 
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Tab. 1: Nomenclature. 

Symbol Quantity Units 

c, C 

d, D 

l 

b 

Aeff 

RT 

RK 

lK 

rK 

η 

h 

h0 

hI,II,III,IV 

hD 

pp 

pT 

p0 

Q 

F 

FT 

Fmax,mid,min 

hmin,max 

Fs 

Fa,b,m 

K 

k 

kh 

rot X, rot Y 

rot XD, rot YD 

εD 

Inner / outer pocket width 

Inner / outer pocket length 

Land width 

Effective perimeter 

Effective area 

Pocket hydraulic resistance 

Capillary tube hydraulic resistance 

Capillary tube length  

Capillary tube radius 

Dynamic viscosity 

Gap height 

Initial gap height 

Gap heights in HS pocket corners  

Allowable gap height 

Pump pressure 

Pocket pressure 

Atmospheric pressure 

Flow 

Load 

Pocket reaction 

Maximal / medium / minimal load of reaction spectra 

Minimal / maximal allowable gap height in working space 

Force range defining maximum and minimum of pocket load 

Crucial points of force – deflection characteristic 

Stiffness  

Safety load coefficient 

Safety gap height coefficient 

Pocket tilt in X / Y direction 

Allowable pocket tilt in X / Y direction 

Allowable pocket tilting 

m 

m 

m 

m 

m2 

Pa.s.m-3 

Pa.s.m-3 

m 

m 

Pa.s 

m 

m 

m 

m 

Pa 

Pa 

Pa 

m3.s-1 

N 

N 

N 

m 

N 

N 

N.m-1 

- 

- 

rad 

rad 

m 

  

The advantages of HS guideways include: a very low friction coefficient; long service life (the 
guide surfaces do not touch); good damping in the direction perpendicular to the guide surfaces; and 
high stiffness (depending on the thickness of the pressure oil layer). Disadvantages include: a more 
complex design; demanding manufacturing process; demanding maintenance (the guideways are 
vulnerable to dirt); and costly operation. 
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Fig. 1:  HS pocket parameters and gudeway types (partially taken from(Brecher & Weck, 2006)). 

A great deal of research has been dedicated to the design of HS pockets and its influence on 
guideway characteristics. A large number of these works focus exclusively on radial HS bearings. For 
example, paper (Sharma et al., 2002) compared the characteristics of HS pockets with circular, 
rectangular, elliptical and annular pocket cavity. He also considered different controllers, such as 
capillary, orifice and constant flow valve restrictors. He used the FEM method to analyse the 
properties of HS pockets. Another study worth mentioning is the follow-up study (Shie & Shih, 2010), 
where were (knowing the pump parameters and the gap height) found the optimum parameters for a 
radial HS bearing (such as orifice location and diameter and the ideal pocket cavity dimensions) using 
the FEM method and an optimization method combining Genetic Algorithms and Gray Relation 
Analysis. Some papers focus on HS pocket materials (Wang & Yamaguchy, 2002), the influence of 
the pressure medium properties (Wang & Yamaguchy, 2002), research on smart controllers (Slocum et 
al., 1995), and the effects of temperature on HS bearings (Ting & Mayer, 1971). 

However, research on methods for design and optimization of entire motion axis guideways 
realized by a system of more HS pockets has been sporadic. There is a marginally related study by 
(Sharma et al., 1995), where were examined the differences in using sets of four and six hybrid HS 
pockets of comparable performance. In most of the available literature, however, research on entire 
HS planar guideways is only done as part of the design of the whole machine, and is not paid much 
attention (e.g. (Kim & Cho, 2006), or (Tlustý, 1993)). In an interesting project (Mekid, 2000) the 
author tried to further the research on the design of high-precision machines by introducing adjustable, 
preloading bearings for closed HS guideways. 

1.2. General design method 

The primary aim of this paper is to present an iterative approach to optimizing the entire design 
process for HS machine tool guideways (lacking in the available literature), combining the finite 
element method (FEM) and multiparametric, multi-criterion optimization. The method is robust, taking 
into account all possible load situations which can arise in operation, and is not dependent on the 
selection of a specific optimization criterion. 

The first part of the paper is dedicated to a general description of the design optimization 
approach. It provides an overview of the outputs and applications of the partial results of the iteration 
process which include: reaction spectra based on a rigid FEM model; HS pocket parameters found 
through minimization and a well-selected object function; and force reactions and deformations 
computed on the basis of an FEM model of the entire machine, which are decisive for feasibility of the 
whole design. 

In the second part of the paper, the approach is presented on an example of a real machine tool 
linear axis with a closed HS system controlled by constant hydraulic resistors—capillary tubes. 
Genetic algorithms (GA) have been used as a tool for optimizing dimensions for the HS pockets and 
the controllers. The HS pockets have been optimized with respect to the required force-deflection 
characteristics. The limits for the minimum pocket gap and the maximum allowable tilting of the HS 
pockets have been selected as the convergence criteria. 
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2. The design process 

The iteration process is general, independent on the selected pocket shape, the type of HS guideway 
used (closed or open), or the selected type of control (constant flow, constant pressure, flow divider, 
capillary tube, membrane, orifice plate, etc.). It is applicable for any type of these elements with 
sufficient mathematical description from the fluid mechanics. Diagram in Fig. 2 shows the process for 
optimizing the position and design parameters of a HS pockets providing guideway of a machine tool 
moving axis. The iterative process can be divided into three parts, each of them with a specific result 
(see Fig. 2): 

- Computing the reaction forces and adjusting the position of the HS pockets; 

- Suggesting new characteristics for the next iteration step, taking into account the geometry and 
force boundary conditions; 

- Checking for undesired conditions and checking the selected or prescribed criteria. 

 
Fig. 2:  Diagram showing the iterative design process. 

2.1. Rigid FEM model 

This design stage involves computations of a statistical distribution: the reaction spectrum (Fig. 3) in 
HS pockets using automatic load case generation and a rigid FEM model. In order to reduce 
computation time, the flexibility of the machine parts is not taken into account at this stage. The model 
considers the machine tool frame as rigid and uses spring elements with substituting stiffness for 
modelling the HS pockets. During the computations various relevant kinematic configurations, load 
configurations and machine acceleration combinations are generated.  

In a case where the machine parts connected by the guideways could be considered as absolutely 
rigid, the reaction computations would end here, and the stage of designing the pocket geometry and 
accessory parameters would follow. However, this is generally not the case. 

2.2. The optimization algorithm 

The next step involves finding optimized 
pocket dimensions and flow controller 
parameters for the reaction spectra (possibly 
multiplied by a safety coefficient), using 
multiparametric optimization tools. A 
sensitive approach is necessary when setting 
the collision boundary conditions, and the 
geometric boundary conditions need to be 
respected. The optimization task can be 
defined as a minimization task. 

     Results of this design stage are 
parameters of HS pockets and their flow 
controllers together with resultant HS pocket 
force-deflection characteristics.  These 
comply with all pre-defined limits, 
convergence criteria and safety factors. 

 
Fig. 3:  Reaction spectrum of one bearing point. 

860 Engineering Mechanics 2012, #42



 

2.3. A detailed FEM model 

Mainly in order to check for various undesired conditions resulting from structural flexibility, a 
detailed FEM model of the whole system is created. Elements representing properties of each of the 
HS pockets are added at appropriate points between models of the two moving parts. 

The FEM model is loaded with a symmetrical load case (corresponding to Fmid force resulting 
from the rigid FEM model shown in Fig. 3) which represents medium load from alternating (two-way) 
loads—the acceleration of the motion axes and the cutting forces. The model also needs to be in the 
medium kinematic position. 

Based on the results of the detailed detailed FEM model (deformation of HS guideway and pocket 
tilting), the positions of the HS pockets are sensitively adjusted and new Fmid values for the reaction 
spectra are computed (condition: the force range Fs, which the pocket has to transfer, remains 
unchanged). The new spectra serve as input for the next iteration step. 

3. Application 

The design method is demonstrated on one half of the hydrostatic X axis of a real portal milling 
machine (Fig. 4). 

 
Fig. 4:  A diagram showing a portal milling machine. 

The design method can be applied to any assignment where sufficient and verified mathematical 
description of the HS components is available. The application example shown here uses the following 
input information for the iteration process (Fig. 2): 

- Knowledge of the load cases; 

- Pump and pressure medium parameters; 

- Checking Required gap height. 

The aim is to create a suitable HS guideway design (positions and geometry of the HS pockets) for 
a control system using capillary tubes. The design has to account for loading with the machine’s own 
weight, reactions caused by axis acceleration, cutting forces and compliance of machine parts which 
influences the distribution of load on the pockets. 

3.1. Reaction spectra of the HS pocket 

Computations of the reaction spectra for the pockets are based on the ‘rigid FEM model’ which uses 
substituting spring elements for the HS pockets. The machine frame, however, is considered to be 
absolutely rigid. ANSYS FEM software is used for creating the rigid structure of nodes representing 
points of applied external forces, inertia forces and gravities. HS pockets are modeled as linear 
springs. The variations are generated and computed automatically using APDL (ANSYS parametric 
design language) routines. The specific input for the computations includes: 

- The mass of the parts and the position of their centers of gravity; 

- The positions and orientation of the pockets in relation to the selected coordinate system; 
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- Travel and acceleration of each axis; 

- Maximum values of cutting forces in each direction; 

- Some cases the stiffness of the drive of a given axis needs to be entered. 

In the model case (the X axis of a portal 
milling machine) the HS guideways were 
designed as a system based on pairs of pockets 
preloaded against each other (close guideway - 
Fig. 1). The initial position of the pockets was 
selected intuitively. The description and 
distribution of the HS pockets on one half of the 
X axis of a portal milling machine is shown in 
Fig. 5. Through the iteration process (Fig. 2) the 
positions of the pairs of HS pockets, preloaded 
against each other, were adjusted with a view to 
finding their optimum distribution in terms of 
load and deflection. 

     At this design stage the computations 
automatically generate different kinematic 
configurations and load case combinations. In the 
example presented here the different 
configurations of the model are found along the 
W, Y and Z axes; the position of the portal on the 
X axis does not have an impact on the loading of 
its guideway (Fig. 4). Different combinations of 
acceleration and cutting forces needed to be 
taken into account as well. Acceleration 
potentially occurs along the X, Y and Z axes. 

 
Fig. 5:  Initial HS pocket positions. 

Each of the three axes can reach one of two extreme positions; therefore, there are 23 kinematic 
configurations (the position of the portal does not have an impact on the X axis guideway). 
Combinations of acceleration and cutting forces also needed to be taken into account (again, for the X, 
Y and Z axes). After integrating the parts that move together, this represents a total of 29 load 
configurations. Therefore, altogether 23 * 29 = 4096 load cases need to be examined, each of which 
can potentially be a case of extreme load for one of the points on the guideway. 

The whole system is absolutely rigid, with 
the exception of the HS pocket substituting 
elements (all of them are considered to have the 
same stiffness) and the substituting elements for 
the X axis drives. The case where the drives are 
considered as highly (almost absolutely) rigid is 
closer to the real situation. When finding 
optimum pocket dimensions, however, the 
stiffness of the drives was considered to be zero, 
which means greater demands placed on the 
lateral pockets. The resulting reaction spectra for 
each HS pocket pair (the numbering corresponds 
to the system introduced in Fig. 5) obtained in the 
first iteration step are shown in Fig. 6. 

As the longitudinal slide of the X axis is 
flexible due to its length and relative slenderness, 
the computed reaction spectra do not reflect the 
real situation accurately, and it is necessary to 
adopt an iteration approach to the design of the 
HS guideway of the X axis. 

 
Fig. 6:  Reactions in the pocket pairs; flexible 

positioning along the X axis. 
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3.2. Determining the HS pocket parameters 

The HS system in question works in a mode of constant pressure set on the pump (pp = const.), and 
regulation is ensured by constant hydraulic resistors (capillary tubes) placed before the HS pockets. A 
diagram representing the system is shown in the following figure. 

 
Fig. 7:  Diagram representing the HS system. 

The force characteristic of the system is the result of substituting the continuity equation (1) in the 
force balance equation of the HS system (2). The continuity equation: 
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The force characteristic of the pair of HS pockets preloaded against each other is determined by the 
following relations: 
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The stiffness of the bearing is then determined by a derivation of relation (3) according to the x 
coordinate: 

                                                                            dFK
dx
� . (4) 

At this computation stage the aim is to find optimum parameters for the HS pockets. Some of the 
parameters are given (or selected) as fixed; other parameters as free, i.e. variable within prescribed 
limits: 

- Fixed parameters (p): pump pressure, oil viscosity, one characteristic HS pocket dimension; 

- Free parameters (q): the remaining pocket and capillary tube dimensions (Fig. 1). 

These parameters, bound in equations expressing the force characteristic of the HS pocket pairs, 
have to meet the prescribed boundary conditions: 

- Geometric boundary conditions - preventing contact between two neighboring pockets; 
respecting the structural space required for the HS pockets on the guideway; 

- Force boundary conditions - the pairs of pockets need to safely transfer loads determined by the 
rigid FEM model. 
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GA (Houck et al., 1999) represent one of the options for obtaining optimum results from this 
multiparametric task. In the case presented here the genetic algorithms are created using Matlab GA 
toolbox. 

A fitness function can be selected in many different ways (e.i. maximizing stiffness with 
minimizing oil flow and energy consumption), depending on the needs of a particular application. One 
of the possibilities for setting the fitness function is to minimize the working space of the HS pocket. 
Fig. 8 and detailed description provides more information about the selected fitness function. 

     The Fs force range (Fig. 3) 
defines the maximum and 
minimum load cases Fmax and Fmin 
(around the medium load position 
Fmid) to which the HS pocket pair is 
expected to be exposed during 
operation. Therefore, the 
minimization task using GA aims 
to situate the gap height under 
maximum load (in one direction or 
the other, marked as hmin and hmax 
in Fig. 3) within the prescribed 
range +/- kh around the balanced 
position h0 (loading with own 
weight). This first safety range 
must be selected appropriately at 
the beginning of the GA iteration 
process. The range has two direct 
impacts: 

 
Fig. 8:  The Force-deflection characteristic and description of 

the fitness function. 

-It influences the slope of the force characteristic around the inflection point, and thus impacts on 
the stiffness of the bearing in the working space; 

- By defining these limits the solution is ‘forced’ to be symmetrical and the inflection point of the 
characteristic (extreme stiffness of the bearing) moves to the center of the working space. 

In order to prevent a collision between the pocket surface and the guide surface (i.e. to maintain a 
sufficient gap height), a second safety range was defined. On the horizontal axis of the chart in Fig. 3 
this range is defined by the limit values of 20% (h/5) and 80% (4h/5); within these limits the force-
deflection characteristic of a pair of pockets has to equal no more than the k-multiple of the Fs range, 
where k is an appropriately selected safety coefficient defining the resulting reaction spectrum. In the 
chart this range is defined by the Fa and Fb values . A flowchart representing the GA for obtaining an 
optimum force characteristic for the system based on pairs of pockets preloaded against each other is 
shown in Fig. 9. 

The condition for ending the GA iteration process was a total of 20 generations where the fitness 
value remained basically unchanged. Where the result was not satisfactory from the point of view of 
both safety criteria, the limits for these criteria needed to be adjusted. In the opposite case the resulting 
characteristic of the HS pocket pair was saved in a file for further verification in the detailed FEM 
model. 

 
Fig. 9: Genetic algorithms based optimization. 

864 Engineering Mechanics 2012, #42



 

3.3. Force reactions and deflections 

The relevant conditions for the HS axes of the portal machine, which needed to be checked for in 
order to prevent undesired contact between the HS pocket surface and the guide surface were selected 
as the convergence criteria (in equations (5) and (7)) for the whole design process, include: 

- The minimum gap height on the perimeter of the HS pocket (Fig. 10); 

                                                        ) *min , , , ,I II III IV Dh h h h h+  (5) 

- The tilting of the HS pocket in relation to the guide surface. 
                                                   D Drot X  X   rot Y  Yrot rot+ , +  (6) 

However, as each of the HS pockets had different dimensions, the criterion defining the maximum 
allowable tilting (6) needed to be unified: 

                                      ) * ) *max , , , , min , , , ,I II III IV I II III IV Dh h h h h h h h -	 +  (7) 

 
Fig. 10: Checking for undesired conditions of the HS pocket. 

This check is performed for all pairs of HS pockets (Fig. 5) of the machine axis in question, in 
each iteration step of the design process, using the detailed FEM model of the whole machine loaded 
with a symmetrical load case (the Fmed force from Fig. 3). The detailed FEM model of the whole 
machine is shown in Fig. 11. 

 
Fig. 11: Detailed FEM model of the machine. 
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Non-linear elements characterizing the force-
deflection properties were added between the 
guideway parts in the direction of the X axis.The 
material and geometry of the model parts are 
defined by the specific brief. Connected mass 
elements: ca. 18 t. Total mass of the model with 
connected masses: ca. 152 t. The FEM model 
elements used in the ANSYS software: Solid45, 
Shell63, Mass21, Combin39. 

In the detailed FEM model (Fig. 11) the 
guideways for the Y, Z and W axes (which are not 
part of the design process) are represented by 
linear springs with approximate stiffness. Non-
linear elements characterizing the force-
deflection properties of the HS guideway pockets 
(Fig. 8) were added between the guideway parts 
in the direction of the X axis. 

 
Fig. 12: Force-deflection characteristics of 

elements representing HS pockets. 

Using ANSYS, each of the pockets is represented by a CONTA39 nonlinear spring and a 
preloading constraint equation to model the pocket characteristic and the nominal pocket gap as well, 
Fig. 12. 

In case the conditions of inequations (5) and (7) are not met, the positions (numbers) of the HS 
pockets in the detailed model are sensitively adjusteded (according to detailed FEM model results) and 
new values for the medium load of the reaction spectra Fmid are computed (positions on the y axis of 
the chart in Fig. 6). The absolute magnitude of the reaction spectra (determined by the Fs value) does 
not change (based on the premise that data provided by the rigid FEM model correspond to all 
possible combinations of load cases, and their adjustment is not necessary due to the safety factors). In 
case the above-mentioned convergence criteria are met for the HS axis as a functional unit, the 
iteration process (Fig. 2) is terminated and the solution is considered to be complete. 

4. Results 

Satisfactory results were obtained-i.e. 
the convergence criteria (equations (5) 
and (7)) were met already in the 
second step of the iteration process 
shown in Fig 2. A comparison of 
iteration steps 0 (initial - Fig. 6) and 2 
(final) is shown in Fig. 13. 

During the process new pocket 
positions were found, their dimensions 
and capillary tube parameters were 
optimized; the number of pockets 
remained unchanged. As Fig. 13 
shows, the reaction spectra (output 
from the rigid FEM model – Fig. 2) 
only change their position on the y 
axis (the position of medium load 
Fmed); their magnitude (i.e. the range 
of the Fs forces) remains unchanged 
during the iteration process. 

 
Fig. 13: Resulting reactions in the pocket pairs. 
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A total of 100 individuals in 500 generations were sufficient in each GA iteration step of the 
process shown in Fig. 9 to find suitable solutions (force-deflection characteristics of the HS pocket 
pairs) using GA. 

The limits within which the resulting force characteristics of the HS pocket pairs have to be 
situated are determined by the coefficients k and kh. For the vertical guideway the value of the safety 
coefficient k (a multiple of the load spectrum) equals 2.5; for the lateral guideway (which already has 
large safety margins in the condition of zero drive stiffness) the value equals 2. The kh coefficient 
(defining the working space) is the same for both guideways and its values equals 0.01 mm. Two 
examples of the resulting characteristics from the final, second iteration step of the whole design 
process for HS guideways of the X axis are shown in Fig. 14 (the marked areas and limits are the same 
as the marking in Fig. 5). 

 
Fig. 14: An example of the resulting characteristics for pairs of HS pockets of the vertical (left) and 

lateral (right) guideway. 

Due to loading (namely the weight of the parts) and to the overall flexibility of the longitudinal 
slide and the bed, significant local deflection occurred in the HS guideway of the X axis. The HS 
guideway pockets also tilted considerably, which reduced their load-bearing capacity. 

Example results of the initial and the final design are shown in Fig. 15. The overall deflection after 
the longitudinal slide is loaded by the parts' own weight is shown. 

 
Fig. 15: Visualization of the results of the initial and the final design. 

The convergence criteria (5) and (7) were set as follows: the minimum gap height on the perimeter 
of the pocket could not be less than hD = 0.010 mm, and the tilting of the pocket in relation to the 
guide surface could not exceed the prescribed value of εD = 0.007 mm. When these criteria were met 
for all pockets of the HS guideway of the X axis, the design was considered to be complete. 
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5. Conclusions 

An iterative approach to designing HS guideways for a machine tool has been presented, based on the 
finite element method (FEM) and an optimization method using the minimization task. The design 
aims to find suitable dimensions, location and number of HS pockets and controllers for the HS 
guideways in order to meet load-bearing requirements and minimize deflection. 

The process was demonstrated on one half of the HS quideways of the X axis of a portal milling 
machine. Optimum results were obtained in the second iteration step. The whole iteration procedure 
has been automated. 

The advantage of this design process combining multiparametric optimization and FEM lies in its 
robustness (the possibility to check for any parameter of the pocket or the guideway) and variability. 
The drawback are its demands on detailed FEM modeling.  Any pocket shape and controller type can 
be taken into account, if their clear description exists in the fluid mechanics domain. Great variability 
of the optimization process is another indisputable advantage. The optimization can be based on any 
parameter or a combination of parameters. Instead of simple GA, the approach to designing HS 
guideways could be further developed by using NSGA II optimization (Deb et al., 2002), which does 
not use weight coefficients, and thus optimize the dimensions of the pockets and the controllers used 
from the point of view of more performance characteristics (e.g. adding stiffness and flow 
characteristics to force-deflection characteristics). 
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DYNAMIC BEHAVIOUR OF LOCOMOTIVE WITH AXLE-MOUNTED 
TRACTION MOTORS 

T. Michálek*, J. Zelenka** 

Abstract: Especially in case of locomotives for freight operation, nose-suspended traction motors are 
usually used nowadays. This solution of traction drive is simple and relatively cheap; however, because 
of bearing of the traction motors directly on the axles, this solution contributes to increase the unsprung 
masses with all negative influences on dynamic interaction between the rail vehicle and the track, as well. 
Therefore, this paper deals with influence of nose-suspended traction drive of a locomotive on the 
dynamic interaction between the vehicle and the track. By means of simulations, dynamic behaviour of 
the locomotive with axle-mounted traction motors is compared with dynamic behaviour of a locomotive 
equipped with fully suspended traction drive. 

Keywords:  Nose-suspended traction motor, dynamic interaction vehicle–track, simulations. 

1. Introduction 

In framework of solving of R&D project “TIP” of the Ministry of Industry and Trade of the Czech 
Republic in years 2010–2012, Jan Perner Transport Faculty of the University of Pardubice co-operates 
with company CZ LOKO, a.s. at research and development of a new modular four-axled diesel-
electric locomotive Class 744.0. Among others, computer simulations of running and guiding 
behaviour of the new locomotive are realized at Detached Branch of the Jan Perner Transport Faculty 
in Česká Třebová. Nowadays, the computer simulations create an integral part of development of new 
railway vehicles and allow assessing of dynamic behaviour of these vehicles in design stage and 
possibly optimizing of some parameters, as well. This work deals with dynamic interaction between 
the locomotive, which is equipped with axle-mounted nose-suspended traction motors, and the track. 
By means of simulations, dynamic effects of run of the locomotive equipped with nose-suspended 
traction motors are compared with a locomotive with fully suspended traction drive. 

2. Locomotive Class 744.0 

The locomotive Class 744.0 is a four-axled diesel-electric locomotive for shunting as well as track 
service which is equipped with new CZ LOKO bogies. These bogies are two-axled with wheel base of 
2400 mm; each wheelset is driven by axle-mounted nose-suspended asynchronous traction motor 
TAM 1084 C6. Wheelset guiding is performed by means of connecting rods; primary as well as 
secondary suspension is realized by means of flexi-coil springs. Traction and breaking forces between 
the bogie frame and the vehicle body are transmitted by means of a central pivot. The wheelsets are 
equipped with a disc brake; the brake discs are mounted into the wheels. Detailed description of the 
new bogie is given for example in the paper (Kopal, 2009). 

The locomotive Class 744.0 can be produced in various versions with a power of 800 up to 
1500 kW and maximum speed up to 120 km/h. Total weight of a standard-gauged version of the 
locomotive can range from 64 up to 90 t. Besides the standard-gauged version, a broad-gauged version 
of the locomotive, which is designed according to the GOST standards, is being prepared for the track 
gauge 1520 mm, as well. Nowadays, a prototype of the standard-gauged version of the locomotive 
744.001 is tested in framework of its authorisation process. 

                                                 
*   Ing. Tomáš Michálek: University of Pardubice, Jan Perner Transport Faculty, Department of Rail Vehicles, Detached 
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3. Dynamic model of the locomotive 

For purposes of computer simulations of dynamic behaviour of the locomotive, an original program 
system “SJKV” for multi-body simulations was used. This program system is being developed at the 
Detached Branch of the Jan Perner Transport Faculty in Česká Třebová and allows creating of various 
modifications for concrete rail vehicles. Detailed description of the program system “SJKV” is given 
in the paper (Zelenka, 2009). In framework of solving the R&D project “TIP”, a new version of the 
program system named “SJKV-Lok744” was created. This modification of the program system allows 
investigation of dynamic behaviour of the standard-gauged as well as broad-gauged version of the 
locomotive Class 744.0 CZ LOKO; see also papers (Zelenka & Michálek, 2011; Kohout et al., 2011). 

Because of time requirements and numerical stability of computations it is useful to consider only 
the important bodies (i.e. the bodies with a big weight) in the multi-body simulations. Therefore, 
dynamic model of the locomotive consists of seven rigid bodies: four wheelsets, two bogie frames and 
vehicle body. The other components are reduced to these “basic” bodies. Each rigid body of the 
dynamic model has 6 degrees of freedom and is defined by means of its mass, inertia moments as well 
as position of the centre of mass. Constituent bodies of the dynamic model are coupled by means 
elastic and damping joints which represent springs, dampers, elements of the wheelset guiding, bump 
stops etc. A schema of the dynamic model of the locomotive is shown in fig. 1. 

 
Fig. 1 Schema of dynamic model of the locomotive Class 744.0 CZ LOKO. 

Besides to that, dynamic model of the track is created with reduced masses of rails which belong 
to each of wheels; these rails are coupled with the base by means of elastic and damping joints. For 
purposes of the simulations, wheel/rail contact is described by means of characteristics of wheel/rail 
contact geometry and it is considered as a one-point contact. Numerical solution of the model (i.e. 
solution of equations of motion) is based on finite differences method; see also the paper (Michálek & 
Zelenka, 2011), for example. 

As it was stated above, the dynamic model of the locomotive is created only with seven “basic” 
rigid bodies and all the other elements have to be reduced to these bodies. Reduction of springs, 
dampers, elements of wheelset guiding etc. is relatively simple because of their mass which is very 
small in comparison with the “basic” bodies – i.e. vehicle body, bogie frames and wheelsets. However, 
reduction of components of the traction drive can be more problematic. In case of a fully suspended 
traction drive (for example drive with a hollow shaft), the traction motor including gearbox is fastened 
on the bogie frame and therefore we can suppose that the motor and bogie frame make a whole, i.e. 
one rigid body. However, the locomotive Class 744.0 is equipped with axle-mounted nose-suspended 
traction motors. Construction of the nose-suspended traction motor is very simple; the motor is 
mounted directly on the wheelset (by means of so-called nose bearings) and on the opposite side it is 
suspended on the bogie frame (by means of a flexible joint). A schema of the nose-suspended traction 
drive with rolling nose bearings is shown in fig. 2. The greatest advantage of the axle-mounted nose-
suspended traction drive is just the simplicity and related lower price; therefore, this solution is often 
used on locomotives for freight operation. The greatest disadvantage of the nose-suspended traction 
motors is the fact that approximately 60 up to 80 % of the mass of the traction motor (including the 
gear transmission) creates unsprung masses; it is related with the three-point bearing of the traction 
motor on the wheelset and bogie frame. However, because of requirement on invariable position of the 
gearwheels (and the constructional solution – see fig. 2), the whole mass of the traction motor creates 
the unsprung mass in lateral direction. And it is generally known that a share of the unsprung masses 
has a significant influence on the dynamic interaction between the vehicle and the track. 
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Fig. 2 Nose-suspended traction motor (Šlitr, 2007). 

In framework of this work, two different alternatives of dynamic model of the locomotive were 
created. The first variant represents the locomotive Class 744.0 CZ LOKO with a total weight of 80 t 
equipped with the axle-mounted nose-suspended traction motors. The second one represents an 
imaginary locomotive which has the same parameters (total weight, masses and inertia moments of the 
bodies, characteristics of joints etc.) as the Class 744.0, but it is equipped with some kind of fully 
suspended traction drive. Therefore, mass of the traction motors does not increase the share of 
unsprung masses in this case. Relevant modifications of the dynamic model were performed in 
following way – in case of the locomotive equipped with nose-suspended traction drive, mass of the 
traction motors was “divided” between the wheelset and the bogie frame in the equations of motion of 
these bodies in vertical direction; it means: 
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where dz��  is acceleration of wheelset in vertical direction, pz��  is acceleration of bogie frame in vertical 
direction, g is acceleration of gravity, Md is mass of wheelset, Mp is mass of bogie frame, MTM is mass 
of traction motor, ΣFdz,i represents forces, which act on the wheelset in vertical direction, and ΣFpz,i 
represents forces, which act on the bogie frame in vertical direction. In case of all other degrees of 
freedom (except rotational motion of the wheelset around its lateral axis), the whole nose-suspended 
traction motor is considered as a part of the wheelset in this dynamic model. Inertia moments of 
wheelset were modified on basis of CAD model of the bogie so that their values represent the whole 
rigid body “wheelset + traction motor”. Thus, this modification takes into account the fact that 
approximately 70 % of the nose-suspended traction motor creates the unsprung mass in vertical 
direction and 100 % of mass of the motor creates the unsprung mass in lateral direction. 

In case of the imaginary locomotive, which would be equipped with a fully suspended traction 
drive, relevant modification of dynamic model of this locomotive is based on the assumption that 
traction motors are fastened to the bogie frame. Therefore, mass of the traction motors is added to the 
mass of the bogie frame and inertia moments of the bogie frame are modified in relevant way. This 
condition is valid for all translational degrees of freedom in this case; for example the equations of 
motion of the wheelset and the bogie frame in vertical direction have following form now: 
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4.  Simulations of dynamic behaviour of the locomotives 

The aim of this work is to compare the dynamic behaviour of a locomotive, which is equipped with 
an axle-mounted nose-suspended traction drive, with a locomotive with a fully suspended traction 
drive. This comparison was made by means of computer simulations of run of the locomotive Class 
744.0 CZ LOKO with a total weight of 80 t and an imaginary locomotive with the same parameters, 
but with the fully suspended traction drive. Dynamic models of these locomotives, which were used 
for multi-body simulations in the program system “SJKV”, are described in previous chapter. 

It is generally known that the share of unsprung masses in running gear of a rail vehicle influences 
above all dynamics of wheel forces (i.e. the vertical forces acting in wheel/rail contact); the dynamic 
effects of the vehicle run on the track increase with increasing vehicle speed and decreasing quality of 
a track geometry. Therefore, the assessment of dynamic behaviour of the locomotives (Class 744.0 
with nose-suspended traction drive and the imaginary locomotive with fully suspended traction drive) 
was performed for various speeds and under conditions of three various tracks (with various track 
geometry). In all cases, conditions of wheel/rail contact geometry and the friction coefficient in 
wheel/rail contact were identical – the wheel/rail contact with a value of equivalent conicity 0.207 and 
the friction coefficient 0.40 were used. 
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Fig. 3 Deviations of left rail position from the ideal position in horizontal (top) and vertical (bottom) 

direction for considered tracks – “T_OREk3” (left), “T_ChDo” (in the middle) and “T_ORE” (right). 

Three various tracks were used at the simulations; these tracks are designated as “T_OREk3”, 
“T_ChDo” and “T_ORE”, and each of these tracks shows different level of quality of the track 
geometry. These simulation input data describing the track geometry were obtained from a super-
structure measurement car or on the basis of so-called “ORE-track” which is given by means of 
a power spectral density of deviations of European tracks. All the simulations were performed in 
a straight track with a length of 900 m. According to the Appendix C of the European standard EN 
14363, the quality of the track geometry is assessed by means of maximum values /ymax and /zmax and 
standard deviations sy and sz of deviations of the real rail position from the ideal position which is 
given by means of a track alignment. Values of these characteristics for considered tracks are given in 
tab. 1; records of deviation of the left rail from the ideal position in vertical and horizontal direction 
are shown in fig. 3. The track “T_OREk3” has the best quality; “T_ORE” has the worst quality. 

Tab. 1 Maximum values and standard deviations of deviation of rail position from the ideal position. 

Track /ymax [mm] sy [mm] /zmax [mm] sz [mm] 

“T_OREk3” 2.21 0.80 2.74 1.08 

“T_ChDo” 4.03 0.97 3.85 1.14 

“T_ORE” 7.36 2.68 9.11 3.59 
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5. Simulation results 

As it was mentioned, the share of unsprung masses influences above all the dynamics of wheel forces. 
Therefore, especially the wheel forces were observed at the simulations. In case of considered 
locomotives with a total weight of 80 t, the static wheel force (static load) has a value of 98.1 kN. 
During the run of the vehicle, the wheel forces oscillate around this static load value; level of these 
oscillations depends on vehicle speed as well as on quality of the track geometry. 

At the simulations post-processing, time histories of the wheel forces were statistically processed. 
At first, the time histories were filtrated by means of upper limiting filter 20 Hz. Consequently, 
standard deviations of wheel force of the left wheel of the 1st wheelset were calculated from the 
filtered time histories. In fig. 4 there are compared obtained dependencies of these standard deviations 
on the vehicle speed from a range of 80 up to 160 km/h for all three considered cases given by the 
quality of the track geometry (see chapter 4). 
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Fig. 4 Standard deviations of wheel force of the left wheel of the 1st wheelset in dependency on vehicle 

speed for all three considered cases of quality of the track geometry. 
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Fig. 5 Records of wheel force of the left wheel of the 1st wheelset on the track “T_ChDo” at speed of 
80 km/h (left), 120 km/h (in the middle) and 160 km/h (right) for the locomotive equipped with nose-

suspended traction drive (top) as well as with fully suspended traction drive (bottom). 
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From the graph in fig. 4 it is apparent that the dynamics of wheel forces depends strongly on the 
quality of the track geometry as well as on the vehicle speed. A difference between the locomotive 
equipped with axle-mounted nose-suspended traction drive and the locomotive with fully suspended 
traction drive is more significant with increasing speed, too. This statement is valid for all three tracks; 
in case of worse quality of the track geometry, the difference is certainly bigger. For example in case 
of the track “T_ChDo”, relative value of the standard deviation of the wheel force (related to the static 
wheel load) reaches following values – in case of the locomotive with nose-suspended traction motors: 
2.0 % (at speed 80 km/h), 4.1 % (120 km/h) and 8.2 % (160 km/h); in case of the locomotive with 
fully suspended traction drive: 1.8 % (80 km/h), 3.1 % (120 km/h) and 5.9 % (160 km/h). In fig. 5 
there are shown records of wheel force of the left wheel of the 1st wheelset on the track “T_ChDo” for 
both alternatives of the locomotive at these speeds. Of course, maximum values of the relative 
standard deviation are reached on the worst track “T_ORE” – in case of locomotive with nose-
suspended traction motors, the relative standard deviation has a value of 11.0 % at speed 160 km/h; in 
case of locomotive with fully suspended traction drive it is “only” 8.1 % at the same speed. 
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Fig. 6 Expected maximum values of wheel force for both alternatives of the locomotive with total 

weight of 80 t in dependency on vehicle speed according to the EN 14363. 

The second method, which was used for the assessment of dynamic interaction between the 
vehicle and the track in vertical direction, was an evaluation of so-called expected values of maximum 
wheel forces according to the European standard EN 14363, which deals with testing of new or 
modernized railway vehicles in framework of their authorization process. This assessment was also 
used for both alternatives of the locomotive running at speeds from the range of 80 up to 160 km/h on 
the same three tracks. The filtered time histories (upper limiting filter 20 Hz) of wheel forces were also 
used at this method of evaluation. In this case, the time histories are divided into sections with a length 
of 250 m (± 10 %); then, it is necessary to determine for each assessed set of wheels in all these 
sections values of wheel forces, which correspond to a cumulative frequency of 99.85 %. After that, 
a mean value M[Qmax] of these values and their standard deviation S[Qmax] are calculated. The expected 
value of the maximum wheel force is given as: 

 0 1 0 1.2.2 maxmaxmax QSQMQ ���  (5) 

In this concrete case, both wheels of the first wheelset were considered at computation of the 
expected values of maximum wheel force and the time histories of the wheel forces obtained from the 
simulations were divided into four sections with a length of 225 m. Results of this statistic assessment 
are presented in fig. 6. A limit value of the maximum wheel forces (according to the EN 14363) of 
both considered variants of the locomotive is 188.1 kN. 
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This method of assessment of the wheel forces confirms the above mentioned results obtained by 
means of the simplifier method using the standard deviations (see fig. 4). Although the limit value of 
the maximum wheel force is not exceeded in any case, it is evident that the difference between the 
locomotive with nose-suspended traction motors and the locomotive with fully suspended traction 
drive becomes to be more significant with increasing speed. Especially in case of worse quality of the 
track geometry, this difference is considerable at speeds higher than approximately 120 km/h. For 
example on the tracks “T_ChDo” and “T_ORE” – while the locomotive, which is equipped with nose-
suspended traction drive, shows values of the maximum wheel force higher by approximately 2 % 
(than the locomotive with fully suspended traction drive) at speed 120 km/h, this difference has 
a value of approximately 10 % at speed 160 km/h. 

Although the share of unsprung masses influences above all the dynamics of wheel forces, it 
certainly has an influence on interaction between the vehicle and the track in lateral direction, as well. 
As it was said, in case of the axle-mounted nose-suspended traction drive, approximately 60 up to 
80 % of weight of the traction motor creates unsprung masses in vertical direction, but it is practically 
100 % in lateral direction. However, an assessment of the lateral interaction between the vehicle and 
the track is more complicated. At first, the dynamic behaviour of rail vehicle in lateral direction is 
influenced by means of wheel/rail contact geometry very significantly. Especially at higher speeds, the 
stability of vehicle run can influence the results, as well. Then, it is also necessary to take into account 
that a simplified dynamic model of the locomotive was used at the simulations. From these reasons, an 
evaluation of the “lateral dynamics” was made only by means of standard deviations of lateral 
acceleration of the 1st wheelset in this stage – in a similar way as the assessment of wheel forces. Time 
histories of the lateral wheelset acceleration were also filtrated (upper limiting filter 20 Hz) before 
calculation of the standard deviations. In fig. 7 there are compared obtained dependencies of these 
standard deviations on the vehicle speed from a range of 80 up to 160 km/h for the tracks “T_ORE” 
(the worst quality of the track geometry) and “T_OREk3” (the best quality of the track geometry). In 
fig. 8 there are shown records of lateral acceleration of the 1st wheelset on the track “T_ORE” for both 
alternatives of the locomotive at various speeds; moving quadratic means are added there, as well. 

The realized simulation results show following: from the point of view of the “lateral dynamics” 
during the run in a straight track, the difference between the locomotive with nose-suspended traction 
motors and the locomotive with fully suspended traction drive also exists. On the basis of fig. 7 it is 
possible to state that the “lateral dynamics” is related above all with the quality of track geometry and 
the difference between both variants of the locomotive are marked only at higher speeds. 
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Fig. 7 Standard deviations of lateral acceleration of the 1st wheelset in dependency on vehicle speed 

on tracks “T_ORE” and “T_OREk3”. 
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Fig. 8 Records of lateral acceleration of the 1st wheelset on the track “T_ORE” at speed of 80 km/h 

(left), 120 km/h (in the middle) and 160 km/h (right) for the locomotive equipped with nose-suspended 
traction drive (top) as well as with fully suspended traction drive (bottom); the blue lines in graphs 

present moving quadratic means with a window length of 25 m. 

6. Conclusions 

Nowadays, a traction drive using the axle-mounted nose-suspended traction motors is often used on 
locomotives for freight operation. This technical solution, which is conceptually very old, is very 
simple, robust and relatively cheap. However, the greatest disadvantage of the nose-suspended traction 
drive is a significant increase of unsprung masses in running gear of the vehicle in comparison with 
various types of fully suspended traction drives. Although relatively lightweight asynchronous traction 
motors are used today, their weight ranges in order of tons and approximately 60 up to 80 % of this 
weight is suspended directly on wheelset. The higher share of unsprung masses increases then the 
level of dynamic effects between the vehicle and the track with all negative impacts on stability of 
geometric position of the track, stress of the superstructure and the vehicle running gear etc. 

In this paper, the new locomotive Class 744.0 CZ LOKO with a total weight of 80 t equipped with 
axle-mounted nose suspended traction drive is compared with an imaginary locomotive with fully 
suspended traction drive from the point of view of the dynamic interaction between the vehicle and the 
track. At various speeds from range of 80 up to 160 km/h, wheel forces as well as lateral wheelset 
accelerations were observed by means of computer simulations of vehicle run on straight tracks with 
various quality of the track geometry. The aim of this paper is to assess the differences between the 
dynamic behaviour of both mentioned conceptions of locomotive running gear. 

From the point of view of “vertical dynamics” (i.e. the dynamics of wheel forces), the simulation 
results show that the predominant factor for the force interaction between the vehicle and the track is 
the quality of the track geometry. The dynamic effects of the vehicle run increase with increasing 
speed; in case of worse quality of the track geometry, this increase is more significant. However, the 
difference between the locomotive equipped with nose-suspended traction motors and the locomotive 
with fully suspended traction drive is also significant. In case of worse quality of the track geometry, 
these differences are substantial at speeds higher than approximately 120 km/h, although for example 
the limit value of the maximum wheel force according to the EN 14363 was not exceeded in any case. 

From the point of view of “lateral dynamics”, the assessment is more complicated, because for 
example the stability of run of the vehicle at higher speeds could also have a certain influence. 
Performed assessment using the lateral acceleration of wheelset shows that the dominant influence on 
the dynamic behaviour has the quality of the track geometry, again. However, a certain difference 
between both considered conceptions of the locomotive also exists. From the mentioned reasons, 
a more detailed investigation of an influence of conception of the locomotive running gear on the 
stability of run will be performed in the next stage of research of the dynamic behaviour of the new 
locomotive Class 744.0. Besides that, a special attention will be also paid to the influence of unsprung 
masses in locomotive running gear on dynamic effects of the vehicle run through the switches. 
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Nowadays, a prototype of the new locomotive 744.001 is tested on tracks in the Czech Republic. 
Results of these tests will be used for validation and possible improvement of the dynamic model of 
this locomotive which is being developed in framework of co-operation of the company CZ LOKO, 
a.s. and the Jan Perner Transport Faculty of the University of Pardubice. 
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COMPENSATION OF IRREGULAR MOTION OF A MACHINE TOOL 
FEED DRIVE AXIS 

J. Moravec* 

Abstract: This contribution deals with the interaction of feed drive axes of NC machine tools, primarily 
focusing on the compensation of vibrations in the linear axis caused by a carried unbalanced rotating 
axis. These vibrations negatively influence both machining precision and surface quality. To suppress the 
effect of unbalanced mass, four compensators were designed as additive blocks supplementing the 
ordinary cascade control loop of the NC machine tool’s feed drive axis. The paper also includes results of 
an experimental verification of these methods, carried out on a test bed which is a simplified model of a 
real NC machine tool. 

Keywords:  Linear motor, Mass unbalance, Cascade loop. 

1. Úvod 

U pohybové osy NC obráb�cího stroje s p�ímým pohonem dochází k bezprost�ednímu p�sobení síly 
motoru na �ízenou hmotu (nap�. suport s obrobkem, unášená kolébka nebo oto�ný st�l). Oproti 
pohon�m nep�ímým (s mechanickým p�evodem) zde odpadá urychlování hmot mechanických 
p�evod�, a to vytvá�í p�edpoklad pro dosažení vyšších zrychlení �ízené hmoty. P�ímý pohon je ale více 
choulostivý na p�sobení vn�jších sil (�ezné síly, rázy, síly od nevývahy). Regulace je napadána p�ímo, 
bez ochranného efektu vložených p�evod� (vliv síly na regulaci se snižuje s kvadrátem vloženého 
p�evodu), a to vede ke snížení p�esnosti obráb�ní a zhoršení kvality obrobeného povrchu. Tento 
problém je výrazný zejména u pohybových os s p�ímými pohony, které unášejí nap�. oto�ný st�l s 
obrobkem, nebo kolébku. V p�ísp�vku p�edstavené metody kompenzace kmit� lineární osy vybuzené 
unášenou rota�ní osou s nevývahou jsou ov��eny na experimentálním stavu, který je zjednodušeným 
modelem pohybové osy NC obráb�cího stroje.         

     Lineární osa je �ízena kaskádn� uspo�ádaným regula�ním obvodem s proudovým (PI), rychlostním 
(PI) a polohovým (P) regulátorem. Dynamická poddajnost motoru (p�enos mezi výchylkou �ízené 
hmoty a vn�jší silou) podstatn� závisí na nastavení konstant regulátor� rychlosti a polohy. Nastavení 
regulace je ale omezeno, nap�. poddajnou mechanikou stroje. Pro další potla�ení vybuzených kmit� 
lineární osy je možné regula�ní obvod NC pohybové osy rozší�it o kompenza�ní bloky.  

Byly navrženy �ty�i metody kompenzace. T�i z metod jsou principiáln� podobné (proudová, 
rychlostní a polohová kompenzace). Kompenzátory vypo�ítávají budící sílu, p�evád�jí ji na signál s 
pot�ebnou dimenzí (proud, rychlost nebo poloha) a s pot�ebným fázovým p�edstihem jej p�i�ítají do 
regulace tak, aby motor p�sobil protisílou k poruchové síle od nevývahy. Pro nalad�ní t�chto 
kompenzátor� je nutné znát n�které v provozu obtížn� zjistitelné parametry (polohu, velikost 
nevývahy v��i lineární ose a vzdálenost jejího st�edu hmotnosti od osy rotace). Algoritmus �tvrté 
metody kompenzace p�ímo reaguje na vybuzené výchylky lineární osy a adaptivn�, bez p�ednastavení 
parametr� nevývahy, vypo�ítává amplitudu i fázi kompenza�ního signálu a p�i�ítá jej do polohové 
zp�tné vazby. 

Pro ov��ení efektu kompenzace v ustálených i p�echodových stavech byly kompenza�ní algoritmy 
experimentáln� testovány p�i konstantní i prom�nné úhlové rychlosti nevývahy a to p�i klidovém i 
pohybovém stavu lineární osy.    
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2. Interakce rota�ní a lineární osy 

Pohybová osa experimentálního stavu pohán�ná lineárním synchronním motorem s permanentními 
magnety (p�ímým pohonem) unáší prstencový motor s nevývahou, obr. 1. Rotace nevývahy vybuzuje 
kmity lineární osy. Pr�m�t výsledné síly od nevývahy do lineární osy lze popsat vztahem 

                                     � �2
x n nF(t) m r (t)sin (t) (t)cos (t)� � ) ) D D � D D

 
                                      (1) 

kde mn je hmotnost nevývahy, D(t) je nato�ení nevývahy a rn je vzdálenost st�edu hmotnosti 
nevyváženého rotoru od jeho osy rotace.  

Obr. 1: Experimentální stav pro kompenzaci 
interakce rota�ní a lineární osy 

Obr. 2: Schéma experimentálního stavu 

3.  Kompenzátory s pevn¡ nastavenými parametry 

Proudová kompenzace 

U synchronního motoru s permanentními magnety platí lineární vztah mezi proudem Isk a silou motoru 
Fmot 

                                                                   mot sk fF I K� )                                                            (2) 

kde Kf [N.A-1] je silová konstanta motoru. Frekven�ní p�enos mezi žádaným a skute�ným proudem 
motoru je pro frekvence odpovídající otá�kám nevývahy prakticky jednotkový. Pro externí sílu 
p�sobící na motor m�že být tedy snadno vypo�ítán proudový kompenza�ní signál a zaveden do 
proudové regula�ní smy�ky motoru. Známe-li okamžitou polohu a velikost nevývahy v��i lineární 
ose, tak proudový kompenza�ní signál vytvá�ející protisílu k rušivé síle od nevývahy je 

                                  � �2
k n n sk sk sk sk

f

1I (t) m r (t)sin (t) (t) cos (t)
K

� � ) ) ) �

 
D D D D                        (3) 

kde Dsk(t) je skute�né nato�ení nevývahy v��i lineární ose. P�i derivování skute�né polohy nevývahy 
(zm��ené zp�tnovazebním polohovým �idlem) ale vznikají problémy se zesílením šumu. Proto je 
skute�ná poloha nevývahy po�ítána z polohy žádané, šumem nezatížené. Ve výpo�tu pak musí být 
zohledn�n frekven�ní p�enos polohové regulace prstencového motoru. Ten je zde nahrazen filtrem 
prvního �ádu se shodným propustným pásmem fp. Jeho Laplace�v obraz je  

                                                         ki

p

1G (s) 1 s 1
2 f

�
�

�

                                                      (4) 

Laplace�v obraz skute�né polohy #sk(s) po�ítané z polohy žádané je dán sou�inem obraz� náhradního 
filtru Gki(s) a žádané polohy #zad(s) 

                                                             sk ki zad(s) G (s). (s)# � #                                                   (5) 

U rychlostní a polohové kompenzace je kompenza�ní signál zavád�n na vstup rychlostní, resp. 
polohové zp�tné vazby lineární osy. K vykompenzování vybuzené síly je zapot�ebí stejný proud jako u 
kompenzace proudové daný vztahem (3). Rychlostní nebo polohový kompenza�ní signál musí být do 
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regula�ního obvodu zavedeny s takovým p�edstihem a amplitudou, aby jejich proudový (silový) 
ú�inek v motoru kompenzoval práv� vybuzenou sílu od nevývahy. Laplace�v obraz vztahu (3) pro 
proudový kompenza�ní signál KI(s) musí být u rychlostního kompenzátoru násoben kauzální náhradou 
p�enosu mezi žádanou rychlostí a proudem GVI(s) a u polohového regulároru kauzální náhradou 
p�enosu mezi žádanou polohou a proudem GXI(s). Kompenza�ní signál pro rychlostní kompenzátor 
bude tedy 

                                                        � � � � � �R I VIK s ´ K s G s� )                                                            (6) 

a pro polohový kompenzátor 

                                                        � � � � � �X I XIK s ´ K s G s� )                                                            (7)  

Do p�enosových funkcí kompenzátor� je nutné p�ednastavit konstanty filtr� aproximujících náhradní 
p�enosy a dále hmotnostní parametry nevývahy a její polohy v��i lineární ose. Ur�ení t�chto 
parametr� je v praxi obtížné a jsou zatíženy chybami. Proto byla vyvinuta metoda, která vybuzené 
výchylky lineárního motoru kompenzuje adaptivn�, bez p�ednastaování jakýchkoli parametr�. 

4. Adaptivní kompenzace    

Adaptivní kompenzátor reaguje na vybuzené výchylky a nastavuje podle nich proporce 
kompenza�ního signálu xkomp tak, aby skute�né výchylky lineárního motoru xskut byly minimální. LMS 
algoritmus adaptivního filtru na zadané referen�ní frekvenci sou�asn� nastavuje amplitudu i fázi 
kompenza�ního signálu xkomp tak, aby byl co nejp�esn�jším odhadem harmonické složky vybuzené 
nevývahou a obsažené v polohové odchylce (x. Referen�ní frekvence je odvozena od otá�ek 
nevývahy. Frekven�ní p�enos G(s) zahrnuje p�enos motoru a jeho rychlostní regulace. Hodnota zp�tné 
vazby xzv je dána rozdílem 

                                                                     zv skut kompx x x� �                                                             (8) 

Pokud je žádaná hodnota polohy xzad=0 a pokud bude výstup filtru dokonalým odhadem frekven�ní 
složky vybuzené nevývahou na jeho vstupu (xkomp=(x) pak 

                                                    komp zad zv zv zvx x x x 0 x x( � � � � � � �                                         (9)    

                                                         skut zv komp zv zvx x x x x 0� � � � �                                             (10) 

Za výše uvedených p�edpoklad� jsou výchylky lineárního motoru vybuzené otá�ením nevývahy 
zcela vykompenzovány. V kompenzátoru se nastavuje pouze jediná konstanta, ovliv�ující konvergenci 
algoritmu. 

 

Obr. 3: Implementace kompenzátor¡ s pevn� nastavenými 
parametry do regula�ního obvodu lineárního motoru 

Obr. 4: Implementace adaptivního 
algoritmu do regula�ního obvodu 

lineárního motoru 

     

Moravec J. 891



 

5.  Experimentální ov¡�ení funkce kompenzátor¢ 

P�i experimentálním ov��ování kompenzátor� byl lineární i prstencový motor �ízen v polohové zp�tné 
vazb�. Nevývaha byla roztá�ena na konstantní úhlové rychlosti (rozb�h a brzd�ní pomocí s-funkce s 
definovaným ryvem). Byl sledován kompenza�ní efekt p�i klidové žádané poloze lineárního motoru a 
dále p�i jeho pohybu konstantní rychlostí (rozb�h a brzd�ní pomocí s-funkce s definovaným ryvem) a 
harmonickým pohybem. Výsledky experiment� jsou zachyceny na obr. 5 až obr. 8. 

Obr. 5: Polohová odchylka lineárního motoru p i 
jeho žádaném klidu a p i konstantní úhlové 

rychlosti nevývahy 

Obr. 6: Polohová odchylka lineárního motoru p i 
jeho žádaném klidu a p i m�nící se úhlové 

rychlosti nevývahy 

Obr. 7: Polohová odchylka lineárního motoru p i 
jeho pohybu konstantní rychlostí a p i konstantní 
úhlové rychlosti nevývahy (zbytkové vibrace ve 

vý ezu nesouvisí s otá�ením nevývahy) 

Obr. 8: Polohová odchylka lineárního motoru p i 
jeho harmonickém pohybu a p i konstantní 

úhlové rychlosti nevývahy 

6. Záv¡r 

Všechny kompenzátory snižují vybuzené výchylky lineárního motoru v p�echodových i ustálených 
stavech otá�ení nevývahy. Velmi výrazný je kompenza�ní efekt proudového, rychlostního a 
adaptivního kompenzátoru v ustálených stavech, vibrace jsou sníženy p�ibližn� 40-krát, a to na úrove� 
n�kolika inkrement� odm��ovacího pravítka, obr. 5, obr. 6. Polohový kompenzátor snižuje vybuzené 
výchylky p�ibližn� 5-krát. Nižší kompenza�ní efekt je zap�í�in�n chybou p�ibližného odhadu 
náhradního p�enosu mezi žádanou polohou a proudem. V p�echodových stavech mají nejvýrazn�jší 
efekt proudový a rychlostní kompenzátor. Kompenzátory snižují vybuzené výchylky i p�i pohybu 
lineárního motoru, obr. 7. P�i jeho harmonickém pohybu má nejvýrazn�jší kompenza�ní efekt 
adaptivní kompenzátor, který kompenzovanou harmonickou složku prakticky zcela potla�í, obr. 8.        
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COMPARISON OF APPROACHES TO PREVENTION OF INJURIES, 
ACCIDENTS AND INCIDENTS BETWEEN THE CZECH REPUBLIC 

AND RUSSIA  

L. Mukhametzianova*, L. Kotek** 

Abstract: Important aspects of the design of machinery are estimation of their risks and assessment of 
operator safety. This article compares legislation in the field of industrial safety, and prevention of 
injuries, accidents and incidents in the Czech Republic and Russia. Information from the article could be 
beneficial especially for Czech (or European) enterprises, which try to enter the Russian region markets.  

Keywords: Machinery, safety of machinery, risk assessment, prevention of accidents, pressing and 
forging. 

Introduction 

The development of legislation is important for industrial safety which regulates the minimum 
requirements for industrial processes. Currently, the safety of employees and nearby residents is 
considered one of the most important factors to be taken into account in any activities. 

Legislative requirements vary from state to state; in advanced countries they are based on the 
fundamental principle - the employer is responsible for health of workers. 

Industrial risks can be divided into several basic categories: physical hazards (employee is exposed to 
physical factors - temperature, pressure, forces, etc.), chemical hazards (effects of chemicals and 
chemical products) and ergonomic hazards resulting from the inappropriate interaction between the 
machinery equipment and human, or the impact of the working environment. 

Safety in industry is a broad term that can be applied in the following areas: 

•operation of machinery, 

•operation of equipment containing hazardous chemical substances and products, 

•operation of lifting equipment, 

•operation of pressure equipment, 

•operation of equipment for mining and processing of ores. 

Important trading partner of the Czech Republic and the EU (European Union) is Russia. According to 
data given on the website BusinessInfo.cz, import to Russia in 2010 increased by 47.4% to 140.0 
billion U.S. dollars compared to the same period of 2009.  A considerable part of the import consists 
of machinery, equipment and vehicles. Therefore it is important for both countries to know the 
requirements concerning safety in the industry. 

                                                 
*   Ing. Leisan Mukhametzianova : Institute of Production Machines, Systems and Robotics, Brno University of Technology, 
Street Technická 2896/2; 616 69, Brno; CZ, e-mail: leisan.muhamet@gmail.com 
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1. Legislation 

Prevention of accidents in the Czech Republic is regulated by legislation of European Union, as well 
as the specific legislation of the Czech Republic. In Russia there are federal laws that are in 
accordance with international laws (international treaties and conventions in particular with the 
European Union). In the Czech Republic there are the following laws and decrees relating to safety in 
industry: 

- Government Decree No. 176/2008 Coll. «On technical requirements for machinery (Revised 
European engineering direction 2006/42/ES) [1]; 

- Decree No. 48/1982 Coll. of Czech Agency for work’s safety, which contains the basic requirements 
to ensure safety of work and technical equipment [2]; 

- Law No. 59/2006 Coll. - The prevention of major accidents (Directive of European Parliament and 
the Council 2003/105/ED on the control of hazards of major accidents involving dangerous 
substances); 

- Decree No. 19/1979 Coll. - which determines some requirements for ensuring safety of the particular 
lifting equipment; 

- Government Decree No. 26/2003 Coll. – which determines technical requirements for pressure 
equipment; 

- Law No. 44/1988 Coll. – on mining and Law No. 61/1988 Coll. On mining, explosives and state 
mining administration;  

In Russia, these are the following laws and decrees: 

- Technical regulation on safety of machinery and equipment TR TC 010/2011 [3]; 

- Regulations on safety of machining equipment. POT RO-14000-002-98 [4]; 

- Federal Law of 30 November 2011 No. 366-FZ "About ratification of the Convention of Prevention 
of Major Industrial Accidents (Convention No 174)"; 

- Federal Law of 21 July 1997 No. 116-FZ "On work safety of hazardous machining equipment "; 

- Federal Law of 21 November 1995 No. 170-FZ "On the use of nuclear energy"; 

- Federal Law of 21 July 1997 No. 117-FZ "On safety of hydrostructures"; 

- Instructions for risk analysis of hazardous machining equipment (RC 03-418-01). 

Approaches to prevention of accidents for each industry are specific. This article will describe 
legislative requirements of the Czech Republic and Russia in the field of prevention of accident in the 
operation of machinery.  

 

2. Ensuring safety of machinery in the Czech Republic and Russia 

2.1 Ensuring safety of machinery relating to the design of machinery 

As early as a manufacturer designs machinery he has to define the parameters that ensure workers 
safety during assembling, dismantling, commissioning, as well as for self-dependent operation, and as 
part of technological systems in accordance with the requirements of operational documentation. 

Safety of machinery in the designing process in the Czech Republic and Russia provides: 

1) Identification of potential risks, such as: 

1. Risks of mechanical hazard: 

- Risk of loss of stability; 

- Risk of break-up during operation; 

- Risks due to falling or ejected objects; 

- Risks due to surfaces, edges and corners; 
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- Risks related to combined machinery; 

- Risks related to variations in operating conditions; 

- Risks related to moving parts; 

- Risks of uncontrolled movements; 

2. Risks associated with other hazards: 

- Electricity supply; 

- Static electricity; 

- Energy supply other than electricity; 

- Incorrect installation; 

- Extreme temperatures; 

- Fire; 

- Explosion; 

- Noise; 

- Vibration; 

- Radiation; 

- External radiation; 

- Laser radiation; 

- Emissions of hazardous materials and substances; 

- Risk of being trapped in a machine; 

- Risk of slipping, tripping or falling; 

- Lightning strike. 

2) Risk assessment - the machinery must be designed and constructed to take into account the results 
of risk assessment; 

In Russia and Czech Republic the acceptable risk for machinery is also determined. In case a degree of 
risk is higher than acceptable, it is necessary to adjust the machinery for reducing the risk. Provided 
this is not possible or not economicaly efficient, it is necessary to include into the instruction manual 
the information that restricts the conditions for using of equipment, or add a notice of additional 
requirement for safety measures. 

3) Determination of levels of physical factors (noise, infrasound, air and contact ultrasound, local and 
general vibration, electromagnetic fields) and the level of emission of hazardous and toxic substances 
to ensure a safe operation. 

4) Preparation of  the instruction manual - the manufacturer has to take into account not only the 
expected use of machinery but also any reasonable expectable use. The instruction manual has to 
notify of incorrect use of machinery.   

In case the machinery is intended to be used by unskilled operators, the text and adjustment of 
instruction manual must take into account the level of general education and the abilities to understand 
that can be reasonably expected from such operators. 

5) Consideration of ergonomic principles to reduce discomfort, fatigue and psychological stress of 
operators.  
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2.2 Ensuring safety of machinery during manufacturing, storage, transportation, use and 
disposal of machinery 

Safety of machinery in terms of manufacturing, storage, transportation, use and disposal in the Czech 
Republic and Russia, provides: 

1) Ensuring compliance with requirements on design and operational documentation; 

2) Testing of machinery according to project documentation; 

3) Risk assessment by manufacturer that is prior to launching and after overhaul; 

4) Produce of warning labels or marks to notify of danger; 

5) Use of safe materials and substances; 

6) Use of guards and protection devices; 

7) The information in the instruction manual to avoid misuse. In Russia the instruction manual also 
provides recommendations for safe disposal of equipment and its components. 

8) State control over compliance with safety requirements. 

2.3 Classification of machinery, safety requirements  

Safety requirements for specific groups, types, models of machinery are established taking into 
account the features of destination, productivity and operating conditions of equipment. There is 
machinery for: 

- Metalworking 

- Woodworking 

- Pressing and forging 

- Casting 

Table 1 shows a classification of machinery in the Czech Republic and Russia. 

Tab. 1: Classification of machinery in the Czech Republic and Russia. 
Machinery       Classification group of machinery 

     Czech Republic               Russia 

- Lathes  

Metalworking  Metalworking  

- Drilling machines  

- Grinding machines 

- Milling Machines 

- Planing and shaping machines 

- Saws machines 

- Grinding machines 

- Gear cutting machines  

 

     - Metalworking  

- Electroerosive machines 

- Electrochemical machines 

- Ultrasound machines 

- Automatic line 

- Metal Cutting Shears Punching and 
shearing 

Metalworking 

- Bending machines  Bending and      Metalworking  
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- Straightening machines straightening of the 
material 

- Forging hammers Forging by hammer Pressing and 
forging 

- Horizontal forging machines - Pressing and 
forging 

- Hydraulic presses Punching and 
shearing 

Pressing and 
forging 

- Mechanical drawing presses 

Punching and 
shearing - 

- Press brakes 
- Friction Screw Presses 
- Vulcanizing presses  
- Rotary drum curing presses 
- Platen printing, folding and slotting machines 
- Machinery for the preparation of molding materials 
and mixtures 

- Casting 

- Machines for casting into molds in shell 

Casting Casting 

- Equipment for casting to the models 

- Casting machines 

- Centrifugal casting machines 

- Casting equipment for working with ingot mold 

- Casting machines for blast furnaces 

- Complexly mechanized and automatic molding line 
for casting and molding - Casting 

- Moulding machines 

Forming of material Casting 
- Injection and blow molding machines 

-Sandcasting machines 

- Reversing machines 

- Machines for cleaning castings, and easing Releasing and 
cleaning castings Casting 

- Band sawing machines 
Woodworking Woodworking - Circular sawing machines 

- Planing machines  
- Vertical shapers machines 
- Thickening machines Woodworking - 

- Lathes - 
Woodworking - Grinding machines 

- Drilling and slotting machines 
- Tenoning machines 

 

In table 2 there are requirements for hydraulic presses in the Czech Republic and Russia. 
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Tab. 2: The requirements for hydraulic presses in the Czech Republic and Russia. 

Safety requirements Czech Republic Russia 

Pressure control 1. Press should be protected in 
each hydraulic circuit by 
manometer, which allows to 
control operating pressure. 
Hydraulic circuits should be 
protected by relief valves for 
prevention excess pressure. 

2. Presses driven by pressure from 
the central station should be 
protected by equipment to prevent 
a rapid pressure drop. 

1. In the accumulators, piping of each 
press should be manometers to 
control the pressure. 

2. Hydraulic equipments in all 
highest points should have valves to 
release air from fluid circuit, and in 
the lowest points – valves for descent 
of the working fluid. 

 

Movement of the 
piston 

1. Presses with vertical and 
horizontal movement of pressing 
piston should be protected by 
equipment to prevent undesired 
spontaneous movement due a 
leakage of pressure fluid at the 
reverse direction. 

2. In case of working stroke 
position of the pressing piston 
should be permitted. 

1. To prevent a rapid dropping or 
lifting of pressing piston with a 
sudden large liquid flow rate the 
main valve on the pipeline should be 
equipped with a device that 
automatically shut off flow of 
working fluid. 

2. In the case of rapid dropping of 
pressing piston to eliminate the 
impact of piston on the foundation 
should be buffers, wooden pillows, 
etc. 

3. The pressing piston should be 
covered by the hood, which should 
be closed with the catch. 

4. For the presses, which consist of 
several units, the position of pressing 
piston should be seen on each press 
and pump, or about position of piston 
should inform alarms. 

Press control 1. Press should be protected by 
device, which is possible at any 
time discontinue an operation, and 
with alarm, which notes that the 
press is in operation. 

2. Press should be protected by 
switch, which blocks 
press operation in case of transfer 
of material to the press platform. 

3. The design of the press should 
avoid sudden opening of the press. 

1. The piping should have safety 
valves or other similar devices for the 
prevention of hydraulic impact. 

2. Between pump and press should be 
lighting and acoustic alarm, 
interlocked with the triggering device 
of presses. 

 

Pump - 1. The pump should have a safety 
valve and turn off device. 
2. If there are a few pumps, should 
be the device which disconnects each 
pump separately. 
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Safety of workers 1. Worker should be protected 
from burning or scalding in case of 
open press; heating medium inlets 
should be covered that their failure 
or other damage avoids injury. 

2. In case of press operating the 
person shouldn’t to stay on the 
hopper or enter into it. 

3. The area of material immersion 
into the melting chamber should 
be protected to avoid injury done 
by steam blowing. 

4. Filling the hopper should 
eliminate putting hands into the 
screw and plunger injection. 

Manual and automatic systems 
shouldn’t disconnect such devices in 
case that outage of these devices 
leads to injury. 

Monitoring of safety - All parts of the press under the 
pressure of steam, air and liquid, 
periodically should by inspected and 
tested. 

 

3. Conclusion 

This article discusses legislation of the Czech Republic and Russia in the field of industrial safety. In 
particular, this article compares legislative requirements to ensure the safe operation of machines 
while their design, manufacture, storage, transportation, use and disposal. This article also deals with 
classification of machinery in the Czech Republic and Russia, in accordance to legislation. To describe 
the differences and similarities in the requirements of legislation, hydraulic press is chosen as an 
example. This article may be useful for Czech and European companies which wish to export their 
products to Russia, or move their production facilities. 
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METHOD FOR CONSTRAINED DESIGNS OF EXPERIMENTS IN
TWO DIMENSIONS

E. Myšáková∗, M. Lepš ∗∗

Abstract: This paper presents a new approach for generating a Design of Experiments in constrained and
non-regular two-dimensional spaces. The methodology is based on the triangulation of the admissible space
by Delaunay Triangulation method. Then, a heuristic smoothing method for generating uniform Finite
Element meshes within the triangulated space is applied to obtain uniformly spaced designs. Although not
100% reliable, the proposed method can produce superior designs to already known optimal solutions.

Keywords: Design of Experiments, constrained design spaces, non-regular design spaces, space-filling,
Delaunay triangulation.

1. Introduction

Space-Filling Design Strategies known as a Design of Experiments (DoE) constitute an essential part of
any experimentation. Our contribution is aimed at one particular domain of constrained design spaces.
The most frequent example is the case of a mixture experiment, where individual inputs form a unity
volume or unity weight (Montgomery, 2000, Chapter 11-5). This only condition leads to the simplex
space; further limits of individual inputs then form a polytope, still convex but generally irregular space.
Therefore, all traditional DoEs (Montgomery, 2000) that are constructed for hypercube spaces cannot be
applied here.

Although the problem is known for decades, the progress of methods for DoEs does not follow cur-
rent development within the area of computer experiments (Fang et al., 2006). The main difference be-
tween classical and modern DoEs is the number of samples where, for the latter, the hundreds of samples
is a usual scenario. Then, the classical approaches based on fixed small-sample templates (Cornell, 1973,
1979) cannot be used. Up-to-date, the authors have found only few references on DoEs in constrained
design spaces. References (Petelet et al., 2010) and (Fuerle and Sienz, 2011) apply traditional Latin
Hypercube (LH) designs to a bounding box followed by a Genetic Algorithm (GA) and hill-climbing
optimization algorithms, respectively, to fulfil original constraints. Here, the LH methodology is merely
used for minimization of the searched space than for nice properties of LH designs. Another approach is
presented in (Hofwing and Strömberg, 2010), where interesting points are found by a GA and then, the
final solution is located by sequential linear programming. The solution is in this case general, however,
the computational demands are enormous.

In this paper a different approach based on Delaunay triangulation (DT) of an admissible domain and
an utilization of nice properties of the Distmesh tool (DM) (Persson and Strang, 2004) is presented.
Our results will be compared to seven constrained examples in two dimensions presented in (Hofwing
and Strömberg, 2010), namely a placing of six design points in a triangle, parallelogram, pentagon,
hexagon, heptagon, octagon and a search for a position of twelve design points in an irregular hexagon,
see Fig. 1 for optima presented in (Hofwing and Strömberg, 2010).

The paper is organized as follows. Section 2 describes three frequent objective functions that are
used for comparison of space-filling designs and that will be used hereafter. For other measures and
their comparison, see reference (Janouchová and Kučerová, 2011). Next section is devoted to the short
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Fig. 1: Reference designs (Hofwing and Strömberg, 2010). Note that designs are created in a unitless
domain [−1, 1]× [−1, 1]; the real designs are created by linear transformation to user-specific bounds.

presentation of the methodology used in referencing paper (Hofwing and Strömberg, 2010) followed by
our approach in Section 4. Finally, the fifth section presents comparison and analysis of obtained results.

2. Objective functions

Since we are interested in space-filling properties, three most common objective functions are examined.
The first is Euclidean Maximin metric (EMM) (van Dam et al., 2009; Husslage, 2006) for its simplicity
and easiness in visualization. The EMM is the minimal distance out of all distances between any two
design points and is to be maximized:

EEMM = min{..., Lij , ...}, i = 1, ..., n; j = (i+ 1), ..., n , (1)

where n is the number of design points and Lij is the Euclidean distance between points i and j. From the
experiments point of view EMM expresses the worst case scenario of the closeness of two experiments.
Even for computer experiments the assumption that an evaluation is costly is still valid. Therefore, the
possible duplicity of two closed points remains a crucial task.

The second measure is Audze-Eglais objective function (AE) proposed by Audze and Eglais in (Au-
dze and Eglais, 1977). It is based on an analogy with a potential energy of the set of points. The points are
distributed uniformly when the potential energy EAE proportional to the inverse of the squared distances
among points is minimized, i.e.
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EAE =
n∑

i=1

n∑
j=i+1

1

L2
ij

. (2)

Since the objective is a sum of distances, it is not heavily disturbed by outliers from the potential
energy point of view. Therefore, such measure represents an average property of the set of points.

The third objective function is D-optimality (Dopt) proposed by Kirsten Smith in (Smith, 1918). We
minimize a negative value of a determinant of a linear information matrix Z, i.e.

EDopt = − det(ZTZ) ,where (3)

Z =

⎡⎢⎢⎢⎣
1 x11 x12
1 x21 x22
...

...
...

1 xn1 xn2

⎤⎥⎥⎥⎦ . (4)

3. Genetic algorithm (GA) based method

A hybrid optimization method has been proposed in (Hofwing and Strömberg, 2010) to solve irregular
DoE problems. It is based on the efficient combination of a Genetic Algorithm (GA) and a sequential
linear programming (SLP) methodology. Firstly, the GA is used to locate crude positions of individual
points and then, the SLP is applied to find nearest local optima. Particularly, a binary version of a GA
and an interior point method from Matlab is utilized. The primary objective function is the presented
D-optimality in its linear form. However, the global optima of such specified problem have duplicities,
i.e. few points share same positions. Although duplicities can be sometimes welcomed, here they are
assumed to be deficiencies of the particular designs. Therefore, the authors in (Hofwing and Strömberg,
2010) have applied Bayesian modification of an information matrix which is based on adding higher
order terms into the matrix Z. Particularly, examples from the referenced paper have been solved with
added quadratic terms. Note that some additional constant must be added to diagonal elements of (ZTZ)
to solve the singularity of the resulting matrix, see e.g. (DuMouchel and Jones, 1994) or (Janouchová
and Kučerová, 2011) for more details. Although this methodology is able to find optimal solutions, not
always they are global ones and also the computational demands are not low. Hence, a new method is
presented in the next section.

4. Method using Delaunay triangulation (DT) and Distmesh tool (DM)

A triangulation is a term suitable for 2D, generally it means the partition of the domain by simplexes.
Delaunay triangulation (DT) is the most popular triangulation method (Chen and Holst, 2011). It is
based on a convex hull of given points V describing the admissible domain, where the convex hull is the
smallest convex set containing all points in V . Then, DT triangulates the convex hull such that there is
no point of V inside the circumsphere of any simplex in the triangulation.

Because it is relatively simple to create DT and then compute a volume and other properties of
simplexes, see Appendix A, we have a rough estimation, how is the admissible region formed. An
example of utilizing such methodology has been firstly presented in (Crombecq et al., 2009) for regular
design spaces. We extended this idea for constrained design spaces by incorporating the Distmesh tool
(DM) (Persson and Strang, 2004).

In our method the domain described by corner vertices is triangulated by DT and the desired number
of random points is generated inside, see Fig. 2a). Each triangle will contain a portion of the required
number of samples based on a ratio of its volume to the total volume of the admissible space. Since
the floor command is used, the missing points to the total number of points are added to the biggest
simplex, see e.g. illustrative example in Fig. 2a), where smaller triangles get only two points, whereas the
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(a) Triangulation of the domain
with randomly generated points.

(b) Triangulation of random
points forming a truss-like
structure.

(c) The final design after the
application of the Distmesh
tool.

Fig. 2: The generation of a uniform mesh from randomly generated points.

(a) EMM

(b) AE

(c) Dopt

Fig. 3: The comparison of the DM tool and the referenced algorithm (Hofwing and Strömberg, 2010) for
three objectives; the vertical axis is the percentage of success (the bigger area, the better method), the
horizontal axis stems for 7 individual examples (triangle, parallelogram, pentagon, hexagon, heptagon,
octagon, irregular hexagon). Key: Red color = DM tool, Green color = referenced algorithm.

biggest triangle three plus three remaining. And again, since the computation of the simplexes’ volumes
is simple, see Appendix A, the procedure is very fast.

Then the DM tool is applied. The Distmesh tool is a heuristic smoothing algorithm for generating
uniform meshes (Chen and Holst, 2011). It is well-known that the most uniform meshes for the Finite
Element Method (FEM) are characterized with uniformly spaced nodes (but not vice-versa!). Therefore,
we have tried utilized this nice property of the DM tool. The DM is based on a simple dynamical system
of expanding pin-jointed structure, here characterized by the second mesh, see Fig. 2b). Those trusses
that are too short are causing repulsive forces that move the too close nodes apart, see Fig. 2c) for the
final solution. The main disadvantage apart from high computational demands is the need to return nodes
that leave the prescribed admissible domain. The DM offers solutions for basic entities, polygon used in
our computations is one of them, see the original paper (Persson and Strang, 2004) for more details.
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Fig. 4: Red points stems for the resulting design points from all 100 runs of the DM tool, green points
are reference designs (Hofwing and Strömberg, 2010).

5. Results

The proposed procedure has been run one hundred times for the sake of statistics. However, the refer-
enced paper (Hofwing and Strömberg, 2010) has only one value from one run, therefore the comparison
of these two algorithms will not be precise. The detailed results for each solved example (triangle,
parallelogram, pentagon, hexagon, heptagon, octagon, irregular hexagon) are presented in Tabs. 1–7 in
Appendix B in the barchart form along with the visualization of the best and the worst designs of our
procedure. The best designs for referenced procedure are already presented in Fig. 1. Figure 3 shows
the relative winning score (RWS)† (Nosek and Lepš, 2011) for our method and the algorithm presented
in (Hofwing and Strömberg, 2010). The RWS is a statistic of 100 runs divided into ones with better
results than reference values and ones with worse. We can see that our method clearly wins in EMM and
AE objectives, i.e. has attained a bigger area. The RWS comparison is used to save the space, for more
detailed analysis see Figs. 6–7 in Appendix C, where the boxplot results of all hundred runs are shown.
Last but not least, Fig. 4 shows the resulting design points from all hundred runs of our method on solved
examples. Note that in several examples the local optima are created by rotating the optimal position of
points around the center point.

Since the reference algorithm was optimized for Dopt objective function, it is not surprising that it
wins in this objective, but not predominantly. In all but last example our methodology was able to find a

†Note that RWS graphs are plotted by Merlin Statistical Software for Microsoft Excel http://www.heckgrammar.
kirklees.sch.uk/index.php?p=10310, particularly the Mosaic Plot has been used.
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Fig. 5: Comparison of designs for Example 1 (triangle and 6 design points). Left picture shows the
reference design (Dopt = -50.0598), right picture shows the design generated by the new method with
the best result in the Dopt objective function (Dopt = -53.0001). Lower value is better.

superior solution even for the Dopt objective. Such situation is depicted in Fig. 5, where our solution (on
right) attains a better Dopt value. The reason is probably in the added terms of Bayesian updating that
does not allow the reference procedure to find the global optimum.

Since the codes have not been deeply optimized from implementation point of view, the analysis of
computational demands cannot be rigorously done. However, we can state general requirements of the
proposed method. The random generator used for the creation of the random points before applying the
DM tool is very fast with no optimization cycle. The DM tool is the most demanding one. There is
several Delaunay triangulations inside the loop of the Distmesh tool that are needed to preserve the inner
structure to be physically consistent. And still, as is visible from the EMM performance, the Distmesh
has problems with the quality of the boundary surface mesh, see also the discussion e.g. in (Chen and
Holst, 2011).

6. Conclusions

The Design of Experiments for constrained spaces and computer experiments is relatively new and unex-
plored area. The constraints complicates the application of all contemporary DoE algorithms for regular
design spaces. The presented paper is a pioneering work that brings a new methods and unpublished
results. It is important to note that the presented method is independent on the number of dimensions
as long as the procedure of returning points lying outside the prescribed domain in higher dimensions is
provided. Using DT we are able to apply the DM tool on any irregular domain in N-dimensional space.
Only the computational demands can limit the application in higher dimensions.
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A Computation of simplex volume

Because we know the coordinates of simplex vertices, we use the formula which requires these (and only
these) inputs (MathPages, 2011).

The computation of a volume of a simplex in 2D (3 vertices):

V2 =
1

2!

∣∣∣∣∣∣
1 x1(1) x2(1)
1 x1(2) x2(2)
1 x1(3) x2(3)

∣∣∣∣∣∣
The computation of a volume of a simplex in 3D (4 vertices):

V3 =
1

3!

∣∣∣∣∣∣∣∣
1 x1(1) x2(1) x3(1)
1 x1(2) x2(2) x3(2)
1 x1(3) x2(3) x3(3)
1 x1(4) x2(4) x3(4)

∣∣∣∣∣∣∣∣
The computation of a volume of a simplex in nD (n+ 1 vertices):

Vn =
1

n!

∣∣∣∣∣∣∣∣∣
1 x1(1) x2(1) . . . . . . xn(1)
1 x1(2) x2(2) . . . . . . xn(2)
...

...
...

...
...

...
1 x1(n+1) x2(n+1) . . . . . . xn(n+1)

∣∣∣∣∣∣∣∣∣
In the notation xa(b) a is a variable (dimension) and b is a design point.
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B Results for seven individual examples

Legend for Tables 1-7: The results of 100 runs of the DM tool for 7 examples. The first row shows the
results of the EMM metric (higher is better), the second row shows the results of the AE metric (lower
is better) and the third row shows the results of the Dopt objective (lower is better). The first column
presents the barcharts of results of the selected objective over those 100 runs. The second column shows
the best and the third column shows the worst designs according to the selected objective function,
respectively. Green dash line is a reference value taken from (Hofwing and Strömberg, 2010), green
points show reference designs.
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Tab. 1: Example 1 (triangle and 6 design points).
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Tab. 2: Example 2 (parallelogram and 6 design points).
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Tab. 3: Example 3 (pentagon and 6 design points).
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Tab. 4: Example 4 (hexagon and 6 design points).
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Tab. 5: Example 5 (heptagon and 6 design points).
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Tab. 6: Example 6 (octagon and 6 design points).
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Tab. 7: Example 7 (irregular hexagon and 12 design points).
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C Boxplot results
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Fig. 6: The boxplots of results for 7 individual examples (triangle, parallelogram, pentagon, hexagon,
heptagon, octagon, irregular hexagon) and three objective functions. Black dash lines are reference
values taken from (Hofwing and Strömberg, 2010).
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Fig. 7: The boxplots of results for 7 individual examples (triangle, parallelogram, pentagon, hexagon,
heptagon, octagon, irregular hexagon) and three objective functions. Values are normalized. Black dash
line is a reference value taken from (Hofwing and Strömberg, 2010).
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GENERALIZED LINEAR MODEL WITH AERO-ELASTIC
FORCES VARIABLE IN FREQUENCY AND TIME DOMAINS

J. Náprstek, S. Pospı́šil 1

Abstract: Behavior of slender aero-elastic systems in a sub-critical domain including position of the low-
est critical state is commonly investigated using double degree of freedom (DDOF) linear model. The most
frequently used are neutral models treating aero-elastic forces as certain constants corresponding to system
parameters and stream velocity. Although this approach is working well, it shows a number of shortcom-
ings. For this reason modeling by flutter derivatives or indicial functions has been launched. However,
these two groups of models have been developed separately one from each other. It seems they are rather
isolated until now. Moreover they mostly suffer from various gaps in mathematical formulations and further
treatment. The paper tries to put all three groups together on one common basis and to demonstrate linkage
of them. This approach allows formulate more sophisticated models combining main aspects of all groups
in question keeping the DDOF basis. These models correspond by far better to results of wind channel and
full scale measurements.

Keywords: Flutter derivatives, Indicial functions, Non-symmetric systems, Dynamic stability.

1. Introduction
Slender prismatic structures exhibited to strong dynamic wind effects (bridge decks, towers, chimneys,
etc.) are frequently analyzed using a double degree of freedom (DDOF) linear model working with
heaving and torsional components of a cross-section, see e.g. Bartoli & Righi (2006). This aero-elastic
model is often adequate to study the system response until the first critical state is reached. Relevant
mathematical models appearing in literature differ in principle by way of composition of aero-elastic
forces. This criterion enables to sort them roughly in three groups. The first group can be possibly called
neutral models - aero-elastic forces are introduced as suitable constants independent from excitation
frequency and time. The second one involves flutter derivatives - they respect the frequency dependence
of aero-elastic forces, see Scanlan & Tomko (1971).

Finally the third is working with indicial functions - they are defined as kernels of convolution inte-
grals formulating aero-elastic forces as functions of time, see Wagner (1929), Küssner (1954), Garrick
(1938) and Scanlan, Beliveau & Budlong (1974). Second and third groups have been developing sep-
arately from each other and seem to be isolated until now, see ? and Costa et al. (2007) for example.
Moreover they mostly suffer from various gaps in mathematical formulations and further treatment. The
paper tries to put all three groups together on one common basis and to demonstrate linkage of them.
This approach allows formulate more sophisticated models combining main aspects of all groups keep-
ing the DDOF basis. These models correspond by far better to results of wind channel and full scale
measurements and seem to be very promising for the future investigation and practical applications.

For purposes of this study the bridge girder is considered as axially symmetric or almost symmetric
with possible response components in heave u (vertical direction) and pitch ϕ (rotation around S point).
An outline can be seen in Fig.1. In principle all types of above models have been investigating many
years. Each of them has its advantages and shortcomings. However most of them suffer very often from
mathematical gaps preventing their generalization and synthesis on formal basis in order to identify some
special phenomena remaining hidden when dealing with heuristic approaches only. Let us characterize
now briefly the groups of models mentioned above in forthcoming parts.

1 Ing. Jiřı́ Náprstek, DrSc., Doc.Ing. Stanislav Pospı́šil, PhD.
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2. Neutral models
Neutral models are relatively the most simple and enable to provide many results analytically in a form of
closed solution. These models have been extensively studied for instance in Pospı́šil & Náprstek (2011).

Although there exist many versions of a basic formulation,
in principle the most general model of neutral type can be
expressed in the form:

ü+ bm · u̇− hq · ϕ̇+ ω2
u · u− p · ϕ = 0

ϕ̈+ q · u̇+ bI · ϕ̇+ gp · u+ ω2
ϕ · ϕ = 0

(1)

where we have denoted: ω2
u, ω

2
ϕ− total eigen-frequencies

in relevant components including stiffness and aero-elastic
components; bm, bI− total damping parameters including
internal structural damping and aero-elastic contribution;
q[(ms)−1] or p[m · s−2] gyroscopic or non-conservative
forces of aero-elastic origin respectively; g[m−2], h[m2]
auxiliary constants serving for dimensional compatibility
of the above equations (they can be regarded as certain
characteristics of the cross-section).

Fig. 1: Schematic DDOF model of
a bridge symmetric cross-section under
wind loading.

Parameters q, p in general don’t include any static components which follow from elastic properties
of the system itself, they consist only of aero-elastic terms vanishing for zero velocity of the air stream.
So for stream velocity V = 0, the system (1) degenerates in two independent equations.

The main tool for stability investigation is, together with the system (1), its characteristic equation:

D = λ4 + λ3(bm + bI) + λ2(ω2
u + ω2

ϕ + bmbI + hq2)+
+λ(ω2

ubI + ω2
ϕbm + (1 + gh)pq) + ω2

uω
2
ϕ + gp2 = 0

(2)

The resulting characteristic equation represents annuled polynomial of the fourth order (n = 4) with
roots λ1, λ2, λ3 and λ4. The trivial solution of system (1) is stable only if a real part of all four roots is
negative. In other words, stability limits are given by conditions:

Re(λi) = 0, i ∈ (1, . . . , 4) (3)

Consequently, the trivial solution of system (1) is stable in a domain representing an intersection of
sub-domains Re(λi) < 0, i ∈ (1, . . . , 4).

The system (1) and the characteristic equation (2) can provide a lot of information regarding motion
stability, critical velocities Vcrit, system response on stability limits, etc. Consequently, it enables to
predict flutter/divergence onset velocity as well as to estimate their shapes in a particular case. However
aero-elastic coefficients in Eqs (1) are introduced as constants corresponding to certain conditions ruling
around the cross-section. Anyway, these coefficients are functions of V and ω, and therefore some
iterative process should follow balancing these effects in order to harmonize velocity V with velocity
Vcrit. Despite these shortcomings the applicability of neutral models is quite wide if the variability of the
aero-elastic terms is approximately linear. Otherwise one of more sophisticated models should be used,
as we will see in next two parts.

Strategy of the stability investigation can be based on Routh-Hurwitz inspection of Eq. (2). The
detailed analysis and relevant results can be found e.g. in Náprstek & Pospı́šil (2001), Náprstek, J.
(2007). The most important types of aero-elastic stability loss (flutter and divergence) and their possible
interactions are there given together with the conditions of their existence.

3. Models with flutter derivatives
Flutter derivatives have been introduced many years ago, see for instance Theodorsen (1935) and more
recently Poulsen, Damsgaard & Reinhold (1992). Their various aspects have been investigated exten-
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sively for a long time in the aircraft, civil and other branches of engineering. They have been introduced
as functions in the frequency domain related to a particular cross-section without any link with other
system parameters (inertia, elastic stiffness, internal damping). Nevertheless they can be understood as
a certain extension of the damping and stiffness matrix elements. Flutter derivatives can be interpreted
as amplitudes Q or M of the heaving forces or the pitching moments, respectively, which should reach
a unit amplitude of one response component under harmonic external kinematic excitation, while re-
maining components are kept zero in the same time. Thus the flutter derivatives are the dimensionless
functions of the excitation frequency ω, stream velocity V and geometric characteristic of the cross-
section B [m]. They are combined in one dimensionless argument κ = Bω/V . So the basic relations
between kinematic and force components can be roughly outlined:

u̇ u ϕ̇ ϕ
Q : H1(κ) H4(κ) H2(κ) H3(κ)
M : A1(κ) A4(κ) A2(κ) A3(κ)

Q : A11(κ) A12(κ) A13(κ) A14(κ)
M : A21(κ) A22(κ) A23(κ) A24(κ)

; κ =
Bω

V
(4)

where following notation has been introduced: Hi(κ) or Ai(κ) - amplitudes of flutter derivatives cor-
responding to heaving forces Q or pitching moments M amplitudes due to individual sets of unit kine-
matic harmonic excitations of a proper cross-section in an aerodynamic tunnel (notation and indexing
corresponds to literature referenced); Aij(κ) - alternative notification of flutter derivatives assigned with
respect to the table in Eq. (4);

Since we try to write down final formulae of Q or M amplitudes, there appear expressions of the
type κA11(κ) · u̇(t), κA23(κ) · ϕ̇(t), etc. They are to see everywhere since classical until contemporary
literature, e.g. [Scanlan] and many others. However, they are inconsistent mixing both frequency and
time variables together. Subsequent integral transform would be unapplicable. Therefore respecting
harmonic regime of the flutter derivatives (functions of ω) also displacements u(t), ϕ(t) and their time
derivatives should be expressed correspondingly, for instance in the form of their Fourier transform. It
means in particular as iωU,U, iωΦ,Φ. So that with reference to notification (4) the heaving and pitching
aero-elastic forces in the frequency domain can be written as follows:

Q(ω) = μmV 2 ( iωB
V κA11 + κ2A12) U + μmV 2( iωB2

V κA13 + κ2BA14) Φ, μm = �/m

M(ω) = μIV
2B2 ( iω

V κA21 +
1
Bκ2BA22) U + μIV

2B2( iωB
V κA23 + κ2A24) Φ, μI = 2�/I

(5)

where m or I are a mass or mass inertia moment of the vibrating body and � is a specific mass of the air.

Fig. 2: Outline of flutter derivatives; rectangular cross-section, ratio 1:5; position of A11−A24 pictures
correspond with table in Eq. (4).
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The definition itself of flutter derivatives apparently implicates that they can serve only to develop a
linear mathematical model as their application is based on the superposition principle. Flutter derivatives
can be incorporate into the governing equations of type (1) only if these equations are expressed in the
frequency domain. Hence the system (1) should be written in a form of the two-way Laplace transform
(integration t ∈ (−∞,+∞)) to unify the basis of individual parts. Transformation exists if the system
is stable and therefore influence of initial conditions disappear with increasing time. It means, however,
that only steady state problems with explicit frequency ω = −iλ can be investigated. Finally we write
the complete system in the frequency domain, so that it has a character of an algebraic (unknowns U, Φ)
system:

Q :

M :

∣∣∣∣∣∣∣∣
λ2 + λ · (bm + μmV B · κA11) + (ω2

u + μmV 2 · κ2A12) ;
λ · μmV B2 · κA13 + μmV 2B · κ2A14

λ · μIV B2 · κA21 + μIV
2B · κ2A22 ;

λ2 + λ · (bI + μIV B3 · κA23) + (ω2
ϕ + μIV

2B2 · κ2A24)

∣∣∣∣∣∣∣∣ ·
∣∣∣∣∣∣
U

Φ

∣∣∣∣∣∣ =

∣∣∣∣∣∣
0

0

∣∣∣∣∣∣ (6)

The shape of flutter derivatives for the rectangular cross-section as they are plotted in Fig. 2 is commonly
accepted. Let us go briefly through individual graphs in this figure. It can be observed that functions Aij

related with u̇, ϕ̇ are odd functions, while those related to u, ϕ are even with respect to the vertical axis.
Indeed this fact can be shown also theoretically using Theodorsen functions, see Theodorsen (1935).
Looking through Fig. 2, it is obvious that the courses of individual Aij are not ”dramatic”. Hence with
respect to the interval length needed on the 1/κ axis, only the first and the second terms of the odd
or even polynomial expansions seems to be satisfactory to characterize Aij in equations (6). Thus for
instance:

A11 ≈ a11
1

κ
+ b11

1

κ3
, A12 ≈ a12

1

κ2
+ b12

1

κ4
, etc. (7)

where aij and bij are relevant dimensionless coefficients of the polynomial expansion. These coefficients
can be obtained fitting relevant polynomials into experimental results.

Let us note that function values of A12 and A22 are markedly small. Indeed, dealing with a symmet-
rical cross-section and supposing perfectly uniform stream velocity in a wind tunnel, functions A12 and
A22 should vanish identically. Their non-zero values presented in Fig. 2 are most probably the results of
imperfections ruling in experiments. Despite this fact, these terms have been included to keep theoretical
consistency of relevant matrices (many papers omit those and work with six derivatives only).

Let us introduce polynomial expansions Eqs (7) into Eqs (6). Being aware that ω2 = λ2, one obtains
a modified system:

Q :

M :

∣∣∣∣∣∣ q11, q12

q21, q22

∣∣∣∣∣∣ ·
∣∣∣∣∣∣ UΦ

∣∣∣∣∣∣ =

∣∣∣∣∣∣ 0

0

∣∣∣∣∣∣ (8)

q11 = (λ2 + λ(bm + μmV Ba11) + (ω2
u + μmV 2a12))− μm( 1λ

V 3

B b11 +
1
λ2

V 4

B2 b12) ,

q12 = (λμmV B2a13 + μmV 2Ba14)− μm( 1λV
3b13 +

1
λ2

V 4

B b14) ,

q21 = (λμIV B2a21 + μIV
2Ba22)− μI(

1
λV

3b21 +
1
λ2

V 4

B b22) ,

q22 = (λ2 + λ(bI + μIV B3a23) + (ω2
ϕ + μIV

2B2a24))− μI(
1
λV

3Bb23 +
1
λ2V

4b24) .

(9)

The neutral models following Eqs (1) include system parameters, which implicitly incorporate the influ-
ence of surrounding air, for instance bm = bm,syst + bm,air, etc. Depending on a strategy of a particular
analysis the additional part bm,air is subsequently considered as a function of the stream velocity V , but
any relation with the frequency ω is always omitted. Anyway, terms containing coefficients aij in Eqs
(9) can be considered as a certain ”first approximation”, e.g. bm,air = μmV Ca11, ω2

u,air = μmV 2a12,
etc. So that respecting terms with aij , one obtains result analogous with the neutral model Eqs (1), where
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the dependence on the stream velocity V is obvious approaching zero with V → 0. It is apparent, see
Fig. 2, that aij can be positive or negative. Therefore introduction of terms with aij can result (on the
level of the ”first approximation”) in an increase or a decrease of effective system parameters due to the
aero-elastic effects. In particular non-conservative and gyroscopic character of the system follows solely
from these terms as the system itself doesn’t contain extra-diagonal elements. Non-symmetric character
of the system results from character of aij signs:

a13 < 0, a14 < 0, a21 > 0, a22 > 0 (10)

and therefore symbolical link of some coefficients in Eqs (1) and elements specified in Eqs (9) can be
written:

−p = μmV 2Ba14 < 0, g = μIa22/μma14 < 0, gp = μIV
2Ba22 > 0,

q = μIV B2a21 > 0, h = μma13/μIa21 < 0, −hq = μmV B2a13 < 0.
(11)

Coefficients bij represent the most simple quantification of the frequency ω influence within aero-elastic
forces, see Eqs (9). Looking over Fig. 2 we can see, that the second terms in expansions Eqs (7)
arithmetized by coefficients bij can be considered significantly smaller especially for rising ω.

In order to inspect the primary form of the differential system, let us make an inverse transform of
Eqs (8), (9) back to the time domain. After tedious manipulation, the differential system including the
influence of the flutter derivatives on the level of approximation Eqs (7) can be written as follows:

ü +bm(u̇− η2β11
t∫

−∞
u(τ)dτ)− hq(ϕ̇− η2β13

t∫
−∞

ϕ(τ)dτ)

+ω2
u(u− η2β12

t∫
−∞

(t− τ)u(τ)dτ)− p(−η2β14
t∫

−∞
(t− τ)ϕ(τ)dτ) = 0

ϕ̈ +q(u̇− η2β21
t∫

−∞
u(τ)dτ) + bI(ϕ̇− η2β23

t∫
−∞

ϕ(τ)dτ)

+gp(u̇− η2β22
t∫

−∞
(t− τ)ϕ(τ)dτ) + ω2

ϕ(ϕ− η2β24
t∫

−∞
(t− τ)ϕ(τ)dτ) = 0

(12)

Both of the systems (8), (12) can be immediately used for further investigation. The system (12) is an
extension of (1). It demonstrates memory properties due to convolution integrals. In principle the inte-
grals could be avoided differentiating twice both equations of the system. However resulting equations
of the fourth order are less suitable for further analysis than the form of Eqs (12). Especially stability of
the numerical solution of Eqs (12) is far better.

Nevertheless, let us focus to a main tool of the dynamic stability analysis. It follows from the system
(8) representing a condition of its zero determinant. Provided the matrix of the system Eq. (8) is multi-
plied by a factor λ2, the condition of the stability gets a form of the characteristic equation of the eight
degree of the parameter λ:

a0λ
8 + a1λ

7 + a2λ
6 + a3λ

5 + a4λ
4 + a5λ

3 + a6λ
2 + a7λ+ a8 = 0 (13)

a0 = 1 , (a)

a1 = (bm + bI) + (μmV Ba11 + μIV B3a23) , (b)

a2 = (ω2
u + ω2

ϕ + bmbI) + (μmV 2a12 + μIV
2B2a24 + bmμIV B3a23 + bIμmV Ba11 (c)

+μmμIV
2B4(a11a23 − a13a21)) ,

a3 = bmω2
ϕ + bIω

2
u + μmω2

ϕV Ba11 + μIω
2
uV B3a23 + μIbmV 2B2a24 + μmbIV

2a12 (d)
+μmμIV

3B3(a11a24 + a12a23 − a13a22 − a14a21)

−μIV
3Bb23 − μm

V 3

B b11 ,

(14)
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a4 = ω2
uω

2
ϕ + μmω2

ϕV
2a12 + μIω

2
uV

2B2a24 + μmμIV
4B2(a12a24 − a14a22) (e)

+μmμIV
4B2(−a23b11 − a11b23 + a21b13 + a13b21)

−μIbmV 3Bb23 − μmbI
V 3

B b11 − μIV
4b24 − μm

V 4

B2 b12 ,

a5 = μmμIV
5B(−a11b24 − a23b12 − a12b23 − a24b11 (f)

+a14b21 + a22b13 + a13b22 + a21b14)

−μIbmV 4b24 − μmbI
V 4

B2 b12 − μIω
2
uV

3Bb23 − μmω2
ϕ
V 3

B b11 ,

a6 = μmμIV
6(−a12b24 − a24b12 + a14b22 + a22b14) (g)

−μIω
2
uV

4b24 − μmω2
ϕ
V 4

B2 b12 + μmμIV
6(b11b23 − b21b13) ,

a7 = μmμI
V 7

B (−b14b21 − b13b22 + b11b24 + b12b23) , (h)

a8 = μmμI
V 8

B2 (b12b24 − b14b22) . (i)

As it has been mentioned terms containing bij are relatively small and represent a certain ”correction”
of the main part which is given by terms with aij . Moreover bij related with u̇, u are even significantly
smaller than those related with ϕ̇, ϕ. So it can be put approximately: b11 ≈ 0, b12 ≈ 0, b21 ≈ 0, b22 ≈
0. Therefore in Eqs (14) coefficients a7, a8 = 0 and a3 − a6 get simpler. Roots λ7, λ8 �= 0 and hence
the remaining part of the characteristic equation Eq. (13) can be divided by λ2. Finally the degree of
the characteristic equation drops from eight to six. Thus let us rewrite this one together with simplified
coefficients a0 − a6:

a0λ
6 + a1λ

5 + a2λ
4 + a3λ

3 + a4λ
2 + a5λ+ a6 = 0 (15)

a0 = 1 , (a)

a1 = (bm + bI) + (μmV Ba11 + μIV B3a23) , (b)

a2 = (ω2
u + ω2

ϕ + bmbI) + (μmV 2a12 + μIV
2B2a24 + bmμIV B3a23 + bIμmV Ba11 (c)

+μmμIV
2B4(a11a23 − a13a21)) ,

a3 = bmω2
ϕ + bIω

2
u + μmω2

ϕV Ba11 + μIω
2
uV B3a23 + μIbmV 2B2a24 + μmbIV

2a12 (d)
+μmμIV

3B3(a11a24 + a12a23 − a13a22 − a14a21)− μIV
3Bb23 ,

a4 = ω2
uω

2
ϕ + μmω2

ϕV
2a12 + μIω

2
uV

2B2a24 + μmμIV
4B2(a12a24 − a14a22) (e)

+μmμIV
4B2(−a11b23 + a21b13)− μIbmV 3Bb23 − μIV

4b24 ,

a5 = μmμIV
5B(−a11b24 − a12b23 + a22b13 + a21b14) (f)

−μIbmV 4b24 − μIω
2
uV

3Bb23 ,

a6 = μmμIV
6(−a12b24 + a22b14)− μIω

2
uV

4b24 . (g)

(16)

Although Eq. (15) is approximate only, it is obvious that higher degree of the stream velocity influence
is focused rather on the rotating component and its velocity: ϕ, ϕ̇, while heaving component and its
velocity corresponds rather with the neutral model in Eqs (1). The structure of Eqs (16) suggests some
more possible simplifications canceling remaining bij . Such step would lead to full analogy with the
neutral model (1).

4. Generalized Routh-Hurwitz method
Dynamic stability of MDOF systems is closely related with eigen values of the characteristic matrix.
If their real parts are all negative, the system is stable. To carry-out a general and careful analysis,
a strategy based on an inspection of the characteristic polynomial P (λ) is preferable. In such a case
properties of the characteristic matrix are reflected in polynomial roots. So that limits separating their
negative and positive real part values should be found. A large group of methods for searching these
limits is based on properties of the Hurwitz matrix H ∈ Rn×n and its diagonal sub-determinants. Then
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the basic principle requests that all diagonal sub-determinants should be positive. Thus zero value of sub-
determinants indicate individual stability limits. Here only a technique of this procedure will be outlined.
For a rigorous mathematical proof, see monographs, i.e. Gantmacher (1966). Following scheme can be
outlined:

P (λ) = a0λ
n + a1λ

n−1 + a2λ
n−2 + . . .+ an−1λ+ an (17)

H =

∥∥∥∥∥∥∥∥∥∥∥∥∥∥

a1, a3, a5 , . . . , a2n−1

a0, a2, a4 , . . . , a2n−2

0, a1, a3 , . . . , a2n−3

0, a0, a2 , . . . , a2n−4

0, 0, a1 , . . . , a2n−5

. . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . .

∥∥∥∥∥∥∥∥∥∥∥∥∥∥
;

a2k+1 = 0; k > (n− 1)/2

a2k = 0; k > n/2
(18)

In other words, elements of the 1st row are coefficients of the odd powers λ completed with zeroes in the
right part of the row. Similarly the 2nd row consists of coefficients of the even powers λ. The 3rd and
4th rows correspond with 1st and 2nd rows being shifted one element to the right. Similarly 5th and 6th
rows, etc., as far as the last non-zero element a2k+1 or a2k reaches right boundary of the row.

In order to facilitate and make more transparent the sub-determinants evaluation, the matrix H is
subjected now to triangulation using the Routh algorithm (remembers the Gauss elimination process).
In the first step: The odd rows remain intact. From the even rows are deducted the respective odd rows
multiplied by the factor a0/a1. Further steps are analogous until the (n − 1)th step is done. The whole
process can outlined as follows:

H(1) =

∥∥∥∥∥∥∥∥∥∥∥∥∥∥

a1, a3, a5, a7, . . . , a2n−1

0, b1, b3, b5, . . . , b2n−3

0, a1, a3, a5, . . . , a2n−3

0, 0, b1, b3, . . . , b2n−5

0, 0, a1, a3, . . . , a2n−5

. . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . .

∥∥∥∥∥∥∥∥∥∥∥∥∥∥
=⇒ . . . H(n−1) =

∥∥∥∥∥∥∥∥∥∥∥∥∥∥

a1, a3, a5, a7, . . .
0, b1, b3, b5, . . .
0, 0, c1, c3, . . .
0, 0, 0, d1, . . .
0, 0, 0, 0, . . .
. . . . . . . . . . . . . . . . . .
. . . . . . . . . . . . . . . . . .

∥∥∥∥∥∥∥∥∥∥∥∥∥∥
(19)

where in H(1) has been denoted: b1 = a2 − a3 · a0/a1, b3 = a4 − a5 · a0/a1, etc. The matrix H(n−1)

emerging after the (n− 1)th step is triangular. Its diagonal sub-determinants can be evaluated easily:

Δ1 = a1, Δ2 = a1 · b1, Δ3 = a1 · b1 · c1, . . . (20)

Hence we can state that the system is stable if it holds:

Δi > 0, i ∈ (1, n), a0 > 0 (21)

Although formulae Eq. (20) look to be simple, diagonal elements a1, b1, c1, d1, ... are more and more
complex. If a further analysis suffices to be numerical, then following a certain strategy of system
parameter series, numerical value of all Δi can be evaluated for each system parameter combination.
Then going throughout Δi values, a number of sign changes within i ∈ (1, n) is inspected. If all Δi are
positive, there are no sign changes and the system represented by the polynomial Eq. (17 is stable.

Let us add that the diagonal elements in the Hn−1 matrix after the elimination process can be written
in a closed form:

a1 = Δ1, b1 = Δ2/Δ1, c1 = Δ3/Δ2, ... x1 = Δn−1/Δn−2, z1 = Δn/Δn−1 = an (22)

where x1 or z1 means diagonal element in the n − 1 or n row, respectively. Very cumbersome but
elementary process leading to formulae (22) has been omitted. On the other hand formulae (22) can be
directly deduced from Eqs (20).
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Routh-Hurwitz (RH) conditions Eq. (21) are necessary and satisfactory and therefore giving unique
results. However, when an analytic investigation is necessary, then to use solely sub-determinants Δi in
an analytic form is realistic until let say n = 4. Nevertheless RH conditions Eq. (21) can be combined
with Descartes rule. This theorem requests positive value of all coefficients of the polynomial Eq. (17),
i.e. ai > 0, to keep real part of all roots negative. Because Descartes rule represents the set of necessary
and not satisfactory conditions, it should be combined with RH conditions Eq. (21). The combination
of both approaches makes possible to simplify the process of the stability analysis, as polynomial co-
efficients are incomparably simpler than RH determinants. Putting both sets together it can be shown
that many of particular conditions are consequences of the others. Therefore as much minimized set of
satisfactory conditions as possible should be selected. This selection can be done by sight until n = 4.
For higher degree of a polynomial a formalized tool is necessary.

One possibility of an effective selection is offered by Liénard theorem. It is based on a knowledge
that fulfilling conditions ai > 0, RH conditions Eq. (21) are no more independent. For instance at n = 4
only one condition Δ3 > 0 is independent. With reference to Gantmacher (1966) for the proof and other
mathematical details, we provide only instructions of the theorem application. Relevant conditions of
negative real parts of polynomial (17) roots can be formulated in one of four versions:

(a) an > 0, an−2 > 0, . . . , Δ1 = a1 > 0, Δ3 > 0, . . .
(b) an > 0, an−2 > 0, . . . , Δ2 > 0, Δ4 > 0, . . .
(c) an > 0, an−1 > 0, an−3 > 0, . . . , Δ1 = a1 > 0, Δ3 > 0, . . .
(d) an > 0, an−1 > 0, an−3 > 0, . . . , Δ2 > 0, Δ4 > 0, . . .

(23)

It follows from formulations Eq. (23) that positivity either of all coefficients ai or one of subsets
an, an−2, ..., an, an−1, an−2 invalidates the full independency of the determinant conditions (21). Namely
positiveness of the odd Hurwitz sub-determinants implicates positiveness of the even Hurwitz sub-
determinants and vice versa.

Let us demonstrate the above algorithm for a system n = 4. Respective condition sets read:

coefficients: a0 > 0, a1 > 0, a2 > 0, a3 > 0, a4 > 0, (a)

sub-determinants: Δ1 = a1 > 0, Δ2 = a1 · a2 − a3 · a0 > 0, (b)
Δ3 = a3 ·Δ2 − a4 · a21 > 0, Δ4 = a4 ·Δ3 > 0.

(24)

The condition Δ1 > 0 is included in Eq. (24a), condition Δ2 > 0 must be fulfilled if Δ3 > 0 should
be in force and Δ4 > 0 follows from (24a) and Δ3 > 0. Thus if conditions (24a) are valid then among
RH sub-determinants only Δ3 is independent and must be taken into account. So we can see, that such
arrangement of conditions comply with the third version of the Liénard theorem, see Eq. (23c). This set
of conditions is popular to process problems upto n = 4. Anyway, such condition sets can be proceed
also by way of visual assemblage. However problems n ≥ 6, which are under consideration, should be
discussed using one version of the Liénard theorem, see Eq. (23).

Let us try to configure conditions for n = 6. First of all following coefficients of the polynomial
should be positive, see Eq. (23c) or (23c):

a0 = 1 > 0, a1 > 0, a3 > 0, a5 > 0, a6 > 0 (25)

With respect to Eq. (23c) it should hold:

Δ1 > 0, Δ3 > 0, Δ5 > 0 (26)

The condition a0 = 1 > 0 is explicit and conditions a1 > 0 and Δ1 = a1 > 0 are identical. Conse-
quently, considering conditions (25), only sub-determinants Δ3 and Δ5 are independent. Together with
(25) they make the close set of satisfactory conditions determining the negative real part of polynomial
P (λ) roots for n = 6. For n = 6, respective sub-determinants have the form as follows, see basic form
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of the H matrix (18):

Δ2 = a1 · a2 − a0 · a3,
Δ3 = a3Δ2 − a21a4 + a0a1a5
Δ4 = a4Δ3 − a2(a5Δ2 − a21a6) + a0(a1a4a5 − a0a

2
5 − a1a3a6)

Δ5 = a5Δ4 + a1a5a6Δ2 − a3a6Δ3 − a31a
2
6

Δ6 = a6Δ5

(27)

Redundancy of sub-determinants (27) (or independency of Δ3 and Δ5) when conditions (25) are taken
into account is obvious. Going through Eqs (25) and (27) once again, we can see that also other versions
of Liénard theorem are applicable, in particular (23d).

5. Numerical experiments related to real example
Let us recall conditions (25) and (26) together with Eqs (27). They should be carefully analyzed. Ap-
parently the most transparent illustration of their character and interaction can be outlined in the plane
ω2
u × ω2

ϕ. With the help of this pictures one can see the influence of individual parameters on the sta-
bility of the basic system while creating limits identifying the change in stability character. Conditions
ai ≥ 0 and Δi ≥ 0, treated usually separately in the literature have now gained general meaning. Stabil-
ity conditions may intersect mutually and thus create separated instability domains in which individual
generalized forces need not be necessarily positive due to non-conservative and gyroscopic influences.
Therefore traditionally discussed types of dynamic stability loss appear here as special cases of one gen-
eral mechanism treated above. So that going through one can detect all types of instability dealing with
the advanced ”neutral” model proposed here.

The Fig. 3 shows the result of the analysis for the rectangular cross-section that has been analyzed in
the wind tunnel. The characteristics of this cross-section is described in Table 1.

Tab. 1: Characteristics of the rectangular cross section and measured values of critical wind speed.
V

(1)
c is taken from the experiments, see Král et al. (2011) and V

(2)
c results from the presented method

respectively.
mass inertia width frequency frequency damping damping speed speed
m I B ωu ωϕ ζu ζϕ V

(1)
c V

(2)
c

[kg/m] [kgm] [m] [s−1]) [s−1] [(%] [%] [m/s] [m/s]
4.02 0.0023 0.30 4.900 4.048 0.9 1.3 9.0 8.5

The graphs are actually the stability diagrams for certain value of the wind speed. For much simpler
model that is described in the article by Pospı́šil & Náprstek (2011) four planar curves divide the plane
into several zones of stability and instability. By using the advanced neutral model the figure is more
complicated, however the stability domains can be also observed. For example, the a5 divide the plane
ω2
u × ω2

ϕ into two semi-planes where the right one is the stable zone. The Δ4 is the most complicated
condition being a result of combination of various ai including Δ3 and a4, the latter one being a hyper-
bola with the axis in the second and fourth quadrant. This is know as a divergence stability conditions,
see Pospı́šil & Náprstek (2011).

Higher determinants Δ5 and Δ6 create complex parametric curves combining lower order determi-
nants together, see Eqs (27). For example, in the figure with Δ5, besides the lines, the parabolic shapes
standing for the flutter condition, see Pospı́šil & Náprstek (2011), are visible. The zone between those
parabolas is the stable one, however with increase of the wind speed V this zone changes, the parabolic
shapes may merge or undergo other transformation so that the stability domain is narrower in the general
term of the word.
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Fig. 3: Conditions of stability depicted in the frequency plain, ω2
u × ω2

ϕ.

The influence of the wind velocity can be seen more transparently at the different type of diagrams.
The Fig. 4 illustrates the use of the described analysis for the evaluation of the critical wind speed, i.e.
the speed when one of the conditions (25) and (26) is violated. Only the independent conditions are
presented. In particular: a1 – a6, see Eq. (25) and two determinants Δ3 and Δ5, see Eq. (26). It can be
seen from the Fig. 4 that the condition Δ5 crosses the zero at the speed V = 8.5m/s. This corresponds
quite well to the experimentally verified value V = 9.0m/s. Obviously, the critical speed depends much
upon the measured value of structural damping.

Generally, the coefficients a5, a6 and the determinants Δ5 and Δ6 are very sensitive to precise de-
termination of the flutter derivatives, which is usually very complicated task for both very low values of
κ (higher values of the reduced wind velocity V ) as well as for the values where the reduced frequency
is very high. These regions determine the signs of the coefficients bij , which are used for the fitting
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of the flutter derivatives. Higher order expansion would improve the analysis. On the other hand this
improvement would be lost in doubling of the order of the characteristic polynomial (13).

Fig. 4: Course of the some coefficients ai and determinants Δ as function of velocity V . The point of the
zero crossing at individual coefficients determines the loss of the stability, which may be of any kind.

6. Conclusion
Two types of double degree of freedom (DDOF) linear systems interacting with aero-elastic forces have
been investigated and compared. The DDOF system under study describes inherent dynamic features
of a slender prismatic beam attacked by a cross wind stream of a constant velocity (long bridge decks,
guyed masts, towers, etc.). Relevant mathematical models of aero-elastic forces appearing in literature
differ in principle by way of composition of aero-elastic forces. From this point of view two groups
have been investigated: neutral models, where aero-elastic forces are introduced as suitable constants
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independent from excitation frequency and time and models using flutter derivatives for modelling the
aero-elastic forces.

The second group respects explicitly the stream velocity and the frequency of the system response. It
succeeded to put both groups together on one common basis to demonstrate their linkage. The platform of
qualitative investigation of aero-elastic critical states in a frequency plain has been significantly expanded
with respect to the stream velocity. Memory effects ruling in aero-elastic DDOF system have been
substantiated and compared in frequency and time domains. The approach presented allows to formulate
more flexible models combining main aspects of both groups keeping the DDOF basis. This approach
can be used for the analysis of practical flow-structure interaction problems. However, teh attention
should be paid to the precise flutter derivatives measurement, especially in the both very low and very
high frequency domains.
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MICROMECHANICS-BASED MODELS OF COCCIOPESTO
MORTARS

V. Nežerka*, M. Somr**, J.�Zeman***

Abstract: The paper deals with homogenization and strength estimation of mortars containing crushed
bricks or other clay products. These mortars, known as cocciopesto, were used mainly during the Byzan-
tine period and by Romans. Cocciopesto exhibit quite extraordinary mechanical properties due to formation
of C-S-H gel coating on the interface between lime matrix and crushed clay products. Based on literature
study, it seems that no one has ever tried to estimate the properties of cocciopesto mortars using microme-
chanical modeling. The micromechanical approach and Mori-Tanaka homogenization technique provided
an explanation for the characteristic behavior of these mortars, but they had to be modified for homog-
enization of coated particles. Mortar strength was estimated from magnitudes of the quadratic average
of deviatoric strain in individual phases. The calculations confirmed the important role of the C-S-H gel
coating on the mortar strength and stiffness. Despite the above mentioned simplifications and a few un-
certainties, the model seems to be able to correctly predict the trends and serve for an optimization of the
mortar composition towards desired properties.

Keywords: cocciopesto, micromechanics, Mori-Tanaka method, C-S-H gel coating, strength estimation

1. Introduction

The present conservation practice uses air lime or hydraulic lime mortars, because these are compatible
with the original materials. The use of air lime presents problems with slow setting, inability to harden
under water, lack of durability and poor mechanical strength. Therefore, the hydraulic lime-pozzolan
mortars were widely used in the past and are still used nowadays for repairs. These mortars are of a
higher porosity and lower strength than cement-based mortars, but they exhibit better durability.

Phoenicians were probably the first ones who added crushed clay products, such as burnt bricks, tiles
or pieces of pottery, to the lime mortar in order to increase its durability and strength. Romans used
this type of mortar in areas where other natural pozzolans were not available and called such material
cocciopesto. The structures, mainly from the Byzantine period, have also very thick joints, often compa-
rable to the size of bricks. Together with the enhanced mechanical properties of the cocciopesto mortar,
the use of the thick joints probably results in the increased resistance to earthquake loading, since the
non-linear behavior of the mortar allows for a better energy dissipation (Baronio et al., 1997).

By a closer investigation, it was found that the mortars containing crushed bricks exhibit a hydraulic
character due to formation of C-S-H gel on the lime-brick interface. It was reported in many papers,
dealing with the cocciopesto mortars, that a thin layer of the gel forms at the interface if the bricks are
made of clay and burnt at the appropriate firing temperature (which is about 600-900◦C (Maropoulou
et al., 1995)). Since this component is responsible for some extraordinary properties of Portland cement
concrete, it is conjectured that also the enhanced mechanical properties of the lime-crushed brick mortars
can be attributed to the relatively high strength and stiffness of the C-S-H gel coating. The addition of
crushed bricks should ensure the mortar hydraulicity, and therefore improve mechanical properties of the
mortar, without the need for modern artificial substances or industrial by-products such as metakaolin or
fly ash.

*Ing. Václav Nežerka: Faculty of Civil Engineering, Czech Technical University in Prague, Thákurova 7, 166 29 Praha 6,
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The goal of this work is to investigate the influence of the C-S-H gel coating on the mortar behav-
ior from the micromechanical point of view and provide a tool for the estimation mechanical properties
based on mortar composition. Two works, (Pichler and Hellmich, 2011) and (Šmilauer et al., 2011), pro-
vided an inspiration for the development of micromechanical models. These works deal with composite
materials, composed of a matrix, voids and aggregates and exploit the Mori-Tanaka method (Benveniste,
1987; Mori and K., 1973) to estimate the effective stiffness and strength of the composite. It is assumed
that only the deviatoric stress is responsible for a failure of the material, therefore the quadratic average
of the deviatoric stress in the lime matrix was chosen as an adequate indicator for the determination of
mortar strength. Even though there are a few simplifications in these models, the results in Pichler and
Hellmich (2011) and Šmilauer et al. (2011) quite well correspond to the available experimental data and
therefore they should be applicable to the mortars with crushed bricks as well.

2. Stiffness Homogenization

The term inhomogeneity is understood as an inclusion of a material embedded in a matrix, having differ-
ent material properties from those of the matrix. If a sample of an inhomogeneous material is subjected
to the external load E, then the average strain in individual phases can be calculated as E(r) = A(r) : E,
where A(r) represents a strain concentration factor for a phase r. The superscript r attains the values
from 1 (possibly even 0 if the matrix is included) to the number of phases n. The strain concentration
factor can be calculated as follows:

A
(r)
dil = [I + S : M(0) : (L(r) − L(0))]−1 where r = 1, ..., n (1)

where I represents the fourth order unity tensor with components Iijkl = 1/2(δikδjl + δilδjk), where δij
is a Kronecker delta defined as δij = 1 for i = j, and δij = 0 otherwise; S is so called Eshelby tensor
and its components for various inclusion shapes can be found, e.g., in Mura (1987), M(0) is a compliance
tensor representing the matrix, the L(r) and L(0) are stiffness tensors, representing the individual phases
and the matrix, respectively.

The subscript dil in Eq. (1) stands for a ”dilute distribution”, because Eq. (1) is valid under the
assumption that the inhomogeneity is embedded in an infinite matrix. The assumption of dilutely dis-
tributed non-interacting inhomogeneities is a starting point for a refinement of the model accounting for
a mutual interaction of inhomogeneities, such as the Mori-Tanaka scheme introduced next.

2.1. Mori-Tanaka Scheme

The Mori-Tanaka model, (Benveniste, 1987; Mori and K., 1973), formally equals to that of a dilute
distribution. However, the strain in individual inhomogeneities is not directly dependent on the exter-
nally applied load (macroscopic strain), but rather on a strain in the matrix, which is approximated by a
constant field E(0):

E(r) = A
(r)
dil : E

(0) (2)

The relationship between the macroscopic strain and strain in the matrix can be found using a simple
reasoning:

E = c(0)E(0) +
n∑

r=1

c(r)E(r) = c(0)E(0) +
n∑

r=1

c(r)A
(r)
dil : E

(0) = (3)

=

(
c(0)I +

n∑
r=1

c(r)A
(r)
dil

)
: E(0)

where c, having a superscript (0) and (r), stands for a volume fraction of the matrix and inhomogeneities,
respectively. The relationship between the average matrix strain and the macroscopic strain can be de-
scribed simply as E(0) = A

(0)
MT : E, where

A
(0)
MT =

(
c(0)I +

n∑
r=1

c(r)A
(r)
dil

)−1

(4)
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is the Mori-Tanaka strain concentration factor. The strain in the individual inhomogeneities is then
provided by

E(r) = A
(r)
dil : E

(0) = A
(r)
dil : A

(0)
MT : E (5)

2.2. Effective Stiffness according to M-T Scheme

The relationship between the macroscopic stress Σ and strain E can be obtained as follows:

Σ =

n∑
r=0

c(r)Σ(r) =
n∑

r=0

c(r)L(r) : E(r) =
n∑

r=0

c(r)L(r) : A(r) : E = Leff : E (6)

where Leff is the effective stiffness tensor, and in case of the Mori-Tanaka scheme it can be obtained as

Leff =

(
c(0)L(0) +

n∑
r=1

c(r)L(r) : A
(r)
dil

)
: A

(0)
MT (7)

In the special case of an isotropic matrix containing isotropic spherical inhomogeneities, the Mori-
Tanaka model yields an isotropic overall behavior, irrespective of the spatial arrangement of the phases.
The effective stiffness of such composite can be then described by scalar constants, since the Eshelby
tensor can be also decomposed into its volumetric and deviatoric part:

S = α(0) 1

3
δijδkl + α(0)

(
I − 1

3
δijδkl

)
= α(0)IV + β(0)ID (8)

where IV and ID are volumetric and deviatoric projection tensors, respectively. These tensors serve for
a decomposition of any stress or strain tensor into its volumetric and deviatoric components. The scalar
parameters α(0) and β(0) depend, in case of spherical isotropic particles, only on the matrix Poisson’s
ratio:

α(0) =
1 + ν(0)

3
(
1− ν(0)

) and β(0) =
2
(
4− 5ν(0)

)
15

(
1− ν(0)

) (9)

These parameters are also called constraint constants and because of the entire isotropy (i.e., elastic and
geometric) they can be expressed by scalar values. They relate the eigenstrains εt in individual phases to
the total strain, and the decomposition into volumetric and deviatoric strain highlights their meaning:

εkk = αεtkk and εij = βεtij (10)

Using the equations (5), (8) and knowing that the elastic stiffness tensor can be decomposed into
volumetric and deviatoric parts, L = 3KIV + 2GID, all the terms in Eq. (7) can be decompossed into
their volumetric and deviatoric parts. Since the volumetric and deviatoric components are independent
of each other, the effective bulk modulus can be, after a simple manipulation, expressed as

Keff =

c(0)K(0) +
n∑

r=1

c(r)K(r)

[
1 + α(0)

(
K(r)

K(0)
− 1

)]−1

c(0) +

n∑
r=1

c(r)
[
1 + α(0)

(
K(r)

K(0)
− 1

)]−1
(11)

and the effective shear modulus as

Geff =

c(0)G(0) +
n∑

r=1

c(r)G(r)

[
1 + β(0)

(
G(r)

G(0)
− 1

)]−1

c(0) +
n∑

r=1

c(r)
[
1 + β(0)

(
G(r)

G(0)
− 1

)]−1
(12)
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2.3. Homogenization with Coated Particles

This section is devoted to the evaluation of the constraint constants for coated particles, relating the
induced strain to the eigenstrain in individual phases, α(r) and β(r), and obtaining the effective elastic
properties. The spherical inclusion with a thin interlayer and embedded in a matrix is considered for
the evaluation. This is an enormous simplification and it is also a good model for randomly oriented
inhomogeneities, such as particles embedded in the mortar paste.

The whole procedure for a determination of the constraint constants, α(r) and β(r) was taken from
Luo and Weng (1987), where the theoretical background can be found. Motivated by Eshelby’s obser-
vations, Luo and Weng (1987) undertook a similar study to find the elastic field in the inclusion (grain)
and its coating, which is embedded in an infinitely extended matrix. They restricted their consideration
to the case of a three-phase, spherically concentric solid. The solution of Luo and Weng is based on the
equations for a general displacement field in spherical coordinates. The integration constants were found
using the continuity conditions and equilibrium of stresses on the interface of individual phases.

The superscript (g) stands for the grain (or the inner inclusion), (c) stands for the coating and the
superscript (m) is used in the quantities describing the surrounding matrix. The parameter c is defined
as c = (a/b)3 (see Fig. 1) and it has a physical meaning of the volume fraction of phases in a two-phase
composite. The hydrostatic and deviatoric transformation problems are treated separately. Each phase, a
grain, its coating and a surrounding matrix, is represented by its bulk modulus K(r) and shear modulus
G(r). The geometry is described by the radius of a grain a and radius of its coating b, as depicted in the
following figure:

Fig. 1: A three-phase composite spherically concentric solid

Volumetric Part
The constraint constant for grain α(g) is calculated as

α(g) = 3K(g)
[(
3K(c) + 4G(m)

)
− 4c

(
G(m) −G(c)

)]
/p (13)

where c = (a/b)3 and p is

p =
(
3K(g) + 4G(c)

)(
3K(c) + 4G(m)

)
− 12c

(
K(g) −K(c)

)(
G(m) −G(c)

)
(14)

The constraint constant for the coating of the grain, α(c), is obtained as

α(c) = −4cK(g)
(
G(m) −G(c)

)
/p (15)

Deviatoric Part
The deviatoric constraint constant for the grain can be found in the form

β(g) = a1 −
21

5
(
1− ν(g)

) a2 (16)

and for the coating as

β(c) = b1 −
21

5
(
1− 2ν(c)

) 1− c 5/3

1− c
b2 (17)
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where the constants a1 and a2 can be calculated as(
a1
a2

)
= R−1 (18)

and the terms b1 and b2, needed for the calculation of the deviatoric constraint constants for the coating,
can be found as ⎛⎜⎜⎝

b1
b2
b3
b4

⎞⎟⎟⎠ = E−1FK−1HR−1 (19)

The individual matrices, needed for the calculation of coefficients a1, a2 and b1, b2, can be found in the
Appendix.

Modification of Stiffness Homogenization
For the calculation of the effective moduli, the formulas (11) and (12) can be used in a slightly modified
form. Namely, the constraint constants α(0) and β(0) are substituted by the corresponding constants
α(r) and β(r), which remain α(0) and β(0) in case of uncoated particles. However, coated grains are
represented by α(g) and β(g) and their coating by α(c) and β(c).

3. Strength Estimation

The strength estimation is based on the J2 yield criterion, i.e. that only the deviatoric part of the imposed
load can cause a failure of the material. Therefore, it is necessary to calculate the deviatoric stress in
individual components, which can be afterwards compared with a critical stress. Such approach was
used by Pichler and Hellmich (2011) and it turned out to be suitable for an estimation of the compressive
strength in cementitious materials.

Due to the assumed elastic linear behavior of the RVE, all imposed work is stored at each point as an
elastic energy density, We = 1/2 σ : ε = 1/2 ε : L : ε, which can be decomposed into the volumetric
and deviatoric parts, We = 1/2 σmεV + 1/2 s : e. The quantity εV = 1/3 δ : ε represents the relative
change of volume, e is obtained as e = ε− δεV and it represents the deviatoric part of the strain tensor,
σV = 1/3 δ : σ is the mean stress and s = σ − δσV is the stress deviator.

The deviatoric part of the imposed work, WeD = 1/2 s : e = 1/(4G) s : s, is proportional to the
second invariant of the stress deviator, J2, where

J2 = 1/2 s : s (20)

and therefore WeD = J2/(2G). The quadratic average of the deviatoric stress is then ‖s‖ =
√
2 J2

3.1. Quadratic Strain Averages

The expression for the quadratic average of the deviatoric strain field over a general phase, r, can be
derived using the Hill’s lemma

〈U〉 = 1

2

〈
E(r) : L(r) : E(r)

〉
=

1

2

〈
E(r)

〉
: Leff :

〈
E(r)

〉
=

1

2
E : Leff : E (21)

which expresses the equality between the average strain energy density, 〈U〉, in the RVE by means of the
microscopic or macroscopic quantities (Gross and Seelig, 2006). From Eq. (21) the following equality
can be obtained:

E : Leff : E =
1

|Ω|

∫
Ω
ε(x) : L(x) : ε(x) dx (22)

where Ω stands for the domain of the entire RVE, opposed to Ω(r) denoting the domain of the single
inclusion (inhomogeneity). The local strain ε(x) can be then decomposed into its volumetric and devia-
toric part (responsible for the material failure):

E : Leff : E =
1

|Ω|

∫
Ω
ε(x) : [K(x)IV + 2G(x)ID] : ε(x) dx (23)
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To extract the deviatoric part, it is convenient to differentiate the entire expression (23) with respect
to G(r). The volumetric part vanishes and we obtain

E :
∂ Leff

∂ G(r)
: E =

1

|Ω|

n∑
r=0

∫
Ω(r)

2 e(r)(x) : e(r)(x) dx (24)

which can be after a simple manipulation:

1

2
E :

∂ Leff

∂ G(r)
: E =

1

|Ω|
|Ω(r)|
|Ω(r)|

n∑
r=0

∫
Ω(r)

e(r)(x) : e(r)(x) dx (25)

knowing that c(r) = |Ω(r)|/|Ω|, even more simplified:

1

2
E :

∂ Leff

∂ G(r)
: E = c(r)

1

|Ω(r)|

∫
Ω(r)

e(r)(x) : e(r)(x) dx (26)

The quadratic average of the deviatoric strain field over a general phase, r, is defined as (Pichler and
Hellmich, 2011)

‖e(r)‖ =
√

1

|Ω(r)|

∫
Ω(r)

1

2
e(r)(x) : e(r)(x) dx (27)

and using Eq. (26), it can be also expressed as

‖e(r)‖ =
√

1

4c(r)
E :

∂ Leff

∂ G(r)
: E (28)

The related quadratic average of the deviatoric stress field (see (20)) is used as an estimate for deviatoric
stress peaks (Pichler and Hellmich, 2011):

‖s(r)‖ =
√

1

|Ω(r)|

∫
Ω(r)

1

2
s(r)(x) : s(r)(x) dx = 2G(r)‖e(r)‖ (29)

Assuming the elasto-brittle behavior, the elastic response can be expected until the quadratic devi-
atoric stress averages over each of the phases remain below a critical strength (Pichler and Hellmich,
2011):

‖s(r)‖ ≤ s
(r)
crit (30)

4. Homogenization of Cocciopesto Mortar

The specific feature of cocciopesto mortars is that a thin layer of C-S-H gel is formed around the crushed
brick particles and it should be taken into account in the calculation. A thickness of the C-S-H layer at
the brick interface is assumed to be about 20 μm for the calculations; the backscattered electron image
of the interface can be seen in Fig. 2, which is reproduced from Böke et al. (2006). However, the
estimation of the C-S-H gel thickness on the brick interface is one of the deficiencies in the modeling.
Another uncertainty is the elastic stiffness of the gel. There are basically two types of the gel present in
the Portland cement. As reported in literature, e.g. Selvam et al. (2009), these are low and high-density
C-S-H gel. For the calculation of the effective properties of cocciopesto mortars, values representing the
low-density C-S-H gel were considered. The nanoindentation results showed that the low-density C-S-H
phase has a mean stiffness of about 22 GPa (Constantinides and Ulm, 2004), the density of the gel in
calculation was considered as 2000 kg/m3, as suggested in Jeffrey and Hamlin (2006) and Poisson’s
ratio as 0.20.

In the calculations it is assumed that 50% of the C-S-H gel occupies the voids, 30% of the C-S-H
gel consumes a part of the lime matrix and the remaining 20% is assumed to consume a part of the brick
phase. These values are only estimated, but they do not have any significant influence on the final results.
Despite the uncertain material properties of the gel phase, the model should be capable to indicate trends.
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Fig. 2: Brick interface (I) between lime matrix (L) and brick aggregate (B), reproduced from Böke et al.
(2006)

Based on a comprehensive literature study, e.g. Maropoulou et al. (2005), the mix proportions for
the micromechanical homogenization of the cocciopesto mortar were determined as 4 mass portions of
lime matrix, 3 mass portions of crushed bricks and 5 mass portions of siliceous sand in the hardened
mortar. This composition should be similar to the historic mortars described by, for instance, Vitruvius.
A porosity of the hardened mortar is varying according to the environment and technology. For the
calculations, the porosity was considered to be 30% of the volume. The mechanical properties of the
individual components, considered in the calculations, are summarized in Tab. 1. The properties of
voids are set to be non-zero to avoid numerical complications.

Tab. 1: Properties of individual components used for calculations

density E ν tensile strength source

[kg/m3] [MPa] - [MPa] -

lime 1900 1800 0.25 0.4 Drdácký and Michoinová (2003)

siliceous sand 2600 70000 0.17 48 AZoM (2012)

clay brick 1600 2400 0.17 3.2 Hendricx et al. (2009)

voids - 10−9 10−3 - -

The summary of material properties in Tab. 1 indicates that the weakest constituent is the hardened
lime matrix, having the tensile strength approximately 0.4 MPa. This value can vary according to curing
time and technology. However, the value should not be higher than 0.7 MPa, which is still way smaller
than the tensile strength of the other components.

4.1. Results and Discussion

The C-S-H gel coating significantly stiffens the crushed brick particles and its presence results in an in-
crease of the effective mortars stiffness (see Fig. 3), even though the layer is relatively thin in comparison
with the diameter of the brick particles.
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Fig. 3: The effective stiffness of mortars containing coated / uncoated crushed brick particles

It can be clearly seen from Fig. 3 that with the addition of crushed bricks without consideration of
coating, the mortar stiffness is quite significantly reduced. However, for the mortar containing coated
crushed brick particles the mortar stiffness reduction or increase is strongly dependent on the size of
the added crushed brick particles. The variable parameter a (brick content) has a meaning of the mass
portion in the mix (lime : brick : sand = 4 : a : 5). The calculation were done assuming the size of the
brick particles to be 1 mm in diameter. From the nature of the Mori-Tanaka method, the crushed brick
size distribution does not have any effect in case of uncoated particles, but plays a significant role in case
of particles with coating.

Fig. 4: A dependence of the effective mortar stiffness on coating thickness

If the C-S-H gel coating is formed, a bigger coating thickness should result in an increase of the
effective mortar stiffness (see Fig. 4). The same increase of the effective mortar stiffness can be obtained
if smaller crushed brick particles are added (see Fig. 5).

It can be concluded that the C-S-H gel formation on the interface of crushed brick particles results
in an increase of the effective mortar stiffness. This increase is steep if the ratio of gel thickness to size
of brick particles is relatively high (see Fig. 5), and that can be ensured by addition of crushed brick
particles having a smaller diameter.

A reduction or increase of the deviatoric stress in the lime matrix is also strongly dependent on the
ratio of coating thickness to size of crushed brick particles. If the added brick particles are smaller, the
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Fig. 5: A dependence of the effective mortar stiffness on a diameter of brick particles

effect of C-S-H gel coating becomes greater and the deviatoric stress within the lime matrix significantly
decreases (see Fig. 6). The values on the y-axis in Fig. 6 represent the ratio of the quadratic average
of the deviatoric stress in the lime matrix for particles approaching zero diameter (being the reference
value), ‖s(0)(r → 0)‖, to the quadratic average of the deviatoric stress in the lime matrix for crushed
brick particles of a variable size (on the x-axis), ‖s(0)‖.

Fig. 6: A dependence of the deviatoric stress in matrix on a diameter of brick particles

From the calculations it seems reasonable to add a certain amount of finely ground bricks into to the
mix, since it should result in a reduction of the deviatoric stress within the matrix. It can be concluded
that big-size brick particles cause a mortar stiffness decrease and the small particles are responsible for
a reduction the deviatoric stress in lime matrix. This reduction can be seen in Fig. 7, where the uniform
crushed brick size distribution was modified in order to reduce the deviatoric stress in the lime matrix
and to keep the mortar stiffness as low as possible. While in case of the uniform crushed brick size
distribution the deviatoric stress within the lime matrix is increasing with the addition of crushed brick
particles, it is being reduced with the addition of crushed bricks having a smaller diameter.

For the conservation mortars a low elastic modulus and sufficient strength are, together with ductility,
usually required (Velosa et al., 2009). The proper composition of a mortar can be prepared using multiple
fractions of crushed bricks. Fine brick particles in the mix should ensure a reduction of the deviatoric
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Fig. 7: A comparison of a uniform and modified size distribution crushed brick particles

stress in matrix, and therefore increase the mortar strength. On the other hand, bigger fractions make the
mortar more compliant.

5. Conclusions

The calculations based on micromechanical approach revealed, confirmed or provided an explanation to
the following facts:

• The assumption of C-S-H gel formation on the matrix-crushed brick interface has a major influence
on behavior of the cocciopesto mortars, especially in case of small crushed brick fractions.

• The main factor influencing the behavior of the crushed bricks (or other clay products, such as tiles
or pottery) in a mortar is the ratio of coating thickness to crushed brick size. It was also found that
the addition of crushed bricks, having a bigger diameter, should make the mortar more compliant
and cause an increase of the deviatoric stress in the matrix. The addition of crushed bricks of a
small size results in the opposite behavior - the mortar becomes stiffer and the deviatoric stress in
the lime matrix is reduced, ensuring a higher mortar strength.

• The proposed model also confirmed a negative effect of voids in lime mortars, since the increased
porosity causes quite large increase of the deviatoric stress within the lime matrix, and therefore
reduces the mortar strength (Nežerka, 2011).

However, the results provided in this work, cannot be considered as exact because of a few simpli-
fications and uncertainties in the calculation. The Mori-Tanaka homogenization technique assumes the
materials to behave linearly and it is expected that the C-S-H gel should have additional positive effect on
the mortar strength if the non-linear behavior were considered. The thickness of the C-S-H gel coating,
20 μm, cannot be also taken as the exact universal value, since it is dependent on the amount and a chem-
ical composition of the individual mortar constituents. There is also uncertainty around the reduction of
porosity, if the C-S-H gel is formed.
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Appendix

The individual matrices, needed for the calculation of coefficients a1, a2 and b1, b2 that are necessary for
the determination of the deviatoric constraint constants (see Section 2.3.), can be found as

E =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 − 6ν(c)

1− 2ν(c)
3

5− 4ν(c)

1− 2ν(c)

1 −7− 4ν(c)

1− 2ν(c)
−2 2

1
3ν(c)

1− 2ν(c)
−12 −2

(
5− ν(c)

)
1− 2ν(c)

1 −7 + 2ν(c)

1− 2ν(c)
8

2
(
1 + ν(c)

)
1− 2ν(c)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
(31)

F =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

3
5− 4ν(m)

1− 2ν(m)

−2 2

−12G(m)

G(c)

−2
(
5− ν(m)

)
1− 2ν(m)

G(m)

G(c)

8G(m)

G(c)

2
(
1 + ν(m)

)
1− 2ν(m)

G(m)

G(c)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
(32)

H =

⎡⎢⎢⎢⎢⎢⎣
1 − 6ν(g)

1− 2ν(g)

1 −7− 4ν(g)

1− 2ν(g)

⎤⎥⎥⎥⎥⎥⎦ (33)

K = GE−1F (34)

R = P+QE−1FK−1H (35)

where

G =

⎡⎢⎢⎢⎢⎢⎣
1 −6ν(c)c 2/3

1− 2ν(c)
3

c 5/3

5− 4ν(c)(
1− 2ν(c)

)
c

1 −
(
7− 4ν(c)

)
c 2/3

1− 2ν(c)
− 2

c 5/3

2

c

⎤⎥⎥⎥⎥⎥⎦ (36)

P =

⎡⎢⎢⎢⎢⎢⎣
1

3ν(g)

1− 2ν(g)

1 −7 + 2ν(g)

1− 2ν(g)

⎤⎥⎥⎥⎥⎥⎦ (37)

and finally

Q =
G(c)

G(g)

⎡⎢⎢⎢⎢⎢⎣
−1 −3ν(c)c 2/3

1− 2ν(c)
12

c 5/3

2
(
5− ν(c)

)(
1− 2ν(c)

)
c

−1
(
7 + 2ν(c)

)
c 2/3

1− 2ν(c)
− 8

c 5/3

2
(
1 + ν(c)

)(
1− 2ν(c)

)
c

⎤⎥⎥⎥⎥⎥⎦ (38)
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CREEP SIZE EVOLUTION OF CEMENT PASTE PREPARED FROM 
PORTLAND CEMENT WITH CONTENT OF FLY ASH 

P. Padev½t*, P. Bittnar**

Abstract: The cement paste is basic part of concrete and may contain various additives. Fly ash is one of 
materials useable as an admixture in cement paste and concrete. Changes of properties of cement paste 
mixed with fly ash were observed during several months. Creep of dried and saturated cement paste was 
measured for one complete month. The measured data was evaluated and compared with results of 
computational model with a creep model B3. 

Keywords:  Cement paste, creep, shrinkage, fly ash, B3 model of creep. 

1. Introduction 

Among one of the hot topic waste materials the fly ash can count as well. The power plants in the 
Czech Republic produce annually 8 million tons of fly ash.  Fly ash is generated as the secondary 
product by burning brown coal in the lignite power plants. The generated quantity of the fly ash is 
between 10 % and 30 % of the original volume of burned coal. From the perspective of chemistry, the 
fly ash is an inert material; the main component is SiO2 and Al2O3 and CaO and SO4, suitable for 
building material. Conventional fly-ash contains up to 80 % glass phase, as the main component. 
Sulfur content (expressed as SO3) usually does not exceed 1 %. In the high-temperature combustion of 
coal, it is not necessary to add ground limestone into burnt mixture. 

The basic properties of cement paste can be described by material characteristics. One of these 
material properties is creep – especially basic creep. On the other hand, it is important to write that 
basic creep is not the most important characteristic in designers work. But in many cases the size of 
creep is the very important feature in the design of civil structures.  

This paper is focused on properties of cement paste containing fly ash as an additive, not as like an 
activator. The characteristics of the cement paste mixed with ash from power plants have been defined 
in several previous works, e.g. (Padevãt & Bittnar 2009). Tensile bending strength of cement paste 
with addition of fly ash reaches higher values than the pure cement paste. Very good values of tensile 
strength in bending were achieved when the weight ratio of cements and fly ash was 1:1. 

2. Specimens and their preparation 

The water/cement ratio was chosen 0.4. The content of 40 % of the quantity of water in cement allows 
a very good workability and also no segregation of cement in the initial phase of the cement hydration. 
Portland cement CEM I 42.5 R was used for production of specimens (Padevãt & Bittnar 2009), 
cement without additives. The main attention was focused to amount of fly ash added to the mixture. 
As described above, very good material properties were achieved with a weight ratio of fly-ash and 
cement 50: 50.  

The experiment was conducted with two types of specimens, one month and five months old cylinders 
of the same type. The value of creep was measured for 32 and 36 days.  The ambient temperature was 
controlled between 19 – 20 °C with a maximum deviation of ±1 °C. 
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3. Results 

In the each set of specimens were two pieces dried and two pieces saturated with water. Basic creep 
was determined as the difference between creep and shrinkage. Differences between sizes of creep for 
various aged specimens are described in figure 1 - 4. 

All specimens were loaded by plumbs during whole experiments. Between Fig. 1 and 2 (3 and 4 too) 
is viewable difference in first days. For dried specimens is characteristic instant increasing of the 
deformation and slowing increasing of deformation in next days. Deformation of water saturated 
specimens is increases gradually from start of loading. 

  
Fig. 1: Basic creep of dried specimens (in 1 month age). 

  
Fig. 2: Creep of water saturated specimens (in 1 month age). 

  
Fig. 3: Basic creep of water saturated specimens (in 5 month age). 
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Fig. 4: Creep of water saturated specimens (in 5 month age). 

Fig. 1:Basic creep of dried specimens (left – in 5 months age, right – in 1 month age). 
Tab. 1: Size of creep (in microns) after 25 days. 

Condition  1 month old specimens 5 month old specimens 

dried  27 16 

dried  37 17 

saturated  225 225 

saturated  130 220 

4. Conclusions 

The graphs show that the basic creep range is from value 25 to 30 microns over 25 days.  

Water-saturated specimens (Van Mier 1997) reach very high values of creep size. Creep of these 
specimens (without the influence of shrinkage) reached values between 130 to 225 microns after 25 
days. The age of the specimens has a significant influence on the size of creep at the initial stage of 
measurement. Basic creep of dried specimens shows differences in its size. This size depends on the 
age of cement paste. Size of creep is reduced with increasing age. In all cases, measurements of 
deformation solids, the increase was steepest during the first 5 days.  

In the past, compliance tests were conducted by simulations of creep of the pure cement paste 
model B3 (Bažant, Baweja 1995). By simulation of the creeping cement paste mixed with the fly ash it 
is possible to achieve a good agreement between the model and the real measurements, although 
simulation is designated for concrete primary.    

   
Fig. 5: Simulation of basic creep of specimen No.2 and creep of water saturated specimen No.5. 
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THE DEVELOPMENT OF THE SIZE OF FRACTURE ENERGY OF 
CEMENT PASTE WITH FLY ASH IN THE TIME 

P. Padev½t*, O. Zobal**

Abstract: The size of fracture energy of cement paste reaches values other than cement paste without 
admixtures. The cement paste increases the strength values in time. Paper describes experimental 
investigation on the field of material properties of cement paste, especially fracture energy. 

Keywords:  Cement paste, Fracture Energy, Tensile Strength, Fly-ash, Bend Test, Prism Specimen. 

1. Introduction 

The cement paste is material based only on two parts; water and cement (Neville, 1997). Properties of 
cement pastes are relatively well known. Particular, the compressive strength depends on the 
water/cement ratio w/c. Equally, an important factor for compressive strength, the water content in the 
material. Increasing the amount of water in cement paste allows the maturation of the cement paste. 

Nowadays, much attention is focused on processing of waste materials. Very good usable waste 
material can be fly ash. This material is generated by burning coal to produce electricity in coal-fired 
power plants. This paper aims to evaluate the changing properties of cement paste if is into the paste
added component of waste – fly-ash, typically. 

2. Specimens  

The advantage of the cement paste is the homogeneity. Homogeneous fine-grained materials are 
suitable for testing in smaller testing equipments. Therefore, the preparation of specimens was selected 
type of form 20 x 20 x 100 mm. Portland cement CEM I 42,5 R was used for production of specimens. 
Because the intention was not to use a plasticizer, was selected water-cement ratio 0.4. Grout with a 
water/cement ratio beyond the specified limit has high fluidity, which may cause segregation of 
cement and water. On the other hand, the grout may be too rigid and treated by practically no 
plasticizer. Consistency of 0.4 was chosen as a tougher type of cement paste. Specimens of cement 
paste were stored in the water basin for about 30 days. The specimens were removed from the water 
two days before testing. Subsequently, specimens were dried for 48 hours at 60 °C. Specimens 
prepared from fly ash and cement paste had w / c factor of 0.4. 

3. Testing of specimens  

Fracture energy was measured in the tests performed using the three-point bending test. Distance 
support the specimen was 80 mm. The notch was located in the middle of the range below the point 
where the applied load. To assessment the test were required two parameters, strength and vertical 
deflection of the specimen. For those of parameters it is possible to calculate the fracture energy of the 
test specimen. Before the tests were measured dimensions of each specimen. 

Execution of experiments was carried out in the test machine MTS Alliance RT 30kN (Padevãt, 2009). 
It is an electromechanical testing machine with a very subtle shift in the crosshead. By using relatively 
small specimens can achieve the desired results the test method. 
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4. Results 

The data obtained from tests carried out are summarized in graphs. The resulting graphs are shown in 
Fig.1. In the loading phase the specimen, there is a linear increase deformation of and strength. After 
reaching almost 90% strength is accelerate our growth deformation of the specimen. After reaching 
the ultimate strength is increasing with little deformation of to steep reduction strength of material. 

  
Fig. 1: P-� graphs of water saturated specimens prepared using C/A 0.5/0.5 (left) and C/A 

0.4/0.6(right). 

Fig. 2: P-� graphs of water saturated specimens prepared using w/c 0.45 (left) and w/c 0.35(right) 
without fly ash. 

Fig. 2: P-� graphs of water saturated specimens prepared using w/c 0.4 without fly ash. 
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Tab. 1: Fracture energy of cement paste. 

w/c  Relation cement/fly ash Fracture energy (N/mm)

0.4  0.5/0.5 16.66 

0.4  0.4/0.6 18.73 

0.35  -- 26.74 

0.40  -- 24.13 

0.45  -- 22.02 

5. Conclusions 

Very interesting is the decrease of fracture energy of cement paste containing fly ash. Fracture energy 
for water-saturated specimens decreased by 18%, depending on the water / cement ratio increased 
from 0.35 to 0.45.  Decline in value is up 30 % towards the value for the corresponding w/c ratio. Very 
interesting fact is the increasing value of fracture energy of cement paste, which contained a lower 
amount of cement and higher amount of ash. In conclusion, the value of fracture energy of cement 
paste with fly ash varies from 17 to 19 N/mm. On the other side fracture energy of cement paste 
without fly ash achieves values between 22 and 26.7 N/mm. The direct effect of humidity on the size 
of the fracture energy of cement pastes was not proved. 

By contrast, significant changes in the fracture energy of cement paste in tensile strength, bending 
strength were no major changes. Comparison with values for w/c ratio we record a decrease of, but it 
is also depending on the amount of fly ash in the cement paste. 

Reducing the strength of cement paste containing fly ash corresponds to the reduction volume 
weight. A very significant factor that has a definite influence on the mechanical properties of cement
paste is the amount of fly ash in the mixture. Quantity ash is influencing factor in the case of fracture 
energy. 
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LABORATORY OPTICAL MEASUREMENT OF MODEL BLADE 
VIBRATION UNDER ROTATION 

L. Pešek, F. Van½k, V.Bula, J.Cibulka*, B.Tryzna**  

Abstract: The optical method for the accurate laboratory measurement of blade vibration under rotation 
was proposed in IT AS CR. This method is based on the fast optical-elements that register time passages 
of the blades. The description of the method and first experimental results of the model blade vibration 
under rotation will be discussed. 

Keywords:  blade, tip timing, optical measurement. 

1. Introduction 

The turbine blade and blade disc dynamics research started in the laboratory Vibrodiagnostics and 
non-linear dynamics, IT AS CR in late 70th years of the last century with turbine blade development 
and testing in Skoda Works, Plzen. After 1989 the blade disc research was first aimed on vibration 
diagnostics of blades in service and their residual life estimation Danãk et al. (1993,2001). The latest 
research of dynamic behaviour of blade discs deals with non-linear blade couplings and usage of high-
damping materials Pešek et al. (2008, 2009 and 2010).  

For laboratory accurate contactless measurements of blade vibration under rotation the new optical 
method based on the optical displacement sensor was developed in IT AS CR.  At first the optical 
sensor was assembled and tested under a static condition. Then the time responses of the sensor was 
tested under rotation and at last the circumferential vibration of the model blade wheel was evaluated. 
For the evaluation of the circumferential displacement of the blades the tip-timing method was used. 

2. Design and static calibration of the optical sensor 

The optical displacement sensor consists of minilaser FP-65/1A-LWL-SMA with the emissive 
power 10mW coupled with the optical fiber and the light beam detector Si-PIN diod SD200-11-31-241 
with circular surface (∅5 mm) and response time 8ns. Homogennous parallel light beam transmission 
from the optical fibers is ensured by the collimators F-C5-S2-543 placed on the free ends of the fibers. 
For the light transmission between the laser and the collimator and the collimator and the PIN DIODE 
the optical multimode fibers ended by SMA connectors on both sides of the fibers.  

LASER
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Fig.1 Scheme of the optical sensor measurement 
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The output voltage change of the light detector is proportional to the intersection of the laser beam 
foot mark and the blade profile. Transfer relations between the output voltage and the incursion of the 
profile into the beam foot mark was ascertained by the calibration of the sensor by means of the x-y 
coordinate table SOND A1 with a step 0,01 mm (Fig.2).   

PHOTODIOD SENSOR no.1
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Fig.2 Output voltage of the light detector versus the blade incursion into the beam light 

3. Experiment under rotation 

The fixtures of the optical sensor were manufactured for the dynamic calibration on the test blade 
wheel. The cut view of the tested bladed disc with the electromagnet (EM) and the optical 
displacement sensor (ODS) is shown in the Fig.3.  Diameter of the disc was ∅505mm. The disc is 
equipped with sixty prismatic beam blades (190mm length). The picture of the ODS set-up is visible 
on the Fig.4.  

The strain-gauge was glued on the side surface of the blade at its root for measuring of the 
circumferential displacement. Its calibration was performed by the acceleration measurement of the 
blade tip at the impact excitation. The electromagnet UTM4 (Fig.3) excited the blades under rotation. 
The components of the electromagnetic force are both in axial and circumferential directions of the 
wheel  (Pešek, 2009). Due to the position of the magnet, however, the axial force prevailed over 
circumferential force. Therefore for maximizing the excitation effect in the circumferential direction,  
the excitation frequency was tuned to the resonance frequency 332Hz of the first circumferential 
flexural mode of the blade and the revolution speed was set to the value 83rpm corresponding the 4th

engine order excitation.  

The strain gauge, ODS, supply current of the electromagnet and phase mark signals of the forced 
vibration of the blade B30 were recorded with a sampling frequency 2MHz by the digital oscilloscope 
YOKOGAWA DL750. 
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Fig.3 Sketch (front and side views) of the blade wheel with the electromagnet excitation (EM), 
strain gauge (Sgauge) and optical displacement sensor (ODS). 

. 
Fig.4  Picture of the experimental set-up.

 First the time characteristics of the output voltage of the DIODE detector without the collimator 
and optical fiber were analyzed without the electromagnetic excitation for different revolution speeds 
(300, 700, 800rpm). The optical sensor ODS placed on the stator registered time passages of all 
blades. The results of voltage characteristics transformed from time to angle-position dependences are 
depicted for the six blade passage in the Fig. 5. Despite the high response time of the DIODE detector, 
the dependence of the characteristics on the revolution speed appears. Nevertheless the gradient of the 
diode opening and closing remains almost same in the operating range of speeds.  
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Fig.5 Position versus voltage dependences of the ODS sensor for 300, 700 and 800rpm in the 
period of the first six blades' passage. 

After the analysis of the DIODE detector characteristics under rotation, the optical sensor (Fig.1) 
was tested for the blade vibration evaluation at the electromagnetic excitation. Besides the optical 
measurement of the blade passages, the passages of the rigid wheel with 60 notches were registered at 
the same time.  Then the circumferential displacement ijvΔ  of each blade tip i=1,2,..,60 was evaluated 

from the time differences ijRijBij ttt −=Δ  of the leading edge arrivals ijBt  of the blade passages and the 

leading edge arrivals ijRt  of the corresponding notch in each revolution j=1,2,..,n of the wheel.  The 

displacements ijvΔ  can be calculated from ijtΔ  using the simple kinematic relation (Pešek, 2008) 

rftvtv ijijijijij π2Δ=Δ=Δ � , (1) 

where ijf  is a revolution frequency (Hz), r is a distance of the ODS sensor from the rotation axis. The 
revolution frequency is evaluated from differences of trigger times of the phase mark for each 
revolution. The measured data were processed by the numerical program developed in the MATLAB.  

The amplitude spectrum of the blade B30 vibration is drawn in the Fig. 6. The component of the 
circumferential vibration of amplitude 3μm and frequency 338Hz is close to the  resonant frequency 
332Hz. The level of vibration, however, was very low almost on the noise level of the strain-gauge 
measurement. Therefore for the time result comparison with the ODS measurement, the strain-gauge 
signal was substituted by the "noise-free" sinus characteristic with frequency 338Hz and amplitude 3 
μm. The comparison of the ODS displacement of the blade B30 with the "filtered" and downsampled 
strain-gauge displacement is shown in the Fig.7. The downsampling is inevitable because the ODS  
blade displacement characteristic is sampled only by the revolution frequency for the configuration of 
one sensor on the whole perimeter.  
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Fig.6 The amplitude spectrum of the blade B30 vibration. 
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Fig.7 ODS and strain-gauge (filtered and downsampled) displacement time characteristics of the 
blade B30 at electromagnetic excitation  and revolution 83rpm. 
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4. Conclusion  

The new laboratory optical method for evaluation of displacements of rotating and vibrating 
blades was designed and implemented. The first results of the optical measurement of the blade 
vibration in non-rotating and rotating  states were presented. The displacement of the blades were 
evaluated by the tip-timing method. The results were compared with the strain-gauge results of the 
blade vibration. The circumferential amplitudes of blade vibration caused by the weak electromagnetic 
excitation was very low (cca 3μm) under rotation. Nevertheless the vibration was detected by the 
optical measurement. The optical method will be futher tested for accurate contactless measurements 
of blade vibtration and callibrations of the sensors for vibrodiagnostics of the turbine blades. 
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ESTIMATION OF THE CRITICAL TIME STEP
FOR EXPLICIT INTEGRATION

J. Plešek, R. Kolman, D. Gabriel*

Abstract: Explicit integration plays a key role in many problems of linear and non-linear dynamics. For
example, the finite element method applied to spatial discretization of continua leaves a system of ordinary
differential equations to be solved, which is often done by the central difference method. This and similar
explicit schemes suffer from magnification of the round-off errors if the time step exceeds certain fixed length
known as the critical time step.The corresponding critical Courant number (Cr, dimensionless time step) is
inversely proportional to the maximum natural frequency of the system. The well known recommendation
Cr = 1 is deemed as the best. In fact, for some configurations this choice may dangerously overestimate the
true value. It was shown in an earlier paper by the same authors that by increasing the number of elements
in the finite element mesh one will paradoxically improve the mesh’s stability towards its theoretical limit.
The present paper refines some details, presenting small scale numerical tests. The first test involves a
long truss/bar consisting of one row of elements whose critical Courant number changes as elements are
added one after another. Since this increases the critical number one may pick up a time step such that
it is supercritical to a certain mesh but becomes subcritical by merely adding one element. In a similar
fashion, a square area is tested in the second example, using different arrangements of edge supports. It is
concluded that the usual setting, Cr = 1, is not entirely safe.

Keywords: Explicit integration, Courant number, Critical time step, Wave propagation, Dispersion

1. INTRODUCTION

Detailed analysis of accuracy and stability of finite element wave propagation solutions was presented
in review paper Plešek et al. (2010) and references cited therein for various finite elements including
consistent and lumped mass matrices. The critical Courant number limiting the length of the time step
in explicit integration schemes, namely the central difference method, follows from the famous formula

Crcrit =
2

ω̄
(1)

where ω̄ is the dimensionless frequency

ω̄ =
ωmaxH

c1
(2)

with ωmax being the maximum natural frequency of a finite element mesh, H the element size, and
c1 the speed of the fasted wave propagating in a continuum, typically the longitudinal wave. Nearly
equally famous recommendation Cr = 1 (or slightly less to be on the safe side) for linear finite elements,
also known to engineers as “rule of thumb” is deemed to be best. In fact, this observation comes from
dispersion analysis but, as it has been shown in Ref. Plešek et al. (2010), for some configurations it
may dangerously overestimate the critical time step. It was also shown that by increasing the number
of elements, N , in the finite element mesh one will improve the mesh’s stability towards Crcrit = 1 as
N →∞, which is rather a paradoxical finding.

The present paper refines these details, presenting small scale numerical tests, which exemplify some
peculiarities. The first test involves a long truss/bar consisting of one row of elements whose critical
Courant number changes as elements are added one after another. Since this increases the critical number
one may pick up a time step such that it is supercritical to a certain mesh but becomes subcritical by
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Praha 8, 182 00, Czech Republic

m
2012

. 18thInternational Conference
ENGINEERING MECHANICS 2012 pp. 1001–1010
Svratka, Czech Republic, May 14 – 17, 2012 Paper #292



merely adding one element. In a similar fashion, a square area is tested in the second example, using
different arrangements of edge supports. It turns out that the numerical solutions to wave propagation
may be strongly influenced by small variation of distant boundary conditions, which should normally be
physically insignificant. Finally, the third illustration shows the direct numerical results relevant to the
above mentioned choices of sub and supercritical times steps.

2. PROBLEM DESCRIPTION

This section concerns with essentials of wave propagation in homogeneous solids, finite element tech-
nology and dispersion computation.

2.1. Propagation of waves in an elastic isotropic continuum

The ith equation of motion in linear elastodynamics reads

(Λ +G)uj,ji +Gui,jj = ρüi (3)

In this equation, Λ and G are Lamé’s constants, ρ is the mass density and ui is the ith component of
the displacement vector. Furthermore, a comma placed before subscripts refers to spatial differentiation
whereas the superimposed dots denote the time derivatives. The summation convention on repeated
indices is assumed. The Lamé constants Λ, G may be related to engineering constants E, ν as

Λ =
νE

(1 + ν) (1− 2ν)
, G =

E

2 (1 + ν)
(4)

where E and ν are Young’s modulus and Poisson’s ratio.

In an unbounded isotropic continuum, two types of planar waves exist: the longitudinal wave and
two transversal waves, featuring mutually orthogonal polarisation. The longitudinal wave propagates
with the speed

c1 =

√
Λ + 2G

ρ
(5)

The speed of the two transversal waves is

c2 =

√
G

ρ
(6)

The standard continuum is said to be non-dispersive. This is, by d’Alembert’s solution, because the wave
profile (wavelength) does not affect the velocity of propagation.

As a special case, one may consider a plane harmonic solution to Eqn. (3) as

ui = Ui(x) exp(ik (p · x± ct)) (7)

or its equivalent form
ui = Ui(x) exp(i(k · x± ωt)) (8)

where i =
√
−1 is the imaginary unit; x is a position vector; t is time; k is the wave number; p is the unit

normal to the wave front; k is the wave vector, k = kp; c is the phase velocity; ω is the angular velocity;
and Ui is the ith component of the amplitude vector at the point defined by the position vector x. For
a given wavelength λ, the wave number k may be computed from

k =
2π

λ
(9)

The phase velocity c is related to ω and k by

c =
ω

k
(10)

Finally, the group velocity cg is defined as

cg =
dω
dk

(11)

In non-dispersive systems, c is a constant and since ω = ck, we get cg = c. Thus, in the absence of
dispersion the group velocity equals the phase velocity. On the other hand, cg �= c indicates dispersion.
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2.2. Finite element method

Spatial discretization by the finite element of an elastodynamic problem introduces the ordinary differ-
ential system

Mü+Ku = R (12)

Here, M is the mass matrix, K the stiffness matrix, R is the time-dependent load vector, and u and ü
contain nodal displacements and accelerations. The element mass and stiffness matrices are given by

Me =

∫
V
ρHTH dV (13)

and
Ke =

∫
V
BTCB dV (14)

where C is the elasticity matrix, B is the strain-displacement matrix, H stores the displacement interpo-
lation functions and integration is carried over the element domain. Global matrices are assembled in the
usual fashion. Under plane strain conditions, the elastic matrix C takes the form

C =
E

1− ν2

⎡⎣ 1 ν 0
ν 1 0

0 0 1−ν2

2(1+ν)

⎤⎦ (15)

The mass matrix defined by Eqn. (13) is called the consistent mass matrix.

Explicit integration methods, such as the central difference method discussed later, require the mass
matrix inverted. Thus, it is advantageous to have it diagonal or lumped. In contrast to consistent matrices,
which are uniquely defined by the variational formulation, lumping procedures are not strictly prescribed.
The only common principle is the ability of FEM to assemble diagonal global matrix from the element
mass matrices, thus, lumping may be performed on an element basis. Out of many methods rendering
the mass matrix diagonal we shall refer to the simplest: the row sum method (RS) for bilinear elements
and the Hinton-Rock-Zienkiewicz method (HRZ) for quadratic elements—see Ref Plešek et al. (2010).

In the subsequent analysis, a regular Hx × Hy mesh composed of plane rectangular elements is
considered with Hx and Hy measuring the length of element edges aligned with coordinate axes. It
proves useful to define reference matrices M̄e, K̄e for a parent element having unit properties E and ρ,
unit thickness b and unit length Hx = 1. Then performing integration over the reference domain 1 × r
one gets

Me = brH2
xρM̄e (16)

and
Ke = bEK̄e (17)

Therefore, a class of problems is defined by two constants: the Poisson ratio ν and the aspect ratio
r = Hy/Hx. Within this class, the reference stiffness matrix K̄e is a function of ν and r whereas the
reference mass matrix M̄e is independent of both. Denote by ω̄e the maximum natural frequency of
a single element described by these unit matrices. For example, one may compute ω̄e = 2.39 for the
bilinear RS elements or ω̄e = 7.61 for the quadratic serendipity HRZ elements.

2.3. Dispersion computation

The smooth solutions, Eqn. (7) and (8), no longer apply to discretized system (12). In this case, the
speed of propagation of an harmonic wave depends on its angular frequency. According to Ref. Plešek
et al. (2010), such dependence may be manifested by the dispersion plot shown in Fig. 1. In general,
dispersion behaviour is investigated by considering an harmonic wave train travelling through unbounded
mesh, which may be accomplished by prescribing periodic boundary conditions. Thus, the normalized
frequencies read off the plot actually represent the limit natural frequencies corresponding to a very large
(theoretically infinite) finite element mesh.

As in the preceding section, denote by ω̄λ the supreme value of the normalized angular frequency in
Fig 1, e.g. ω̄λ = 2.00 for bilinear elements and ω̄λ = 7.37 for quadratic elements. It is worth mentioning
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Fig. 1: Dispersion curves for bilinear (left) and serendipity (right) elements.

that ω̄λ < ω̄e in every case. It should also be noted that the dispersion diagrams discussed in this text
are entirely due to spatial dispersion, neglecting effects of time integration—refer to paper Plešek et al.
(2010) for complete treatise. This by no means oversimplifies actual problems since they are namely
these theoretical values that enter stability criteria.

2.4. Explicit time integration and numerical stability

As a representative of explicit schemes, reviewed in Reference Subbaraj and Dokainish (1989), the cen-
tral difference method (CDM) will be discussed. Its discrete operator reads

1

Δt2
Mut+Δt = Rt − (K− 2

Δt2
M)ut − 1

Δt2
Mut−Δt (18)

where Rt contains forces acting on the nodal points at time t. It is well known that CDM is only
conditionally stable, Ref. Park (1977), that is

Δt ≤ 2

ωmax
(19)

where ωmax is the maximum eigenfrequency of the finite element mesh. The highest frequency can
be computed by the standard FE software, aiming at the lowest eigenvalue with K and M swapped.
This method was indeed employed in all the numerical computations presented here. Alternatively, the
crititical time step may be estimated analytically as in Ref. Flanagan (1981).

At this point, it is convenient to introduce the Courant dimensionless number defined as

Cr =
c1Δt

H
(20)

In elastodynamics, c1 is the velocity of the longitudinal wave. Using the latter definition and that of ω̄ in
Eqn. (2), the stability condition (19) can be rephrased as

Cr ≤ 2

ω̄
(21)

or, defining Crcrit, in the form of Eqn. (1). Inequality Cr ≤ 1 then exactly manifests the Courant-
Friedrichs-Lewy stability condition for the linear truss element Subbaraj and Dokainish (1989) but for
other elements it may not be generally valid. On the other hand, we know, by Fried’s theorem Fried
(1972), which is a direct consequence of Sturm’s polynomial separation property, that the maximum
frequency is bounded by ω̄e obtained as the maximum eigevalue taken over all the elements in the FE
mesh.

If the mesh is regular, composed only of rectangular elements of the same aspect ratio (the so-called
structured mesh), one may devise another estimate of the critical time step, which lends some interesting

1004 Engineering Mechanics 2012, #292



Fig. 2: Eigenvector corresponding to the highest frequency of a bar with free ends.

insight into the problem of numerical stability in general. One asymptotic case arises for the infinite
mesh, when ωmax equals the supremum taken over all the dispersion curves for the particular element,
i.e., ω̄λ is exploited. Tentatively, one may conjecture

ω̄λ ≤ ω̄ ≤ ω̄e (22)

This expression is indeed valid for an abitrary body with free boundary, Γu = ∅, but does not hold for a
constrained mesh, for instance, if some displacement boundary conditions are prescribed. The meaning
of the statement (22) will be clarified in full by examples shown in the next section.

Finally, it should be pointed out, that precisely because of the inequality (22), the true frequency of a
real mesh will probably be higher than the estimate stemming from dispersion theory. Hence, the popular
formula c1Δt = H for the determination of time step length is not entirely safe.

3. NUMERICAL EXPERIMENTS

Unit dimensions were set in the numerical tests as follows: mass density ρ = 1, Poisson’s ratio ν = 0.3,
and Young’s modulus E = 0.7428 . . . so that c1 = 1 and c2 = 0.5345 . . .. Furthemore, plane strain
square bilinear elements with edge length H = 1 and unit thickness, b = 1, were employed. The reason
for chosing linear rather than quadratic elements to illustrate stability properties is that the difference
between ω̄λ = 2.00 and ω̄e = 2.39 is greater for these elements. Having N elements in the mesh, the
total mass is m = NρH2b = N .

3.1. Plane strain bar

As the first example we consider a plane strain bar whose length is variable depending on the number of
elements used. Fig 2 shows the eigenmode corresponding to the bar’s maximum frequency for 40 × 1
discretization. The value of frequencies computed for various Ns are listed in Tab. 1.

One important observation following the inspection of Tab. 1 is that starting from the 20× 1 bar, the
maximum frequency does not change within the first 8 digits, which suggests an existence of the limit.
Alas, this limit, ω̄ = 2.16, differs from the theoretical value ω̄λ = 2.00. On the one hand, our sequence
correctly starts at ω̄e = 2.39 for 1 × 1 discretization, but on the other, the asymptotics Crcrit = 1 has
never been reached. Why is it so? The answer lies in Fig 2. Since only the free ends vibrate, the
maximum eigenvalue does not depend on the bar’s length but solely on this boundary effect. The limit
solution will not fit the periodical boundary conditions characteristic of the dispersion approach.

Tab. 1: Critical Courant numbers for the bilinear finite element mesh of a free bar.

N ω̄ Crcrit
1x1 2.3904568 0.8366602
2x1 2.1837346 0.9158622
3x1 2.1865457 0.9146848
4x1 2.1664669 0.9231620
5x1 2.1649080 0.9238268
6x1 2.1621023 0.9250256
7x1 2.1616266 0.9252292

N ω̄ Crcrit

8x1 2.1612303 0.9253988
9x1 2.1611334 0.9254403
10x1 2.1610747 0.9254654
20x1 2.1610454 0.9254780
40x1 2.1610454 0.9254780
80x1 2.1610454 0.9254780
100x1 2.1610454 0.9254780
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Another interesting observation follows from the graphical representation depicted in Fig. 3 on the
log scale. Apart from the limit, there is a pronounced gap between the three and four element configura-
tions. Selecting Cr = 0.92, the time step is stable for the 4 × 1 mesh but unstable for the smaller 3 × 1
mesh. This motivates the critical test defined in Fig. 4.
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Fig. 3: Distribution of the critical Courant number for the bar with free ends.

F = 1/2 F(t)1

H

H

N H

F = 1/2 F(t)2 A

Fig. 4: Transient problem with Heaviside load; unstable configuration.

A three-element bar is loaded by the Heaviside step function F (t) = 1 for t > 0. Since Cr =
0.92 > Crcrit one expects an incursion of instability after some time has elapsed but a stable solution if a
four-element problem had been considered instead. In both the cases, parabolic displacement evolution

u(t) =
F

2m
t2 =

t2

2N
(23)

applies to the motion of the whole body. The average acceleration, 1/N , measured at the control point
A for the 4 × 1 configuration equals 0.25. The existence of the stable solution is confirmed by plots
shown in Fig. 5. The oscillatory course of acceleration history is due to waves reflection about the mean
value 0.25, which matches the rigid body motion. By contrast, the unstable 3 × 1 problem exhibits the
solution’s uncotrolled blow up at about t = 3000, see Fig. 6. The instability commences even much
earlier after several wave reflections, which is nicely captured in Fig. 7.

Let us return to the original eigenvalue problem shown in Fig. 2. This time the boundary conditions
are modified by clamping the right end. The corresponding eigenvector and the frequencies computed
are shown in Fig. 8 and Tab. 2, respectively. The same limit ω̄ = 2.16 is reached already by the 8 × 1
discretization, which is not surprising. Indeed, the vibration modes roughly correspond to those of the
free bar twice the length of the free-fixed bar. A more interesting fact is that the maximum frequency
now increases. This is because the results converge to the same limit as before but for each N -element
bar the constrained configuration has lower maximum frequency than the free one. The critical Courant
number distribution is shown in Fig. 9

We close our discussion concerning this example with the remark that the conjecture (22) does not
hold for a constrained problem. For example, for the free-fixed bar ω̄λ > ω̄1×1, because the maximu

1006 Engineering Mechanics 2012, #292



0 2000 4000 6000 8000 10000
0

2

4

6

8

10

12
x 106

Time [s]

D
is

pl
ac

em
en

t [
m

]

0 2000 4000 6000 8000 10000
0

500

1000

1500

2000

2500

Time [s]

V
el

oc
ity

 [m
/s

]
0 2000 4000 6000 8000 10000

−1

−0.5

0

0.5

1

1.5

Time [s]

A
cc

el
er

at
io

n 
[m

/s
2 ]

Fig. 5: Displacement, velocity and acceleration in the stable 4× 1 computation.
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Fig. 6: Displacement, velocity and acceleration in the unstable 3× 1 computation.

frequency has been reduced by the imposition of the boundary condition. Theoretically, one could even
have had ω̄ = 0 if all the nodes had been fixed. By contrast, ω̄e always forms the upper bound.

3.2. Plane strain square domain

Similar examples as in the preceding section may be analysed. Consider a plane strain square do-
main shown in Fig. 10 and the critical Courant number distributions for both (fixed and free) boundary
configurations—Fig. 11.

In this case, convergence to the limit Crcrit = 0.99 is observed. Similarly as for the free bar this num-
ber is slightly less than the theoretical value Crcrit = 1. The reason can again been seen in Fig. 10, which
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Fig. 7: Detail of acceleration build up.

Fig. 8: A free-fixed bar.

suggests that it is the vibration of the corner elements that is responsible for the maximum frequency and
is, in fact, independent of the mesh size.

A new phenomenon is detected with the constrained mesh. Comparing it with the free-fixed bar
one notices that, here, zero displacements are prescribed along the whole boundary. This means that
adding extra elements is merely equivalent to mesh refinement, which in turn implies the increase of the
dimensionless maximum frequency. Since the mesh grading is regular and there are no boundary effects,
monotonous convergence to the theoretical limit, Crcrit = 1, follows. It is interesting to note that also in
this situation ω̄ < ω̄λ, which violates condition (22) as the present problem is fully constrained.

4. CONCLUSIONS

It might seem at first glance that, except illustrating certain mathematical principles, the present study
bears little importance to real-world computation. On the one hand, todays engineering problems are
extremely large (rendernig N → ∞ effectively) and, on the other, one may safely use the upper bound
by calculating the maximum eigenvalue of a single element.

Tab. 2: Critical Courant numbers for the free-fixed bar.

N ω̄ Crcrit

1x1 1.8403500 1.0867498
2x1 2.1530847 0.9288998
3x1 2.1587386 0.9264670
4x1 2.1608547 0.9255597
5x1 2.1609985 0.9254981
6x1 2.1610395 0.9254805
7x1 2.1610425 0.9254793

N ω̄ Crcrit

8x1 2.1610454 0.9254780
9x1 2.1610454 0.9254780
10x1 2.1610454 0.9254780
20x1 2.1610454 0.9254780
40x1 2.1610454 0.9254780
80x1 2.1610454 0.9254780
100x1 2.1610454 0.9254780

1008 Engineering Mechanics 2012, #292



100 101 102
0.80

0.85

0.90

0.9255

0.95

1.00

1.05

1.10

Number of elements

C
rit

ic
al

 C
ou

ra
nt

 n
um

be
r

Fig. 9: Distribution of the Critical Courant number for the free-fixed bar.

Fig. 10: Maximum eigenmode of a free square domain (left) and the domain with fixed edges (right).
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Fig. 11: Critical Courant numbers for free (left) and fixed domain (right).

It should be borne in mind that Fried’s estimate, ω̄ ≤ ω̄e, is only useful for a structured mesh when
all the elements have the same spectrum. For an unstructured mesh, this information is hardly available
and one must resort to other estimates. It is namely under such circumstances that the analysts use the
ω̄λ limit derived from dispersion diagrams often unaware of its pitfalls. It must be emphasised that for
the reasons exaplained in the paper the frequent recommendation c1Δt = H is not entirely safe.
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The examples involving free bodies clearly demonstrated the way the vibration of corner elements
changed the stability limits. Hence, we conclude that even distant boundary conditions, which should
normally be physically insignificant, may considerably influence numerical solution.
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VARIANTS OF NAVIER-STOKES EQUATIONS 

F. Pochylý*, S. Fialová**, H. Krausová*** 

Abstract: The different variants of the Navier -Stokes equations are presented in the paper. The authors 
also present new variants to be used for qualitative analysis of the fluid flow. New variants can also be 
used for the numerical solution, especially for the method of control volumes. 

Keywords: Navier-Stokes equations, compressible liquid, bulk viscosity. 

1. Introduction 

 

Nowadays, research in fluid flow is mainly focused on computational simulation. Often, however, a 
qualitative analysis of the problem is missing. Predicting the behavior of the pressure and the velocity 
fields can be based on qualitative analysis of the Navier -Stokes equations and continuity equation. 
Firstly, it is necessary to modify the above mentioned equations to a suitable form for analysis. 

Recently, the questions of unsteady fluid motion are being solved. Modified Navier -Stokes equations 
into a new form might serve for these purposes. This form is suitable for qualitative analysis of the 
interaction of body with fluids, as well as for the new variant of the method of control volumes. 

It is possible that the proposed modifications of the local gravity acceleration forces are already 
known. In this case, the author believes that the shown diversity of the Navier Stokes equations will 
serve to the readers.  

 

Used symbols 

ix - Cartesian system coordination, iy - rotating system coordination, t - time, u - translation, v - absolute 

velocity, n  - outer normal vector to the liquid, w - relative velocity, ¨ - angular velocity, ijA - Kronecker 

delta, ijk+ - Levi-Civit tensor, ª - rot v, rot w;(v� �rot��graddivv,� - dynamical viscosity. C - bulk 

viscosity,� - second viscosity, * - density, H - magnetic field intensity, : - surroundings permeability, g - 

gravity acceleration, x - � �321 ,, xxx , y - � �321 ,, yyy ,Y – specific energy, U - tangential velocity, v - sound 
velocity, the sum convention is used in the paper. 

2. Compressible liquid  
As it is well known that the equation of force equilibrium of macroscopic fluid particle can be written 
in the form:  

 i
j

iji G
xdt

dv
�

P
P

�
%

* . (1) 
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It is solved together with the continuity equation: 

 .02 �
P
P

�
i

i

x
vv

dt
dp *  (2) 

It is possible to split the stress tensor ij%  on the bases of superposition (de Groot and Mazur 1962) 
into two parts: 
 ijijij Q��L%  (3) 

The first part ijL is connected with the so called reversible thermodynamic phenomenon and is 
represented by the pressure function p, see the term:  
 ijij pAL �� . (4) 

The irreversible part ijQ  includes the damping properties of the liquid. These properties may vary 
significantly for different types of fluids. Therefore it is necessary to seek constitutive relations for 
each fluid separately, where the stress tensor ijQ depends on the strain rate tensor. According to this 
dependence, fluids are divided into so-called Newtonian and the other rheological fluids (e.g. 
Bingham). 

In this paper we consider only the Newtonian fluids that are characterized by dependence: 

 kkijijij vv �A� ��Q 2  (5) 

where �  is so-called second viscosity (Brdi�ka et al., 2000; de Groot and Mazur, 1962; Pochylý et al., 
2011). 

Based on the kinetic theory of gases principle, Enskog (Brdi�ka et al., 2000) derived the relationship: 

 ��
3
2

�� . (6) 

On the basis of a series of experiments it was found (Pochylý et al. 2011) that this relationship is not 
endorsed and has to be supplemented by the value of bulk viscosity C , so that:  

  .
3
2�C� ��  (7) 

The results of the experiments suggest that �  strongly depends on the frequency. For water, the 
following applies:  

 
f

9800*� �  ;  f $1000Hz . (8) 

When we expressed 
dt
dvi  in Euler approach and considering (4), (5), (7), can be (1) written in 

the form:     � � i
j

k
ijk

ki

k
kjijk

i

i Gp
xxx

v
v

xt
v

��
P
RP

�
PP

P
��R���

�
��
�

P
P

�
P
P

grad2
2
1 2

2 �+��*+** v , (9) 

or as a vector: 

 � � .gradrotgraddiv2
2
1grad 2 Gªvªvvv

�������
�
�

�
�
��

P
P px

t
���***  (10) 
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Vector G on the right side of (10) represents the bulk force. This effect is caused by external 
gravitational fields gG , or electromagnetic fields MG . For these forces the relations hold:  

 Gg � *g ;       GM � : rot H EH  (11) 

In the text that follows, we neglect MG , as the influence of magnetic fields deserves a special 
attention. 

In many technical applications, the specific energy Y  is of an importance, defined by term: 

 xg
v

)���
*
pY

2

2

. (12) 

For these purposes, it is appropriate to modify the expression for the gravitational force gG . We 

propose a new shape for gG . It is easy to show that the following holds: 

 Gg � *grad g)x� � . (13) 

By this definition of gravitational forces, the equation (10) can be modified by using the specific 
energy: 

 � � 0rotgraddiv2grad ����E��
P
P ªvªvv ���*** Y

t
. (14) 

When solving small oscillations of a body in the compressible fluid, equations (14) could be written 
using the translation u . If we decompose the liquid field into its stationary and non-stationary 
components induced by small oscillations of the body, it can be written that  (Pochylý, 2009). 

  udiv2vp *��  (15) 

 
� � � �
� � � �t

t
,;;

,;;

000

000

x¨¨xªª¨ªª
xccxvvcvv
����

����
          

            
. (16) 

If we neglect in the equation (14) the small velocity components and when we express it using the 
translation  

 
tP

P
�

uc ,   (17) 

 it (1.10) can be written in the form: 

 � � � � 0graddivrotgraddiv2grad 2
000 �����E�E��

P
P ucªcvcvc v

t
*���**** ??  (18) 

This form of the equation allows using the ANSYS software environment, which is commonly used in 
the classical mechanics problems solutions. 

3. Incompressible liquid 
The incompressibility condition is expressed by the continuity equation in the form:  

 0div �v . (19) 
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on the basis of this equation, (14) can be simplified to the form:  

 .0rotgrad ��E��
P
P ªªvv �*** Y

t
. (20) 

Equation (20) is easily written in the index symbolism in two versions: 

 .0
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�
P
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�
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j

m
jklmijk

i
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x
vv

x
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�+*+**  (21) 

or in a simpler form: 

 .0��
�
�

�
�
�
�

�

P
P

���
P
P

�
P
P

j

i
kkijijji

j

i

x
vxgpvv

xt
v

*
�A

*
A  (22) 

For the investigation of the force effects between the liquid and the body it is suitable to write the 
equation (22) in the basic form (1), taking into account the substance's derivative. 

 j
j

iii v
x
v

t
v

dt
dv

P
P

�
P
P

�  (23) 

Under these assumptions, (1) can be written for example in the form: 

 � � .0�
P
P

��
P
P

�
P
P

j

ij
kkijji

j

i

x
xgvv

xt
v %

A**  (24) 

Assuming that the body is made up of multiple contiguous areas bounded by the surface S and the 
liquid is sealed in the field V in between @ and S , you can write for the force F  the relationship  

 � � ����
S

jijii dSnF .%F  (25) 

After integration of (24) using the Gauss-Ostrogradsky theorem we obtain: 

 � �� � �
@ @

@�S��
P
P

��
V SU

jijjkkijji
i

i dndnxgvvdV
t
v

F %A*** . (26) 

The forces analysis in the unsteady motion of the body in the liquid according to the relation (26) is 
complex, given that you cannot reliably determine the effect of volume integrals. 

This deficiency can be removed by following the proposed modification. Easy to see that, assuming 
(19), it holds: 
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 (27) 

Using this adjustment, (24) as well as (26) can be significantly simplified. Substituting into (24), (26) 
we obtain:  
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F jijjkkijjii
j

SU
i %A*  (29) 

 
The right side of the expression (29) is no longer dependent on the volume integrals and determines 
the additional effects of the liquid on the body. 

Equation (28) can serve as a starting point for the solution of the non-stationary fluid mechanics 
problems, including unsteady body motion in the liquid. 

For example, for a method of control volumes: By the integrating of (28) over the control volume V(  
bounded by the surface S( , the following equation can be obtained:  

 0�(��
�

�
��
�

�
��

P
P

�
(

Sdnxgvvx
t

v
j

S
kkijijjii

j *A%**  (30) 

4. Relative space 
Suppose that the coordinate system � �iy  rotates to ix  by angular velocity � �0,0,?¨ . Navier -Stokes 

equations in the system � �iy  can be written for incompressible liquid for example in the following two 
options: 

 � � � � 0grad2 ���(�E�E�
P
P gywwyw *�*** px

t
???  (31) 

 � �! " � � 0rot2grad �(���)�)��
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P wwwygUvw �** ?xUY
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Also in the component form:  
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Adjusting 

 ��
�

�
��
�

�
P
P

P
P

�
P
P

i
j

j

i y
t

w
yt

w
 (35) 

Can be (34) rewritten into simpler form: 
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The expression (36) expresses a new notation of Navier -Stokes equations in a rotating coordinate 
system suitable for further analysis 
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5. Conclusions 

The paper presents some new findings, which can be used both for qualitative analysis of the flow, as 
well as to simplify the method of control volumes. The volume or the second viscosity is of particular 
importance. They can get more accurate results for reliable modeling of unsteady pressure pulsations. 
The essential findings presented in this study can be formulated as follows:  

zHf
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1000     ;9800
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VALIDATION OF THE POINT-MASS MODELLING APPROACH FOR 
FIBRES IN THE INVERTED PENDULUM MODEL 

P. Polach*, M. Hajžman**, O. Tu�ek***

Abstract: Fibres, cables and wires can play an important role in design of many machines. One of 
interesting applications is replacing the chosen rigid elements of a manipulator or a mechanism with 
fibres. The main advantage of this design is achievement of a lower moving inertia, which can lead to a 
higher mechanism speed and lower production costs. A chosen inverted pendulum attached to a frame by 
two fibres serves as a typical testing system for the investigation of the fibres properties influence on the 
system dynamic response. Motion of the pendulum of this nonlinear system is investigated using the 
alaska simulation tool. The sophisticated point-mass fibre model is validated on the basis of the results 
obtained using a massless fibre model. In addition, the equation of motion based on the massless 
approach is studied in terms of solution existence and its uniqueness. 

Keywords:  Inverted pendulum, fibres, multibody modelling, vibration. 

1. Introduction 

One of interesting applications of cables or fibres is replacement of the chosen rigid elements of 
manipulators or mechanisms by those flexible elements (Chan, 2005). The main advantage of this 
design is the achievement of a lower moving inertia, which can lead to a higher machine speed and 
lower production costs. Drawbacks can be associated with the fact that cables should be only in 
tension (Smrž & Valášek, 2009; Valášek & Karásek, 2009) in the course of a motion. The possible 
cable modelling approaches should be tested and their suitability verified in order to create efficient 
mathematical models of cable-based manipulators mainly intended for the control algorithm design. 
The motion of the inverted pendulum driven by two fibres attached to a frame (see Fig. 1), which is a 
simplified representation of a typical cable manipulator, is investigated using the alaska simulation 
tool (and using an in-house software created in the MATLAB system). The influence of some 
parameters of this system has already been investigated. The influence of the actuated fibres motion on 
the pendulum motion in the case of their simultaneous harmonic excitation was investigated in Polach 
& Hajžman (2011c), in the case of non-symmetric harmonic excitation it was investigated in Polach & 
Hajžman (2012a). The effect of the fibres’ mass on the pendulum motion was investigated in Polach et 
al. (2012), the effect of the fibres preload was investigated in Polach & Hajžman (2012b). 

The sophisticated point-mass fibre model is validated on the basis of the results obtained using a 
massless fibre model. The correctness of the point-mass fibre model is partly evident from Polach et 
al. (2012), where results of simulations when considering relatively “light” fibre made of thin carbon 
fibres correspond well, up to the certain excitation frequency, with the results of simulations with 
massless fibre model (see also Chapter 5). In addition, in this paper the equation of motion based on 
the massless approach is studied in terms of solution existence and its uniqueness. 
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2. Possibilities of the cable modelling 

The cable (fibre, wire etc.) modelling (Hajžman & Polach, 2011) should be based on considering the 
cable flexibility and the suitable approaches can be based on the flexible multibody dynamics (see 
Shabana, 1997). The simplest way how to incorporate cables in equations of motion of a mechanism is 
the force representation of a cable (e.g. Diao & Ma, 2009). It is assumed that the mass of cables is 
small to such an extent comparing to the other moving parts that the inertia of cables is negligible with 
respect to the other parts. The cable is represented by the force dependent on the cable deformation 
and its stiffness and damping properties. This way of the cable modelling is probably the most 
frequently used model in the cable-driven robot dynamics and control. 

A more precise approach is based on the representation of the cable by a point-mass model (e.g. 
Kamman & Huston, 2001). The cable can be considered either flexible or rigid. It has the advantage of 
a lumped point-mass model. The point masses can be connected by forces or constraints. 

In order to represent bending behaviour of cables their discretization using the finite segment 
method (Shabana, 1997) or so called rigid finite elements (Wittbrodt et al., 2006) is possible. Standard 
multibody codes (SIMPACK, MSC.ADAMS, alaska etc.) can be used for this purpose. Other more 
complex approaches can utilize nonlinear three-dimensional finite elements (Freire & Negrão, 2006) 
or can employ the absolute nodal coordinate formulation (ANCF) elements (Shabana, 1997). 

Investigation of the possible approaches to the modeling of the system of inverted pendulum 
driven by fibres was investigated in Polach & Hajžman (2011a) and Polach & Hajžman (2011b). 
Implementation of the model based on the finite rigid elements into the alaska simulation tool proved 
to be unsuitable (Polach & Hajžman, 2011a). The ANCF elements cannot be implemented in the 
alaska simulation tool, verification on this approach was carried out utilizing the MATLAB system 
(Polach & Hajžman, 2011b). 

3. Inverted pendulum 

Already mentioned inverted pendulum, which is attached and driven by two fibres and affected by a 
gravitation force, was chosen as an example of the investigation of fibres’ behaviour – see Fig. 1. 
When the pendulum is displaced from the equilibrium position (i.e. “upper” position) it is returned 
back to the equilibrium position by the tightened fibre. 

The massless model is shown in Fig. 1 (the used model of the fibre based on the point-mass model 
with lumped point masses corresponding to the mass of the fibre is geometrically identical) – e.g. 
Polach & Hajžman (2011c). The models of the system of the inverted pendulum are considered to be 
two-dimensional. 

Fig. 1: Inverted pendulum actuated by the fibres. 
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The system kinematics can be described by angle ϕ (one degree of freedom) and prescribed 
kinematic excitation ( )x t . The equation of motion is of the form 

( ) ( ) ( )1 1 2 2
A

1 sin sin sin
2
lF d F d m g

I
ϕ ϕ α ϕ α ϕ ϕ� �= ⋅ ⋅ ⋅ − ⋅ ⋅ + ⋅ ⋅ ⋅� �

� �
�� , (1)

where IA is the moment of inertia of the pendulum with respect to the axis in point A (see Fig. 1), 
( )1α ϕ and ( )2α ϕ  are angles between the pendulum and the fibres, m is the mass of the pendulum, 

g is the gravity acceleration and l is the length of the pendulum. The forces acting on the pendulum 
from the fibre are 

( ) ( )( ) ( ) ( )( )1
1 1 1 0 1 1 0

d
d

l
F k l l b H l l

t
ϕ

ϕ ϕ ϕ
� 	

= ⋅ − + ⋅ ⋅ −
 �
� 

, 

( ) ( )( ) ( ) ( )( )2
2 2 2 0 2 2 0

d
d

l
F k l l b H l l

t
ϕ

ϕ ϕ ϕ
� 	

= ⋅ − + ⋅ ⋅ −
 �
� 

, 
(2)

where ik  (i = 1, 2) is the fibre stiffness, ib  (i = 1, 2) is the fibre damping coefficient and H(·) is the 
Heaviside function. It is supposed, that forces act in the fibres only when the fibres are in tension.

Original length 0l  of the fibres is supposed to be constant and actual lengths ( )1l ϕ  and ( )2l ϕ  of 
the fibres should be calculated in each time 

( ) ( ) ( )2 2
1 cos ( ) sinl d a x t dϕ ϕ ϕ= ⋅ + + − ⋅ , 

( ) ( ) ( )2 2
2 cos ( ) sinl d a x t dϕ ϕ ϕ= ⋅ + − + ⋅ . 

(3)

Each fibre is discretized using 10 point masses in the fibre model based on the point masses (e.g. 
Polach & Hajžman, 2011c). Each point mass is unconstrained (i.e. number of degree of freedom is 3) 
in two-dimensional model of the system of the inverted pendulum. The adjacent point masses are 
connected using spring-damper elements. Only axial (spring and damping) forces are considered in 
these spring-damper elements. The stiffness and the damping between the masses are determined in 
order to keep the global properties of the massless fibre model. 

The kinematic excitation is given by function 
( )0( ) sin 2x t x f tπ= ⋅ ⋅ ⋅ ⋅ , (4)

where x0 is the chosen amplitude of motion, f is the excitation frequency and t is time. The influence of 
the excitation frequency on the pendulum motion is investigated. Excitation in points designated B and 
C (see Fig. 1) is considered to be symmetrical (without any mutual phase shift) and of the same 
amplitude x0. 

4. Existence and uniqueness of the solution of the pendulum motion equation 

Before the validation of the point-mass fibre model the existence and uniqueness of the solution 
should be studied. For sake of such an analysis the pendulum equation of motion based on the fibre 
modelling by massless approach (1) can be rewritten to form 

( )
( )
( )

[ ]

( ) , , ,

0 0,

0,

0, ,

t f t

T

t T

ϕ ϕ ϕ
ϕ
ϕ

=

=

=

∈

�� �

(5)

where 
( ) ( ) ( ) ( ) ( )0 1 1 0 2 2 1, , sin sin sinf t B F B F Bϕ ϕ ϕ α ϕ ϕ α ϕ ϕ= ⋅ ⋅ − ⋅ ⋅ + ⋅� , (6)
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( ) ( ) ( )( )

( ) ( ) ( )( )

1
1
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0 1
A A
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cossin ,
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a x t
l

a x t
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d m g lB B
I I

ϕα ϕ
ϕ

ϕα ϕ
ϕ
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= ⋅ −

⋅ ⋅= =
⋅

(7)

( )1F ϕ  and ( )2F ϕ  are given by expressions (2), ( )1l ϕ  and ( )2l ϕ  are given by expressions (3) and T is 
the time of the end of numerical simulation. 

Function ( )x t  is considered to be smooth function of property 

( )x t K≤ �� . (8)

From previous estimate it is easy to derive the following condition 
( )x t K≤ ,

where from the physical point of view constant K fulfills 
d a K d a− < < + . 

Constants a, d, 0l , K� , K, ik  (i = 1, 2), ib  (i = 1, 2) in equations (1), (2), (3), (8) are positive real 
numbers. 

It is reasonable to suppose that velocity of pendulum is bounded, i.e. there is a positive constant R
such that 

( )t Rϕ ≤� . (9)

Based on expression (2) it can be seen that ( )iF ϕ  (i = 1, 2) is discontinuous due to appearing the 
Heaviside function. Hence function ( ), ,f t ϕ ϕ�  on the right hand side of (5) is also discontinuous and 
nonlinear. Thus it is obvious that there is no solution for 2Cϕ ∈ , where kC , k = 2, is space of all 
functions such that the k-th derivative exists and is continuous. 

4.1. Preliminaries 

Throughout this section a notation ⋅  for absolute value in �  and space 

[ ]( ) [ ]( ) ( ) { }{ }1 1
0 0, 0, , : 0, 0,C T u C T u t t T= ∈ = ∈�

will be used. 

Let 0T >  be given and let 
( ) [ ], , : 0,f t u v T × × →� � �

be a mapping satisfying the Carathéodory conditions (e.g. Drábek & Milota, 2007; Rach�nková et al., 
2009), which are 

1. ( ), ,f t u v  is continuous in ( ),u v  for almost all [ ]0,t T∈ , 

2. ( ), ,f t u v  is measurable in t for fixed ( ),u v , 

3. for each compact set 2κ ⊂ � , there is a function ( ) [ ]( )1 0,h t L T∈  such that 

( ) ( ), ,f t u v h t≤  for a.e. [ ]0,t T∈  and all ( ),u v κ∈ , (10)

       where 1L  is space of measurable functions such that ( )
0

T

h t dt⋅ < ∞� . 

Following theorems with proofs can be found in Rach�nková et al. (2009) and Schmitt & 
Thompson (2004). 
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Theorem 1 Let ( ), ,f t u v  satisfy the Carathéodory conditions and assume that there is a function 

( ) [ ]( )1 0,h t L T∈  such that

( ) ( ), ,f t u v h t≤  for a.e. [ ]0,t T∈  and ,u v∀ ∈� . (11)
Then problem (5) has a solution. 

Theorem 2 Let ( ), ,f t u v  satisfy the Carathéodory conditions and

( ) ( ) 0 1, , , ,f t u v f t u v A u u A v v− ≤ ⋅ − + ⋅ − , [ ], , , , 0,u v u v t T∀ ∈ ∈� , (12)
where 0 1,A A  are positive constants such that 

2
0 1

2 1A T A T
π π

⋅ ⋅+ < . (13)

Then problem (5) has a unique solution [ ]( )1
0 0,C Tϕ ∈ , with ϕ�  absolutely continuous and equation 

(5) being satisfied almost everywhere. 

4.2. Main qualitative result 

The solvability of problem (5) is investigated in this subchapter. It is known that there exist points in 
[ ]0,T  where function ( ), ,f t u v  is discontinuous and the Lebesgue measure of the set of these points 

is equal zero. Thus for almost all [ ]0,t T∈  is ( ), ,f t u v  continuous, it means the first condition of the 
Carathéodory conditions is satisfied. The second condition is obviously satisfied, too. 

Now if the same R as in (9) is used [ ] [ ], ,R R R Rκ = − × −  can be chosen. Then the inequality (10) 

will be fulfilled with ( )h t  in the form 

( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( )( )( ) ( ) ( )

0 1 0 2 1
1 2

0 1 2 3

cos cos, , , ,

,

u uf t u v B F u v a x t B F u v a x t B
l u l u

C C C C d R a K K a K d K a K h t

≤ ⋅ ⋅ ⋅ + + ⋅ ⋅ ⋅ − +

≤ + + + ⋅ ⋅ ⋅ + + ⋅ + + ⋅ ⋅ + =� �
(14)

where 

( ) ( )

( )( ) ( )( )

0 0
0 0 1 1 0 2

0 1 0 2
2 32 2

1 , 1 ,

, ,

l lC B k C B k
K a d K a d

B b B bC C
K a d K a d

� � � �
= ⋅ ⋅ + = ⋅ ⋅ +� � � �� � � �+ − − −� � � �

⋅ ⋅= =
+ − − −

(15)

so ( )h t  is element of 1L . Therefore ( ), ,f t u v  satisfies the Carathéodory conditions and assumptions 
of Theorem 1 too. 

Condition (12) of Theorem 2 remains to be checked. It holds 

( ) ( ) ( ) ( ) ( )( ) ( ) ( ) ( )( )

( ) ( ) ( )( ) ( ) ( ) ( )( )

( ) ( ) ( )
( )

( ) ( )
( )

( )
( )

0 1 1
1 1

2 2 1
2 2

2 2
1 2

0 12 2

2
1

1 0 2

cos cos, , , , , ,

cos cos, , sin sin

( ) ( )

( )

u uf t u v f t u v B F u v a x t F u v a x t
l u l u

u uF u v a x t F u v a x t B u u
l u l u

b a K b a K
B d v v d v v B u u

K a d K a d

d b a K d b
B u u B

K a d

− ≤ ⋅ ⋅ ⋅ + − ⋅ ⋅ + −

� �
⋅ ⋅ − − ⋅ ⋅ − + ⋅ − ≤� �� �

� �

⋅ + ⋅ +
⋅ − ⋅ − ⋅ + ⋅ − ⋅ + ⋅ − =

+ − − +

⋅ ⋅ + ⋅
⋅ − + ⋅ +

+ −
( )

( )

2
2

2 .
( )

a K
v v

K a d

� �⋅ +
⋅ −� �

� �− +� �

(16)
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In estimations (14) and (16) inequalities 
( ) ( ) ( )

( )( ) ( ) ( )22

sin 1, cos 1, sin sin , 1,

1 1 ,
2 sin

u u u u H

K a dd d a x t u a x

⋅ ≤ ⋅ ≤ − ≤ − ⋅ ≤

≤
± −− ⋅ ⋅ ± ⋅ + ±

(17)

and (9) were used. 

It can be seen comparing (13) and (16) that 
0 1A B=

and 

( )
( )( ) ( )( )

2 1 2
1 0 2 2

b bA d B a K
K a d K a d

� �
� �= ⋅ ⋅ + ⋅ +
� �+ − − +� �

. 
(18)

Finally if function ( )x t  can be chosen such that ( )x t K d≤ =  then one gets 

( ) ( )
2

0
1 1 22

d B a d
A b b

a
⋅ ⋅ +

= ⋅ + . (19)

If inequality (13) holds for 0 1,A A and T it was proven that unique solution 

[ ]( )1
0 0,C Tϕ ∈

of (5) exists. 

Now T can be chosen arbitrarily so it might happen that condition (13) would not be satisfied and 
problem (5) would not have a solution. Thus it is difficult to find or proof other theorem which has 
less restrictive condition then (13). So if T will be chosen in order to fulfil (13) then a unique solution 
exists, which is absolutely continuous. 

5. Numerical simulations 

5.1. Parameters of pendulum models 

The most important model parameters (see Fig. 1) are: l = 1 m, a = 1.2 m, d = 0.75 m, 
IA = 3.288 kg⋅m2, m = 9.864 kg, stiffness ik  = 8.264⋅104 N/m (i = 1, 2), damping coefficient 

ib  = 5⋅10−4⋅ ik  N⋅s/m (i = 1, 2). In the case of the point-mass fibre model very low mass of fibre was 
considered (in contradiction to Polach & Hajžman, 2011a; Polach & Hajžman, 2012b; Polach & 
Hajžman, 2011c; Polach et al., 2012; Polach & Hajžman, 2012a): mass of one fibre is 0.1 grams. To 
compare: mass of the so far lightest considered (carbon) real fibre was 3.846 grams – Polach et al. 
(2012). The natural frequency of the linearized system of the inverted pendulum in equilibrium 
position at consideration the massless fibre model is 5.04 Hz. 

5.2. Verification of the point-mass fibre model 

The kinematic excitation amplitude (see Eq. (4)) x0 = 0.02 m was chosen (as in Polach & Hajžman, 
2011a; Polach & Hajžman, 2011c; Polach et al., 2012; Polach & Hajžman, 2012a and Polach & 
Hajžman, 2012b). Excitation frequency f was considered in the range from 0.1 Hz to 200 Hz. 

Time histories and extreme values of pendulum angle � (maximum value of pendulum angle at 
quasi-static loading is � = 1.52°; minimum value of pendulum angle at quasi-static loading is logically 
� = –1.52°) are the validated quantities. Selected results of the numerical simulations are presented in 
Figs 2 to 22. Simulation time is 10 seconds. It was tested that after this period the character of the 
system response to the kinematic excitation does not change (e.g. Polach & Hajžman, 2011c). 

Generally, the pendulum motion is influenced by the excitation frequency of the moving fibres – 
Polach & Hajžman (2011a); Polach & Hajžman (2011c); Polach et al. (2012); Polach & Hajžman 
(2012a); Polach & Hajžman (2012b) and Figs 2 to 22. 
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Extreme values of pendulum angle � at consideration the massless fibre model and the point-mass 
fibre model are given in Figs 2 and 3. Absolute differences of pendulum angle � of point-mass fibre 
model, i.e. ( )max massless max point massϕ ϕ −−  and ( )min massless min point massϕ ϕ −− , are given in Figs 4 and 5. 

Relative differences of pendulum angle � of point-mass fibre model, i.e. 
( )max massless max point mass max massless/ϕ ϕ ϕ−−  and ( )min massless min point mass min massless/ϕ ϕ ϕ−− , are given in Figs 6 and 

7 and in Tab. 1. For the purpose of comparing, Figs 2 to 7 show even dependences of plotted 
quantities of inverted pendulum attached using carbon fibres (Polach et al., 2012). Remarkable time 
histories of pendulum angle � at various excitation frequencies are given in Figs 8 to 22. 

Fig. 2: Extreme values of time histories of pendulum angle � in dependence on the excitation 
frequency (in the whole investigated frequency range). 

Fig. 3: Extreme values of time histories of pendulum angle � in dependence on the excitation 
frequency (up to 10 Hz only). 
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Fig. 4: Absolute differences of extreme values of time histories of pendulum angle � in dependence on 
the excitation frequency (in the whole investigated frequency range). 

Fig. 5: Absolute differences of extreme values of time histories of pendulum angle � in dependence on 
the excitation frequency (up to 10 Hz only). 

Fig. 6: Relative differences of extreme values of time histories of pendulum angle � in dependence on 
the excitation frequency (in the whole investigated frequency range). 
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Tab. 1: Simulations results. 

Excitation frequency f
[Hz] 

Relative differences of 
minimum values of pendulum 

angle ���� [%] 

Relative differences of 
maximum values of pendulum 

angle ���� [%] 

0.1 -1.2 -0.7 

0.5 -1.1 -0.3 

1 -4.0 -3.6 

2 -2.4 -0.4 

3 -0.7 -0.6 

4 -0.7 -0.6 

5 -0.3 -0.2 

6 -0.1 0 

7 -0.6 -0.1 

8 -0.3 -0.7 

10 -0.4 0.1 

20 1.8 0 

30 -3.2 3.5 

40 -3.3 1.2 

50 1.9 -0.1 

60 23.4 19.2 

70 46.2 42.8 

80 65.8 66.1 

90 26.5 29.3 

100 131.8 142.0 

110 303.6 305.1 

120 249.7 218.0 

140 776.3 734.0 

150 678.4 662.9 

160 80.4 56.0 

170 290.8 277.9 

180 39.0 34.3 

190 58.4 53.4 

200 206.8 206.7 

From the courses of the quantities in Figs 2, 4 and 6 and from Tab. 1 it is evident that a good 
compliance of the results obtained at simulating with inverted pendulum models with the point-mass 
fibre model and with the massless fibre model is up to the excitation frequencies of approx. 50 Hz (see 
Figs 2 to 17). At higher excitation frequencies partly vibration of individual point masses and partly 
probably also influence of numerical errors at solving equations of motion apparently show up in the 
results of simulations (see Figs 18 to 22). This fact is evident especially from time histories of 
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pendulum angle � at excitation frequencies 60 Hz and 70 Hz in Figs 18 and 19, in which time histories 
of pendulum angle � of point-mass models with “slightly higher” mass of the “verified” fibre (by 
10 %) and when considering carbon fibres are given in addition. Due to the change of the characters of 
time histories of pendulum angle � at simulating with inverted pendulum models with the point-mass 
fibre model and with the massless fibre model (from the excitation frequencies 60 Hz) it is necessary 
to take the comparison of the extreme values of pendulum angle � given in Figs 2, 4 and 6 and Tab. 1 
cautiously (especially the relative differences of extreme values). 

Fig. 7: Relative differences of extreme values of time histories of pendulum angle � in dependence on 
the excitation frequency (up to 10 Hz only). 

  
a)                                                                            b) 

Fig. 8: Time history of pendulum angle �, excitation frequency f = 3 Hz, a) massless model, 
b) point-mass model. 

  
a)                                                                            b) 

Fig. 9: Time history of pendulum angle �, excitation frequency f = 4 Hz, a) massless model, 
b) point-mass model. 
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a)                                                                            b) 

Fig. 10: Time history of pendulum angle �, excitation frequency f = 5 Hz, a) massless model, 
b) point-mass model. 

  
a)                                                                            b) 

Fig. 11: Time history of pendulum angle �, excitation frequency f = 6 Hz, a) massless model, 
b) point-mass model. 

  
a)                                                                            b) 

Fig. 12: Time history of pendulum angle �, excitation frequency f = 8 Hz, a) massless model, 
b) point-mass model. 

  
a)                                                                            b) 

Fig. 13: Time history of pendulum angle �, excitation frequency f = 10 Hz, a) massless model, 
b) point-mass model. 
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a)                                                                            b) 

Fig. 14: Time history of pendulum angle �, excitation frequency f = 20 Hz, a) massless model, 
b) point-mass model. 

  
a)                                                                            b) 

Fig. 15: Time history of pendulum angle �, excitation frequency f = 30 Hz, a) massless model, 
b) point-mass model. 

  
a)                                                                            b) 

Fig. 16: Time history of pendulum angle �, excitation frequency f = 40 Hz, a) massless model, 
b) point-mass model. 

  
a)                                                                            b) 

Fig. 17: Time history of pendulum angle �, excitation frequency f = 50 Hz, a) massless model, 
b) point-mass model. 
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a)                                                                            b) 

  
c)                                                                            d) 

Fig. 18: Time history of pendulum angle �, excitation frequency f = 60 Hz, a) massless model, 
b) point-mass model, c) point-mass model (fibre mass 0.11 grams), d) point-mass model of carbon 

fibre (other scale in vertical axis). 

  
a)                                                                            b) 

  
c)                                                                            d) 

Fig. 19: Time history of pendulum angle �, excitation frequency f = 70 Hz, a) massless model, 
b) point-mass model, c) point-mass model (fibre mass 0.11 grams), d) point-mass model of carbon 

fibre (other scale in vertical axis). 
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a)                                                                            b) 

Fig. 20: Time history of pendulum angle �, excitation frequency f = 100 Hz, a) massless model, 
b) point-mass model. 

  
a)                                                                            b) 

Fig. 21: Time history of pendulum angle �, excitation frequency f = 150 Hz, a) massless model, 
b) point-mass model. 

  
a)                                                                            b) 

Fig. 22: Time history of pendulum angle �, excitation frequency f = 200 Hz, a) massless model, 
b) point-mass model (other scale in vertical axis). 

6. Conclusions 

The approach to the cable modelling based on the lumped point-mass representations for the 
investigation of the motion of the inverted pendulum was validated on the basis of the results obtained 
using the massless fibre model. It was proved that point-mass fibre model is well applicable up to the 
excitation frequency of approx. 50 Hz (which is generally sufficient for the control of the considered 
cable-based manipulators). At higher excitation frequencies partly vibration of individual point masses 
and partly probably also influence of numerical errors at solving equations of motion show up in the 
results of simulations. They are caused by considering almost massless fibres in the point-mass fibre 
model. 

Experimental verification of the cable dynamics within the manipulator systems and research 
aimed at measuring the material properties of selected fibres are considered important steps in further 
research. 
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�

������������I�������	�������
������	
������
������
��������
	��	�������	�������������
��������
��
���� ������ � B

����� I� ����
����������	��� 
�� �
����� ��	��
������ ���� ��� �������	�  ���� B���� E$2�
�������� ������
��  ����� 
�	���$� B)-�BH�� B)-�B��� B)-��H�� B)-���� ��� ���� �
����
��� 
�� �
������
����������������	���
��	�-�BH��-�B���-��H��-���9��������
����B�B.PH��������B��M5N��������

����
���������������������������������
����
��	9��
�����	���� 	������� �
���� B��M5N� ������� ��� ����
�������
������������������
����������� ��������
	���������
���M5N$��

�����������
�����������
����
�������B�B.PH��������������������
���������
������������
���
���
��
����������3��������������������
	���������������������
����������������������������	���������
��
��
�����
������������
�����������
��������
�����������������	���	���������
������������������������	�
�
	�� 	
��� �
�� �
�� 	�����
�� 
�� ���� ������ �
���� ������� 
�� ���� ��
��� ���� �
� ���� �
����� ������� 
��
��	���	���������������������������
��	�����
��
���������
�����������
�����������B��M5N��

�������	����������������������
���	�������������
����	��
����
�'���
���������
������������
��
������
�����
������������������������������������
��������
������������	����	��������
��� ����	�����
��
#� ��$� ������ ���� �������� 
��������� ���� �������� �
���
������� ���������� 	������ ���� ����������������
	��������	� ��� !"�I� Q�� ���� �
������� ���� ����
���	� ������ ���� �����
�� D��
�� !!I1!�� ��������	���
������� '.C>@R�>!��������� 
������ I#�+� �R� ��� +,,,� ���� S��������	� ��� <�M���� 	����
������
'������R�1,,��C�������
�/��:���
���
���1#,�(�:!1,,������3��������
���
�/��2�E&�Q��0�����
��S�
������������������������ ������������ �
�/������������� B�
��� �����2� !1�"� �� +19� ����� �����2� !#�1� �E#��
0�
����������
�����������
�2�&@#,���9������������
�	����������
��������+"+,����������������������&!�Q�

���
�����������

�����
����;�������	�>C�#&���
	��>C#&�+,,�+#����
����������!+@,�����������	��
�����
���
�����
�������
������
����

�����
��������������������������
����������������
���
��	��������������	���������������������
����
����
���
����	�
�����������
	��S�����B����+� ��������-H���	�5H���	:
��-����	�5�$����������
���

��
����������������	�
���
��������

1036 Engineering Mechanics 2012, #101



�

���������	:
���
�������
���
����������������
�	���������
����	��
�������
�����@,��(����������
���
���
��������� ���������H���	�-H9������	�-�$�����	�������
����
������
��
�	�	���
�������	�����
������� �����
����	�����������������	���������������� ������������ 
�	����	��
�������� �����
�� 
�	��
���������	��C�������
��!�Q��
��������
��������������	������
	�����
����������
����'����������
��
�����������
�����������������	�������������������������
������B����+�������
������������������	�����
��� 
����� �����
�� ��	� ���� ��������� �
���� B�C� ��� ���� �
�� �
��� ���� �������	� ��� ������� ������ ����
��
J
�������� %+��!,,�� ���� ������� 
�	� ��� �����
�� ��	� �
�������
�� ��� !,,� �(�� %����������� 
��
������������ �
�������
��	� 
�	���� ���+,E�1�(��%������������T�+@�,#�(��%�����
���T�+@�,#�(9�%���������T�
+,,�(����

�������������
�� E,�����������$�������	�����	�
�������
������������������������
�������������
��
���
���������������
���
�������������������)���
��
�������
�������������������
�������������������
����
����������� ���
�	�	� ��� +&,�J)� ���/������ ��	� ���� ����������� 	������� ����������	� �
� ���� �
��������
.������� ������ ��
�� !+&� �
���� ������������� ����� ���	� ��� ���� �
�������
��� ��
������� ������
���������������
��������,�"���
���������3�������
���������
��E,�������������������	�E1��������
��
�������	���	���������������������
��������������	���	����������	��
	������������
����B�C��������
�
���
�������� ���
�	�	� ��� ������
�� ������
�� ���������
���.�
��������1� �����
�������������������
����
���	2�

'���32��
�������
������������	���	��������
�������
�������S�!I����

'���332��
�������
��������������	���	��������
�������
�������S�!I�&����

'���3332��
�������
��������������	���	��������
�������
�������S�+&����

'���382��
�������
������������	���	��������
�������
�������S�+I����

�����

��� ��
���
�������
��

����

B������ E� ��
��� ���� �
����� 
�� �
�����	� ��	� �������	� �
���� B�<� ��� �� ������
�� 
�� ����� �
�� '��� 333�
�����������������	��������	��
��������������������������
������������	�	���
��	���
��������������	�
�
���������
��
���
����B��M5N�������
����B�C������������ ����
������
�������������������������
����	��� �
���� ������������ �
���� ����������� ��	� ����������
�� ���������� ������������ ���� �
����
����������� ��	� ����������� 
�� �
������� ������ 
�� ����������
�� ����������  B�5$� ����� 	��������	�
������������� ��� �

���� ���� �
�������� ����	� ���
� ������
��� �
����
�� ��	� ���� �
�������
������
�����������	�����
�������
���������������	���������������	��
���������
��
������������
��B�5��
>������������	��������	��
��������������������
���/�������������	��������

������
����2�

� ����������������  !$�

>������������ 	��������	� �
���� ����������� B�<� ���� �
���/������ �
�����	� ����� �������	�
�
����������������	�����	��������
������������	�����������
������������	��
�����
�	�����
����
�������
	��������
����B��M5N��3�������������
��
����
����������
��������

������
����������������	2�

����������������  +$�

�������	� ����� 
�� B�<� �
�������� �
�����	������ �������	� �
���� B��M5N������ ���� 
�� 	���
��	�
��
������������!��
��������������	�������
���
��������������������������
��������������	�����
����
����������� �
���� B�<�� -
�����	� ������ 
�� �
����� ��	� ������ �
������ 	������ �
������� ���� ��� ���
������������������
������B����+��

����'����3��33����	�38������
����������	����������������������
����������������
���	����
������������
������������ ��������� ����	�	���� �����������������S�����B����1��H����	��������	����������������� ����
�
���� �������� �������
�� ���� �����
��	�������
��������-������	� �
����� �������
�� ��
��� ����B)-�BH�
��	� B)-�B�� �������� ��������� ������� ������ ������ ����� ��
��� ���� ��� �������	� 	������ �
������
��
��	�����.��������������	���
��� ���C���������	�>�����������C���
	�$��������
����������
�	�	����
+"+,� ���� ������ ��� ���� ������� ����������� �
�� ����������
�� 
�� 	������� �
���� ��
�� ���� ������ �
� ����
��
��	��3��������	������
���������	�������
��B)-��H���	�B)-�����
������������
�������
������
��
�������������
�	�
���
��������������������������	��
������������������������������	������
�����������
�������������������� 
������������������������
��	��������
����� �
����� ���������$���	�����������
��
��
	���������������
�������
���������������������������	������
���
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�?@Q$(�QW�The paper deals with a theoretical lifetime prediction of telecommunication towers, guyed 
masts and antenna’s cantilevers and comparison with the long-term measurements. A simple and 
practical calculation method is presented. The wind load is described taking into account the probability 
distribution function of the mean velocity and corresponding wind pressures. The dynamic response of 
structure caused by the turbulence uses wind models for both longitudinal and lateral direction. 
Structural response takes into account the contribution of more vibration modes. Based upon this 
knowledge, the number of cycles for certain time period together with the residual time life prediction of 
antennas cantilevers and cables was determined. 
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Fig. 1: Left: Probability density function of mechanical stress P2i and partial probability density 
functions associated with the harmonic components. Right: Probability �P  as the function of mean 

wind speed.  
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Fig. 2: Left: In order to analyze if the assumption of the load is based on the real values, the measured 
spectral densities were compared to theoretical ones given by the Eurocode. Right: Decomposition of 

the wind speed into its lateral and longitudinal components. 
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Fig. 3: Left: Photograph of the TV tower Veselský kopec (Example 1a), Middle: Vraní Vrch (Example 
1b) with GRP antenna cantilevers. Right: Example of the spectral densities of the acceleration of a 

tower Veselský kopec to determine the resonance frequencies. 
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Fig. 4: Stress spectra ascertained from the strain-gauges measurement (circles) and number of 
cycles determined theoretically (red asterisks, magenta diamonds). Two blue crosses stand for 

the lateral vibration. Left: Example 1a (Veselský kopec), Right: Example b1 (Vraní vrch).
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Fig. 5: Left-Strain-gauges glued at the guy rope. Right-stress time history and the spectral density of the 
response of lower rope. 
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(right) together with the individual values of the probability P4.
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Fig. 6: Stress spectra ascertained from the strain-gauges measurement (blue circles) and total number of 
cycles determined theoretically with the use of known structure characteristics (green crosses). Red circles 
stand for stress spectra due to change of mean wind speed. Squares are the stress spectrum due to fluctuating 

lateral wind. Diamonds are due the along wind fluctuations. Left: Lower cables, Right: Upper cables. 
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BRANCH AND BOUND METHOD FOR GLOBAL OPTIMA OF SIZE
OPTIMIZATION BENCHMARKS

A. Pospı́šilová*, M. Lepš **

Abstract: This contribution focuses on searching for global optima of size optimization benchmarks uti-
lizing a method based on branch and bound principles. The goal is to show the process of finding these
global optima on several examples. To minimize computational demands a suitable parallelization is used.
Optima which can be found in available literature and optima obtained in this work are compared.

Keywords: benchmarks, discrete sizing optimization, branch and bound method, global optima, parallel
programming

1. Introduction

A numerical optimization is nowadays a very popular tool for obtaining a different view on structures and
materials. Shape of the structure, cross-sections, amount of reinforcement, thicknesses of sheets, design
of concrete mixture and many other properties can be optimized. Recently, many heuristic algorithms
are developed, tested on benchmarks and their efficiency is compared. To compare distinct optimization
methods, it is appropriate to know the global optima of these benchmarks. The closer to the global
optimum the gained value is, the better the method is. In the past, it was not possible to obtain these
optima because of large computational demands. A computational power is growing every year therefore
now seems to be the right time to deal with this issue.

This paper is trying to outline a process of searching for global optima of sizing discrete optimization
benchmarks. Various optimization methods can be used for obtaining optima such as gradient methods
(Shewchuk (1994)), heuristics methods (Dréo et al (2005)), or evolutionary algorithms (Eiben and Smith
(2003)). These methods do not guarantee that the gained optimum is the global one because only a por-
tion of the space is explored. Nevertheless, the advantage of these methods is that the optimum is found
in a real time and the ability to obtain or at least approach a vicinity of a global optimum is considered
as a sign of quality. In our work, we used a method based on branch and bound principles to obtain
global optima and appropriate cross-sections. A good estimate of a lower and upper bounds reduces the
searched space but still ensures that the global optima can be found. The algorithm presented in our pa-
per is universal, i.e. it is applicable to other truss structures or a similar type of problems. We hope that
the knowledge of global optima of studied benchmarks will improve the development of optimization
methods.

2. Sizing optimization

Sizing optimization (Bendsoe and Sigmund (2003)) is one type of structural optimization that deals with
truss-like structures. These structures are defined by topology, material, loading, supports, and a set of
sections or alternatively minimum and maximum cross-sectional areas of the individual rods. The objec-
tive function is the weight of a structure and constraints are maximal stresses and maximal displacements,
respectively. The goal is to find cross-sections for the given structure that satisfy prescribed constraints
and have a minimal weight. The selection of cross-sections from the given set of sections defines a dis-
crete optimization problem, whereas variables chosen from given limits leads to a continuous case. The
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continuous optimization problem can be efficiently solved by mathematical programming methods like
gradient-based methods as will be shown later in the text. When using discrete variables, no such option
is available. Thus our attention is aimed at the discrete case.

3. Discrete optimization problem

The goal is to find such combination of cross-sections from the given list of profiles that leads to minimal
weight still fulfilling given constraints. Here, two methods that are able to find global optima for this
discrete optimization problem are presented.

3.1. Enumeration

An Enumeration is the simplest method for obtaining a global optimum of the discrete optimization
problem. It is necessary to compute values of an objective function and constraints for every combination
of cross-sections from a given set. Therefore, the enumeration has very large computational demands. If
there are n sections and k variables (i.e. rods or groups of rods) than nk possible solutions exist, i.e. the
problem grows exponentially with a growing number of variables. The application of the enumeration is
therefore possible only for small structures or for analysis of the vicinity of some local optima.

3.2. Method based on branch and bound principles

A branch and bound method is another method for obtaining global optima. A. M. Land and A. G.
Doig (see Land and Doig (1960)) invented this method for linear problems. It was modified for discrete
problems and for mixed-discrete variables (see e.g. Arora (2002)) many times.

A branch and bound method is based on a division of a main problem to several subproblems, so-
called branches. To estimate, which branches are to be evaluated, an existence of the lower and upper
bounds needs to be assumed, i.e. the lower and upper bounds are used to restrict the searched space.
The lower bound can be obtained by any continuous optimization method, because the global optimum
with discrete design variables will never provide a lower value of the objective function than the global
optimum with continuous design variables. The upper bound can be obtained by any heuristic method,
because a local optimum always has a greater or equal value of the objective function than the global
optimum. Since the constraints for the sizing optimization problem are more computationally demand-
ing than the value of the objective function, they are calculated only for solutions that lie between lower
and upper bounds. If we obtain a subproblem with a value of the objective function outside the given
bounds, the rest of a branch is not calculated because global optimum cannot be located there. The more
accurate estimates of the lower and upper bounds are, the narrower the searched space can be. Espe-
cially, the upper bound can be decreased during the calculation based on the already obtained objective
function’s values. Hence, the searched subspace will be reduced and a problem will be solved with less
computational demands.

4. Continuous optimization problem

A continuous optimization problem is more complex than the discrete one because an infinite number
of potential solutions exists in the space with real numbers. Therefore, it cannot be guaranteed that the
found optimum is the global one. Nevertheless, it is possible to use powerful continuous optimization al-
gorithms such as mathematical programming methods which are well established. Obtaining a potential
global optimum with continuous variables is therefore less demanding than the solution of the optimiza-
tion problem with discrete variables. The main disadvantage of this methodology is the uncertainty of
a solution quality. It can be overcome by the following alternatives:

• The branch and bound method expects that the lower bound has the same (or higher) value of the
objective function as the global optimum with continuous variables. Since the global optimum of
the continuous problem cannot be generally known, the true lower bound cannot be ensured. As
a solution, the lower bound is set to its lowest potential minimum i.e. without using any continuous
optimization method. This process provides a real global optimum with discrete variables. In most
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Fig. 1: The 5-bar truss

cases, however, the searched space will be extremely huge for computation of all possible solutions
in a real time.

• Another approaches do not fully guarantee the acquisition of the global optimum. Nevertheless,
the probability of obtaining the global optimum is acceptable. These approaches are based on an
estimation of the global optimum with continuous variables and the value of its objective function.
We use nonlinear programming that is implemented in MATLAB environment (e.g. fmincon()
function). This routine is executed several times from random initial points. If the obtained optima
do not differ from each other and the results are comparable to optima published in available
literature, the estimate is considered as credible. If the gained optima differ from each other, then
it is not possible to use them as the lower bound. The first approach (without using the continuous
optimization method) is then used or the lower bound is estimated to be e.g. 20% lower than the
best-gained value.

All continuous optima for problems mentioned below in this text were consistent with published
optima. For the sake of certainty, the nonlinear programming method was launched with different starting
vectors hundred times and the best solution was considered as the the lower bound.

5. Sizing optimization benchmarks

5.1. 5-bar truss

A representative example of a structure small enough for computational demands and bigger enough for
branching purposes was necessary for developing the branch and bound algorithm. The topology of the
structure was taken from reference Lee and Hajela (2001), constraints and a set of given cross-sections
were chosen by authors.

A structure in Fig. 1 has four nodes and five rods and is made from aluminium. The density of
the material is 0.1 lb/in3 and Young’s modulus is equal to 104 ksi. The allowable stress is limited to
±60 ksi in each rod and the displacements are limited to ±0.06 in along the horizontal and vertical
directions. Continuous variables can assume values between lower 0.01 in2 and upper bounds 0.1 in2,
respectively. Note that imperial units are used in the whole text because the gained solutions will be
compared with published optima in available literature where imperial units are usually used.

A function of nonlinear programming fmincon() (The MathWorks (2011c)) offers four vari-
ants of optimization algorithms. In this paper, a Sequential quadratic programming (SQP) is a suit-
able algorithm for continuous sizing optimization problem. It is chosen by a command options =
optimset(’Algorithm’,’active-set’). Main idea is to convert a more complicated prob-
lem to a problem that is easier to solve. Here, the constrained nonlinear problem is solved using a se-
quence of parameterized unconstrained optimizations which, in the limit (of the sequence) converge to
the constrained problem (The MathWorks (2011a)).
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A starting point, i.e. a design variable vector composed of cross-sectional areas, an objective func-
tion, constraints and lower and upper bounds of variables are necessary as an input at the beginning of
the algorithm. The objective function is a weight of the structure

m = f(Ai) = ρ ·
N∑
i=1

Ai · Li, (1)

where N = 5 is a number of rods, Ai is a cross-sectional area and Li is the length of a rod i and ρ is
density of the material. Constraints are defined as inequalities such as

max |σi| − 60 ≤ 0, (2)
max |wj | − 0.06 ≤ 0, (3)

where max |σi| is a maximal absolute value of stresses, j is an ordinal number of independent displace-
ments and max |wj | is a maximal absolute value of displacements. These values can be obtained by
several methods. In this paper, the finite element method was used as is described e.g. in Pospı́šilová
(2010).

You can see the results for the continuous optimization problem of the 5-bar truss in Tab. 1. The
objective function value of the optima gained with SQP algorithm is later used as the lower bound for
the branch and bound method.

An identical topology of the 5-bar truss is used for the discrete optimization version. Material prop-
erties and constraints are also identical. The cross-sectional areas are chosen from the set {0.01, 0.02,
. . . , 0.1 } in2. Since the structure has five rods (k = 5) and 10 cross-sectional areas (n = 10), the
number of all possible solutions is nk = 105. Therefore, the structure is small enough and the discrete
global optimum can be obtained with the enumeration. The results obtained by the enumeration can be
seen in Tab. 1.

The lower bound for the branch and bound method is set to the optimum value of the objective
function obtained with continuous variables. The upper bound is set to the estimated weight 0.23 lb
that is 25% greater than the global optimum value of the objective function gained by the enumeration.
A space is searched systematically between these two bounds until the global optimum is found.

The steps of the algorithm can be described as follows:

1. First of all we have to decide which values will be used as initial. It is appropriate to begin with
the lowest profiles and increase them because of minimization of the objective function. From
a programming point of view, it is easier to use integer variables that are the ordinal numbers of
the given set of cross-sectional areas - set M . For example, the initial design variable vector is
1 1 1 1 1, which means that the first area (0.01 in2) from the given set is attached to each rod.
For numbering of rods see again Fig. 1.

2. The value of the objective function (a weight of a structure m) is then calculated and compared
with the lower mmin and upper mmax bounds. If the weight of the structure is less than mmin, the
algorithm will go to Step 3. If the structure weight is between mmin and mmax the algorithm will
go to Step 4. If the weight of the structure is greater than mmax, the algorithm will go to Step 5.

3. The value of the objective function is less than mmin. It is necessary to find design variables’
combination with greater weight than mmin. The last variable is raised to its maximum for faster
progress of the algorithm as 1 1 1 1 10 and the value of the objective function is calculated
and compared with mmin.

(a) If the value of the objective function is still less than mmin, the algorithm searches for the
design variables’ combination with greater weight than the lower bound. This can be done
as follows. The next-to-last variable is repeatedly raised by one, e.g. to (1 1 1 2 10). If
the next-to-last variable value reaches its maximum it is decreased to its minimum and the
third from the end variable value is raised by one. The algorithm will goes to Step 2 at the
moment when all variables are set such that m > mmin.
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Tab. 1: 5-bar truss optima

Variable Units Discrete optimization Continuous optimization

Enumeration Branch and bound method fmincon()

A1 in2 0.05 0.05 0.0500

A2 in2 0.01 0.01 0.01

A3 in2 0.06 0.06 0.0471

A4 in2 0.02 0.02 0.0167

A5 in2 0.01 0.01 0.01

m lb 0.179 0.179 0.157

max |wj | in 0.059 0.059 0.06

max |σi| ksi 59.371 59.371 60.006

wlim in 0.06 0.06 0.06

σlim ksi 60 60 60

(b) If the value of the objective function is greater than the lower bound, the last variable value
is decreased to its minimum (1 1 1 1 1) and is increased one by one (1 1 1 1 2,
1 1 1 1 3, ..., etc.) until the weight is greater than mmin. If mmin > m the algorithm
goes to Step 2.

4. The value of the objective function is greater than mmin and less than mmax. The global optimum
is located somewhere in this subspace. Therefore, the constraints are evaluated, i.e the stresses and
displacements are calculated.

(a) If the constraints are fulfilled, i.e. max |σi| ≤ 60 ksi and max |wj | ≤ 0.06 in, the upper
bound is updated to the actual objective function value mmax = m. Thus the upper bound
is pushed down towards the global optimum and the searched space is reduced. The last
variable value is increased by one afterwards. If this variable value exceeds its maximal
possible value of the cross-sectional area from a given set, e.g. 1 1 5 11 1, its value is
set to the minimal possible value and the next-to-this variable value is increased by one, i.e.
1 1 6 1 1. The algorithm goes to Step 2.

(b) If the constraints are not fulfilled, the value of the last variable is increased by one.

5. The value of the objective function is greater than mmax. The value of the last variable is decreased
to its minimum, the next-to-last variable value is increased by one and the objective function value
is calculated. If the variable exceeds its maximal possible value from the given set the algorithm
acts as in Step 4a.

(a) If the value of the objective function m is lower than mmax, the algorithm goes to Step 2.

(b) If the objective function value m is greater than mmax, a value of the third variable increases
by one and the value of the forth variable is set to its minimum. The algorithm continues in
this way until the objective function value is less than mmax. If there is no such combination
of cross-sectional areas, the task is terminated.

6. If all variable values are set to their maxima, the algorithm ends.

Fig. 2 shows a distribution of 5-bar truss potential solutions. A seagreen part shows a number of
potential solutions below the lower bound where only the objective function values are calculated, i.e.
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Fig. 3: The 25-bar truss

Step 3 of the algorithm. A blue part shows a number of potential solutions between the lower and the
upper bound where values of the objective function as well as constraints are calculated. See Step 4 of the
algorithm for more details. The global optimum is included in this subspace. A yellow part represents
a number of potential solutions above the upper bound where only the objective function values are
calculated. See Step 5 of the algorithm for more details. Tab. 1 presents results for the continuous
optimization problem along with the results for the discrete problem solved by the enumeration and the
branch and bound method. Since the enumeration calculates values of the objective function as well as
constraints for all potential solutions it is not possible to omit the global optimum. Results obtained by
both presented methods are identical and this comparison serves as verification of the branch and bound
method.

5.2. 25-bar truss

A topology of this test problem has been firstly used in reference Fox and Schmit (1966). The structure
has ten nodes and four supports (see Fig. 3); therefore there are 18 free displacements. The structure
is symmetric thus some rods were linked to groups, listed in Tab. 2. The material is aluminium with
density equal to 0.1 lb/in3 and Young modulus equal to 104 ksi. The loading is defined in Tab. 3. Every
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Tab. 2: Member grouping for the 25-bar truss

Group of bars Conectivities

A1 1-2

A2 1-4, 2-3, 1-5, 2-6

A3 2-5, 2-4, 1-3, 1-6

A4 3-6, 4-5

A5 2-4, 5-6

A6 3-10, 6-7, 4-9, 5-8

A7 3-8, 4-7, 6-9, 5-10

A8 3-7, 4-8, 5-9, 6-10

Tab. 3: Loadings for the 25-bar truss (kips)

Node Fx Fy Fz

1 1.0 -10.0 -10.0

2 0 -10.0 -10.0

3 0.5 0 0

6 0.6 0 0

cross-sectional area is chosen from the given group: 0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8, 0.9, 1.0, 1.1,
1.2, 1.3, 1.4, 1.5, 1.6, 1.7, 1.8, 1.9, 2.0, 2.1, 2.2, 2.3, 2.4, 2.5, 2.6, 2.8, 3.0, 3.2 and 3.4 in2, see reference
Wu and Chow (1995). Continuous variables can assume values between a lower 0.1 in2 and an upper
bound 3.4 in2, respectively. The allowable stress is set to ±40 ksi in all rods and maximal allowable
displacement is ±0.35 in at all nodes along the x, y and z directions.

The same methodology was used for the 25-bar continuous optimization case as for the 5-bar truss
problem. The results are shown in Tab. 4 and they are compared with the results published in available
literature. The discrete case cannot be enumerated in a reasonable time because the number of potential
solutions is nk = 308 = 6.561 · 1011, where k is a number of rod groups. The discrete global optimum
was gained with the branch and bound method, where the lower bound was set to the gained optimum
from continuous optimization and the upper bound was set as the worst available solution from literature
(see Rajeev and Krishnamoorthy (1992)). The algorithm is the same as in the 5-bar truss problem.

6. Parallelization

The 25-bar truss is relatively computationally demanding. Since the evaluation of solutions is indepen-
dent to each other (except updating the upper bound mmax described in Step 4a of the algorithm), it is
possible to run the method in a parallel way. Nowadays, modern computers are equipped with several
core processors and thus it is appropriate to use this computational effort. MATLAB environment offers
several tools of parallelization which are presented in this section.

The simplest parallelization method is to permit usage of all cores 1 by the maxNumCompThreads()
command, see Luszczek (2009) for more information. There is no need to change a serial code; MAT-

1It is possible to permit only a subset of all available cores such as two cores out of four.
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Tab. 4: Comparison of results for the 25-bar truss continuous case

Variable Unit Perez & Behdinan this paper

2007 2011

A1 in2 0.1 0.1

A2 in2 0.457 0.421

A3 in2 3.4 3.4

A4 in2 0.1 0.1

A5 in2 1.937 1.917

A6 in2 0.965 0.966

A7 in2 0.442 0.471

A8 in2 3.4 3.4

m lb 483.84 483.82

max |σi| ksi 6.15 6.13

max |wj | in 0.35 0.35

σlim ksi 40 40

wlim in 0.35 0.35

LAB does all parallelization by itself. This variant of parallelization is not the best one because the user
cannot mark appropriate parts for parallelization and also shared memory cannot be accessed.

Another possibility is to use a parfor loop instead of for. Every iteration of a parfor loop is
independently executed on individual cores. For proper functioning of the parfor loop, it is neces-
sary to prepare an appropriate number of processes/threads, so-called labs, by command matlabpool
open N, where N is the number of opened labs. This reserves a collection of MATLAB worker sessions
to run the loop iterations. The number of labs can be equal to the number of cores or less. Every lab has
own part of the parfor loop. However, the user cannot specify any partition of data. It is also impor-
tant to know that there is also no possibility to work with shared memory. Therefore it is not possible
to update the upper bound value efficiently and therefore, this way of parallelization is not useful for the
branch and bound method.

The last possibility mentioned here is the spmd method which means Single Programm Multiple
Data, see e.g. The MathWorks (2011b) for more details. The spmd statement separates the block of
a code to be run simultaneously on multiple labs. As well as in the parfor loop method, the command
matlabpool open N open a required number of labs. Sending data to another lab is possible by the
labSend(data, X) command, where X is the index of receiving lab where the data are sent. Then, it
is necessary to receive the data by the labReceive(Y) command, where Y is the index of a lab from
which the data will come. It is appropriate to split the data only at one, so-called master, lab and receive
data with the others, so-called slaves. The master can process its own data as well.

The main problem here is to estimate a proper amount of data for every lab. If the data are sent too
often the communication between the master and the slaves will take a plenty of time. In the 25-bar
truss task, permutations with repetition are generated in advance for several groups of rods (i.e. four
groups) and the remaining groups of rods (other four groups) are generated in the branch and bound
method independently on each labs. In advance generated combinations are divided in the for loops to
individual labs and then the algorithm continues as in the algorithm written for the 5-bar truss task. The
maximal values of mmax are collected at the end of every iteration. The smallest one is chosen as a new
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Fig. 5: A graph of the decreasing upper bound for the 25-bar truss problem

mmax and resent to every lab as an initial value of mmax for another iteration. If all data are used, the
smallest value of mmax is taken as the global optimum.

For the parallel version of the algorithm, it is important how well the task is scaled, whether the
parallelization is useful or not. Ideally, we would like to achieve linear scaling i.e. speed-up of n on n
cores. However, it is very hard to obtain linear scaling, e.g. because of time spent on communications.
Fig. 4 shows a graph where speed-up of the parallel algorithm is compared on 1 to 8 labs2. HP Xeon
Z600 Workstation with two 4-cores processors Intel Xeon E5520, frequency 2.27GHz was used for
computations within Matlab R2009a 64-bit in Debian GNU/Linux.

7. Conclusions

Fig. 5 shows a graph with the decreasing upper bound mmax for the 25-bar truss problem. The value of
mmax determines the best solution in a progress of the algorithm. It can be interpreted as a convergence
of the objective function to the global optimum. In advance generated combination were sent to eight
labs by fifty. The number of iterations were 304/(8 · 50) = 2025. The global optimum was gained in
the 66th iteration. It is necessary to note that if the formulation of the task was in a different way, the
global optimum would be gained in another iteration. Since a task is to find the global optima, the whole
subspace of potential solutions must be search for and it is not possible to shorten the computation.

2It was not necessary to compute the whole task. Some variables have been fixed to prescribed values, here 2 out of 8 variables,
and the algorithm has been run with this restriction.
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Tab. 5: A comparison of results for the 25-bar truss discrete case from literature and the present work

Variable Units this Kripka Lemonge & Li & Wu & Coello Rajeev &

paper Barbosa Liu Chow Krishnamoorthy

B & B SA GA PSO GA GA GA

2011 2004 2004 2009 1995 1994 1992

A1 in2 0.1 0.1 0.1 0.1 0.1 1.5 0.1

A2 in2 0.4 0.4 0.3 0.3 0.5 0.7 1.8

A3 in2 3.4 3.4 3.4 3.4 3.4 3.4 2.3

A4 in2 0.1 0.1 0.1 0.1 0.1 0.7 0.2

A5 in2 2.2 2.2 2.1 2.1 1.5 0.4 0.1

A6 in2 1 1 1 1 0.9 0.7 0.8

A7 in2 0.4 0.4 0.5 0.5 0.6 1.5 1.8

A8 in2 3.4 3.4 3.4 3.4 3.4 3.2 3

m lb 484.33 484.33 484.85 484.85 486.29 539.78 546.01

max |σi| ksi 6.20 6.20 6.11 6.11 6.01 6.66 6.77

max |wj | in 0.35 0.35 0.35 0.35 0.35 0.34 0.35

σlim ksi 40 40 40 40 40 40 40

wlim in 0.35 0.35 0.35 0.35 0.35 0.35 0.35

Tab. 5 shows the optimum gained with the branch and bound method as well as optima obtained
by heuristic algorithms found in literature. The obtained result by the branch and bound method is
identical to the solution presented by author Kripka. He used the Simulated Annealing method. However,
he did not search the whole subspace of possible solutions so he could not be sure that the obtained
optimum is the global one. It can be seen that the results of the discrete and continuous case of the
optimization problem are near to each other, see Tab. 4 and Tab. 5. Therefore, the solution is potentially
correct. However, we can be sure that we have found the global optimum because we have systematically
explored the whole space where the global optimum is located.

The branch and bound method is suitable for bigger structures. It does not enumerate all potential
solutions of the optimization problem contrary to the enumeration method. The space is restricted to the
subspace between the lower and the upper bound where the global optimum is located. The lower bound
is obtained e.g. with some continuous optimization method. The constrained nonlinear programming
using sequence of parameterized unconstrained optimization was used in this paper. The upper bound
can be gained with some heuristic method which is fast and quite effective. The more accurate the value
is, the efficient the branch and bound method is. The task will not be branched to so many subproblems.

Global optima for computational demanding tasks such as the 25-bar truss problem have not been
published yet to the best authors’ knowledge. We hope that by publishing the algorithm as well as
the value of the global optimum we will introduce a standard of quality that will help to improve new
optimization methods.
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SHAPE OPTIMIZATION BY PARTICLE SWARM ALGORITHM
UTILIZING ISOGEOMETRIC ANALYSIS

A. Pospı́šilová∗, M. Lepš∗∗, D. Rypl∗ ∗ ∗, B. Patzák †

Abstract: The present paper describes the application of the particle swarm optimization (PSO) to the
shape optimization of two-dimensional domains described by NURBS (non-uniform rational B-splines)
and analyzed by the NURBS-based Isogeometric analysis. The regularization of the optimization problem,
preventing undesirable clustering of control points of the underlying geometry leading to invalid geometry
or parametrization, is achieved by controlling the magnitude of perturbation of design variables within PSO
using a background mesh. This mesh, however, does not have to comply with requirements on a standard
(e.g. FEM) computational mesh, as it does not have to follow the exact geometry. Thus construction of
such mesh (Matlab Distmesh tool is utilized) is simple and does not introduce a bottleneck to the whole
process. The capabilities and performance of the developed optimization strategy will be demonstrated on
a standard benchmark problem.

Keywords: Shape Optimization, Particle Swarm Optimization, NURBS, Isogeometric Analysis,
Distmesh

1. Introduction

Isogeometric analysis (IGA) (see papers Hughes (2005); Bazilevs (2006); Cottrell (2006, 2007, 2009);
Zhang (2007)) is a recently introduced method which builds upon the concept of isoparametric elements
and upgrades it to the geometry level. Although the original intention was to span the gap between the
computer aided design (CAD) and the finite element method (FEM), the various advantages and range
of applicability make the IGA an interesting alternative to the widely used FEM. It has been shown
that the IGA outperforms the classical FEM in various aspects (accuracy, robustness, system condition
number, etc.). Another distinct advantage of the IGA over the FEM consists in the conciseness of the
parametrization of the design variable space, which makes the IGA attractive for the shape optimization
problems.

The aim of this paper is to present the application of the particle swarm optimization (PSO) to the
shape optimization of two-dimensional domains described by NURBS and analyzed by the NURBS-
based IGA. The regularization of the optimization problem, preventing undesirable clustering of control
points of the underlying geometry leading to invalid geometry or parametrization, is achieved by con-
trolling the magnitude of perturbation of design variables within PSO using a background mesh.

The paper is organized as follows. The concept of the IGA is briefly recalled in Section 2. A method
of the Particle Swarm Optimization is introduced in Section 3 and the Distmesh tool for mesh gen-
erating is shortly mentioned in Section 4. The final combination of all these methods is described in
Section 5 and results are presented in Section 6.
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2. Isogeometric Analysis

In the IGA, the approximation of the solution over the domain is based on the functions employed
for the description of the underlying geometry of the domain itself. Therefore understanding of the
NURBS based representation of the geometry (used in CAD) gives a good insight into the isogeometric
concept. A NURBS patch is defined by a set of control points (topologically forming a regular grid of
the dimension corresponding to the spatial dimension of the underlying parametric space), their weights,
degree of the B-spline basis functions in each direction of the parametric space, and a so-called knot
vector represented by a nondecreasing sequence of parametric coordinates for each direction defining
the support for individual B-spline basis functions (in other words parametrization) in that particular
direction. Note that the number of control points, degree of basis functions, and size of the knot vector in
the particular parametric direction are not independent and must be mutually consistent. The data at the
control points (for example the coordinates when the geometry is concerned, or the primary unknowns
when the solution space is handled) are interpolated over the NURBS patch using the shape functions
which are defined as weighted normalized tensor product of univariate B-spline basis functions in each of
the parametric directions. For example, for a two-dimensional NURBS patch of a degree p in u-direction
and degree q in v-direction, the basis function associated with a control point in the i-th row and j-th
column of the grid of N ×M control points is given by

Rp,q
i,j (u, v) =

Np
i (u)N

q
j (v)wi,j∑N

n=1

∑M
m=1N

p
n(u)N

q
m(v)wn,m

, (1)

where wi,j stands for the control point weight and N r
k (t) denotes the univariate B-spline basis functions

of the degree r. Starting with the piecewise constant basis functions of a zero degree defined by

N0
i (t) =

{
1 if ti ≤ t < ti+1,
0 otherwise,

(2)

the basis functions for degree p > 0 are defined recursively as

Np
i (t) =

t− ti
ti+p − ti

Np−1
i (t) +

ti+p+1 − t

ti+p+1 − ti+1
Np−1

i+1 (t), (3)

in which ti (for i = 1, 2, . . . , N+p+1) stands for entries of the knot vector and N denotes the number of
control points (in the given direction). This is demonstrated in Figure 1a) where the cubic basis function
N3

i spanning four consecutive knot spans is obtained as linear combination of consecutive quadratic basis
functions N2

i and N2
i+1 spanning the first three and last three from those four knot spans, respectively.

Figure 1b) then displays the hierarchical sequence for piecewise constant, linear, and quadratic basis
functions built over an infinite uniform knot vector. For details concerning the definition of the B-spline
basis functions and their properties the reader is referred to Piegl (1997).

An example of a quadratic NURBS curve (i.e. one-dimensional NURBS patch) defined by six control
points and their weights and parameterized over the open knot vector‡ {0, 0, 0, 1, 3, 3, 4, 4, 4} is depicted
in Figure 2a). The parametric equation of that particular curve is given by

r(t) =

6∑
i=1

Ri(t)P i, (4)

where r is the positional vector of a point on the curve corresponding to parameters t ∈
〈
0, 4

〉
and P i

represents the individual control points. The colors of individual parts of the curve correspond to the
individual non-zero knot spans (red: 0−1, green: 1−3, blue: 3−4). The NURBS basis functions R2

i (t)
as well as the B-spline basis functions N2

i (t) used to construct R2
i (t) are shown in Figure 2b) over the

entire span of the knot vector. The curve interpolates those control points for which the corresponding
basis function attains value one (knot value at which this occurs defines the parameter corresponding

‡Knot vector is called open if its first and last entry is repeated (degree + 1) times, which implies that the curve is passing
through the first and last control point (see Piegl (1997) for details).
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Fig. 1: B-spline basis functions: (a) construction of cubic basis function as linear combination of
quadratic basis functions, (b) hierarchical sequence of piecewise constant, linear, and quadratic basis
functions
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Fig. 2: Quadratic NURBS curve: (a) control polygon in black; numbers of individual control points and
their weights (in parenthesis) in color corresponding to associated basis function; segments of the curve
in red/green/blue corresponding to non-zero knot spans 0-1/1-3/3-4, (b) B-spline basis functions Ni and
NURBS basis functions Ri corresponding to individual control points plotted over the entire span of the
knot vector {0, 0, 0, 1, 3, 3, 4, 4, 4}

to that control point), the rest of the control polygon is only approximated. The curve is C1 continuous
everywhere except for the point corresponding to parameter 3 at which the continuity has been weakened
by repeating that particular value in the knot vector twice.§ Note the C0 continuity of the B-spline basis
function N4 in Figure 2b) at parameter 3. The coincidence of the interface between the first (red) and
the second (green) knot span on the curve with the intersection of the curve with its control polygon is
a rule for quadratic curve only. Note that the red part of the curve (corresponding to the first knot span of
size 1) is significantly larger than the green part (corresponding to the second knot span of size 2) despite
the fact that the control polygon between control points 1 and 4 is symmetric with respect to the middle
of its second segment. This is the consequence of the weight 4 applied at the third control point which
results in the attraction of the curve toward the third control point.

The computational isogeometric mesh within the single NURBS patch is formed by partitioning the
parametric space into the non-zero knot spans in each direction (in the example above, there are three
such non-zero knot spans, see Figure 2). Since the shape functions within the single non-zero knot span

§Generally, multiplicity k ≤ p of a particular inner knot decreases the continuity of the basis functions of degree p at that knot
to Cp−k.
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are C∞, the computation of characteristic components of the discretized governing differential equation
(e.g. stiffness matrix, load vector, etc.) on each non-zero knot span is performed in the standard FE-like
fashion, typically using the Gaussian numerical quadrature¶.

The IGA has many features in common with the FEM (the shape functions form a partition of unity,
they have the compact support, affine invariance applies, a numerical integration is employed, Neumann
boundary conditions are satisfied naturally etc.) but there are some more or less significant differences.
In the traditional FEM, the individual nodes are part of the computational domain, and corresponding
degrees of freedom (DOFs) have the direct physical meaning (e.g. displacement in particular direction
at the node), which is the direct consequence of the Kronecker delta property of the finite element shape
functions. In the framework of the IGA, the control points of NURBS patches are generally not part of
the physical computational domain. This implies that the application of Dirichlet boundary conditions is
not straightforward and must be handled (often only approximately) within the available NURBS space.
Except for the h-, p-, and hp-refinement strategies, the isogeometric concept offers also a higher order
refinement methodology, known as k-refinement (see papers Hughes (2005); Cottrell (2007)), which
has no analogue in the standard FEM and which is based on the fact that knot insertion (refinement
of the parametric space) and degree elevation algorithms do not commute. Using the k-refinement,
it is possible to increase the continuity across knot span boundaries (within a single NURBS patch)
while limiting the growth of control variables. An important feature of the IGA analysis is the fact
that due to a larger support of basis functions of quadratic degree and higher‖ the number of control
points necessary to obtain results of similar quality as that from the FEM using a basis function of the
same degree, is smaller. The same also holds for the representation of the underlying geometry. This
conciseness of parametrization makes the IGA attractive for the shape optimization problems as the
size of the design variable space is kept limited while still preserving sufficient level of flexibility and
geometrical continuity. Moreover, the approximation property of the B-spline basis functions (the actual
geometry does generally not interpolate individual control points) eliminates the undesirable oscillations
(know in the FEM) due to the interpolation nature of (typically Lagrangian) finite element basis functions
and reduces the need for the regularization.

3. Particle Swarm Optimization

A lot of new metaheuristic optimization methods is inspired by nature. Algorithms simulate social be-
havior of animals, birds or insects or behave according to some physical phenomena. One of the main
advantages of metaheuristics is that there is no need to determine a gradient of an objective function as
in case of mathematical programming methods. Particle Swarm Optimization (PSO), as a member of
Swarm Intelligence techniques, is a relatively new method firstly introduced in (Kennedy (1995)). It is
based on a natural behavior of bird flocking or fish schooling. The flock acts like one organism. The
whole flock as well as every individual, called particle, has its own memory. Particles share their best
knowledge to each other thus the flock can find the optimal solution efficiently.

Each particle represents a potential solution in D-dimensional space. The i-th particle Xi is rep-
resented as Xi = (xi1, xi2, xi3, . . . , xiD). Particles fly through the searched space with a velocity
Vi = (vi1, vi2, vi3, . . . , viD). Every component of the velocity is updated according to the following
equation

vj+1
id = w · vjid + c1 · rand() · (pid − xjid) + c2 ·Rand() · (pgd − xjid), d = i, . . . , D (5)

where w is the inertia weight, vjid is a velocity from the previous step, c1 is the cognitive factor, c2 is the
social factor, pid represents the best position of the particle i, pgd represents the best swarm position and
rand() and Rand() are two random scalars, vectors or matrices, respectively, in the range of [0,1] (Shi
and Eberhart (1998)). The first addend of the Equation 5 is deterministic and represents an inertia of the
particle. If there is a zero contribution from the second as well as the third addend, the particle will move
only with inertia from the previous step and it does not stay in a local minimum. The second addend of

¶Note, however, that Gaussian numerical quadrature is generally not optimal and that there exist more efficient numerical
integration schemes for the IGA.
‖Note, that for linear degree, the IGA analysis is identical with the FEM based on linear elements.
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Fig. 3: Velocity update of one particle in 2D where c1 = c2 = 2

Equation 5 is stochastic because of the random function rand(). It provides movement of the particle
towards its own best position. The third contribution is stochastic as well and provides shifting of the
particle to the best swarm position. Fig. 3 illustrates stochastic contributions of Equation 5. Since each
addend is scaled by a random number in the range of [0,1], the end of the velocity vector can be placed
anywhere in the yellow hatched area.

The position of the particle xjid is then updated by

xj+1
id = xjid + 1 · vj+1

id (6)

where vj+1
id is an actual velocity from Equation 5 and 1 has the meaning of the unit time.

There are two possibilities how to scale stochastic addends (Wilke et al (2007)). The first approach,
a linear PSO, is using two random scalars as rand() and Rand() which multiply the magnitude of the
cognitive and social vectors. The main disadvantage of this method is that particle will fly over the
straight line at the end of the algorithm and whole space will not be searched. The second approach,
a classical PSO, produces a two random vectors or two random diagonal matrices, respectively. The
movement of particles is then diverse during the whole run. The classical approach is used hereafter.

The algorithm of the PSO can be described as follows.

1. The first step is to set up all coefficients and variables. We use values as listed in Table 1, see the
next section for the discussion on the settings. Note that initial velocities can be zero or random.
Non-zero velocities have a merit of diversity in the deterministic addend, and therefore, have been
used in our implementation.

2. In the next step, the value of an objective function is calculated for all particles. The value is then
compared with the best solution of the particle and with the best solution of the whole swarm.
In case of better value in the actual iteration than in previous ones, the positions Pgd and Pid are
updated.

3. Velocities are calculated for all particles according to Equation 5 and positions are updated by
Equation 6.

4. The algorithm ends after reaching a maximum number of iterations selected at the first step.

The main drawback is that the PSO can move particles out of the admissible space. The easiest
solution is to restrict a velocity or coordinates for a particle which flies outside. The three most frequent
PSO approaches of controlling velocities (Čapek, 2008) are depicted in Fig. 4. An absorbing wall ensures
the movement of the particle along the boundary, a reflecting wall bounces the particle back to the
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Fig. 5: Returning process for a particle which flies out of the solution space

admissible space and an invisible wall does not utilize updating of a particle position if the movement
directs behind the boundary. In our implementation, another approach is used. The coordinates are
limited to the given bounds, i.e. if the particle flies out of the admissible space, it is returned back to the
boundary according to Fig. 5.

4. Mesh generation using Distmesh tool

The Distmesh tool (DM) is a heuristic smoothing algorithm for generating uniform meshes (Chen
and Holst, 2011). The DM is based on a simple dynamical system of expanding pin-jointed structure,
here characterized by the second (background) mesh, see Fig. 6a). Those trusses that are too short are
causing repulsive forces that move the too close nodes apart, see Fig. 6b) for the final solution. The main
disadvantage apart from high computational demands is the need to return nodes that leave the prescribed
admissible domain, i.e. the same problem encountered within the PSO. The DM offers similar procedure
as is shown in Fig. 5 for basic entities. A polygon used in our computations to describe the background

(a) Triangulation of random points
forming a truss-like structure.

(b) The final mesh after the application
of the Distmesh tool.

Fig. 6: An illustrative example of a generation of a uniform mesh from randomly generated points inside
a polygon.
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Fig. 7: (a) A square plate with an indicated hole and (b) starting positions of control nodes for one
particle

mesh boundary is one of them, see the original paper (Persson, 2004) for more details. The background
mesh, however, does not have to comply with requirements on a standard (e.g. FEM) computational
mesh, as it does not have to precisely follow the exact geometry. Thus construction of such mesh can
be simplified up to only two inner iterations of the DM and thus does not introduce a bottleneck to the
whole process.

5. Shape optimization method

A combination of all methods mentioned above is applied on the benchmark structure depicted in Fig. 7
taken from (Norato et al, 2004). The plate is 10 mm high as well as wide and the thickness is 1 mm. It
is symmetrically supported and symmetrically stretched, fx = fy = −1 N/mm. Young’s modulus E
is equal to 10 N/mm2 and Poisson ratio ν equals to 0.3. Control nodes, placed on the structure, define
a curve of a hole and a boundary polygon. The overall objective of the shape optimization is to find
positions of the control nodes so that the shape of the benchmark structure has minimal compliance in
the discretized form (Bendsøe and Sigmund, 2003)

min L = 1
2f

Tu, (7)
s.t. Ku = f, (8)
s.t. V = 70 mm2 (9)

with the stiffness matrix K and u and f as displacements and load vectors, respectively. Moreover, the
total volume is restricted to 70% of the original volume, i.e. to Vmax = 70 mm2. Note that OOFEM
software (Patzak (2012)) enhanced by the Isogeometric analysis (Rypl, 2012) is used for the computation
of the compliance L and the volume V of the primary mesh as well.

The single objective optimization problem is therefore composed of the objective function L en-
hanced by the penalty function ensuring fulfilment of the volume constraint. The general shape of the
penalty function used hereafter reads as

penaltyi =

(
χi

αmin

)β

∗MaxPeni, (10)

where χi is the value of the i-th equality constraint, violation of which by αmin percent is penalized with
the MaxPeni value; a parameter β then influences the steepness of the penalty curve. Particularly, in
case of the volume restriction, the penalty function is defined by

χ1 =
V

Vmax
− 1, MaxPen1 = 2, (11)

where V is the volume obtained from OOFEM using NURBS and Vmax is the requested volume men-
tioned above. Other parameters are listed in Tab. 1.
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Tab. 1: Coefficients for the PSO are following: c1 is a cognitive factor, c2 is a social factor, w is an inertia
weight, iter is the number of iterations, nop is the number of particles. Penalty functions have following
coefficients: αmin is a distance where MaxPeni penalty is assigned and β is a shape parameter.

PSO Penalty functions

c1 c2 w iter nop αmin β

2 1 0.6 100 4 0.005 2

Then, one particle Xi in the PSO represents one potential solution. Since the plate is in 2D and has
N control points, the vector Xi contains its all coordinates i.e. 2N components. The number of particles
can be set to relatively low value e.g. 4 and the number of iterations can be restricted to 100. A cognitive
factor is set to c1 = 2 according to (Wilke et al (2007)) and a social factor to c2 = 1. The second factor
is set to lower value than in (Wilke et al (2007)) because we use a less number of particles and the social
knowledge is not that important as the personal knowledge, i.e. we would like to keep the diversity of
solutions. For the sake of completeness, all important coefficients are listed in Tab. 1.

Some nodes defining the boundary are forbidden to move because of prescribed supports. It is there-
fore necessary to distinguish which components of velocities can be zeros and non-zeros, respectively.
If a movement of the node is allowed, the corresponding component in the velocity vector is at the start
of the PSO set to a random value in the range of [−1, 1]. Otherwise, the component is zero. The initial
positions of nodes are sums of starting positions depicted in Fig. 7b) and initial velocities according to
Equation 6.

In the next step of the algorithm the Distmesh tool is used. It ensures that the nodes do not move
towards each other by limiting the maximal length of the velocity terms to the half of the shortest edge
connecting the given node within the background mesh. However, this does not ensure transposing of
nodes as shown in Fig. 8a) and forming of unwanted loops on the boundary. This problem is solved by
another penalty term

χ2 = V − VDM MaxPen2 = 2, (12)

where V is the volume obtained from Isogeometric analysis and VDM is the volume obtained from the
DM background mesh; i.e. we penalize big differences between these two meshes in terms of volumes,
see Fig. 8c), which is usually the case of the loops on the boundary.

The last deficiency is an appearance of a peak with almost zero volume in pursuit of spreading out
the points, see Fig. 8b). This is again solved by the penalty approach in terms of perpendicularity of
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Fig. 8: (a) A loop which is created in case two nodes are transposed, (b) irregularity in corner nodes and
(c) a difference between a real NURBS mesh and a background mesh from the Distmesh tool
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Fig. 10: Best solutions obtained in three runs of the PSO

quoins emerged in points 1 and 10 in Fig. 7b). Penalty function is used in the following form

χ3 =
2∑

j=1

cosφj , MaxPen3 = 0.1, (13)

where φj is an angle of the boundary at points 1 and 10, respectively.

6. Results

The known analytical optimum of the selected benchmark is characterized by the ellipsoidal hole with
different radii a and b for the prescribed loadings and a volume. Note that in case of fx = fy the hole
is circular. Therefore, we have simulated the problem with two parameters a and b in the range of [1,9]
with step 0.1. The situation is depicted in Fig. 9a). The coordinates of curve’s control nodes 1, 4, 7 and
10 in Fig. 9c) are proportionally rising up thus this simple model does not cover all possible solutions.
The compliance for all values of parameters is depicted in Fig. 9b). The black points show solutions with
a proper volume 70 mm2. The objective function is minimized thus the optimum is the solution with the
minimal compliance value lying on the curve given by those black points.

Three optima of the benchmark presented in Fig. 10 are obtained with the proposed method described
in Section 5. It is clearly visible, that the problem is ill-posed since there are several local optima of the
given problem with almost identical objective values closed to the global one, see comparison of values
in Tab. 2 for the optima obtained by the parametric solution based on an analytical solution and by the
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Tab. 2: Comparison of results for reference (Norato et al, 2004) and the presented method

author method compliance volume

Norato et al (2004) mesh 16x16 16.1653 Nmm -

Norato et al (2004) mesh 32x32 16.1928 Nmm -

Norato et al (2004) mesh 64x64 16.1952 Nmm -

this paper parametric solution 14.8140 Nmm 69.999 mm2

this paper method from Section 5 14.8712 Nmm 69.996 mm2

presented approach. Also note the difference among values presented in (Norato et al, 2004) and IGA
results probably caused by different discretizations.

7. Conclusion

The presented contribution has shown a nice combination of three methods. The Isogeometric analysis
is a step towards a CAD which, as an addendum, has several advantages over the classical FEM analysis
in obtaining mechanical responses of a structure. The precise description of the geometry predetermines
IGA as a solution to the shape optimization problem. The Particle Swarm Optimization algorithm is then
characterized by a physical meaning of a group of flying particles which can utilize the inner properties
of the dynamics of particles. The shape optimization problem is difficult from the regularity point of
view. Therefore, not only limitations within the PSO have been used in this work, but also the second,
background mesh produced by the Distmesh tool has been utilized. The obtained solutions indicate
the used benchmark as ill-conditioned. However, solutions closed to a symmetric analytical solution
have been observed as well.
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BEM SHAPE OPTIMIZATION OF A HOLE IN COMPOSITE             
FOR MINIMUM LAGRANGIAN 

P.P. Prochazka* 

Abstract: In composite materials a problem of optimal shape of hole is of great interest to designers and 
researchers. This problem seems to be theoretical but good application can be found in soil, fiber 
reinforced concretes, even steel structures, and, of course, in classical composites fabrication. Since an 
iteration process has to be constructed the problem can be identified as the problem of moving 
boundaries. From this conclusion the advantages of finite element method are suppressed and boundary 
elements should be prioritized. They do not require any improvement of the meshes in an arbitrary 
iterations step; the mesh can be selected in a reasonable way as it is auxiliary created only for necessary 
integration over the domain. The boundary element method appears to be extraordinarily advantageous 
in case the shape optimization is to be treated, although for classical arrangement fiber – matrix it also 
provides us with many affirmative properties. It had been proved elsewhere by the author that the 
minimum for Lagrangian of the material system leads to minimization of both the stresses and 
displacements. Consequently, minimization of Lagrangian is probably the best cost functional ever. 
Certain examples iteration process and of optimal shapes depending on the volume ratios of the hole will 
accompany the theoretical considerations.       

Keywords: Composite structures, shape optimization, heat transfer, homogenization of coefficient of 
conductivity. 

1. Introduction 

The optimal shape of fiber is studied in a composite structure for optimal overall coefficient of 
conductivity. For the sake of simplicity a symmetric 2D unit cell is cut out of the structure, where one 
of the phases is a hole while the rest of the domain describing the unit cell is matrix with given 
material property, i.e. with given matrix conductivity. Heat transfer or harmonic problem is solved in 
this paper so that the linear conductivity equation mediates a representative formulation. The design 
parameters of the optimization problem are connected with the inner shape of matrix, which is 
assumed to be star-shaped. In this way, the optimization turns to a moving boundary problem so that 
boundary element method appears to be the most appropriate here. Using homogenization to get the 
overall properties the problem is not solvable uniquely and, moreover, can exceed the realistic 
situation. This is why reasonable constraints, or side conditions, should be defined, i.e. the admissible 
set of possible domains of the hole should be defined in realistically put forward. First of all, a 
reasonable condition is the restriction of volume (in 2D area) of the hole. Note that this restriction can 
be changed in next steps according to the requirements of user. On the other hand, this still must not 
be enough to meet a realistic situation, since the constraints are mostly formulated in integral form 
(potential energies, surface energies, volume – area, etc.), i.e. positive and negative signs appearing in 
these formulations can lead to a nonrealistic geometry. For that, additional restrictions on the shape 
characteristics should be applied to the admissible shape of the hole. Among such the length of 
diameters of the domain of the hole, tangential slope the inner boundary of the hole, vertical and/or 
horizontal restrictions on the length of rays starting from the center of the unit cell, etc. The 
mathematical formulation of homogenization of the heat transfer problem and the subsequent 
optimization will be suggested and numerical treatment of the problem envisaged provide a 
reasonable, fully usable in practice, layout. 

     As mentioned in many publications, e.g. Callis et al (2008), Kaminski (2003), plenty of approaches 
are available on how to solve these problems. Hereinafter similar procedure, established for elastic 
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optimization problem in Prochazka (2009) will be applied for creating appropriate functional and 
calculating the optimal shape of the hole.  

     Classical approach in localization and homogenization of elastic composites belongs to Suquet 
(1985), and that of steady state heat transfer can be found also in Lévy (1985), in which periodic 
composites are studied. More or less this procedure is applied in this paper to unit cell concept. 
Optimization of the fiber shape in a composite structure due to heat load is discussed in Dvorak 
(1996), where the problem of a variance between given overall properties and calculated from the 
given material properties of phases is as small as possible. 

2. Optimization problems in composite structures 

General microstructure identification problem is treated in such a way that for given conductivity of 
both fiber and matrix (and, of course zero value of conductivity of the hole) with the given volume 
fractions of phases in the unit cell it is sought arrangement of the phases (in our case the hole) in a 
periodic cell so that the effective material constants of the periodic composite are as close as possible 
to maximum or minimum values. The problem in this study is considered for the linear conduction 
equation. It is necessary to note that although much more complicated problems occur in theory and 
practice, such as non-linear behavior of the conductivities, time-dependent behavior, high temperature 
effects, etc. The optimization itself belongs to the wide set of optimal control theories. Existence of 
solution can be proved under suitable hypotheses, as well as the convergence of numerical 
approximations. In the conduction case, the full characterization of Gδ-closure set (the set of all 
effective conductivities that result from taking the given phases in the given volume fraction mixed in 
any feasible micro-geometry) is known. The concept of composite media not only comes directly from 
the physical world but also provides a theoretically sound means for relaxation of variational problems 
- the problem of optimum topology design (see Delgado & Allaire (2011), Suzuki & Kikuchi (1991), 
for example). It is a classical result of the homogenization theory that composites can be replaced by a 
macroscopically homogeneous medium its material constants - the so called effective of overall 
constants or effective modules – depend on the micro-geometry in which the constituent phases form 
the mixture. Note that in classical theories of composites no respect had been taken to the shape of the 
phases. Modern theories deny this assumption and show that the shape of the phases can basically 
influence the properties of the composite at the macro-level. The set of all effective constants of 
mixtures of a given number of phases taken in a given proportion is called the Gδ-closure set and its 
knowledge is essential for the relaxation procedure. In the case of a scalar linear elliptic partial 
differential equation (the steady heat transfer equation), one of the phases may degenerate, i.e., a void 
or hole can be considered. However, for the case of the system of PDE's of linear elasticity, only a 
partial information about the �G -closure sets is available so far; namely we know how to minimize the 
complimentary energy for a given single macroscopic stress field. For the design with other (non-
compliance) objective functions, the fu11 knowledge of the �G -closure set seems inevitable. So far, 
the following principal constructions are known:  

Multiple rank laminates. The microstructure is a laminate (- layered composite) whose one or both 
components are again laminates that in turn can consist of laminates, etc. The layered rnicrostructure 
has the advantage that one can calculate the effective constants analytically. However, the scale levels 
of the subsequent laminations must be well separated which prohibits practical realization of these 
microstructures. For an example see Delgado & Allaire (2011), for example.  

Coated ellipsoids construction. This construction is based on the fact that having a medium with the 
material constants that are equal to those of our desired microstructure, one can insert an ellipsoid of 
one phase with an ellipsoidal inclusion of the other phase where the ellipsoids have appropriately 
balanced dimensions, and the effective properties of the medium are not changed upon this insertion. 
Thus, one fills up the whole body with coated ellipsoids, but using infinitely many length scales, this 
time not even separated from one another. As a consequence, one cannot manufacture but a rough 
approximation of such a microstructure.   

Vidgergauz’ microstructure. One of the theories aiming to an extreme microstructure is the 
Vidgergauz microstructure, Vidgergauz (1989). It has the form of a properly shaped (oval-like) 
inclusion of one phase within the matrix of the other phase. The shape of the inclusion is found from 
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the optimality conditions that in this setting have the form that "the inclusions are equally strong", no 
one is preferred. However, the shapes of the inclusion have to be evaluated using elliptic integrals or 
other non-elementary functions. We note that although it is presented in the elasticity setting, similar 
results hold for the harmonic equation. 

     The aim of this work is to establish a numerical technique for the microstructure identification 
problem considering heat transfer as a typical for the Laplace equation. The optimal control theory is 
formulated as the problem of microstructure identification: Given the effective modules, what 
microstructure has its optimal from the point of view of the best overall conductivity - ideally, what 
microstructure attains the target? The last question is meaningful, as additional constraints may lead to 
restriction of the goal to ensure the realistic solution. As here the classical optimal shape design 
approach is based on the boundary variation technique, the class of admissible micro-geometries is 
restricted to a single inclusion (the hole).  

3. Basic considerations and equations  

     Let the body representing the composite is denoted V and a unit cell is given as 2RV ∈⊂� with its 
boundary �∂ , which is supposed to be Lipschitz continuous, such as if the shape of the unit cell � is a 
square )1,0()1,0( × , for example. Isotropic phases �� ⊂f and �� ⊂m represent the fiber (hole) and 
matrix, respectively. The boundary of the fiber (i.e. the interfacial boundary C� ) is star shaped. Note 
that more general shapes are mentioned in Dvorak (1996), where a special treatment on how to 
simplify complicated unit cells is also discussed based on body transformations. The transformations 
create a group of base bodies.  
     The conservation law is assumed in the standard divergence form applied to temperature )(yu  as, 
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where )(ycc = is dependent on the position in � , consisting of two subdomains, fiber and matrix, 
which are equipped by different conductivity values 0f =c  (fiber) and mc  (matrix), where mc  is also 
constants. Note that the hole bears a negligible conductivity although this assumption is not an 
obstacle for generality. This means that the coefficient of conductivity c  is defined as: 
 

otherwise       )(      and     for         )( mff cycycyc =∈= �                                 (2) 
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where Ö is the characteristic function of the fiber. 
     The partial equations are written as 

0=∇q ,      ucq ∇=                                                   (3) 

 

where ∇  is the nabla operator, and q is the flux vector, gradient of u .  

     For statistically isotropic material with the periodic boundary conditions an analog of the well 
known Hill condition holds valid as: 
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where meas � is the volume in 3D or area in 2D, mostly considered equal to unit. 

4. Homogenization 

In order to get relations between local and overall properties of the composite apply the overall flux 
0q to the composite and the real flux is then equal to  

 

)( 110 uqqq +=                                                                (5) 

 

where the average of the fluctuation term 1u is zero, similar to the elasticity problem. From (1) and (5) 
one gets: 
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in the sense of distributions. Eq. (6) is the starting equation for solving 1u  with 0u  given. This is an 
elliptic equation being defined in � . If comparing with the elasticity problem 0q  is a unit impulse 
and 1u  is the standard fluctuating term. Since also the Laplace equation (1) is linear, similar approach 
to that used in linear elasticity can also be applied hereinafter to decode the generalized terms, mainly 
see in the right hand side, for details see Prochazka & Valek  (2012). From the detailed procedure it 
immediately follows instead of (6): 
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where Cq  is a jump in the interfacial flow equals to  
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f
0mf ynccynqccyqC −=−=                                                     (8) 

 

as 0q is considered as a unit impulse. Symbol 
C��  is the distribution of Dirac’s function along the 

interface between the phases. The formula is in compliance with Suquet (1987).  

     In the next text axisymmetry and star-shaped hole are supposed, i.e. there is a point (origin of the 
coordinate system) the rays from which cross the interfacial segment only and only once. For this 
reason the problem is solved in the first quadrant only.  

5. Boundary element formulation 

Since the shape optimization is closely related with a moving boundary problem the boundary element 
formulation seems to be extremely advantageous. Multiplying (7) by a function *

1u , integrating 
successively over f� and m� , applying linear approximations over boundary elements and splitting 
the boundaries into that merging C� and the remaining parts finally yields: 
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where u  and q  are vectors of temperature and fluxes, respectively, their components are values at 
nodal points of the corresponding boundaries, A  and B are square, generally not symmetric matrices 
of approximations, and quantities with superscript  in  are assigned to the nodal points at C� and that 

with the superscript  out  are connected with the values outside of C� . Since on C�  it holds in
m

in
f uu =  

and Cqqq =+ in
m
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f , one eventually gets: 
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where the matrix of the system is banded but generally not symmetric. Using periodic boundary 
conditions u and q follows from the previous equation for unit impulse 0q . Moreover,  
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and 0f =�c .             

     Now the main advantage of the boundary element formulation appears: applying the Green theorem 
to the latter relation leads us to interface integrals as: 
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so that the unpleasant volume integrals disappear. Note that **
2

*
1 ccc == because of the symmetry 

considered. 

6. Optimization 

Similarly to the optimization of beams, Prochazka & Lok (2009), the energy functional is formulated 
using Lagrangian multiplier Ñ  bounding the given area of the hole. Hence, the problem can be 
established as: 
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which means that the above functional is minimum with respect to u  but maximum in Ñ . 
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    The shape of the hole is identified by radii ps , s = 1,2,…,n of nodes located at the interface C� . 
Because of the considered symmetry only the first quarter of unit cell (shaded) is observed. 

     In this way we obtain n triangles Ts, s = 1,...,n, which approximate the domain f� . It obviously 
holds: 
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�d meas f� =.
=

n

s 1
meas Ts .                                                     (14)   

 

     In certain cases of fiber volume ratio with combination of the given phase conductivities restrictive 
conditions have to be applied to the admissible beams of nodes at the interfacial boundary. This can be 
done in various ways. A typical lowest value of the length of any node at C�  is bounded from below 
by a given value spp <<0 and the highest length is constrained by the conditions as 1<< hyi , hp,  
are reals selected in advance.  

     If the above bounds on the beams are attained a special procedure needs to be used, see [3]. It 
requires an internal iteration, as the improvement of the boundary using collinear mapping to ensure 
the condition about constant fiber volume fraction.  

7. Euler's equations 

The stationary requirement leads to differentiation of the functional by the shape (design) parameters 
sp     
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     The equation (15) requires Ñ  to have the same value for any s. In other words, if this requirement 
were attained at any point on the "moving" part of the interfacial boundary the optimal shape of the 
trial body would be reached. For this reason the body of the composite structure should increase its 
area (in 3D its volume) at the nodal point of the boundary identified by sp if Ñ  is larger than the true 
value of the target, while it should decrease its value when Ñ is smaller than the correct Lagrangian 
multiplier. As, most probably, real value of the target is not known a priori, its estimate is done by 
averaging the current values at the nodal points. So, approximation of Ñ will be expressed as: 

 

.
=

=
n

s
sn 1

approx
1 ÑÑ                                                                    (15) 

 

Differentiation by Ñ  completes the system of Euler's equations.  

     It remains to ensure that the fiber volume friction is constant with the value given a priori. For this 
aim a collinear mapping is applied after completing the shift of nodes at the interface. It can be done in 
such a way that assuming the current value of f

curr meas� , which is calculated from the current positions 
of the nodes mentioned, the prescribed f meas� is reached by improving the triangles iT by the value 
of  
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Brief description of algorithm: 
1     set up the starting configuration fulfilling the condition of constant area of the hole 
2 calculate *c  for the current configuration 
3 set a successive unit shifts to nodal points sp at C� , calculate )(*

spc the appropriate Ñ  using 
substitution of derivatives by differences (central difference is used here and the step of difference 
is 0.0001)  

4  compute approxÑ  to get new positions of nodes at C�  
5    from the new positions get the area of the current f�  
6    using collinear mapping improve the positions of nodes to ensure the original fiber volume ratio 
7    check up the constraint of the beams sp and if fail occurs apply local iteration 

8   Euclidean distance between current and previous energies sÑ  should be less then given admissible 
error; if not, go to 2 and stop otherwise  

8. Examples  

Unit cell is considered with various fibers volume ratios. Since we compare energy densities at nodal 
points of the interfacial boundary, the relative energy density may be regarded as the comparative 
quantity influencing the movement of the boundary C�  in a proper direction. As said in the previous 
section, the higher value of this energy, the larger movement of the nodal point of C�  should aim at 
the optimum. The process of iterations will end if the Euclidean distance between current and previous 
energies be less then given admissible error. In the following examples m meas�  and also the 
conductivity and mc  are prescribed.  
     In the tests considered here 1m =c , 6.0 meas m =� and 5.0 meas m =� with resulting optimal 
shape presented in Fig. 1 and being attained with relative error 1.8e-04 and 2.5e-04 after twenty seven  
and twenty two iterations using the step of iteration 0.1 to 0.005. 

 

         
 

Fig. 1: Optimal shapes of holes for various area fractions 
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9. Conclusions 

New optimization procedure is put forward in this paper based on homogenization technique. The 
problem which has been solved deals with homogenization of coefficients of the linear harmonic 
equation. The optimization is formulated in term of energy. A special constraint is adopted, which is 
involved in the formulation of optimal shape by Lagrangian multiplier, enabling us to show that the 
stationary point is attained for energy density being equal at each nodal point of the interfacial 
boundary. This condition leads us to an elegant and efficient numerical approach.  
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MODELING OF FIBER BRIDGING IN MULTIPLY-CRACKING 
MORTAR 

M. P�inosil*, P. Kabele**

Abstract: The use of composite materials is one of current trends in civil engineering. Proper description 
of their behavior is one of prerequisites for correct and appropriate application of these materials. The 
subject of our research are fiber reinforced composite materials that exhibit tensile pseudo-ductile and 
strain hardening behavior. Response of a single fiber is one of many factors that affect the overall 
response of the composite. In the literature analytical relations describing the behavior of a fiber during 
its pull-out from the surrounding matrix can be found. Up to now, these models did not take into account 
the possibility that a fiber bridges more than one crack. In the present paper, we refine the model for one 
fiber by considering that it may cross several parallel cracks. A numerical study is performed to 
investigate the effect of this consideration on the relation between force acting in the fiber and its pull-out 
displacement. 

Keywords: Fiber-reinforced composite, fiber bridging, pseudo-ductility, strain hardening, multiple 
cracking 

1. Introduction 

Historical monuments are at the present time subjected to various effects, which their builders couldn’t 
take into account at the time of construction and which contribute to their deterioration. Excessive 
loads caused by temperature fluctuations or technical seismicity due to traffic and technological 
processes cause degradation and cracking of historical masonry. The cracks pave the way for 
penetration of water and contaminants into the masonry, which leads to further degradation. These 
cracks often formed in the masonry joints, because mortar is usually the weaker element. To alleviate 
the degradation we are developing a fiber reinforced mortar that under tensile stress undergoes 
multiple cracking as opposed to failing by a single brittle crack. During the multiple cracking process, 
a large number of fine cracks with controlled width forms, while the mortar retains macroscopic 
integrity. Keeping the small crack width may prevent penetration of contaminants. For these cases a 
methodology for systematic design of materials with brittle matrix reinforced with short fibers was 
developed (Li, 2003). This methodology employs micromechanics and fracture mechanics based 
models of the damage phenomena taking place at the level of the composite microstructure, such as 
fiber debonding and pullout and matrix cracking. It was successfully used, for example, for design of 
Engineered Cementitious Composites – ECC (Li, 2003). Our intention is to use this approach to 
develop a new lime mortar reinforced with short random fibers, which could be applied to restoration 
works on historic buildings. As part of this effort we further refine the existing micromechanical 
models to take into account previously neglected phenomena. 

2. Single fiber response 

Bridging effect of fibers crossing a crack in a brittle-matrix composite has a dominant influence on 
whether the material eventually exhibits multiple cracking (Marshall et al., 1988). When a fiber-
bridged crack forms and opens, the fibers are being extracted from the surrounding matrix. This 
process can be divided into two main stages, which can be described by the relationship between force 
P on the pulled-out end of the fiber and displacement u at the same point. In the first stage, the fiber 
                                                
*   Ing. Michal P¿inosil: Czech Technical University in Prague, Faculty of Civil Engineering, Department of Mechanics, 
Thákurova 7; 166 29, Prague; CZ, e-mail: michal.prinosil@fsv.cvut.cz 
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gradually debonds from the matrix and as the force P increases. Assuming that debonding is resisted 
by fiber-matrix chemical bond strength Gd, that the debonded portion of the fiber elastically deforms, 
and that constant friction Y0 acts on the debonded fiber-matrix interface, this stage can be described by 
Eq. (1). This stage is completed when the embedded end of the fiber becomes fully debonded from the 
matrix. The corresponding displacement of u then reaches the value of 4c given in Eq. (2). A pull-out 
phase follows, during which the fiber slips out from the matrix while the contact area with the matrix 
diminishes. The pull-out phase is described by Eq. (3). The whole P – u relation is shown in Fig. 1. 
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In equations is Ef fiber elastic modulus, Le is fiber embedment length, df is fiber diameter, Y0 is 
frictional stress on debonded interface, Gd is fiber-matrix chemical bond strength and Z is fiber-matrix 
interface slip-hardening parameter. 

u

P

Full debonding Potencial separation and
pulling on both sides

β = 0

β < 0

β > 0

Debonding Pulling-out

Slip hardening

Constant friction

Slip softening

Fig. 1: Single fiber pull-out response 

3. Probability of fiber bridging several cracks 

The model described above adopts the assumption, that a fiber bridges only one crack. However, the 
length of fibers that are typically used in short-fiber reinforced mortars is in the order of 10 mm, while 
the crack to crack distance during multiple cracking can be as low as few mm. A question naturally 
arises, whether the P – u relation described above is realistic in the multiply-cracking composites. 
Thus, the aim of this paper is to describe the influence of a state when a fiber bridges more than one 
crack. 

First of all, let us investigate how many fibers may bridge more than one crack when the 
composite undergoes multiple cracking. To this end, we assume that fibers of length Lf are randomly 
distributed and oriented in the composite. Furthermore, we assume that matrix cracks, bridged by 
these fibers, are perfectly planar and parallel. The analytical relation derived below describes the 
probability with which a fiber passing through a fixed point P on a one crack crosses another crack at a 
distance dc.  

All possible cases of the position of the fiber end points fill the space corresponding to the sphere 
with radius Le and center at point P. For one side of the crack it is a hemisphere. End points of fibers, 
which intersect the second crack, fill the space corresponding to the spherical cap of the hemisphere 
with a height Le-dc. (see Fig. 2). The ratio of the volume of the hemisphere and the spherical cap (Eq. 
4) describes the probability with which a fiber intersects two parallel cracks with the given distance. 
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Fig. 2: Randomly oriented fiber in space with two parallel cracks 
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To verify the validity of the analytical relationship in Eq. (4), a numerical simulation was 
performed. We considered prismatic specimens of fiber reinforced composite with the same length of 
200 mm but different square cross-sections with widths a) 50 mm b) 100 mm c) 200 mm.. Within 
these volumes, random fibers were generated keeping fiber volume fraction constant and equal to 2 %. 
Pairs of cracks (perpendicular to the specimen axis) with different mutual distances were inserted into 
each specimen and the number of fibers bridging both cracks was counted. The results for each 
specimen were averaged and the probability P was calculated. Figure 3 shows a very good agreement 
between the results of the analytical solution (Eq. 4) and numerical simulations.  
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100x100 mm
200x200 mm
Analytical relation

Fig. 3: Dependence of the number of fibers intersecting two parallel cracks on their distance 

4. Crack spacing 

At a crack plane, each fiber carries its bridging force. The fiber force decreases along its length with 
increasing distance from the crack plane due to transfer of the load to the surrounding matrix through 
the friction at the interface. At the end of debonded fiber-matrix interface (at distance dc from the 
crack) the force is completely transferred to the matrix. Assuming constant frictional stress Y0 along the 
interface, this force can be expressed as: 
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If we consider spatial randomness of fiber orientation, the number of fibers bridging a crack of unit 
area Ns is (Naaman 1972 referenced in Naaman, 2008):  
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And the area of crack corresponds to single fiber is: 
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The stress in matrix at distance dc can be expressed as: 
( ) mcm AdP /=σ (8) 

Assuming that a new crack forms when stress [m reaches the matrix tensile strength ft, we can 
express the crack to crack distance for single fiber perpendicular to crack with sufficient embedment 
length as: 
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Where \ = (EfVf)/(EmVm) expresses deformation of the matrix, Vm is matrix volume fraction, Em is 
matrix elastic modulus, Vf is fiber volume fraction. For material and geometric parameters of typical 
ECC with PVA fibers df = 0,04 mm, Le = 12 mm, Ef = 21 800 MPa, Y0 = 2,21 MPa, Gd = 0,004 N/mm, 
Em = 15900 MPa, ft = 4,3 MPa and Vf = 0,02 we get dc = 1,34 mm. From Eq. (4) we get that 
approximately 84 % of fibers crossing two cracks in this distance, which shows, that the possibility of 
fibers bridging multiple cracks should be taken into account. 

5. Response of fiber bridging several cracks 

For a description of behavior of single fiber bridging several cracks a numerical model was created 
and implemented in software MATLAB. This model utilizes the analytical relations of Eq. (1) – (3). 
We consider that a fiber bridges one main and one or two adjacent cracks. The distances between the 
main and adjacent cracks were being changed and we monitored the Pf - w relationship of the fiber at 
the main crack, where w crack opening and Pf is force in the fiber. 

Cracks divide the fiber into several parts. Computation was controlled by displacement us on 
shorter of edge parts, because this part determines maximum force in the fiber Pf. During the 
debonding stage, separation occurs on every side of each crack. There is tunnel crack propagation 
along the fiber and debonded length Ldeb is: 
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When the debonded length Ldeb reaches the embedment length Le on shorter edge part, pull-out 
phase occurs and force in fiber decreases in case Z = 0. The crack beside shorter edge part is opening 
and others are closing due to fiber stiffness. Another case occurs when tunnels propagating from two 
nearby cracks meet. Debonding stops and when force Pf increases, only elastic deformation of fiber 
continues, which is restrained by frictional stress Y0 at the interface. Displacement of fiber at any point 
can be described by equation: 
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Considering, that center of full debonded part don’t change its position on fiber and embedment 
length on this part corresponds to half distance of cracks dc, we get contribution to the crack opening 
as elongation of fiber from half of this part: 
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Finally, we obtain crack opening w as the sum of pulled length on both sides of the crack: 
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Where ui is prescribed us for debonding or u for elastic deformation of the fiber from Eq. (12). 
Responses of fiber in the main crack are shown in Figure 4 and schematic drawings (possible states) at 
the end of debonding stage are shown in Figure 5. 
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Fig. 5: Schematic drawings for different dc – one nearby crack (left) and two nearby cracks (right) 

6. Conclusions 

According to the results, the single fiber response is affected by the interaction of cracks. This 
interaction occurs when dc < 2Le. It causes that for the same force Pf we get smaller crack opening w. 
Future work on this topic will be focused on examination how the interaction of cracks affects the 
behavior of cracks themselves.  
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COMPUTER SIMULATION OF MUSICAL SINGER’S VOICE BASED 
ON MRI AND ACOUSTIC MEASUREMENTS 

V. Radolf*, A. Nissinen****, A. M. Laukkanen**, R. Havlík***, J. Horá�ek* 

Abstract:  An inverse method was used to estimate the vocal tract geometry as a 1 D model on the basis 
of acoustical characteristics of a professional musical singer before and after vocal exercising. The basic 
geometrical data for the model were obtained from magnetic resonance images (MRI) registered during 
sustained phonation of vowels [a:], [i:], [u:] produced in naive and professional ways (before and after 
exercising respectively). The model was used for numerical simulations of the voice signals. The results 
of simulation were compared to the acoustic recordings. According to the results, a singer’s formant 
cluster was accomplished after exercising. It seemed to be due to lowering of the larynx and lengthening 
and narrowing of the epilarynx. The area ratio between the low pharynx and the epilarynx increased for 
[a:] but decreased for [i:] and [u:] after exercising being between 3.33 and 4.39. There was a qualitative 
agreement between 3D measurements of MRI and the results of modeling. The results suggest that for a 
singer’s formant cluster a relatively low pharynx over epilarynx ratio may be sufficient, at least if the 
larynx lowers. 

Keywords:  Biomechanics of voice, singer’s and speaker’s formant cluster, acoustic effects of vocal 
exercises.

1. Introduction 

 In operatic singing, singers make use of a special voice quality in order to be heard over the orchestra 
without a microphone. The important acoustic component which determines the operatic quality of the 
voice, especially in male singers, is the so-called “singer’s formant“ (Sundberg, 1974, 2003; Titze,  
2000). Similarly the voice quality of speakers, especially actors, is improved by the so-called 
“speaker’s formant” (Leino, 1994; Leino et al., 2011).  

Sundberg (1974) formulated an acoustic interpretation of singer´s formant as clustering of 
formants F3 – F5 in the vicinity of 3 kHz. According to the calculations by Fant (1960) such a 
situation can occur if the ratio of the cross-sectional area of the lower pharynx over the outlet of the 
epilaryngeal tube is six or higher. The physical modeling results by Sundberg supported the findings 
of Fant. Different results were obtained by Detweiler (1994) who investigated by MRI scanning the 
vowel phonation of tenor and baritone singers phonating vowel [a:] in modal register. According to 
her results, the subjects laryngopharyngeal/laryngeal outlet cross-sectional area ratios varied from 
2.9:1 to 3.7:1, which wasn´t consistent with the hypotheses by Sundberg and Fant. Later, Sundberg 
(2003) criticized the Detweiler’s way of measuring the areas, which was accomplished from the 
sagittal and transversal distances measured in 2D slices. The epilarynx tube, located just above the 
vocal folds, was also theoretically considered as a dominant source of clustering of formant 
frequencies especially when the cross-sectional area of this tube is approximately six times less than 
the area of the lower pharynx by Titze and Story (1997), and Story (2003). However, the physiological 
adjustment used in singers or in actors has not been known in sufficient details yet. 
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The rationale of the present paper was to estimate the anatomical/geometrical adjustments and to 
model the acoustic changes that occur in the voice of a male professional musical actor after vocal 
warming up by vocal exercises. 

2. MRI measurement and 3D vocal tract modeling 

A Czech male musical actor (60 years, baritone) served as a subject in the magnetic resonance 
imaging investigation. Lying supine in the MRI machine he first produced the vowels [a:], [i:], [u:] in 
a naive technique and after ca 5 minute vocal exercising again in a professional “musical actor’s“ 
manner, aiming at the best voice quality. Each vowel sample was produced for at least 20 s to enable 
the MRI scanning. The samples were produced on a comfortable pitch, at approximately the same 
fundamental frequency. Being vocally trained, the subject was able to keep the articulation and 
phonation constant through a sustained vowel phonation. The subject’s head position was stabilized 
with a support. Before starting the MRI measurement the subject phonated each sample with normal 
auditory feedback (i.e. without the MRI device on) and sustained the same phonation setting during 
MRI scanning. MRI scanning was performed at the Dept. of Medical Imaging, St. Anne's Faculty 
Hospital in Brno, using the 1.5 Tesla MRI device (Symphony Magnetom, Siemens). The imaging 
parameters were as follows: Field of view 236 x 270 mm, slice thickness 1.5 mm, acquisition time 
20.07 s, number of averages 1, repetition time 5.49 s, echo time 2.88 s, number of sagittal images 44, 
resolution 512 x 448 pixels (cf. Laukkanen et.al., 2012). 

For viewing the MR images (see Figure 1) and for measuring the changes of the vocal tract a 
Syngo FastView software (Siemens AG) and ITK Snap 2.0  were used. Lengths of different parts of 
the vocal tract were measured from midsagittal images as follows. Horizontal length (HL) was 
measured as the distance from the lips to the anterior lower edge of the anterior arch of Atlas. Vertical 
length (VL) was measured from the anterior lower edge of the anterior arch of Atlas down to the vocal 
folds. Total length (TL) of the vocal tract was calculated by adding HL and VL. Length of the 
epilaryngeal tube (EL) was measured from the collar of the epiglottis down to the vocal folds. 

The 3D model of the vocal tract was reconstructed from the MRI images using Mimics (version 
13.1, Materialise, Belgium). Especially the areas of the outlet of the epilarynx and the inlet of the low 
pharynx were studied from transversal slices of the 3D volume models of this part of the vocal tract, 
see Figure 2. The area of the inlet to the pharynx was studied just above the collar of epiglottis, while 
the area of the outlet of the epilarynx was studied just below the collar of epiglottis, at the point where 
the epilaryngeal tube and the sinus piriformes are separated. The region of interest (the region of the 
lower pharynx and upper epilarynx) of the vocal tract was segmented and the surface mesh of the focal 
tract was constructed. The surface meshes consisted of triangular elements. The cross sectional areas 
of the meshes were computed using Matlab. The cross sections were taken so that they were 
perpendicular with the midline of the mesh (vocal tract). In other words, the tangent of the midline 
determines the normal vector of the cross section. The area of each cross section was determined by 
modeling the cross section with a 2D mesh and summing the areas of the elements in the mesh. The 
ratio of the inlet to the pharynx over the outlet of the epilarynx was calculated from the areas. 

3. Acoustic measurements 

Due to noise and magnetic field no acoustic recording was possible during the MR imaging. For 
acoustic measurements the subject’s voice was recorded during the same tasks afterwards in a sound-
treated studio using the microphone Center 322 DATA LOGGER with software lingWAVES version 
2.5 (sensitivity 30-130dB , sampling frequency of 44.1 kHz). 

Acoustic analysis was done in Matlab by averaging frequency spectra calculated by FFT using 1s 
time windows with 75% overlap (see thin lines in Figure 4). Sound pressure level SPL was computed 
for each harmonics. Then the resulting spectra were averaged in the frequency bands (windows) equal 
to the fundamental frequency F0 with overlap of F0-10 Hz. Thus the new curves of “filtered spectra” 
were obtained (see thick lines in Figure 4) and the maxima of these curves were considered as 
formants. 
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4. MRI results 

The MR images (see Figure 1) revealed lowering of the larynx from the fourth to the fifth vertebra, 
rising of the soft palate and thus a tighter closure of the velar port, prolongation of the vocal tract and 
of the epilaryngeal tube, widening of the mouth cavity due to a lower position of the tongue, 
narrowing and lengthening of the epilaryngeal and lower pharyngeal region and widening of the 
higher pharynx for [i:], and narrowing of it for [a:] and [u:] in phonation after the vocal exercising. 

 
[a:] before and after warm-up 

 
[i:] before and after warm-up 

 
[u:] before and after warm-up 

Fig. 1: Midsagittal MR images for the vowels [a:], [i:], [u:] before and after the vocal exercising. 

The measured data for vocal tract length and its changes after warm up are summarized in Table 1 
for all three vowels investigated. 

The areas measured in the cross-sections at the end of the lower pharynx Aph and at the upper end 
of the epilaryngeal tube Aep and their ratios R= Aph / Aep are summarized in Table 2. For all three 
vowels [a:], [i:] and [u:] after warm up the ratio was between R=3.33 and R=4.39, i.e. all ratios were 
lower than the value R=6 considered in the previous studies. 

Radolf V. Nissinen A. Laukkanen A. M. Havlı́k R. Horáček J. 1089



 

 
Fig. 2: The 3D volume models of the vocal tract in the region of the lower pharynx and the upper 

epilaryngeal tube for the vowels [a:], [i:] and [u:] with the marked cross-sections where the areas 
were measured (from left to right).  

5. Acoustic results 

The acoustic analyses showed that after exercising a cluster of two or three formants was formed for 
the vowel [a:] in the range of F3-F5 between 2 and 4 kHz, and similarly in the range of F2-F4 between 
1.4 and 3.4 kHz for the vowel [i:] and in the range of F3-F4 between 1.8 and 3 kHz for the vowel [u:] 
(see Figure 4 and Table 3). Such clustering of the higher formants leads to a stronger 
speaker’s/singer’s formant. A weak resonance in the frequency region at about 1.6 kHz for the vowels 
[a:] and [u:] and at about 1.2 kHz for the vowel [i:] can be caused by a slight nasality, which 
corresponds well to the study by Vampola et al. (2008b), where the first oro/nasal formants were 
found in the frequency region above the formants F1 and F2 for the vowels [a:] and [u:] and between 
the formants F1 and F2 for the vowel [i:]. 

 
Tab. 1: Horizontal length of the vocal tract HL, vertical length of vocal tract VL, total length of vocal 
tract TL, length of the epilaryngeal tube EP and their changes after the warm-up for the vowels [a:], 

[i:] and [u:]. (MRI results) 
[a:] [i:] [u:] distance 

[mm] 
before after change before after change before after change 

HL 89 86.7 -2.3 % 89.7 90.5 0.8 % 89.4 94.3 4.9 % 
VL 92.5 112.3 19.8 87.8 102.7 14.9 93.8 111.2 17.4 
TL 181.5 199 17.5 177.5 193.2 15.7 183.2 205.5 22.3 
EP 21 23 2 21 23 2 21 23 2 

 
Tab. 2: Areas measured in cross-sections of the lower pharynx and of the upper epilarynx and their 

ratios before and after warm-up for the vowels [a:], [i:] and [u:]. (MRI results) 
[a:] [i:] [u:] area 

[cm2] before after before after before after 
Aph 

(pharynx) 
3.959 3.430 7.736 5.761 7.966 5.440 

Aep 
(epilarynx) 

1.099 0.833 1.696 1.312 2.201 1.636 

ratio 
(R=Aph/Aep) 

3.60 4.12 4.56 4.39 3.62 3.33 
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vowel [a:] 

 

 
vowel [i:] 

 

 
vowel [u:] 

Fig. 3: Areas of the inlet of the low pharynx (upper panels) and the outlet of the epilarynx (lower 
panels) before (left) and after (right) voice exercising for phonation of vowels [a:], [i:], [u:]. 
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6. Modeling approach 

The possible vocal tract changes resulting in the formation of a speaker’s (or singer’s) formant cluster 
were also studied using a 1D mathematical model of voice production (Radolf, 2010). The 1D vocal 
tract model was developed from the 3D volume model obtained from the MR images (Vampola et al., 
2008). The formant frequencies measured from the vowels [a:], [i:] and [u:] recorded from the subject 
of the present study before and after exercising were prescribed to the model and by a tuning 
procedure (changing the vocal tract shape, i.e. the size of area cross-sections) the best fitting vocal 
tract configurations were obtained. The length of the real vocal tract of the subject was measured using 
MRI data and the values given in Table 1 were used for both the epilaryngeal and total length of the 
vocal tract model before and after vocal exercising. Vocal tract channel was modeled as a system of 
conical elements of 4 mm in length except for the first and the last element, whose length was 
modified according to the total length of vocal tract given by Table 1. 

The model is based on an analytical solution of 1D wave equation for acoustic wave propagation 
in the vocal tract cavity (Radolf, 2010): 

2 2

02 2 2
0

1 1 0N
A c r

x A x x c t t
D D D D� �P P P P P
� � ��P P P P P� �

��        (1) 

where (D� is the flow velocity potential, x is longitudinal coordinate along the vocal tract measured 
from the vocal folds to the lips, t is time, rN is specific acoustic resistance per a unite length, A(x) is the 
cross-sectional area of the cavity and c0 is speed of sound. 

Relation between the acoustic pressure p and the volume velocity W at the input and output of 
each conical acoustic element can be described by the transfer matrix as 
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L is length of the element, AIN and AOUT are the cross-sectional areas of the element input and output, 
respectively,   is a complex exponent given by the formulas: 
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k = ?Hc0 is the wave number, ? is angular frequency of harmonic signal,  j is imaginary unit: 
1��j . The coefficient 0C  is defined by input and output radius of the element RIN and ROUT, 

respectively, 
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Frequency dependent viscous losses were considered as 
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where :,,is dynamic air viscosity. 

  

  

  
Fig. 4: Spectra (LTAS – Rectangular window) of the acoustic signals for the vowels [a:] (top panels) , 

[i:] (middle) and [u:] (bootom) before (left) and after (right) the vocal exercise. 
 

Acoustic properties of the whole vocal tract can be described by matrix form
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where  is a transfer matrix obtained by multiplication of transfer matrices of all elements from the 
vocal folds to the lips 
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and  is number of conical elements. eN

Both for the calculation of the eigenfrequency and for the numerical simulation of the acoustic 
pressure at the lips we assume the output at the lips loaded by the acoustic radiation impedance of 
vibrating circular plate with radius R placed in an infinite wall (see e.g. Vampola et al., 2008) 

Radolf V. Nissinen A. Laukkanen A. M. Havlı́k R. Horáček J. 1093
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where J1 is the Bessel function of the first kind of order 1 and H1 is the Struve function of order 1 and 

0*  is fluid density.  

Since the radiation impedance gives the ratio of acoustic pressure and volume velocity 
LIPLIPradA WpZ � , we get from (6) and (7) 
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In the eigenfrequency calculations, the boundary condition: WGLOT = 0 is assumed at the vocal 
folds, i.e. a closed input by a rigid wall, which gives the following frequency equation: 

0�)� VTradAVT cZa .                                                     (10) 

Directly from the system of equations (9), we obtain the acoustic pressure at the lips linearly 
dependent on the excitation velocity signal at the vocal folds:  
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Tab. 3: Fundamental frequency (F0) and the formant frequencies (F1 - F5) evaluated from the 
acoustic recordings and obtained from the modeling for the vowels [a:], [i:] and [u:] before and after 

the vocal exercise. 

                         [a:] F0 

[Hz] 

F1 

[Hz] 

F2 

[Hz] 

F3 

[Hz] 

F4 

[Hz] 

F5 

[Hz] 

Acoustic signal – before exercising 118 600 1100 2510 3260 3780 

Model – before exercising  random 600 1099 2507 3254 3787 

Acoustic signal - after exercising 112 560 1100 2370 2940 3260 

Model - after exercising random 560 1099 2367 2935 3268 

                         [i:] 

Acoustic signal – before exercising 114 230 2170 2840 3470 3890 

Model – before exercising  random 230 2171 2831 3473 4543* 

Acoustic signal-after exercising 114 310 1790 2160 2820 3770 

Model - after exercising random 310 1783 2162 2826 4166* 

                         [u:] 

Acoustic signal – before exercising 114 340 860 2150 3060 - 

Model – before exercising  random 343 856 2149 3052 4783* 

Acoustic signal - after exercising 115 340 940 2010 2700 - 

Model - after exercising random 340 940 2003 2707 4160* 
* Formants resulted from modeling, but were not prescribed for tuning where only F1-F4 were used. 
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The sensitivity of a particular eigenfrequency  to a change in cross-sectional area  in 
dimensionless form: 
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can be substituted by the following relation (see Radolf (2010)): 
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where  is a reduced cross-sectional area of an i -th conical element of length Li
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im  is an acoustic mass lumped into i -th cross-section: 
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i  and  are the partial derivatives of the reduced cross-section i
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eN  is number of conical elements,  resp.  is an amplitude of acoustic pressure resp. volume 
velocity in the i-th cross-section for the  n-th eigenfrequency fn. 

nip , niW ,

Radolf (2010) derived that the dimensionless sensitivity of a particular eigenfrequency  to a 
change of the length  of the i-th element: 
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can be substituted by the following relation 
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Based on the results of Story (2006) and using the sensitivity functions (13) and (18) an iterative 
process was developed for computation of i-th cross-sectional area by the formula:  

        � � � � � �,1
1

1
FN

A
i i n i nk k kn

A A z S
�

�

� �
� ) � )�

� �
= � � ,      (19) 

and similarly for computation of i-th element length the following formula was derived 
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where NF is number of the prescribed formant frequencies,  is a function of the difference between 
the desired eigenfrequency  and the instantaneous n-th eigenfrequency  in the k- th step 
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	  is an additional coefficient that can accelerate the iterative process and it was typically set to 
10�	 . 

The iteration procedure stopped when the root of the sum of the squared differences between desired 
and instantaneous eigenfrequencies 

� �= �� 2
kndn ffA                                                   (22) 

was less than a desired tolerance value. This value was set in the computations to 10 Hz in all cases. 

First five formants F1 – F5 were used for modeling of the vowel [a:] and first four formants F1 – 
F4 for modeling the vowels [i:] and [u:]. The speed of sound, the density, and the dynamic viscosity of 
the air were considered as follows: co= 353 ms-1; *o = 1.2 kgm-3, : = 1.8)10-5 kgm-1s-1. The number of 
iteration steps needed for computation of the geometry of the vocal tract for the vowel [a:] was 65 for 
before and 187 for after the warm up, for the vowel [i:] 34 iterations for before and 35 for after, and 
for the vowel [u:] it was 24 iterations for before and 26 iterations for after warm up. The numerical 
simulation of the acoustic pressure at the lips was performed in the frequency domain by random 
excitation of the vocal tract at the level of the vocal folds. Computational time was from 12s to 31s on 
PC Intel Core i5-670, 3.47 GHz, 3.49 GB RAM. 

Figures 5-7 show the computed vocal tract shapes, the cross-sectional areas and the spectra of the 
numerically simulated acoustic signals at the lips for all three vowels before and after the warm-up. 

7. Comparison of the audio and MRI results with modeling 

The formant frequencies resulting from the optimization procedure are compared with the prescribed 
formants obtained from the acoustic analyses in Table 3. All formant frequencies after the 
optimization procedures are within the prescribed limit of 10 Hz. 

The SPL values resulted from modeling are compared with the measured acoustic data in Table 4. 
The SPL values in the total frequency region 0–5 kHz analyzed have the same tendency in the 
measurements and in modeling, in both cases the SPLtotal values decreased slightly after the vocal 
exercising for vowel [a:] and increased for the vowels [i:] and [u:]. The SPL values (SPL�sf) measured 
within the singer´s formant clustering frequency range �sf increased for vowel [a:] by 15.2 dB and for 
the vowels [i:] and [u:] by 18.0 dB and 21.5 dB, respectively. Corresponding computed SPL�sf values 
increased after the warm up by 0.6 dB, 2.2 dB and 6.7 dB. 

The singer’s formant clustering in the intervals ÀSF between the formants F3 and F5 for vowel [a:], 
between the formants F2 and F4 for vowel [i:] and between F3 and F4 for vowel [u:] corresponds well 
with the measured frequency bands (compare the measured acoustic spectra in Fig. 4 with the spectra 
in Figs. 5–7 for modeling). After the vocal exercising the formants F1 and F2 of [a:] remained nearly 
unchanged while the formants F3–F5 were clustering, thereby increasing the SPL level in the 
frequency band of 2-4 kHz. The distance between F3 and F5 in the acoustic measurement decreased 
from 1270 Hz down to 890 Hz, and in the modeling the distance between these formants decreased 
from 1280 Hz to 901 Hz (see Table 4). Similarly for vowel [i:] the distance between F2 and F4 
decreased from 1300 Hz to 1030 Hz in the measurement and from 1303 Hz to 1041 Hz in modeling. 
For vowel [u:] the distance between F3 and F4 decreased from 910 Hz down to 690 Hz in the 
measurement and from 903 Hz to 703 Hz in modeling. Thus, the singer’s formant clustering frequency 
bandwidths ÀSF in modeling decreased substantially and in good agreement with the acoustic 
measurements, the decrease is about 380 Hz for the vowel [a:], 270 Hz for vowel [i:] and 220 Hz for 
vowel [u:] (see Table 4).  
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Fig. 5:  Vocal tract geometry (top panel - from the vocal folds on the left to the lips on the right), 

cross-sectional areas along the vocal tract (middle panel) and acoustic pressure at the lips (lower 
panel) – results of modeling for vowel [a:] before and after the vocal exercise. 

 

The geometrical changes resulting from modeling (see Figs. 5–7) can be compared with the MRI 
midsagittal slices shown in Fig. 1. The most important change in the vocal tract geometry for vowel 
[a:] was the prolongation of the vocal tract by lowering of the larynx. The changes in the oral cavity 
that can be realized by changes of the tongue position and/or by the lips opening are not well visible in 
the MR images, because the subject had some small metal piece in his lower jaw and therefore the 
images near the lower lip are of poor quality and the comparison between the modeling and MRI in 
this vocal tract region is problematic. For the vowels [i:] and [u:], the most important changes were 
also the prolongation of the vocal tract at the vocal folds end due to a downward shifting of the larynx 
and the lower pharynx. The main change in the vocal tract geometry for the vowel [i:] was the increase 
of the vocal tract volume in the upper pharynx (compare Figs. 1 and 6).  
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Fig. 6:  Vocal tract geometry (top panel - from the vocal folds on the left to the lips on the right), 

cross-sectional areas along the vocal tract (middle panel) and acoustic pressure at the lips (lower 
panel) – results of modeling for vowel [i:] before and after the vocal exercise. 

 

The area ratio R=Aph/Aep of the vocal tract cross-sections ( the inlet of the lower pharynx over the 
outlet of the epilarynx) for the model were measured from the computed areas shown in Figs. 5 – 7 
taking into account the epilarynx length (EP) specified in Table 1. The area ratios are summarized in 
Table 5 for all three vowels and compared with the ratios obtained from the volume model of the vocal 
tract (see Fig. 2 and Table 2). Results from modeling were from 1.82 to 5.02 for phonation before and 
from 2.35 to 4.10 for phonation after the exercising. The area ratios measured from the MRI, where 
from 3.60 to 4.56 for phonation before and from 3.33 to 4.39 for phonation after exercising. It should 
be noted that an exact quantitative comparison of the area ratios measured from the MRI and modeling 
is problematic, because the ratio value is sensitive to the specifically chosen cross-sections. However, 
the tendency in the changes of the ratio before and after the vocal exercising is the same for modeling 
and MRI measurements, the increase of the area ratio for the vowel [a:] and the decrease for the 
vowels [i:] and [u:] – see Rafter/Rbefore in Table 2. The area ratios measured and modeled for all vowels 
after exercising were found to be between 2.35 and 4.39 (see Table 5). These values are lower than the 
hypothetical ratio 6 considered being optimal for the establishment of a singer’s formant cluster by 
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Sundberg and Fant (Sundberg, 2003), however the present results are in agreement with the results by 
Detweiler (1994), where the ratio was found between 2.9 and 3.7.  

 

Fig. 7:  Vocal tract geometry (top panel - from the vocal folds on the left to the lips on the right), 
cross-sectional areas along the vocal tract (middle panel) and acoustic pressure at the lips (lower 

panel) – results of modeling for vowel [u:] before and after the vocal exercise. 
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Table 4: Comparison of the measured and modeled results for the vowels [a:], [i:] and [u:] before 

and after the vocal exercise: (a) the frequency distance (SF between the formants important for 
creation the singer’s formant cluster, (b) the SPL computed in the frequency bandwidth (sf of the 

singer’s formant cluster ( ) and (c) the SPLtotal computed in the total frequency range 
considered.  

sf  SPL(

 

[a:] 
(SF =F5–F3 [Hz] 

sf  
SPL(   [dB] 

(sf = 2-4 kHz 

SPLtotal  [dB] 

0 – 5 kHz 

acoustic signal 1270 55 77.8 before exercising 

modeling 1280 128.2 131.5 

acoustic signal 890 70.2 76.9 after exercising 

modeling 901 128.8 131.4 

differences acoustic signal -380 15.20 -0.90 

after - before modeling -379 0.60 -0.10 

 

 

[i:] 
(SF =F4–F2  [Hz] 

sf
SPL(   [dB] 

(sf = 1.4-4 kHz 

SPLtotal  [dB] 

0 – 5 kHz 

acoustic signal 1300 50.8 59.3 before exercising 

modeling 1302 115.3 118.0 

acoustic signal 1030 68.8 70.2 after exercising 

modeling 1043 117.5 122.0 

differences acoustic signal -270 18.0 10.9 

after - before modeling -259 2.2 4.0 

 
 

[u:] 
(SF =F4–F3  [Hz] 

sf
SPL(   [dB] 

(sf =1.8-3.5 kHz 

SPLtotal  [dB] 

0 – 5 kHz 

acoustic signal 910 31.3 60.3 before exercising 

modeling 903 99.1 116.6 

acoustic signal 690 52.8 68.4 after exercising 

modeling 704 105.8 122.7 

differences acoustic signal -220 21.5 8.1 

after - before modeling -199 6.7 6.1 

 

1100 Engineering Mechanics 2012, #184



 

 
Table 5: Comparison between the MRI measurement and the modeled cross-sectional area ratios 

measured inside the vocal tract at the lower pharynx (Aph) and upper epilarynx (Aep) for the vowels 
[a:], [i:] and [u:] before and after the vocal exercise. 

Area ratios  R = Aph [mm2] / Aep [mm2] [a:] [i:] [u:] 

modeling  207/114=1.82 356/104=3.42 487/97=5.02 before exercising - Rbefore 

MRI 3.60 4.56 3.62 

modeling 228/97=2.35 262/86=3.05 381/93=4.10 after exercising - Rafter 

MRI 4.12 4.39 3.33 

modeling 1.29 0.89 0.82 Rafter/Rbefore 

MRI 1.14 0.96 0.92 

 

8. Conclusions 

The area ratios of the lower pharynx over the epilaryngeal tube were lower than earlier hypothesized 
for the male singers’ voice. The results suggest that the origin of the singer’s formant is not necessarily 
associated with an increase of the pharyngeal over the epilaryngeal cross-sectional area ratio but can 
also be obtained by other geometrical changes of the vocal tract cavity. The conclusions should be 
considered with caution because all results are only for one subject investigated. 
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MECHANICAL DESIGN OF THE ACTIVE ORTHOSIS 

T. Ripel*, J. Krejsa** 

Abstract: The paper proposes the design of mechanical components of the device for fully automated 
rehabilitation of elbow post intra-articular fractures further refered as the active orthosis. Motorized 
orthoses, which are at present used in physiotherapy, are mostly static and sturdy devices usually fixed 
with the chair. Active orthosis is (beside more efficient treatment) lighter, more comfortable and easier to 
handle with, which put specific requirements for its mechanical construction. 

 
Keywords:  active, orthosis, rehabilitation, medical aid  

1. Introduction 

 
Rehabilitation of human joints post intra-articular fractures is contemporary realized mostly with 
assistance of qualified physiotherapists providing full service during the whole process. Utilization of 
auxiliary electromechanical devices as motorized laths (Homma K., 1997) is ineffective primarily for 
their limited functions caused by the passive character of the joint movement realization and necessity 
of the professional personnel attendance. These devices are complex and robust, which makes them 
stationery therefore bonded to the medical area. The active orthosis is electromechanical device which 
main advantages are portability and more important active response on patient muscular activity 
providing assisted movement of the upper limb. Requirements for moderate dimensions, low weight 
and powerful technical solution make the mechanical design of the device complex task further 
described in this paper.  

The main proposition while designing active orthosis is determination of the method of scanning 
action forces initiating the movement of the joint. There are several ways from direct sensing of the 
muscular activity using electromyographic (EMG) sensors (Mulas M., 1995) to indirect measuring of 
a physical quantity as for example reaction force in the body of the orthosis used in this solution. 
Requirement for the portability of the device significantly affects mechanical design of the body, 
especially the joint described in chapter 3. The body of the orthosis is subjected to ergonomic 
conditions necessary for all medical equipment. Indispensable parts of all devices utilized for health 
care are safety precautions. Active orthosis has multiple safety system where the mechanical section 
represents the final instance.  

2. Analysis of action forces in the upper limb 

Action forces in the upper limb were measured by unique device (Zezula M., 2009) which is able to 
record behavior of forces depending on actual angle of the elbow. Shape of the curve displaying acting 
force is flat, however the concept of mechanical solution is resistant to fluctuation of load. The table 
below shows results of maximal reaction force affecting the forearm 30cm from the elbow. According 
to figure 1 the fastening elements are similar to system of the active orthosis ensuring identical load.  
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Tab. 1: Measured action forces 

Force  Value Torque 

Direction up 70N 21Nm 

Direction down 65N 19,5Nm 

Measuring was executed to gain maximal torque which is possible to achieve in human elbow. 
These values have only informative character considering the various results from each measured 
person. Actual torque providing by the orthosis will be overdesigned to fit the biggest possible group 
of patients.  

        
 

Fig. 1: Device for measuring of action forces in forearm (Zezula M., 2009) 

3. Mechanical design 

The final form of the mechanical design results especially from the requirement on portability which 
follows demands on low weight and moderate dimensions. The basic concept consist of the frame, 
mechanical rotational joint supporting the movement of the elbow, actuator and the fastening belts for 
fixing to the arm. The mechanical design overview is to be seen on figure 2.  

 

Fig. 2: Mechanical design overview 

Actuator Fastening elements 

Joint Tensometric gauge 

Frame 
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a.) b.) 

Before the detailed mechanical solution will be proposed, the function of the device is shortly 
described:   

The active orthosis provides assisted movement of the upper limb fixed in the fastening elements. The 
device is able to react on patient muscular activity through tensometric gauge (see picture 2). This 
sensor is part of the frame and it measures patient’s effort to move the injured elbow. Based on this 
information the actuator helps to move the orthosis through mechanical joint in desired direction and 
range with according sensitivity. 

3.1. Frame 

The frame of the active orthosis comes out of classical immovable orthosis frequently used to fix 
position of the joint. It consist of 2 aluminum splints, 4 steel sleeves and tensometric gauge (see 
chapter 4). Splints are connected through the mechanical joint realized by worm gear described in 
detail further in this chapter. Design of the frame needs to be adjusted to both requirements for low 
weight and rigidity. It has to provide full fixation of the arm in all positions. 

3.2. Joint 

The mechanical joint of the orthosis is realized by worm gear as shown on figure 3. This solution is 
utilized mainly for self-locking feature and sufficient gear ratio in spite of huge loss caused by friction. 
Self-locking mechanism allows fixing location of the arm in all position of the operation range. The 
joint ensures movement of the forearm splint which is bonded to the wheel. The worm embedded it the 
body of the joint is driven by DC actuator with planetary gearhead (see chapter 4). 

 

Fig. 3: Mechanical joint 

Worm is embedded in radial ball and axial needle bearings as shown on figure 4a. Actuator is 
connected with the worm using setscrew bearing on the facet in the planetary gearhead shaft. Figure 
4b shows bedding of the wheel which is centered on the body of the joint. The joint is equipped with 
mechanism for adjusting the operation range of the orthosis. The mechanism consists of two handles 
embedded in the main joint pivot. Each handle is possible to rotate separately around the joint axis and 
delimit maximal angle of the range. Definition of the proper position is realized by button in the end of 
the handle, which fits to the round canal on the periphery of the joint cover. 

              

Fig. 4: Mechanical design of worm gear 
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4. Actuator and sensors 

The active orthosis as the electromechanical consist of various electronic devices. The body of the 
orthosis comprehends also design of cable canals feeding all the electronic from the drive to small 
printed circuits for the micro switches (see figure 4). In this chapter are briefly described 2 main 
electronic parts, the actuator and the tensometric gauge. 

4.3. Actuator 

Design of the power system is difficult task considering there are strict demands on low weight and 
high power. Based on the calculation comprising all the physical influences the actuator Maxon RE 32 
with DC motor of power 70W has been chosen. Actuator consist of planetary gear (66:1) and 
incremental sensor. The power supply voltage is 24V. Constant torque of the actuator is 2,25 Nm 
which gives total torque of the device about 50 Nm considering high loss of the worm gear. The value 
of the maximal torque is overdesigned on purpose. The orthosis is designated for wide spectrum of 
patients producing various values of load. 

4.3. Sensor 

For sensing the patients effort to move the arm the tensometric gauge is implemented as a part of the 
frame. It substitutes the forearm splint where the strain is most significant. Based on information about 
tension in the sensor is possible to determine the value and direction of the force affecting the forearm. 
Utilized sensor HBM PW6KRC3 is high sensitive device applicable for forces up to 400N. 

5. Safety precautions 

Movement of the orthosis out of desired range could harm the patient which is inadmissible. The range 
is adjustable by mechanism described in chapter 3. In addition to this function handles have also safety 
character. It serves as bedding for micro switches which stop the movement immediately as the 
forearm splint reach the boundary position. The mechanism described on figure 5 shows handles and 
also micro switches (green).  

 

 

 
 

Fig. 5: Electromechanical safety mechanism  

Mechanism showed on figure 3 is final instance of safety system, where the high level software 
represents the main control unit. 

 

 

Cable canals Micro switch 
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6. Conclusions 

This paper describes mechanical design of unique medical equipment designated for rehabilitation 
purposes. Active orthosis is easily portable and compact device allowing fully assisted movement of 
the upper limb on qualitatively higher level than contemporary rehabilitation aids. Using tensometric 
gauge as the sensor of patients effort to move the arm it allows sensitive and effective treatment of 
intra-articular fractures.  

The mechanical design fulfills requirement for low weight and moderate dimensions making the 
device easy to transfer and to manipulate with. The main parameters of the orthosis are in table 2. 

 
Tab. 2: Basic parameters 
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Basic parameters 
Main dimensions 420x130x120mm 
Weight 2,2 
Voltage 24V 
Actuator DC motor Maxon RE 32 70W  
Sensor Tensometric gauge PW6KRC3 
Maximal torque 50Nm 
Operation range 100° 
Rotation velocity 3rpm 
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HOMOGENIZED PHONONIC PLATES AND WAVE DISPERSION

E. Rohan∗ R. Cimrman∗∗ B. Miara∗ ∗ ∗

Abstract: We consider the problem of wave propagation in periodically heterogeneous composite plates
with high contrasts in elastic coefficients. The unfolding method of homogenization is applied to obtain limit
plate models. Due to the high contrast ansatz in scaling the elasticity coefficients of compliant inclusions,
the dispersion properties are retained in the limit when the scale of the microstructure tends to zero. We
study two plate models based on the Reissner-Mindlin theory and on the Kirchhoff-Love theory. We show
that, when the size of the microstructures tends to zero, the limit homogeneous structure presents, for some
wavelengths, a negative “mass density” tensor. This means that there exist intervals of frequencies in which
there is no propagation of elastic waves, the so-called band-gaps.

Keywords: phononic materials, plate models, homogenization, band gaps, wave dispersion

1. Introduction

We consider problems of wave propagation in periodically heterogeneous plates with high contrasts in
elastic coefficients. Following the approach of Ávila et al. (2008) and Rohan et al. (2009) we apply the
unfolding method of homogenization Cioranescu et al. (2008) to obtain limit plate models. Two cases
are studied: 1) according to the Reissner-Mindlin theory the plate deformation is described by the mid-
plane deflections and by rotations of the plate cross-sections which account for the shear stress effects;
2) using the Kirchhoff-Love theory, the plate deflections are described by the bi-harmonic operator, thus
neglecting the shear effects. In both cases we assume such heterogeneities which depend on the mid-
plate coordinates only, but do not change with the transversal coordinate. As an example we can consider
plates with soft cylindrical inclusions. Under such restrictions the homogenization is applied to the plate
equations with the elastic coefficients defined as periodically fluctuating functions associated with the
heterogeneities. Due to the high contrast ansatz in scaling the elasticity coefficients of inclusions, as
employed in Ávila et al. (2008); Rohan and Miara (2011); Cimrman and Rohan (2009, 2010), dispersion
properties are retained in the limit when the scale (the characteristic size) of the microstructure tends to
zero.

We show that, when the size of the microstructures tends to zero, the limit homogeneous structure
presents the phononic effect: for some wavelengths, a “mass density” tensor can be negative, see Rohan
and Miara (2011). This means that there exist intervals of frequencies in which there is no propagation
of elastic waves, the so-called band-gaps.

2. Heterogeneous plates

We consider heterogeneous structures associated with a given scale, say ε0 > 0, which is the ratio
between the characteristic lengths of the microscopic and the macroscopic description. There exist se-
quences of solutions of the plate problems characterized by scales ε → 0. For any fixed ε > 0 we shall
rely on the following essential material properties.

The fourth order, bi-dimensional elasticity tensor CC = (Cijkl) is symmetric Cijkl = Cklij = Cikjl

and positive definite. In particular, for the sake of simplicity, we consider isotropic materials only, which
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2 Boulevard Blaise Pascal, 93160 Noisy-le-Grand Cedex; France, e-mail: b.miara@esiee.fr

m
2012

. 18thInternational Conference
ENGINEERING MECHANICS 2012 pp. 1109–1117
Svratka, Czech Republic, May 14 – 17, 2012 Paper #79



are characterized by two Lamé parameters. The plate model according the Reissner-Mindlin theory
involves also the shear modulus, here denoted by γ > 0, which is associated with one of the Lamé
parameters. The mass density ρ is positive.

We treat periodic composite materials, so that the material coefficients CC, γ and ρ are periodically
oscillating functions in R2; it will be described in detail in Section 3.1.

2.1. The Reissner–Mindlin plate model

The plate model can be derived by an asymptotic analysis of the elasticity problem imposed in Ω×] −
h, h[, where Ω ⊂ R2 is an open bounded domain with regular boundary ∂Ω and h is the plate thickness.
In the time interval [0, T ] the plate undergoes the following two modes of displacements: the in-plane
“membrane modes” described by U = (U1, U2) : [0, T ] × Ω̄ −→ R2, and the “off-plane” transversal
deflections W : [0, T ] × Ω̄ −→ R; moreover the cross-sections undergo rotations Θ = (Θ1,Θ2) :
[0, T ]× Ω̄ −→ R2.

The displacement and rotation (U,W,Θ) of the plate satisfy the equilibrium equations⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

hρ
d2

dt2
U − hdivσ(U) = T in Ω ,

hρ
d2

dt2
W − hdivτ (W,Θ) = F in Ω,

h3

3
ρ
d2

dt2
Θ− h3

3
divσ(Θ) + hτ (W,Θ) = M in Ω,

U = 0 , W = 0 , Θ = 0 on ∂Ω .

(1)

with τ and σ expressed by the following linear constitutive laws:⎧⎨⎩ τ (W,Θ) := γ(∇W −Θ), shear stress due to relative (to mid-plane) rotation of cross-s.
σ(Θ) := CCe(Θ) , normal stress due to bending induced by rotations
σ(U) := CCe(U) , normal stress due to the in-plane membrane modes.

(2)
In general, we may consider a general decomposition of ∂Ω with respect tothe above displacements and
rotations into the “Neumann” and “Dirichlet” parts of the boundary. However, for the sake of simplicity,
we consider the fully supported and clamped plate.

The linearized deformation tensor e(Θ) = (eij(Θ)) is given by the symmetric gradient e(Θ) =
1/2 (∂jΘi + ∂iΘj), i, j = 1, 2.

We shall consider solutions in the form of harmonic stationary waves induced by harmonic loading

T(x, t) = t(x) exp{iωt} , F (x, t) = f(x) exp{iωt} , M(x, t) = m(x) exp{iωt} , (3)

where ω is a given frequency, so that

U(x, t) = u(x) exp{iωt} , W (x, t) = w(x) exp{iωt} , Θ(x, t) = θ(x) exp{iωt} . (4)

On substituting (3) into (1), we get the following equations governing the amplitudes (u, w,θ):⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

−ω2hρu− hdivσ(u) = t in Ω ,

−ω2hρw − hdivτ (w,θ) = f in Ω,

−ω2h
3

3
ρθ − h3

3
divσ(θ) + hτ (w,θ) = m in Ω,

u = 0, w = 0, θ = 0 on ∂Ω.

(5)

2.2. The Kirchhoff–Love plate model

The motion of the plate is given by the out-off plate deflections W and by the in-plane (membrane
modes) displacements U. Let us recall that this kind of plate does not admit any relative rotation of the
plate cross-sections w.r.t. the plate mean surface, therefore, it is convenient rather for thin plates.
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We shall consider solutions in the form of harmonic stationary waves induced by harmonic loading,
see (3). Thus, in analogy with (4), for a given fixed frequency ω, the amplitudes (u, w) satisfy⎧⎪⎪⎪⎨⎪⎪⎪⎩

− ω2hρu− hdivσ(u) = t in Ω ,

h3

3
∇∇ : Σ(w)− ω2ρ

(
hw − h3

3
∇ · ∇w

)
= f −∇ ·m in Ω ,

w = 0, n · ∇w = 0, u = 0 on ∂Ω ,

(6)

where ∇∇v = (∂2v/∂xi∂xj) is the 2nd order differential operator and stresses σ and Σ are given in
terms of the elasticity tensor, as follows:

σ(u) = CCe(u) ,
Σ(w) = CC∇∇w = σ(∇w) .

(7)

In the rest of the paper we consider just the out-of-plane “deflection” and “rotation” modes of plate
deformation, since, in the linear theory used here, there is no coupling between these modes and the
“membrane” modes described by displacements u. The “membrane” modes are driven by the same type
of equations as in the 3D elasticity which was discussed in papers Ávila et al. (2008); Rohan et al. (2009);
Cimrman and Rohan (2009, 2010).

3. Homogenization

We consider a plate made of a heterogeneous material, whereby its periodic structure is defined in the
reduced 2D configuration directly. As usually, we use small parameter ε describing the characteristic
size of the microstructure. The solutions of (5) and (6) depend upon ε, which will be indicated by the
superscript �ε. Using asymptotic analysis, the limit model for ε → 0 can be obtained which describes
behaviour of the homogenized material. Details on the homogenization procedure are out of the scope in
this short paper, interested readers are refered to associated publications Ávila et al. (2008); Rohan and
Miara (2011), (Cioranescu et al., 2008).

3.1. Strongly heterogeneous periodic composite

We assume the plate Ω is constituted by the matrix Ωm and by periodically distributed inclusions; their
collection forms domain Ωc. Thus, we consider

1. Ωm,Ωc ⊂ Ω ⊂ R2 and Ωm ∩ Ωc = ∅,

2. Ω = Ωε
m ∪ Ωε

c ∪ Γε, where Γε = Ωε
m ∩ Ωε

c .

3. matrix: Ωε
m is connected. As the result, inclusions Ωε

c are disconnected.

The microstructure is generated as a periodic lattice using the representative periodic cell (RPC)
denoted by Y . For simplicity, we consider a rectangular RPC with the following definition: Y =
Π2

i=1]0, ȳi[⊂ R2 (R being the set of real numbers) where ȳi > 0 can be chosen so that |Y | = 1.
The RPC is decomposed in coherence with Ω, i.e. Ym ⊂ Y and Yc = Y \Ym are strictly contained in Y .

The coordinates of any point in Ω can be split into a “coarse” part ξ = (ξi) and a “fine” part y = (yi),
also called fast and slow evolving parts: For a given finite ε > 0 we have the unique decomposition

x ≡ ε
[x
ε

]
Y
+ ε

{x

ε

}
Y

= ξ + εy , where y =
{x

ε

}
Y
∈ Y and ξ = ε

[x
ε

]
Y
∈ Ω ,

(8)

where ξi = εkiȳi, i = 1, 2, ki ∈ Z is the lattice coordinate. Such a decomposition is unique, once
Y ∈ R2 is defined. Note that [zi]Y is the integer part of zi/ȳi and {zi}Y is the remainder.
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Material parameters CCε = (Cε
ijkl) and γε are periodically oscillating. For the sake of simplicity we

shall consider only piecewise constant material. To retain the phononic effect in the homogenized plate,
following the analogous approach employed in the case of phononic 3D periodic structures, we introduce
the scaling of the material coefficients in the inclusions:

CCε(x) = χε
c(x)ε

2CCc + χε
m(x)CCm ,

γε(x) = χε
c(x)ε

2γc + χε
m(x)γm ,

(9)

We recall the standard properties of constant tensors CCc,CCm and coefficients γc, γm which usually are
considered: there exist constants 0 < m < m <∞ independent of ε such that (recall |e|2 = eijeij),

Cm
ijkleijekl ≥ m|e|2 ∀e = (eij) ∈ R2×2, eij = eji , sup

x∈Ω
|Cm

ijkl| ≤ m ,

m ≤ γm ≤ m ,
(10)

and in analogy for CCc and γc. The rotation-deflection coupling coefficient γε(x), i.e. the shear stiffness,
is only relevant for the Reissner-Mindlin plate model. It is worth noting that CCε(x) and γε(x) are positive
definite for ε > 0 only.

The density of the two materials is assumed to be of the same order of magnitude, therefore we shall
consider

ρε(x) = χε
c(x)ρ

c + χε
m(x)ρm ,

ρ ≤ ρs ≤ ρ ,
(11)

where ρ, ρ are given positive real numbers.

Some preliminaries The homogenized model was obtained using the periodic unfolding method which
is based on the unfolding operator Tε : v ∈ L1(Ω;R) → L1(Ω × Y ;R) defined, as follows, see Cio-
ranescu et al. (2008),

Tε(v)(x, y) = v(ε
[
x
ε

]
+ εy) , x ∈ Ω, y ∈ Y .

We shall use H1
#(Y ) and H2

#(Y ), the spaces of periodic (scalar) functions,

H1
#(Y ) = {v ∈ H1(Y ) | v is Y-periodic } ,

H2
#(Y ) = {w ∈ H2(Y )| w,∇yw are Y-periodic} ,

(12)

and the associated space of vector-valued functions H1
#(Y ) = (H1

#(Y ))2.

3.2. Reissner-Mindlin phononic plate

We apply the unfolding method of homogenization to obtain a limit model of the R-M plate for ε → 0.
The elastic standing waves are described by the solution of the following problem with the oscillating
material coefficients: For a given frequency, find triplet (wε,θε) ∈

(
H1

0 (Ω)
)3 such that

− hω2

∫
Ω
ρε

(
wεzε +

h2

3
θε ·ψε

)
+ h

∫
Ω
[γε(∇wε − θε)] · (∇zε −ψε) +

h3

3

∫
Ω
[CCεe(θε)] : e(ψε)

=

∫
Ω
(fzε + m ·ψε) ,

(13)

for all (zε,ψε) ∈
(
H1

0 (Ω)
)3.

Here we present the homogenized “macroscopic” model which involves homogenized coefficients
descibing the effective mass and elasticity coefficients.

1112 Engineering Mechanics 2012, #79



The standing waves propagating in the homogenized plate are described in terms of amplitudes
(θ, w) ∈ H1

0(Ω)× ∈ H1
0 (Ω) which satisfy the following equations:

− ω2

∫
Ω

(
h3

3
[M(ω2)θ] ·ψ + hN (ω2)wz

)
+

h3

3

∫
Ω
[IDex(θ)] : ex(ψ) + h

∫
Ω
[G(∇xw − θ)] · (∇xz −ψ)

=

∫
Ω

(
[R(ω2)m] ·ψ + S(ω2)fz

)
∀ψ ∈ H1

0(Ω), z ∈ H1
0 (Ω) ,

(14)

where ID is the 4th order tensor of homogenized elasticity coefficients see (21), G is the 2nd order
tensor given in (22) describing the shear stiffness of the plate, M(ω2) and N (ω2) are homogenized
mass coefficients. Below we explain how these coefficients are computed.

Characteristic microscopic responses. The homogenized coefficients are expressed in terms of the
characteristic responses, the so-called corrector basis functions. We proceed in analogy with Ávila et al.
(2008) where the 3D elasticity dynamic problems were considered. For the sake of brevity we employ
the elasticity bilinear form

cYm (ũ, ṽ) =
∫
Ym

(CCmey(ũ)) : ey(ṽ) . (15)

The following characteristic responses depend exclusively on properties of the stiffer material in Ym; two
problems for the so-called corrector basis functions are to be solved:

• Find θ̃
rs ∈ H1

#(Y )/R such that

cYm

(
θ̃
rs
+Πrs, ṽ

)
= 0 ∀ṽ ∈ H1

#(Ym) . (16)

• Find w̃k ∈ H1
#(Ym)/R such that∫

Ym

γm∇y(w̃
k + yk) · ∇y z̃ = 0 ∀z̃ ∈ H1

#(Ym) . (17)

To express the homogenized mass coefficients, we need the eigenfrequencies and eigenfunctions
which describe vibration of the inclusions clamped into the matrix. Two eigenvalue problems with
discrete spectra are solved:

• Find (Θr, λr) ∈ H1
#0(Y )× R for r = 1, 2, . . . such that (note Θr = (Θr

i ))

∼
∫
Yc

[CCcey(Θr)] : ey(ψ) = λr ∼
∫
Yc

ρΘr ·ψ ∀ψ ∈ H1
#0(Y ) , (18)

• Find (W r, μr) ∈ H1
#0(Yc)× R for r = 1, 2, . . . such that

∼
∫
Yc

[γc∇yW
r] · ∇yζ = μr ∼

∫
Yc

ρW rζ ∀ζ ∈ H1
#0(Yc) . (19)

The eigenfunctions are normalized, so that

∼
∫
Yc

ρΘr ·Θs = δrs , ∼
∫
Yc

ρW rW s = δrs . (20)
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Homogenized coefficients. The homogenized plate elasticity is represented by the following two ten-
sors:

• Homogenized “in-plane” elasticity ID = (Dijkl):

Dijkl = cYm

(
θ̃
kl
+Πkl, Πij

)
= cYm

(
θ̃
kl
+Πkl, θ̃

ij
+Πij

)
.

(21)

The symmetric expression is obtained due to (16).

• Homogenized shear elasticity G = (Gkl) introduced as

Gkl =
∫
Ym

γm∂y
l (w̃

k + yk)

=

∫
Ym

γm∇y(w̃
k + yk) · ∇y(w̃

l + yl) .

(22)

The symmetric expression is obtained due to (17).

Inertia of the homogenized plate is represented by the following two mass coefficients, see Ávila et al.
(2008); Rohan et al. (2009) for derivation of the analogical mass coefficients in 3D elasticity problems:

M(ω2) = I ∼
∫
Y
ρ−

∑
r

ω2

ω2 − λr
∼
∫
Yc

ρΘr⊗ ∼
∫
Yc

ρΘr ,

N (ω2) =∼
∫
Y
ρ−

∑
r

ω2

ω2 − μr

∣∣∣∣∼∫
Yc

ρW r

∣∣∣∣2 .

(23)

Influence of the load is weighted by the load coefficients which are computed by similar formulae

R(ω2) = I −
∑
r

ω2

ω2 − λr
∼
∫
Yc

ρΘr⊗ ∼
∫
Yc

Θr ,

S (ω2) = 1−
∑
r

ω2

ω2 − μr
∼
∫
Yc

ρW r ∼
∫
Yc

W r .

(24)

As the result of our homogenization procedure, we obtain Problem (14) where (w,θ) are the local
amplitudes of harmonic waves excited by harmonic “homogenized” loads with frequency ω. Let us note
that, when for some ω the tensor M(ω) is positive definite and the scalar N (ω) is positive, then also
free structure vibrations (i.e. stationary waves in domain Ω) can be excited. However, M∗(ω) or N (ω)
may not by positive (definite) for some ω; for the “membrane mode”, cf. Ávila et al. (2008) and Rohan
et al. (2009), we proved existence of whole frequency intervals – the band gaps – where the positivity
of M(ω) fails. An analogical result can be proved for the coupled rotational and deflection modes: in
each interval of frequencies ω2 ∈ (λr, λr+1) given by (18) there exists a sub-interval of frequencies
for which M(ω) is not positive. In such intervals, free vibration “rotation modes” are restricted, or
completely suppressed. Also for the shear modes associated with the deflection w and the corresponding
mass N (ω) < 0, in each interval of frequencies ω2 ∈ (μr, μr+1) there exist subintervals with restricted
or suppressed wave propagation.

Thus, the band gaps for stationary waves can be predicted just upon analyzing positive definiteness
of M(ω) and N ∗(ω). Although for the membrane mode u such band gaps prediction holds also for
guided plane waves in infinite plates, see Rohan et al. (2009), for the coupled modes q := (θ, w) the
dispersion analysis is more complex. Interesting applications can be found Vasseur et al. (2008).
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3.3. Kirchhoff-Love phononic plate

In analogy with the Reissner-Mindlin plate model (13), we consider the elastic standing waves, cf.
Ghergu et al. (2007) for the plate homogenization. We find solutions to the following problem with
the oscillating material coefficients: For a given frequency, find deflection wε ∈ H2

0 (Ω) such that

−ω2h

∫
Ωε

c

ρcwεv − ω2h

∫
Ωε

m

ρmwεv − ω2h
3

3

∫
Ωε

m

ρm∇wε · ∇v − ω2h
3

3

∫
Ωε

c

ρc∇wε · ∇v

+
h3

3

∫
Ωε

m

CCm∇∇wε : ∇∇v + ε2
h3

3

∫
Ωε

c

CCc∇∇wε : ∇∇v

=

∫
Ω
(fv + m · ∇v) ∀v ∈ H2

0 (Ω) .

(25)

To present the homogenization result for ε→ 0, we proceed in analogy with the case of the Reissner-
Mindlin plates. Using the unfolding method of homogenization Cioranescu et al. (2008) and obtain the
following equation for the transversal deflections w ∈ H2

0 (Ω) such that

−ω2h

∫
Ω
ρ̄wv − ω2h

3

3

∫
Ω
(M(ω2)∇w) · ∇v +

h3

3

∫
Ω
(ID∇∇w) : ∇∇v

=

∫
Ω

(
[R(ω2)m] · ∇v + fv

)
∀v ∈ H2

0 (Ω) ,

(26)

where ρ̄ is the average density of both material components situated in Y . Above ID is the 4th order
homogenized bending stiffness tensor defined below in (31) and M(ω2) is the homogenized mass tensor
computed using a similar expression to (23), see (32). The “effective material parameters” are defined in
terms of the characteristic microscopic responses.

Characteristic microscopic responses. In contrast with the Reissner-Mindlin plates, the cross-section
rotations in the Kirchhoff-Love theory are fully determined by the gradients of deflections; consequently
only two instead of four microscopic problems must be solved. The corrector basis function w̃kl ∈
H2

#(Ym) solves the following equation∫
Ym

[
CCm∇∇yy(w̃

kl +Πkl)
]
: ∇∇yyṽ = 0 ∀ṽ ∈ H2

#(Y ) , (27)

where Πkl = ykyl. To compute the homogenized mass tensor, one needs to solve the local problem: find
(λr,ϕr) ∈ R×W(Yc) satisfying∫

Yc

[CCc∇yϕ
r] : ∇yϑ = λr

∫
Yc

ρϕr · ϑ ∀ϑ ∈ W(Yc) , (28)

where we employ the spaces of rotation-free vector fields:

W(Yc) = {w ∈ H1
#(Yc)| ∇y × w = 0} . (29)

Obviously, due to the ellipticity of the operator in (28), functions {ϕr}r are orthogonal; we use the
standard normalization ∫

Yc

ρϕr ·ϕs = δrs . (30)

Homogenized coefficients The homogenized Kirchhoff-Love plate model involves the following ma-
terial coefficients defined in terms of the characteristic responses just introduced:

• Homogenized elastic coefficients ID = (Dijkl)

Dijkl =∼
∫
Ym

[CCm∇∇yy(w̃
kl +Πkl)] : ∇∇yyΠ

ij

=∼
∫
Ym

[CCm∇∇yy(w̃
kl +Πkl)] : ∇∇yy(π

ij +Πij)

(31)

where the symmetric expression follows due to (27);
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• Homogenized mass tensor M = (Mij)

M(ω2) = I ∼
∫
Y
ρ−

∑
r≥1

ω2

ω2 − λr
∼
∫
Yc

ρϕr⊗ ∼
∫
Yc

ρϕr . (32)

• Homogenized load coefficient R = (Rij)

R(ω2) = I −
∑
r≥1

ω2

ω2 − λr
∼
∫
Yc

ρϕr⊗ ∼
∫
Yc

ϕr . (33)

By virtue of the right-hand side expression in (32), M(ω2) can be negative, or negative semi-definite
for some frequencies ω. In such a case, wave propagation can be restricted or even suppressed for modes
characterized by the deflection gradient ψ := ∇w being the eigenvector associated with the non-positive
eigenvalue of M(ω2). However, the theory explained in Ávila et al. (2008) for the standard 3D elasticity
must be adapted because the first left hand side term in (26) does not change its sign and contributes to
the positive inertia even for negative M(ω2).

4. Conclusions

We presented homogenized models of wave propagation in strongly heterogeneous plates, considering
the Reissner-Mindlin (R-M) and the Kirchhoff-Love (K-L) theories; while the first one takes into account
shear effects related to rotations of the plate cross-section with respect tothe mid-plane, the second theory
neglects this phenomenon, thus, being convenient for thin plates only. The homogenization results reveal
dispersion properties for the homogenized R-M plates: we claim that there exist bands of frequencies
for which the wave equations admit evanescent solutions only, at least for certain polarizations. There
is remarkable difference between the R-M and K-L models: while for R-M the wave polarization is
determined by components of (θ, w), i.e. the rotation and deflection, for K-L there is just a scalar wave
associated with the deflection w. Existence of the band gap effect for the K-L plates is to be examined
in a more detail.

The phononic effect, in general, is associated with vibration modes excited at the “microscopic”
level. By virtue of definitions (23) and (32), these modes determine “positivity”, or “negativity” of
the homogenized masses; in Ávila et al. (2008) we described how this observation can be employed to
predict band gaps. The classical method of the band gap identification is based on analysis of guided
waves, thus, upon construction of dispersion curves; it is necessary to compute frequencies for selected
wave numbers ranging the Brillouin zone, cf. Rohan et al. (2009).

In a forthcoming publication we will study dispersion properties and band gaps distributions for some
basic microstructures. An important restriction of both presented models is related to the transversal
isotropy: here only cylindrical inclusions are admissible, although their shapes can be arbitrary. To treat
more general composite plates with e.g. spheroidal inclusions, the homogenization procedure must be
applied to a 3D composite with thickness proportional to ε, i.e. to the microstructure scale.
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UNSTEADY MEASUREMENTS OF AERODYNAMIC 
CHARACTERISTICS OF THE AIRFOIL 

D. Rozehnal±

Abstract:�This paper deals with unsteady measurements of aerodynamic characteristics of the symmetric 
airfoil for the angle of attack within the range from 0° to 360° with variable value of angular velocity. 
These results are processed for first and second revolution of airfoil NACA 0012 Mod. A special device 
was designed for these tests.  

Keywords:�Unsteady Aerodynamic, Dynamic Stall, Measurement, Wind Tunnel Tests.�

1. Introduction 
¦����������� ��� ��� ��������� ����� ��� ���� ������®� ������������ ���� ���������� ������������� ��� �����

���������� ��� ���� ��������� ��������� ~����� ���� ��� �����¥������ ������������� ��� ��� ��������� ����� ���
��������������������������������������������¥������������������

~����������� ��������������������� ���� �����������������¥� �������������� ���������������µ¦���� ����
������~����������������������������� ��� ����¾�������������©������������À������~���������®�¾�������
¶��������¥����«������������������������££»�������������

©����¥������ ������������� ���� ������ �������������� ��� ���� ������������ ��� ���� ���������
����������®� ��������� ���� �������� ������� ��� ���������� ��� �¥� ���������� ������������ ��� ����������
�����������������������������������������������

´����������������������������������������������������������������������������������������������
���������������������������������������¥���������������������������������²��������������������¥�����������
��¥�����������������������������������������������������������������®������¥��������������������������
���������� ������� ���� ��������� ����������� ����� ���� ����� ������ ��� ���� ���� �������� ��� �������� ²�� ����
��������������������������������������������������������������������������������������������������¥�
����������®��������������������¥����������� ����������������¥����������������

²�� ���� ������ ���� ������ �������� ��� ������ ��� ������� ���� ���������¥� ������� ��� �����¥������
������������� �ª�������� ~����� ������� ���� ��������¥� ����� ���� ������������®� ��������� ������� �������¥�
�����¥�����������������������������������������������������������������¥��������

¾����������� �������� ���� �������� ��� �����¥� ���� �������¥� �����¥������ ������������� ���� ���
������������ ����� �����¥� �����¥������ ������������� ���� ���� ������������ ����� ���� �����ª������
�����������������������¥�������������

2. Test stand  
²�������������� ��� ���� ������������ ��� �������¥� �����¥������ ���������������� ��� ���� �¥������

������������������������������¥��������������������ª����������������¥���������������������

°��� �������¥� �����¥������ ������������� ���� �������¥� ����� �������� ������ ��� �������� ����
��������� ������������� ��� ���� ��������� ��³����� ²�������� ��� ���������� ��������� �������� ���� ����� ����
��������������������������¥��������������������������������~������������������������������������������
�������������������������������������������������¥��

�������������������������������������������������
±¾����²����¾�������À� �����®�¬��¾�¯�¶��������¥����¾�������«���®�¾�������������©������������À������~���������®�Í���������
»Ã®�»���££�«���®�´ ����À�������®�������¯����������� �����½������ �

m
2012

. 18thInternational Conference
ENGINEERING MECHANICS 2012 pp. 1119–1122
Svratka, Czech Republic, May 14 – 17, 2012 Paper #109



�

©���������¥� �������������������¥������ ������� ������������ �������������������~�����������
���������������������¶Ì�«���®�������������������������������������������������������������������¥���
��� ���������� �¥������ ~���� ������� ���� ����������� ������������� ����� ������� ~����� ����� ������ ���������
���������������¥��������������������������������������������

Fig. 1: Sensing of pressure from the wall of the object, the left - IAG Stuttgart ,UO Brno - 
the right. 

3. Types and results of measured tasks  

These newly developed device furthermore permit measurements of aerodynamic characteristics 
of the airfoil within the range from 0o to 360o, and you can freely change starting value of the mean 
angle of attack, the oscillation amplitude and angular velocity. 

One of the implemented variants of measurements of unsteady aerodynamic characteristics of 
the airfoil (the ACHP), included a set of measurements which changed the angle of attack within the 
range from 0° to 720 ° (2nd airfoil´s revolutions) with the default start-up angle of attack 0 ° or 90 ° or 
180 ° or 270 °. Each set of measurements included 14 variations of the values of angular frequency of 
airfoil within the range from 7.2° s-1 to 360° s-1 (ratio 1:50) for inflow air velocity 24.m·s-1, Re=105). 

Fig. 3 shows the results obtained by measuring lift curve with the default start-up angle of  
attack 0°. From the process of lift curves there is clearly demonstrated the significant phase shift at 
which the airfoil is achieved zero lift. At the same time increasing the value of angular velocity lowers 
the maximum value of the coefficient of lift up to 40%. Results are plotted for the angle of attack 
within the range from 0° to 360° during the first and second airfoil´s revolution fig. 3 and fig. 4.  

Fig. 2: Time history of pressure distribution on the NACA 0012 airfoil, a sudden change at 
pitching angle of attack (Francis, M. S., Keesee, J. E., 1985). 
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Fig. 3: Airfoil lift curve at pitching angular velocity from 7,2 deg./s to 360 deg./s, first rotation 
(Rozehnal, 2008). 

Fig. 4: Airfoil lift curve at pitching angular velocity from 7,2 deg./s to 360 deg./s, second rotation 
(Rozehnal, 2008). 

4. Conclusion 

From the experimental results it is clear that at increasing pitching angular velocity between 0o 

and 360o of angle of attack, the phase shift of angle of attack occurs at zero lift Lo (Fig.3 and Fig.4). 
The value of minimum drag coefficient increases and the maximum value of lift coefficient decreases. 
The aerodynamic ratio, “K=cL/cD” decreases from the approximate value of 55 in the stationary regime 
of flow to values k<1. This occurs at maximum pitching angular velocity L = 360 deg/s. Therefore, 
profile degradation of the lifting surface occurs. For calculating the bending load of the lifting surface 
effected by aerodynamic forces, it is necessary to take into consideration in addition to the lifting 
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STUDY OF COMPUTATIONAL EFFICIENCY OF NUMERICAL
QUADRATURE SCHEMES IN THE ISOGEOMETRIC ANALYSIS

D. Rypl∗, B. Patzák∗∗

Abstract: Isogeometric analysis has been recently introduced as a viable alternative to the standard,
polynomial-based finite element analysis. One of the fundamental performance issues of the isogeomet-
ric analysis is the quadrature of individual components of the discretized governing differential equation.
The capability of the isogeometric analysis to easily adopt basis functions of high degree together with the
(generally) rational form of those basis functions implies that high order numerical quadrature schemes
must be employed. This may become computationally prohibitive because the evaluation of the high degree
basis functions and/or their derivatives at individual integration points is quite demanding. The situation
tends to be critical in three-dimensional space where the total number of integration points can increase
dramatically. The aim of this paper is to compare computational efficiency of several numerical quadrature
concepts which are nowadays available in the isogeometric analysis. Their performance is assessed on the
assembly of stiffness matrix of B-spline based problems with special geometrical arrangement allowing to
determine minimum number of integration points leading to exact results.

Keywords: Isogeometric analysis, numerical quadrature, Gaussian quadrature, Bezier extraction, half-
point rule.

1. Introduction

The concept of the isogeometric analysis (IGA) (see papers Hughes (2005); Cottrell (2009)), initially
motivated by the gap between the computer aided design (CAD) and the finite element analysis (FEA),
builds upon the concept of isoparametric elements, in which the same shape functions are used to ap-
proximate the geometry and the solution on a single finite element. The IGA, as its name suggests, goes
one step further because it employs the same functions for the description of the geometry and for the
approximation of the solution space on that geometry. This implies that the isogeometric mesh (dis-
cretization for computational purposes) of the CAD geometry encapsulates the exact geometry no matter
how coarse the mesh actually is. As a consequence, the need to have a separate representation for the
original CAD model and another one for the actual computational geometry is completely eliminated.

The isogeometric approach has been originally developed (see paper Hughes (2005)) using the
NURBS (non-uniform rational B-splines – Rogers (2000); Piegl (1997)) which are the basic building
blocks in most CAD systems and which allow precise representation of wide class of objects (e.g. con-
ics and quadrics). To overcome several drawbacks related to handling of NURBS patches (propagation
of the refinement through the entire control grid, difficult merging of adjacent patches and handling of
trimmed patches, etc.), this approach has been recently extended to so-called T-splines (see papers Seder-
berg (2003); Bazilevs (2010)) which are a generalization of NURBS. The advantage of T-splines consists
in the fact that they allow truly local refinement, without propagating the entire row of control points,
which enables efficient merging of several NURBS patches of different parameterization into a single
gap free model of C0 or higher order continuity (see papers Sederberg (2004); Bazilevs (2010)).

It has been shown (see papers Hughes (2005); Cottrell (2006, 2007); Auricchio (2007); Lipton
(2010)) that the IGA outperforms the classical FEA in various aspects (accuracy, robustness, system
condition number, etc.), which is the consequence of several important advantages of the IGA com-
pared to the FEA. On the other hand, the computational effort of the IGA, especially when using higher
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order basis functions, seems to exceed that for the FEA. The significant source of the computational
inefficiency has been identified to be related to the numerical quadrature of individual components of
the discretized governing differential equation (for example in the context of structural mechanics, of
stiffness matrix, mass matrix, load vector, etc.). The basic computational scheme of the IGA resembles
very much that of the FEA with the only difference that instead of performing the numerical quadrature
on individual finite elements the quadrature is accomplished over individual non-zero knot spans∗∗∗ of
the underlying B-spline based geometry. Due to the tensor product structure of the basis functions on
individual knot spans of a two- and three-dimensional B-spline patch, the Gaussian quadrature schemes
used for (so much popular) quadrilateral and hexahedral finite elements can be readily adopted in the
IGA.

Analogical concept of Gaussian quadrature is also offered by the Bezier extraction approach (see pa-
pers Borden (2011); Scott (2011)) typically used when implementing the IGA into existing finite element
computational codes. This approach utilizes the fact that the smooth B-spline basis can be constructed
as a linear combination of a C0 Bernstein polynomials which are the basis functions on the so-called
Bezier element. Note that the coefficients of the linear combination are dependent only on the parame-
terization of the B-spline patch and are independent of the geometry (position of control points) itself.
The beauty of this approach consists in the fact that the code does not have to implement the B-spline
technology. It is enough to implement rather simple Bernstein polynomials in the interpolation engine
(similarly as the standard Lagrange polynomials) and to apply appropriate linear operator (so-called the
extraction operator) which hides the transformation between the C0 Bernstein basis and smooth B-spline
basis and which is typically part of the input data. Since the individual Bezier elements correspond to the
individual non-zero knot-spans, the Gaussian integration over individual Bezier elements is equivalent
to the Gaussian integration over the individual non-zero knot spans. There is, however, one important
difference. Because the Bernstein polynomials are defined over the same parametric domain (typically
from 0 to 1) and because the degree of Bernstein basis is the same for all Bezier elements within a sin-
gle B-spline patch, the values of individual Bernstein basis functions and their derivatives are the same
at individual Gauss integration points on all Bezier elements and can be therefore precomputed (only
once) and stored (also only once) thus saving potentionally a huge number (depending on the number of
integration points) of their evaluations.

Recently, there has been initiated a study (see paper Hughes (2010)) on efficient quadrature schemes
for the NURBS-based IGA which profits from the continuity of higher degree B-spline basis functions
between adjacent knot spans compared to the C0 continuity of the basis functions between classical finite
elements. While the Gaussian quadrature is optimal for the C0 continuous finite elements, it is far from
optimal for smooth B-spline basis functions spanning several consecutive knot spans. By taking into
account the precise smoothness of the basis functions across boundaries of infinite number of uniform
knot spans, a simple integration rule (so-called half-point rule) independent (in terms of the number of
integrations points, not in terms of their location) of the degree of the polynomial basis and having (in
1D) just one integration point per two knot spans has been derived. For practical purposes, however,
integration rules corresponding to open non-uniform finite knot vector are desirable. These rules can be
obtained by numerical solution of a system of non-linear equations which is computationally demanding
and which is worth only if the rules are applied repeatedly many times. Therefore only rules on 2, 3,
4, or 5 consecutive uniform knot spans for few cases of degree of practical interest have been derived.
Although these rules only approach the best possible performance, the savings, especially in 3D, are
significant.

The aim of this paper is to compare the efficiency of the above three approaches within the same
software (Patzak (2012)) using the same programming techniques. The results of the comparison are
given in the following Section. The discussion of the results together with the concluding remarks are
given in Section 3.

∗∗∗In the context of the IGA, the non-zero knot spans are often called elements.
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(a) (b) (c)

Fig. 1: Examples of geometry of investigated B-spline patches: (a) 1D:4-3, (b) 2D:3-4, (c) 3D:2-5

2. Quadrature schemes and comparison of their efficiency

Although the discussed quadrature schemes are used generally for (only approximate) integration of
rational functions, they can handle precisely only polynomials. Therefore the examples on which the
quadrature schemes have been tested are chosen to be B-spline patches with orthogonal system of
isoparametric curves with control points defined by Graville’s coordinates (see Fig. 1). This ensures
that all components as well as the determinant of the Jacobian matrix are constant. In order to enable
application of half-point rules (derived in paper Hughes (2010)), the (open) knot vectors describing the
parameterization of the B-spline patch are always uniform having from 2 to 5 non-zero consecutive knot
spans. Since the efficiency of these rules is dependent on the actual number of knot spans, the same num-
ber of knot spans is used for each spatial dimension. Furthermore, the available half-point rules limit the
adopted uni-variate B-spline basis to degree 2, 3, and 4†. All the problems have been run in one-, two-,
and three-dimensional space. The particular jobs are identified as xD:y-z where x ∈ {1, 2, 3} stands for
the spatial dimension of the problem, y ∈ {2, 3, 4} denotes the degree of B-spline basis functions (com-
mon for all spatial dimensions), and z ∈ {2, 3, 4, 5} indicates the number of uniform knot spans (also
common for all spatial dimensions). For example, 2D:3-4 denotes two-dimensional analysis of degree
3× 3 with 4× 4 non-zero uniform knot spans (see Fig. 1).

The investigated quadrature schemes are the following

• GSR – Gauss Standard Rule,
• GBE – Gauss rule on Bezier Elements,
• GPS – Gauss rule with basis functions Precomputed for all knot Spans,
• HPR – Half-Point Rule.

Quadrature scheme GPS, considered only to assess the slow-down of GBE due the application of the
extraction operator, is similar to GBE in that the values of B-spline basis functions and their derivatives
are precomputed. However, since the concept of Bezier extraction is not adopted in GPS scheme, the
precomputed values must be stored for all knot spans. Note that due to the tensor product structure of the
Gauss rules, only the uni-variate B-spline functions and their derivatives are stored for individual spatial
directions in GPS as well as in GBE.

The performance of individual quadrature schemes has been assessed by measuring the time needed
for the assembly of complete stiffness matrix (in the symmetric skyline format). In order to make the
time measurable, the stiffness matrix has been assembled repeatedly, namely 106 times for 1D problems,
104 for 2D problems, and 102 for 3D problems. Recalling that the Jacobian matrix is constant, the
integrated terms of the stiffness matrix are uni-variate polynomials of order equal to 2p − 2 in 1D case
and multivariate (but of tensor product structure) polynomials of order 2p (in each variable) in 2D and
3D case, where p denotes the degree of B-spline basis functions. This allows to select the appropriate

†The case of degree 1 is not interesting, because then the IGA is identical with FEM and the Gaussian quadrature is optimal
in such a case.
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Tab. 1: Pseudo-code for the evaluation of the stiffness matrix

compute_stiffness_matrix {
initialize K_global;
loop over all B-spline patches (Bp) {

loop over all integration rules (ir) of Bp {
initialize K_local;
loop over all integration points (ip) of ir {

B = compute B_matrix at(ip);
D = compute D_matrix at(ip);
J = compute Jacobian at(ip);
K_local += BˆT.D.B.J;

}
assemble K_local to K_global;

}
}
return K_global;

}

quadrature rule with minimum number of integration points which still leads to exact results. Note,
however, that for HPR scheme, only the rules for the integration in spaces with C0 continuity, namely in
spaces ϕ2,0, ϕ4,0, ϕ6,0, and ϕ8,0

‡ (see paper Hughes (2010) for details) have been adopted.

A typical pseudo-code for the assembly of the stiffness matrix (on an abstract level) using the Gaus-
sian quadrature is presented in Table 1. Each knot span is associated with an integration rule (see papers
Rypl (2012a,b)) which stores individual integration points, position of which are defined within that
single knot span. Note that at all integration points within the same integration rule, the same basis func-
tion attain non-zero value. Such an implementation can be easily adopted for the half-point quadrature
schemes. It is just enough to localize the individual integration points, distribution of which is defined
over several consecutive knot spans, into individual knot spans and create corresponding integration
rules.

The results of individual analyses are summarized separately in Tables 2, 3, and 4 for spatial dimen-
sion 1, 2, and 3, respectively. Note that the elapsed time does not account neither for precomputing the
values of B-spline basis functions and their derivatives (for schemes GBE and GPS) nor for the eval-
uation of the extraction operator (in GBE scheme) which is also precomputed and stored. Except the
timing, also some additional quantities are provided to complete the information:

• Ctrl pnts - total number of control points describing the B-spline patch,
• G* tip - total number of integrations points for GSR/GBE/GPS schemes,
• G* ip/s - number of integrations points in a single direction on a single knot span for GSR/GBE/

GPS schemes,
• HPR tip - total number of integrations points for HPR scheme,
• HPR ip - number of integration points in a single direction on the whole patch for HPR scheme.

The inspection of 1D results in Table 2 reveals that the times needed by GSR and HPR schemes are,
not surprisingly, approximately in the ratio of the total number of integration points. It also shows that
the application of GBE scheme leads to significant speedup which increases with the growing degree of
B-spline basis functions (as the demands for their evaluation are growing). Therefore the GBE scheme
outperforms the HPR scheme, which is obvious especially for degree 3 and 4. From the table it is also
apparent, that the costs of GBE (compared to GPS) due to the application of the extraction operator are

‡See Appendix A for coordinates and weights of integration points for exact integration in ϕ8,0.
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Tab. 2: Summary of 1D jobs assembling 106 times stiffness matrix (timing in seconds)

Job Ctrl G* G* GSR GBE GPS HPR HPR HPR
id pnts tip ip/s time time time tip ip time

1D:2-2 4 4 2 6.7 4.6 4.0 3 3 5.7

1D:2-3 5 6 2 10.5 7.0 5.9 4 4 7.2

1D:2-4 6 8 2 13.4 9.3 7.6 5 5 9.8

1D:2-5 7 10 2 17.2 11.6 9.6 6 6 11.0

1D:3-2 5 6 3 12.2 7.3 6.1 5 5 10.3

1D:3-3 6 9 3 18.5 10.8 8.9 7 7 14.9

1D:3-4 7 12 3 24.8 14.0 11.9 9 9 19.2

1D:3-5 8 15 3 31.2 18.1 15.0 11 11 23.5

1D:4-2 6 8 4 19.1 10.9 8.6 7 7 17.0

1D:4-3 7 12 4 29.3 15.6 13.1 10 10 25.2

1D:4-4 8 16 4 38.8 23.3 17.3 13 13 33.0

1D:4-5 9 20 4 50.1 29.1 22.3 16 16 40.6

quickly growing with the increasing degree as the size of the extraction operator grows as well. In the
case of results of 2D analyses (see Table 3), the situation changes quite considerably. While the ratio
between the time consumed by GSR and HPR schemes is still in reasonable agreement (however not
as good as for 1D case) with the ratio of total number of integration points used in these schemes, the
profit from precomputing the values of basis functions and their derivatives is much less pronounced,
which causes that HPR scheme is generally better than any of the Gauss based schemes. It is also
worth to note that the cost of Bezier extraction for the 2D case is, compared to 1D, diminishing. This
is, however, not caused by the improved efficiency of the Bezier extraction in 2D but by the decrease
of its participation in the overall computational demands, which are enlarged by two facts. Firstly, the
evaluation of the derivatives of basis functions with respect to Cartesian coordinates is more complex
and secondly, the size of matrices B and Klocal handled in the stiffness matrix assembly algorithm (see
Table 1) is growing rapidly with the increasing degree. Assuming that the degree is the same in both
spatial directions (which is the considered case), the number of basis functions which are non-zero at
a particular integration point is growing with square of the degree. This effect becomes critical in 3D
(see Table 4) where there is virtually no difference between individual Gauss based schemes. In this case
the size of matrix Klocal grows with the cube of the degree of the B-spline basis functions. Thus the
costs related to the computation of the product BTDBJ are dominating and the overall assembly time,
for a given degree, is more or less linearly dependent on the total number of integration points. Since the
total number of integrations points for HPR scheme is much smaller than the number used by the Gauss
based schemes, HPR scheme in 3D is apparently superior to GSR, GBE as well as GPS scheme for all
degrees and number of knot spans. It is interesting to see, however, that despite the fact that the costs
of the numerical quadrature in 3D are driven predominantly by the evaluation of the product BTDBJ
(not of its components), the times for GSR and HPR schemes are only approximately in the ratio of the
total number of integration points. A detailed inspection of the profiling information has uncovered that
the time consumed by the function evaluating the product BTDBJ per integration point is noticeably
smaller for GSR scheme. This could be attributed to the effect of caching Klocal because the number of
processed integration points per integration rule is generally higher for GSR scheme compared to HPR
scheme.
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Tab. 3: Summary of 2D jobs assembling 104 times stiffness matrix (timing in seconds)

Job Ctrl G* G* GSR GBE GPS HPR HPR HPR
id pnts tip ip/s time time time tip ip time

2D:2-2 16 36 3 2.2 1.7 1.6 25 5 1.5

2D:2-3 25 81 3 4.8 3.8 3.6 49 7 3.0

2D:2-4 36 144 3 8.5 7.2 6.5 81 9 5.0

2D:2-5 49 225 3 13.6 10.7 10.1 121 11 8.0

2D:3-2 25 64 4 6.9 6.0 5.6 49 7 5.7

2D:3-3 36 144 4 15.4 13.3 13.1 100 10 11.9

2D:3-4 49 256 4 27.9 23.5 22.6 169 13 19.4

2D:3-5 64 400 4 43.3 37.7 35.3 256 16 30.1

2D:4-2 36 100 5 19.4 17.7 16.7 81 9 17.6

2D:4-3 49 225 5 44.1 39.5 38.2 169 13 36.8

2D:4-4 64 400 5 78.5 70.2 68.0 289 17 62.1

2D:4-5 81 625 5 121.1 109.7 105.8 441 21 94.8

3. Conclusions

In this paper, a study of computational efficiency of several numerical quadrature schemes available for
the IGA has been performed. The performance of the schemes has been assessed on the assembly of
the stiffness matrix on such a geometrical arrangement of a B-spline patch that the minimum number
of integration points leading to exact results could have been safely determined. The investigation has
revealed that the main source of the computational costs of the numerical quadrature is dependent on
the spatial dimension qualitatively as well as quantitatively. While in 1D the prevailing costs are related
to the expensive evaluation of basis functions and their derivatives and are increasing with the degree
and consequently with the complexity of the B-spline basis functions, in 3D, the dominating costs are
associated with the assembly of the contributions to the stiffness matrix at individual integration points,
number of which as well as the size of the contributions is also growing with the degree. This implies
that in 1D, faster algorithms are those which profit from the precomputed values of the basis functions
and their derivatives (such as GBE scheme). In 3D, on the other hand, since the critical factor is the total
number of integrations points, the quadrature rules that benefit from taking into account the continuity
between the knot spans (such as HPR scheme) are the better ones. In 2D, both effects are combined. The
numerical evidence shows, however, that the HPR scheme is more appropriate than GBE scheme.

In the current implementation of two- and three-dimensional GSR, GBE as well as HPR schemes,
there is still some space for savings. For example, the evaluation of particular components of the stiffness
matrix could be accelerated if they are computed on the level of integration rule rather than on the level of
integration point, because the locally precomputed uni-variate quantities (on the level of integration rule)
can be repeatedly reused (due to the tensor product structure) for all integration points within the same
integration rule. The preliminary results reveal, however, that this effect is of only a little significance in
2D and completely negligible in 3D.

An important issue is related to the fact that in reality the integrated functions are only rarely polyno-
mials. More commonly, the integrated terms are of rational character as the consequence of non-constant
Jacobian (does not matter whether due to the location of control points§ of a B-spline geometry or because

§Note that while in the FEA the Jacobian (more precisely, its variation) could be reasonably controlled by the quality of the
finite element mesh, in the IGA, the analyst does not have usually such a possibility as he/she is stuck with the geometry.
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Tab. 4: Summary of 3D jobs assembling 102 times stiffness matrix (timing in seconds)

Job Ctrl G* G* GSR GBE GPS HPR HPR HPR
id pnts tip ip/s time time time tip ip time

3D:2-2 64 216 3 1.3 1.3 1.3 125 5 0.8

3D:2-3 125 729 3 4.5 4.3 4.3 343 7 2.3

3D:2-4 216 1728 3 10.6 10.2 10.1 729 9 5.0

3D:2-5 343 3375 3 20.8 20.1 20.0 1331 11 9.1

3D:3-2 125 512 4 13.7 13.6 13.6 343 7 10.2

3D:3-3 216 1728 4 46.4 46.1 46.0 1000 10 30.1

3D:3-4 343 4096 4 110.2 109.5 108.8 2197 13 66.3

3D:3-5 512 8000 4 217.3 215.2 214.5 4096 16 125.1

3D:4-2 216 1000 5 93.0 92.9 92.6 729 9 75.8

3D:4-3 343 3375 5 315.6 314.2 314.0 2197 13 228.8

3D:4-4 512 8000 5 747.1 744.6 745.8 4913 17 512.6

3D:4-5 729 15625 5 1456.8 1458.5 1457.3 9261 21 967.7

of using non-uniform weights in a NURBS geometry). In such a case, the common practice to select the
quadrature rule under the assumption that the Jacobian is constant may lead to significant error. Thus the
over-integration when using Gaussian quadrature rule may play also a positive role. Moreover, taking
into account the fact that the derivation of half-point rule for non-uniform knot spans is computationally
prohibitive, especially if large number of spans and high degree of basis functions is considered, and that
refining the knot vector to (at least piece-wise) uniform knot vector leads to increase of both the number
of control points (and thus also problem unknowns) and the number of integration points, the use of
standard Gaussian quadrature per non-zero knot span still remains competitive approach (in a general
case). This, however, implies that the question of numerical quadrature in the IGA remains open and that
there is a strong need to further search for efficient quadrature rules.
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Appendix A.

In this Appendix, the quadrature schemes (not presented in paper Hughes (2010)) for the exact integration
in ϕ8,0 on the interval [0, 1] with 2, 3, 4, and 5 uniform knot spans are provided. Coordinates and weights
of quadrature points, summarized in Tables 5 – 8, have been computed by the numerical procedure
outlined in paper Hughes (2010) using the MATLAB fsolve tolerance 10−12.
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# Coordinate Weight

1 0.014276049028629 0.035928390197806

2 0.069210753409518 0.070339003787363

3 0.145897608092228 0.077956630743933

4 0.215060033914055 0.055775975270892

5 0.258539709605000 0.041402052871308

6 0.315450475738540 0.071907370599436

7 0.393762411614959 0.079569450692479

8 0.464346168473608 0.056917044204120

9 0.500000000000000 0.020408163265306

10 0.535653831526392 0.056917044204120

11 0.606237588385041 0.079569450692479

12 0.684549524261460 0.071907370599436

13 0.741460290395000 0.041402052871308

14 0.784939966085945 0.055775975270892

15 0.854102391907772 0.077956630743933

16 0.930789246590482 0.070339003787363

17 0.985723950971371 0.035928390197806

1142 Engineering Mechanics 2012, #304



Borden, M.J., Scott, M.A., Evans, J.A., Hughes, T.J.R. (2011), Isogeometric Finite Element Data Structures Based
on Bezier Extraction of NURBS, International Journal for Numerical Methods in Engineering, Vol. 87, No.
1–5, pp. 15–47.

Cottrell, J.A., Reali, A., Bazilevs, Y., Hughes, T.J.R. (2006), Isogeometric Analysis of Structural Vibrations, Com-
puter Methods in Applied Mechanics and Engineering, Vol. 195, pp. 5257–5296.

Cottrell, J.A., Hughes, T.J.R., Reali, A. (2007), Studies of Refinement and Continuity in Isogeometric Structural
Analysis, Computer Methods in Applied Mechanics and Engineering, Vol. 196, pp. 4160–4183.

Cottrell, J.A., Hughes, T.J.R., Bazilevs, Y. (2009), Isogeometric Analysis: Toward Integration of CAD and FEA,
John Wiley & Sons.

Hughes, T.J.R., Cottrell, J.A., Bazilevs Y. (2005), Isogeometric Analysis: CAD, Finite Elements, NURBS, Exact
Geometry and Mesh Refinement, Computer Methods in Applied Mechanics and Engineering, Vol. 194, pp.
4135–4195.

Hughes, T.J.R., Reali, A., Sangalli, G. (2010), Efficient Quadrature for NURBS-based Isogeometric Analysis,
Computer Methods in Applied Mechanics and Engineering, Vol. 199, No. 5–8, pp. 301–313.

Lipton, S., Evans, J.A., Bazilevs, Y., Elguedj, T., Hughes, T.J.R. (2010), Robustness of Isogeometric Structural
Discretizations under Severe Mesh Distortion, Computer Methods in Applied Mechanics and Engineering, Vol.
199, pp. 357–373.

Patzák, B. (2012), OOFEM project home page, http://www.oofem.org.
Piegl, L., Tiller, W. (1997), The NURBS Book, Springer-Verlag.
Rogers, D.F. (2000), An Introduction to NURBS: With Historical Perspective, Morgan Kaufmann.
Rypl, D., Patzák, B. (2012a), From the Finite Element Analysis to the Isogeometric Analysis in an Object Oriented

Computing Environment, Advances in Engineering Software, Vol. 44, No. 1, pp. 116–125.
Rypl, D., Patzák, B. (2012b), Object Oriented Implementation of the T-spline Based Isogeometric Analysis, Ad-

vances in Engineering Software, in print.
Scott, M.A., Borden, M.J., Verhoosel, C.V., Sederberg, T.W., Hughes, T.J.R. (2011), Isogeometric Finite Ele-

ment Data Structures Based on Bezier Extraction of T-splines, International Journal for Numerical Methods in
Engineering, Vol. 88, No. 2, pp. 126–156.

Sederberg, T.W., Zheng, J., Bakenov, A., Nasri, A. (2003), T-splines and T-NURCCs, ACM Transactions on
Graphics (SIGGRAPH 2003), Vol. 22, No. 3, pp. 477–484.

Sederberg, T.W., Gardon, D., Finnigan, G., North, N., Zheng, J., Lyche, T. (2004), T-spline Simplification and
Local Refinement, ACM Transactions on Graphics (SIGGRAPH 2004), Vol. 23, No. 3, pp. 276–283.

Rypl D. Patzák B. 1143





��������%��+�����+����%���#���+�%����(��%����� ����
(+�����#�

���#'8)�#�;��#*'+,-#�&��#*'+,-"�

�*-8�'$8.� �=� 23>�� �<�4�'� �4� ��4�4=2� 23<2� 234� 546�����>2>�=� ��� 234� =>3<���=>6� 4�7<2>�=� >=2�� 2���8�>���=�
4�7<2>�=�� >��<��>>6<=>4� 2���4=4�<>�6<�4����=�7=5<���6�=5>2>�=��<=5�<=���3<�4���� 234�=�7=5<���45�4���� 234�
�><24'�>���4�7�4�234�?�6<>��=24��<>���7<2>�=��?��6�����7><2>�=�<=5�<��4�3>4���<����@>�<2>�=�������>�<����>4>5�
 <�><=>4��� !4�>54�� 234� �2<=5<�5� <5 <=2<�4�� ��� �4�3� ��44� ����7><2>�=�� �4�4�=4�� 234� =4�� <5 <=2<�4�
6�=�>�2>=��>=�546�4<�>=��234���54�����234�54�> <2> 4������>4>5� <�><=>4����=�24<5����234�23>�5���54��54�> <2> 4�����
234�54�>462>�=��>4>5�>=�234��4<?�����7><2>�=�����234�=>3<���=>6�4�7<2>�=�234�3>�34�2���54�����234�54�> <2> 4��>=�
234���4�4=2��4<?� ����7><2>�=�5�4��=�2�4@6445� 234� �>��2���54������2>�'� >2� >��546�4<�45�<>��� 234���54����� 234�
54�> <2> 4����=4���>4>5� <�><=>4��>=�234�4@��4��>�=�����234�=�7=5<���6�=5>2>�=���@4 4�<>�>>>7�2�<2> 4�4@<��>4��
<�4� ��4�4=245� ���� 6���<�>��=� ��� <667�<6�'� 6�= 4��4=64� <=5� 6���72<2>�=<>� 4��>6>4=6�� <63>4 45� =�� 7�>=��
 <�>�7��<����<634����

!,:.)�+-.� ������ ��	
����� ���	���� �������	����� �
���
��� ���������	����� �
�������	����� �����������

���	�������������
���	�����

W�� ��8�)+/$80)��

��� ��� ��		� 
����� ���� ��� ������ ������������ ��� ���	�� ������	��� ��� ��� ���������� ���������� ����� ����� ���
�������	����� �����	��������������������	�������	�����������������������������������������		�����	������
��� ������ ������������� ��� ������ ��� ��� �����������	� ��������� ���� ��� ���������� ��� ������������ ����
��������� ����� ���� 	����� ������ �����������	� ���������� ���� ������������ ���� ���	�� ������	���� ��� ��	������
������������������� ��� ������������������	����������������� ����� ���������������������� ��� ����������	�
��������� ��	��� ����	���� ���������� ��������� ��� ���� ��� ����	������� ��� �������� ��� �������	� ���������
����������� ��� ������ ��� ��� ���� ���	�� ������	��� ������� ����� �������������  ������		��� ��� ��� ��������	�� ���
������	� ��� ��� ��������� �	������ �����	������� ����� ��� ��
������ ���� 	���	�!��� ���� ������������� ���
����������	������

��� ���� ���������������� ��	������������������������������	���������		� �������	�����������������	�
�����������������������	������������������������������������	��������������	��������������������
"��������������������	�������������������������������������������������������������������	�����������
����	�����������

��� ���� ������� ��� �������� ���� ��� �������������� ��� ��� ���������� ��������� ����� ���� #�������
����������������	����	�����������	��������������������������������������������������������������������
�	����� ��� ��� ���� ��� ���
� �����	������ ������ ��� ��� $���	� �������	�  ��������� %$� &� �����	������ ���� ��
���	���� �������������� ���� �������� ���	�� ������	���� ��� ��� 	���	� ���
� �����	������� ��� ��������� �����
��������� ���� ��� �������� ��� ��� ���'������� ��� ���	�!���� ���� ������������ ��� �������	� ������������� ���
������	���	������������	���%����	����������������������������������&����	���	����'�������������		��������
��� ����������� ��� ��� ��������� �����	������� ��� �������� �	��� ��� ���
� �����	������ ���� ��� �������	�
���������� ����	���� ��� ������� �����	������ ��� ���� ����������� �������� ��� ��� (�� ������ ������������ ���
���	��������� )����� ��� ��� ��������������� ��� ������ ��� ��� ������������ ��� ��� ���������� ���������� ���
���������� ����� ����� ��� ����� ��� ����������� ��������� ����������� ���� ����������� ��� ���� �����	������ ���
���������������������������������������� ��������
*������$����	���"+�����#�����,-.���/	����0��"	+��
��.�"����#����������1+��"	+��
��.�"�����������������2����������������
3������������"	���
�3����������"���������4(5�67�8�����	�����"	���
�����'���	9�	����	��������:�������
��

m
2012

. 18thInternational Conference
ENGINEERING MECHANICS 2012 pp. 1145–1156
Svratka, Czech Republic, May 14 – 17, 2012 Paper #45



�����������������		�������������������������������
��������������	��������������������������	��������
���������������������<������$�����"������%<$"&���������������%$�������������"�	
���
����=>4=&�����
��� #����� �������	������ <����� %#�<&� %$���� ?667&�� 8������� ��� ��������� ����������� ��� ���� �����
�����	�����������������������������'��������������������������������������	������������������		����
��������� ����������� ��� ������ ��� ��� ���� ���	�� ������	��� ������� ����� ������������ ��� ��� ����������
-�������	� �����	��� ���� ������ �������
� ��	������ ���� ����������� ���� ������������ ��� ����������
����������������������������	�����������������������������������

\�� (1:-0$'*�+,$)23)-080)��)4�81,�5)6,��0�5�,�/'80)�-��

���@������A���������������������������	�����%�������
������B������
�'@��������=>5>&�����		�������	�
��������������������������������������������������������	������� ��������������������������C�������	����
������
�����3���������	��������������	������������@
�������������������������������������������������
������������������������������������	����������

� � � �
��� ��� �� ��� � � �� ��� �� � � � �

� 	
��

�

����� �
���
�

�
�

� � � �%=&�

����� � ������������������������� � ����� ������D���������	�������#������������������������	����
������������������� �����������������������D ��������������������� � 
� �������������

� � � � �
��� �� � �� � � ��� � � � � � � � �� �� �� � � � � �

� �
� � � � �%?&�

�� � � � ��� � �� �
 � 
� 
 � 
� 
 � 
�
 � � � � � � � � � � �� �� � � � � � � � � � �%7&�

�����=>�����2>��������2������������������������������������	������������������������������������	������
����������	������������������������������	��������������������������������������������������

� � � �
� �� 
 
� � 
 
� � � � � �� � � � �� � �� � 


� �

 <

� � � � %(&�

�����������������������������	����������������	�����������������

� � � � � � � ��� ��� �� �> > �� � � � � � � %5&�

������������������������%==&����%5&������������������������������������������

� � � � �
� �

�� � �� ��
� � � � �� �� �� �� �� � �� � � �

� � � � � %E&�

���� � �2 > �������������������������������	�	����������	�����������	�������������

F���		���#�����������������������������������������������������������

� � � � � � � �
� � � �� � � �� � � �� �� � �� ��� � � � � � � � �� �� � � � � � � � � � �� � %G&�

��������		��������������������������������������������������������������������������������	���������

� � � � �� � �� � � �� � � � � � � � %4&�

�������������������������������������������������������������������9�

%�&��	����������9�� �� � � H� ��
� �



�



�

%��&�����	����������������9�� �� � � H� �� � � � � � � � � � %>&�

1146 Engineering Mechanics 2012, #45



%���&����������9�� �� � � H� �� � � �

���������������������������������	���������������������������������������������������������������	�����
������	�� ���������������	������������������	���	������������	��� ������
������	������������ ��� �����������
�������������� ��� ��� ������ ������������ ��� ���	�������� ���������� ��� ��� �������	� ���������� ��� ��		� ��� ���
���������������������

�������������������������������������������������	��������	�������������

� � � �� � � � �� � �� � �> > ������� ��> � � � � � � %=6&�

��������������������������%4&������	�������������������������������%=6&�����%==&�

� � � � � � � �� �� �> > �������� ��> � � � � � � %==&�

`�� ��������	
��������������������
������

������
������	������������������������������%=6&�����%==&�������������������������	��������	���
��������������������������������������������������������������������

� � � � �
� �
� �� � � � ��


� �

� � � �� � � � � � � � %=?&�

� � � �
� �
� �� � � ��


� �

� � � �� � �� � � � � � %=7&�

�����	��������������������������� � � � � �� � � �
 
� ���������������������������������	��������	������������
�������������������������������

�
��� ���������������	�����������������������

���������	�������	�������������������������	���	��������	�����������������������	�������������������	����
��� ��� ��
����� ������	��� ��� ����� ������	�� ������������ ������� -���� ��� ����	�� ��������� ���� 
����� ���
���	��������������������C��� �����
�������������������		����� ������������������� � �� > ���� ������	���
���	��� � �� > ������� � �� > ��

��������
��	������
����������������	����

������<$"'��������������������	������	������� �� � ����� ��> �������	�����������������������������������
���������������������!��������������������������������������������������������������	��������%$���������
����"�	
���
����=>4=&��������	������	�� � �� > �������������������������

� � �
�
�� � � �

�
� �

�
� � �

�

��> > � � � � � � � %=(&�

����� � ����������	������������������ ��� ���������	���
���������������������������	���	��� � ��� > ������

� ��� > ������������������������������������������	������� �> ����������������������<$"'���������������
���� ���� ���	�!�� ��� 2�����	� 3������������� -���� %23-&� �������� ��� <$"'�������������� %"	���
� ��� �	���
?664&��$������������23-�������������������������������� > ������������������������������	������������
����������������� > �������������'������������ � ��� �� ������� �� �������������������������������������
����������������� ���23-� 2> �� ����� ���������������������� ������� �������
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� ��� > �������������������������������������������� �> ���������	�������� > ����������������������	������
I���������������%"	���
�����	���?664&�����<$"'23-���������������������������

� � � � � � �

�
�� � � �

��
� � �

�
� � �

�

��> > ����� � � �� � � �� � � � � � %=5&�

����� � �������	���	�������������� � '��������������� �� ����	�������� � ��> �� �����23-����������
�����	����������������������������������	�������� > ��

��������������� ��� ��� ���	��������	�� � �� > ������� �������������������������������� ��� ��������������
%=5&��������

� � � � �
� �

�
�� � � �

��
� ��

� �
�

� � �
�

��> > � � � �
� �

�
�� � � �

��
� ��

�� ��
�

� � �
�

��> > � � � �
� �

�
�� � � �

��
� ��

��� ���
�

� � �
�

��> >
���������

%=E&�

������	�����������������������������������������������������������	���������������������	�����������
�������	��������2#F������������	����������������������������������	����	������������������������
%"	���
�����	���?6=?&�����I���������������������������<$"'����������������

������������������������������������������������������������������������������������<�
�����������
������������

� � � � � �

�
� � � � �

�� � �

�
� �

�
� �> > �� � � �

�
�

� � � � �
�� � �

� �
�

� �
�

� �> > ��

� � � � � �
�

�
� � � � �

�� � �
�� ��

�
� �

�
� �> > �� � � �

�
�

� � � � �
�� � �

��� ���
�

� �
�

� �> > � � � � %=G&�

�������������������������������

� � � � � � � � � � � �� � � � � � � � � �� � � � � � �� � �� �> > > >� ����

� � � � � � � � � � � � � � �
� � �� � � � � � � � � � �� � � � � � � �

�� � � �� � � �� � �> > > > >� � ��

� � � � � � � � � � � � � � �
� � �� � � � � � � � � � �� � � � � � � �

���� �� �� �� � � �� � �> > > > >� � ��

� � � � � � � � � � � � � � �
� � �� � � � � � � � � � �� � � � � � � �

������ ��� ��� �� � � �� � �> > > > >� � � � � %=4&�

���������������������������������������		����������������

� � � � � �

�
� � �

�� � �

�
�

�
�� > ���� � � �

�
�

� � �
�� � �
�

�
�

�
�� > ��

� � � � � �
�

�
� � �

�� � �
��

�
�

�
�� > ����� � � �

�
�

� � �
�� � �
���

�
�

�
�� > � � � � � %=>&�

�������������������������������������� ���%=>&��������������		�����

����	���	
�����	�����
	����� !"#���
��� ���� �������������� ��� ������ ���������� ���� ��
��� ��� �� ������������ ��� ��	������	�� ���� �����	� ������
����������%,8C&�%$����?667&�����������������	����������	���������������������������	������	����������

1148 Engineering Mechanics 2012, #45



�������������%$���� ?667&�%"	���
� ��� �	��� ?664&�� B�� ��		� ��������� ��� ����� ��	������	� ������ ��� ��� ���
<$"'���������������������,8C����		������
��������	�����������

� � � �
�� �

� � �� �� � �� �
� �
� �

�
8�� � � 8 � �� � � � � %?6&�

���� �� ��������������������������

��������������������������	��������	�� � �� > ��������������������

� � � � � �

�
� � � �

��
� � �

�
� � �

�

��> > �� � � �� � � �� � � � � � %?=&�

����� �����		��� ��� ��� ����������� ��� ���<$"'����������������������� �������	���
����������������	�� ���
��	���� ��� ��� ������������� ���	�� ������	��� ������ ��� ����� ���������� ����� ��� @�����
��J��	��� ���������
� � � � �� � �

��� ��> ���
������������������������	��������	�����������������������

� � � � � �
� �

�
� � � �

��
� ��

� �
�

� � �
�

��> > �� � � �
� �

�
� � � �

��
� ��

�� ��
�

� � �
�

��> > �� � � �
� �

�
� � � �

��
� ��

��� ���
�

� � �
�

��> > �

� � � � � � � � � � � � %??&�
3����� �������� ��������	� ����������� ���� ��������� ���� ���	������� ��� ��� ����� ���������� ���� �����

��������������������	���������C�������������	������������������������%"	���
�����	���?6=?&���

��� ���������� �� 		���!�����������!�!
�����������

K������ ������� ��� ��� ���������� ��� ����	��� ����	������ ���� �������� ��� 2��������� ������������ ��� ����
��	��������������� � � �� � ������� � �� � � � L�� � �	
 �� � � �� �� ����� ��� � ��
 
 � ������

� � � � �
� �� �> >
� �� � �

�
�

�
�

���

� � � � �
�

� � � � � �
� � � � �� �>� >� > � > �

� � � �� � � � � �
� � �
�

� �
� � 


� �
��� � � � %?7&�

� � �
�

�
�

�� � � �� � � �
� ��

� �� �
� � �� �� ���� 	

�

"���������������������� � ����������	����������������������	����������� � ���� �> >� �� � ����������	�����
����������	���������������������������������������������������	����	��������������	������	����	�����������
�������������������������������������� � � �> �> � �> �� �  � �� � � ����������������������������������������

�
� �

� � � �
� ��� � � � � � �� � � �� � �� � � �� ��
� �� � � � �� � � � � � � � �
�

� �� � �
� �

�

� ��� �� � � � � 	 � � � � 	
 ��  �
 �� 
� %?(&�

�
� � � ��� � � � � �
 � 
� �� 
 � 
� 
�
 	 	 � � 
 
 � 
 � 

 � ��

� �
� �� � � � 	 �
� 	

� � � � � � �

� ��������� � �
�

� � � � � � � �
� � � � ��� � ��� � � �� � � � �

� � � �� � � � � � �
� � �

� � �
�

� 
� �
� � � 
 �� �

� �� �� �
� � � � %?5&�
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ON-LINE CORRECTION OF ROBOTS PATH BASED ON COMPUTER 
VISION

S. Selingerova*, T. Kubela**, A. Pochyly***, V. Singule****

Abstract: This paper presents the methodology for a real-time trajectory correction applied to industrial 
robots. The application is based on computer vision concerned with the line detection creating a 
trajectory for the robot motion. The algorithm for the line detection was developed in Matlab/Simulink 
computing software. The trajectory is corrected by a controller implemented in PLC Beckhoff that 
communicated with the robot controller via DeviceNet in real-time.  

Keywords: Computer vision, control, trajectory, PLC, real-time, industrial robot.

1. Introduction

In industrial robotics there are applications where we need to correct a robot trajectory in real-time. It 
could be for example robotic welding. To connect two points by a seam, industrial robot interpolates 
the trajectory by a line. However many variables enter this process, such as the errors of pre-
machining, in-process thermal distortions, which would cause changes of the seam position (Shen et 
al., 2010). Another variable is the accuracy of the robot movement. All of these variables will cause 
inaccurate placement of the seam and will affect the quality of the seam. That is why the robot path 
needs to be corrected by a sensory-based system. 

Robots path is usually corrected by a controller. An important thing at any trajectory correction is to 
choose a controller and set it. A lot of previous researches have been done in the field of robot 
trajectory correction. Most of the previous works used the PID controller, for example Shen et al.
(2010), Yilmaz & Sagiroglu (2009), Fang et al. (2010) or Xu et al. (2004). Fang et al. (2011) has done 
an experiment comparing the PID controller against a fuzzy controller which was improved by him 
(called self-tuning fuzzy controller). In this experiment he found out that the self-tuning fuzzy 
controller had better response to a large step disturbance than the PID controller. He described the 
self-tuning fuzzy controller to be more robust, steady and to have higher tracking accuracy than the 
PID controller in the case of trajectory correction.

2. Proposed solution

2.1. System description

The whole on-line trajectory correction system includes following parts: industrial camera Manta 
(Allied Vision Technologies), PLC Beckhoff, industrial robot KUKA and PC (Fig. 1 Photo of the 
workplace). 
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Fig. 1:  Photo of the workplace

Processing starts in the industrial camera where an image is acquired. Then the image is processed in 
the Matlab software implemented in the PC. Processed data from the Matlab are then forwarded to the 
PLC where a PI controller is implemented influencing the robot´s movement (Fig. 2 Control loop, 
green arrows). 

On the Fig. 2 there is also a communication loop (blue arrows). The industrial camera is connected to 
the PC by the FireWire. In the Matlab software there is implemented a TCP/IP client which instructs a 
TCP/IP server implemented in the PLC. PLC is connected with the robot controller via DeviceNet 
fieldbus in real-time. The PLC is also used as a main control of the whole task.

Fig. 2:  Control loop
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2.2. Detailed description

A simple image processing algorithm is programmed in the Matlab software. The algorithm is based 
on extraction a center of a line viewed through the camera. After the extraction the center is compared 
against the center of the camera´s field of view. The difference is then forwarded to the PI controller 
as the error.

2.3. Experiment result

An experiment was designed to test system accuracy to correct robot´s trajectory in an industrial 
application. The system accuracy could be tested by watching the difference by eyes between a certain 
drawn trajectory and the robot corrected trajectory. However watching the difference by eyes would 
not be accurate because we would not get exact information. For the purpose of extracting the number 
data, the experiment was designed as follows. First a sine curve trajectory was created by the robot. 
This trajectory was drawn by a fix mounted on the robot´s effector. During the drawing the trajectory 
points were recorded. Then the robot was moving along the created trajectory and tried to on-line 
correct the movement by the proposed system. Errors of proposed control system were recorded and 
both records were then compared against themselves (Fig. 3 Comparison of a drawn sine curve and the 
robot corrected trajectory).

Fig. 3:  Comparison of a drawn sine curve and the robot corrected trajectory

In this experiment the PI controller was implemented to influent the robot´s movement.  

There has not been done any calibration of the camera in the sense of unification of the Cartesian 
coordinate system of the robot and the camera. For our testing purposes we needed only to recalculate 
the difference from pixel units to millimeters. To recalculate the difference from pixel units to 
millimeters we simply calculate the difference at a specific camera´s depth of focus in millimeters. 

The cycle from acquiring image data to giving move instructions to the robot last about 20ms. The 
whole process could be faster but because of complex algorithm of TCP/IP communication we could 
not have a better processing time. Another thing is that we did not need better processing time in this 
pilot study.
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3. Conclusions

An experiment has been done to correct the robot´s trajectory by a computer vision system. In the 
experiment a data from the image processing algorithm were send to the PI controller.      

Most of image processing algorithms are light sensitive which cause low robustness of the algorithm 
and of course a lot of errors during the running application. Changes of light or creating shadows in 
the workplace caused a lot of errors in our experiment too. Problem of changing light conditions is still 
a developing area in computer vision. Therefore there will be an improvements concerning 
investigation of light influence on the image processing algorithm and there will be also some 
precautions leading to reduce the light influence. Another improvement of the image processing 
algorithm will be also focused on a correction of more complex-shaped trajectories, for example 
trajectories with step changes. 

On the Fig. 3 is shown our experiment result. The robot trajectory was corrected only in the Y
position. Errors between the drawn sine curve and the robot corrected movement along the sine curve 
are about 1 to 3 mm. Such a relatively high errors will be reduced towards zero in the next experiment 
prepared after this pilot study. 
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MASS LUMPING METHODS FOR THE SEMI-LOOF SHELL
ELEMENT

Vít Sháněl*, Radek Kolman ** and Jiří Plešek ***

Abstract: Mass matrix diagonalization in terms of a finite element method (FEM) is essential for an effec-
tive deployment of the explicit method as one of the direct integration methods of the motion equations of
elastodynamics. A particular attention is focused on the mass matrix diagonalization of the semi-loof shell
element. Its diagonalization requires a specially designed universal diagonalization scheme that is derived
from the scaling HRZ method. Another analyzed aspect is the problem of preserving the moment of inertia
for various types of finite elements. The proposed scheme is implemented in the finite element program and
consequently tested on several problems.

Keywords: FEM, mass matrix lumping, semi-loof finite shell element, impacts and waves in solids,
elastodynamics.

1. Introduction

The most suitable approach to numerically solving problems of elastodynamics turns out to be a finite
element method (FEM) [Hughes (1987)] that seems to provide the most effective way of dealing with
practical cases. A vast majority of those cannot be worked out using analytical closed-form solutions, or
the solutions are just too difficult. FEM is a wonderfully versatile method that can be used even in the
most complex constitutive equations and which enables the approximation of a wide range of boundary
conditions [Zienkiewicz et al. (2005)]. After applying the FEM to elastodynamics problems you will
obtain

Mq̈+Kq = Fext (1)

where q is a nodal displacement, q̈ nodal acceleration, Fext represents external forces, K denotes the
stiffness matrix, which is symmetric, and after applying boundaries conditions also positive semidefinite
and M is a symmetric and positive definite mass matrix given by the integral

M =

∫
V
ρHTHdV = [mij ] (2)

where ρ is mass density, H matrix of shape functions and V represents elements volume.

There is a large number of different numerical methods that are related to a FEM-based spatial
discretization [Zienkiewicz et al. (2005)]. One of the most frequently implemented methods is a so called
semidiscretization which initially performs a spatial discretization and then runs an independent time
discretization. The time part of any problem is usually dealt with using methods of direct integration,
which can be implicit or explicit [Hughes (1987)]. This work focuses especially on explicit methods,
notably the central difference method [Dokainish (1989)] which deals with time derivations this way

q̇t =
1

2Δt

(
qt+Δt − qt−Δt

)
a q̈t =

1

Δt2
(
qt+Δt − 2qt + qt−Δt

)
(3)
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where Δt denotes time step and qt−Δt, qt and qt+Δt are nodal displacements in previous, actual and
next time step, respectively. In order to ensure effectivity of this method, explicit formulation of qt+Δt,
it is vital to stress the importance of the mass matrix of the system which needs to be diagonal – as you
can see in equation (4) which combines (2) and (3)

1

Δt2
Mqt+Δt = Fext −

(
K− 2M/Δt2

)
qt −

(
M/Δt2

)
qt−Δt (4)

Only then, with diagonal mass matrix M, becomes the related inversion simple and the actual computa-
tion is elementary. However, a consistent mass matrix does not fulfill this requirement generally. Hence
a great effort has been made to develop some diagonalization methods [Zienkiewicz et al. (2005)].

The mass matrix diagonalization may involve some changes in fundamental physical properties (e.g.
mass, the moment of inertia) which could have a significant impact on the system behavior. It is therefore
desirable to devise a method that preserves those system parameters to the highest possible degree and at
the same time allows for a universal application on a wide range of finite elements.

1.1. Semi-loof Shell elements

A versatility of the isoparametric elements has been transferred to a semi-loof shell element during the
years of the research conducted by Irons and his team, related to the study of semi-loof shell element
[Hellen (1986)] such as sharp edges, curved sides and surfaces and multiply-connected regions. This
element has been widely used for elastic analysis and later extended for material and geometric non-
linearities. The element is available in the 8-node quadrilateral and 6-node triangle form which signif-
icantly aids the meshing process. The topology of the semi-loof element is depicted in Figure 1 where
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Fig. 1: Semi-loof element configuration [Irons (1976)]

1 to 6 or 8 (represented as a filled circle) are the classic nodes containing three translational DOFs u, v
and w. The local normal rotation s acts at each loof node labeled A to F or H (empty circle). They are
situated at side position ±0.57735 from the midside nodes outwards. The normal is defined in each loof
node, but they are identified to the adjacent midside node and therefore a user does not have to define a
loof node geometry. Thus nodes A and B are coupled with the midside node 4 (or 5 in a quadrilateral
geometry) so that the DOFs in midside node become u, v, w, s1 and s2. The element employs three
different shape functions [Leština (1980)]. A membrane deformation is described using isoparametric
biquadratic shape functions and a bending deformation is approximated by loof and bubble functions.

1162 Engineering Mechanics 2012, #122



2. Diagonalization method analysis and design

2.1. HRZ scheme

Also called diagonal scaling method, the essential idea of which is contained in [Hinton et al. (1976)]
where Hinton, Rock and Zienkiewicz says: “The procedure of lumping recommended in view of the
infinite possibilities offered by condition (5) is to compute the diagonal terms of the consistent mass
matrix and then scale these terms so as to preserve the total mass of the element.”

H̄i = 1 at ith node
H̄i = 0 at jth node∑
H̄i = 1

(5)

This scheme has a plenty of advantages compared to other lumping techniques. Mainly, the HRZ
scheme is able to diagonalize mass matrices of the elements which include rotational as well as transla-
tional DOFs. A modification of the procedure which ensures rotational DOFs scaling is apparent from
the algorithm description below. Another advantage of this scheme is that an assemblage of the whole
consistent matrix is not necessary – only diagonal terms are required and the implementation is per-
formed on an element level.

The HRZ procedure is as follows [Fellipa (2011)]:

1. Compute diagonal terms of the consistent mass matrix Mc.

2. Determine the element mass me.

3. For each coordinate direction, select the DOFs – translational and rotational – which contribute to
the motion in the respective direction.

4. Segment these selections into sub-selections of the rotational and translational DOFs.

5. Sum all the terms of the each translational sub-selections, call this sum Si, where i is the problem
dimension.

6. Multiply all the entries in the ith selection (step 3) by the me/Si for all i coordinate directions.

2.2. Conservation of the moment of inertia

The HRZ lumping method conserves only the mass of the element but no moment of inertia [Fellipa
(2011)]. This was a motivation for the modification of the HRZ algorithm to conserve the element rota-
tional inertia as well.

The algorithm is based on the idea to calculate three rotational kinetic energies for the consistent
mass matrix induced by a set of three orthogonal angular velocity vectors (Figure 2). What follows is
the execution of the HRZ lumping process on the translational DOFs and a calculation of the kinetic
energy induced by the same group of angular velocities. In the last step the angular kinetic energies
are compared and correction coefficients for rotational DOFs are computed in order to preserve the total
moment of inertia.

The basic input for the created algorithm is a consistent mass matrix of the element, coordinates
of the nodes and also the information about DOFs in every node. In this example vectors describing
translational and rotational DOF position were assembled manually. A definition of the three orthogonal
angular velocities uses a Miller indices notation which describes a turn of the coordinate system of the
three velocities. In general, the velocity orientation can be chosen arbitrarily but it is very useful for the
algorithm testing of this approach which allows an easy change in orientation of the input velocities.

All the computations below are performed for all of the three input angular velocities in a vector ωi

where i = 1, 2, 3 which are denoted in the source code with indices x, y and z.
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Fig. 2: Orientation of the three angular velocity vectors

Translational degrees of freedom

So as to translate the DOF scaling, it is necessary to have a consistent mass matrix. In result, the scaling
coefficient αti for the translational DOFs is computed

αti =
vt

T
i Mc vti

vt
T
i diagMc vti

(6)

where vti consists of the nodal velocities corresponding to the translation rigid body motion in directions
x, y and z. Then αti is used for the scaling of the terms on the Mc diagonal to preserve the element
mass.

Ml
t = αtPt diagMc (7)

where Pt is a distribution matrix of the components of αt = (αti) to the corresponding terms in Mc.
This scaling method is an equivalent to the classic HRZ.

Rotational degrees of freedom

In order to compute rotational kinetic energy the projection of the angular velocity vectors to the nodes
is necessary, thus the peripheral velocity in the nodes is a result of the vector product

vpij = ωi × pj (8)

where vpij is peripheral velocity caused by one of the three induced angular velocities ωi and the posi-
tion coordinates of the jth node in the global coordinate system pj . In that case, the velocities vpij are
arranged in the vector vgi which corresponds to the positions of the DOFs in the mass matrix.

The scalar product of the input angular velocities with the directions of the rotational DOFs is used
here as an angular velocity projection to the rotational DOFs

2

s
s

3
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C D

EB

3

6

Fig. 3: The orientation of the rotational DOFs in the semi-loof shell element

ωpij = (ωi · sj) · sj (9)

where sj is the directional unit vector of the jth rotational loof node (Figure 3) oriented from the node
with a lower number to the node with a higher one and they are tangential to the element border. Then the
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Tab. 1: Conservation of the moment of inertia

Kinetic energy [J]
Ek c (consistent) Ek l (lumped) Ek lm (lumped + modified)

x 3.25416666×10−3 5.55154715×10−3 3.67418730×10−3

y 3.25416666×10−3 5.55154715×10−3 3.67418730×10−3

z 3.11666666×10−3 4.98978214×10−3 2.48663570×10−3

Tab. 2: Conservation of the moment of inertia – error %

Error of the kinetic energy [%]
εr lumped lumped + modified
x 70.6 12.9
y 70.6 12.9
z 60.1 −20.2

vector vg of all (translational and rotational) projected velocities (peripheral and angular) is assembled
and the total kinetic energy Ek c of the consistent mass matrix can be computed as

Ek ci =
1

2
vg

T
i Mcvgi (10)

and equally for lumped mass matrix

Ek li =
1

2
vg

T
i Mlvgi (11)

where the lumped mass matrix consist of two mass matrices

Ml = Ml
t +Ml

r (12)

The first one contains only terms corresponding to the translational DOFs where αt is computed in
equation (6) and the second one Ml

r contains only terms corresponding to the rotational DOFs

Ml
r = αrPrdiagMc (13)

where Pr is a distribution matrix of the components of αr = (αri) to the corresponding terms in Mc.
To conserve kinetic energy of the element during the lumping process, the energies in (10) and (11) must
be equal Ek c = Ek l. The substitution of the equations (10) and (11) will result in

vg
T
i Mcvgi = vg

T
i Mlvgi (14)

and after another substitution with equation (12), (7) and (13) we will get

vg
T
i Mcvgi = vg

T
i αtPtdiagMcvgi + vg

T
i αrPrdiagMcvgi (15)

Equation (15) consist of three equations (i = 1, 2, 3) and only the vector αr is an unknown. In this case
αr contains eight generally different terms and (15) just three equations which can be rewritten as

Aαr = Ek c −Ek t (16)

and for αr

αr = A+ (Ek c −Ek t) (17)

where A+ denotes Moore-Penrose pseudo-inverse. Then the lumped mass matrix can be easily assem-
bled according to the equation (12).
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The system of equations (17) is over-determined, therefore pseudo-inversion has to be employed.
Then the solution of this system is accordance with the solution using the least squares method. This
method does not provide an exact solution which is impossible due to the system over-determination but
the final solution is an approximation as can be seen in Table 1. The final kinetic energies will not be
exactly the same as the ones computed from the CMM. In Table 2 there is a relative error in percentage
of the lumped and lumped + modified kinetic energy where εr is for kinetic energy of the lumped mass
matrix computed as

εr = 100 · Ek c − Ek l

Ek c
and for lumped + modified εr = 100 · Ek c − Ek lm

Ek c
(18)

It is clear that the first two kinetic energies computed from the modified DLMM are slightly larger
then the ones from CMM but the third one is smaller – precisely in compliance with the approximation
assumption mentioned above.

Fig. 4: The mass lumping process

The algorithm described above works well. The angular kinetic energy of the lumped and modified
mass matrix is preserved – considering the feasibility of the last square method. On the other hand
negative entries in the lumped mass matrix are detected. The reason for that is obvious provided that the
lumping process has been performed and the element mass has been concentrated to the nodes. If the
element mass is preserved and stored to the most outlying places – the nodes, the element moment of
inertia has to increase together with the rotational kinetic energy when the angular velocity is introduced.
In order to preserve the rotational kinetic energy, the rotational DOFs contained in the semi-loof element
have to be negative to suppress the effect of the lumping process to the moment of inertia.

2.3. Rotational degrees of freedom

The fundamental question in mass matrix lumping is the importance of the rotational DOFs. How sig-
nificant is their contribution to the kinetic energy when we work with a semi-loof shell element? In
the previous section we investigated the rotational DOF contribution in order to produce a lumped mass
matrix with the equal inertia characteristic and also described the production of negative entries. In the
Section 2.1. we explained the HRZ algorithm with the modification to deal with rotational DOFs. To use
this algorithm for a diagonalization semi-loof element, it is necessary to decide in which direction they
contribute to the translational motion. It is not easy and clear-cut to determine, and when this decision is
made the rotational DOFs are scaled without any physical reason. Therefore, let’s examine and focus on
the importance and the contribution of the rotational DOFs of the semi-loof element on the influence of
the rotational kinetic energy during the diagonalization process.

The rotational DOF influence was tested on the plate (Figure 5) of the dimensions width w = 1 mm,
height h = 1 mm, thickness t1 = 0.1 mm and t2 = 0.01 mm, mass density ρ = 7800 kg/m3 and the angular
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Fig. 5: Influence of the rotational DOFs (nel = 1 and 2)

Tab. 3: Influence of the rotational DOF – semi-loof element, thickness = 0.1 mm

Angular kinetic energy [J]
nel with rotational DOFs without rotational DOFs
1 5.936942830255×10−8 5.93694266761×10−8

2 3.926416299426×10−8 3.926416251202×10−8

4 3.42309784091590×10−8 3.42309782178395×10−8

8 3.29567308352155×10−8 3.29567307279155×10−8

velocity ω = 1 rad/s. This plate was discretized into four meshes differing in density. All four discretized
plates are displayed in Figures 5 and 6 where nel denotes the number of elements along the plate side.
In Table 3 you can see the kinetic energy of all four plates with and without considering the rotational
DOFs obtained after applying angular velocity ω for thickness t1 = 0.1 mm and in Table 4 for element
thickness t1 = 0.01 mm.

x x

z z

ω ω

-0.5 -0.50.5 0.50 0

1 1

y y

Fig. 6: Influence of the rotational DOFs (nel = 4 and 8)

It is important to realize that whether we keep the original entries on the mass matrix diagonal
corresponding to the rotational DOFs or reset the values to zero, the differences in results are almost
identical. Further information about the influence of the rotational DOFs on a semi-loof element can be
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Tab. 4: Influence of the rotational DOF – semi-loof element, thickness = 0.01 mm

Angular kinetic energy [J]
nel with rotational DOFs without rotational DOFs
1 5.930478568835×10−9 5.930478416375×10−9

2 3.920169155838×10−9 3.9201691176445×10−9

4 3.4175917166041×10−9 3.4175917069787×10−9

8 3.29194701535405×10−9 3.29194701287015×10−9

found in Figure 7 where the error is computed as

εr = 100 · |Ek l − Ek lr|
Ek l

(19)

where Ek l is the kinetic energy of the plate with a lumped mass matrix while considering the rotational
DOFs, and Ek lr is the same energy without considering the rotational DOFs.

10−5

10−6

10−7

10−8

20 21 22 23

er
ro

r[
%

]

nel

thickness 0.1
thickness 0.01

Fig. 7: The influence of rotational DOF on kinetic energy

The influence of the rotational DOFs on the kinetic energy of the rotating plate is almost negligible.
If the plate consists of only one semi-loof element the contribution of the rotational DOFs to the kinetic
energy is approximately 2.7× 10−6 %, and the denser the mesh the smaller the contribution.

Having established these facts, we can now omit the rotational DOFs in the diagonalization process
and keep only the original entries which come out from the consistent mass matrix, corresponding to the
variational principles as only these values have a physical reason.

3. Results and Discussion

The previous sections of this paper dealt with the difference between consistent and lumped mass ma-
trices and described the influence of this difference on the kinetic energy. It is now highly important to
prove that the kinetic energy of the plate (Figures 5 and 6) converges to the analytical solution when the
mesh contains more elements.

A technique which we already used for testing an algorithm convergence is similar to the one used in
Section 2.3. to check the influence of the rotational DOFs on the kinetic energy – the same testing plates
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with the induced angular velocity ω will also be used and those can be chosen arbitrarily. The angular
velocity ω was projected to the loof nodes direction and the result was reassembled into vector vg as
described in Section 2.2.. The kinetic energy was calculated as

Ek c =
1

2
vT
g Mcvg (20)

Figure 9 shows the kinetic energy convergence of the numerical solution using the consistent mass matrix
as well as the analytical one with the raising ratio of element width to element thickness. The error is
computed as

εr = 100 · |Ek − Ek c|
Ek

(21)
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Fig. 8: Relative error in the kinetic energy corresponding to the numerical solution with CMM and
DLMM – convergence test
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Fig. 9: Relative error in the kinetic energy corresponding to the analytical and numerical solution
(CMM) – convergence test

where Ek is the analytical, exact, solution and Ek c the numerical one with a consistent mass matrix.
This test proved that the solution for kinetic energy of the plate modelled with semi-loof shell element
converges to the analytical solution.

Figures 8 and 10 show a convergence rate of the solution with the lumped mass matrix to the solution
with the consistent mass matrix (Figure 8) and to the analytical solution (Figure 10).

4. Conclusions

Due to the nature of the requirements related to the process of diagonalization (a universal algorithm, pre-
serving the mass, an easy implementation), a method called HRZ was ultimately selected as a frequently-
used approach that was the most suitable option for a consequent implementation. A special attention
was paid to mass matrices of elements that contained rotational degrees of freedom – such as shells.
Therefore a modification of this scaling method had to be devised not only in order to preserve the el-
ement mass, but also to preserve the moment of inertia. This method unfortunately returned negative
terms in mass matrices. They lost their positive definiteness and consequently also became useless for
an explicit solver implemented in the PMD program.

The standard HRZ method implementation involves a scaling of the rotational degrees of freedom in
the same way which applies to the translational degrees of freedom, and it has no physical basis, thus
it does not provide any solution for semi-loof shell elements in this form. This was the reason why the
interest shifted entirely on the problem of a mass matrix diagonalization with rotational degrees of free-
dom in which we determined the influence of the rotational degrees of freedom on the total moment of
inertia of the semi-loof element. The numerical test proved that the influence of the rotational degrees of
freedom was negligible. And hence the implemented algorithm was designed to leave the original values
belonging to the rotational degrees of freedom on the diagonal without any changes whatsoever.

Convergence tests were then carried out to observe the kinetic energy of the rotating element which
would confirm a convergence to the consistent matrix as well as, most importantly, a convergence to
the analytically calculated values. The implemented algorithm was tested on problems which involved
natural frequencies and the shock wave propagation.
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PREDICTING SELF-COMPACTING CONCRETE SHRINKAGE 
BASED ON A MODIFIED FUZZY LOGIC MODEL 

W. R. L. da Silva*, P. Štemberk** 

Abstract: The occurrence of shrinkage in concrete leads to development of internal tension stresses 
which can result in concrete cracking. The presence of cracks in concrete creates pathways that ease the 
access of aggressive agents reducing concrete structure durability and service life. Consequently, the 
correct reduction of shrinkage strain during the designing process is important to assure the structure’s 
durability and long time serviceability. In light of this, the objective of this research was to develop an 
experimental based fuzzy logic model to predicting self-compacting concrete shrinkage. The fuzzy logic 
model decision-making is optimized though an evolutionary computing method, therefore enhancing 
computational effectiveness. The obtained results are compared to the B3 shrinkage prediction model and 
statistical analysis, indicating the reliability of the proposed model, are presented. 

Keywords: Fuzzy logics, shrinkage, self-compacting concrete, evolutionary computing 

1. Introduction 

Concrete shrinkage is defined as decrease in concrete volume with time. This volume decrease does 
not depend on external stress and it is not completely reversible. The shrinkage in concrete is 
associated with a series of factors, such as chemical reaction, gradient in temperature, and movement 
and loss of water. Each one of these factors leads to different types of shrinkage, such as, autogenous, 
plastic, drying and thermal shrinkage, among others. For comprehensive review see Brooks, J., 2003, 
and Mehta & Monteiro, 2006, publications. 

The occurrence of shrinkage leads to development of internal tension stresses, which may result in 
concrete cracking. The presence of cracks in concrete creates pathways that ease the access of 
aggressive agents into concrete and contributing to reduction in concrete structure durability. An 
example of concrete structure damaged by the occurrence of excessive shrinkage is illustrated in 
Fig. 1. 

 

  
(a) (b) 

Fig.1: Foundation block of a residential building in Prague, Czech Republic: (a) construction side 
overall view and (b) detail of 0.8mm crack width caused by concrete shrinkage. 
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Hence, it can be noticed that a trustworthy definition of concrete shrinkage strain is important in 
the designing process of structures, since it helps reducing maintenance costs and ensures that the 
specifications of expected service life and durability requirements will be fulfilled. 

Self-compacting concrete, SCC, is a high-performance concrete that can flow under its own weight 
so as to completely fill the formwork and self-consolidate without any mechanical vibration (Erdem et 
al., 2009, Gaimster et al., 2003). SCC is specifically designed to achieve excellent deformability, a low 
risk of blockage, and good stability, ensuring a high formwork filling capacity. The use of SCC is 
rapidly developing in the construction industry, most likely due to the production process costs and the 
advantageous organizational nature of this material. 

Nonetheless, it is important to consider that the production of SCC is more difficult than that of 
conventional concrete and many parameters have to be considered in order to obtain a final product 
that has an acceptable quality for the intended purpose. When compared to conventional concrete, 
SCC mixtures requires a higher volume of cement paste in the composition to achieve excellent 
deformability and high formwork filling capacity. Then, considering that shrinkage is a results of 
hydration reaction in the cement paste, SCCs are likely to present higher values of shrinkage strain. 
Hence, measuring shrinkage strain in SCC mixtures arises as a relevant issue. 

Usually, experimental measurements are required to determine the concrete shrinkage strain. 
However, measurement of shrinkage strain is laborious, time consuming and expensive, therefore 
construction designers tend to use shrinkage prediction models. These models aim to determine 
concrete shrinkage strain in a faster and less expensive way when compared to experimental 
measurements.Amongst several existing prediction models, the B3 model has been selected for 
comparison in this research. The B3 model was developed in 1995 by Bažant, (Bažant, 1995), this 
model has been updated over time and its latest version dates back to 2000, (Bažant et al., 2000), 

Though regularly used, shrinkage strains obtained from the prediction models do not necessarily 
match experimental measurements. The comparison of experimentally measured and predicted,  
shrinkage strain curves by the B3 model are presented in Fig. 2. The experimental curves, shown in 
Fig. 2a and b, consist of a part of experimental data from published by Al-Attar, 2008 and Brook et al., 
2001. for different types of concrete.  

 

  
(a) (b) 

Fig. 2: Comparison of predicted and experimental shrinkage strain curves for (a) Conventional 
Concrete – input data from Al-Attar, 2008, and (b) High Strength Concrete – input data from Brooks 

et al., 2001. 

From Fig. 2, a considerable difference from experimental and predicted shrinkage strain can be 
noticed, showing the relative error of B3 model in predicting shrinkage strains. This way, it can be 
stated that the reliability of this prediction model is open to discussion, and improvements are 
required. 

In light of this, the present work aims to develop a methodology for defining an experimental-
based prediction model for SCC shrinkage. In this study, Soft-computing techniques, particularly 
fuzzy logic systems and evolutionary computing, were used to develop a modelling methodology, 
which was then applied to build a SCC shrinkage strain prediction model. Further, through statistical 
analysis, the results from the obtained model were compared to other published data. 
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2. Fuzzy logic and evolutionary computing 

Fuzzy theory, first introduced by Zadeh in 1967, (Zadeh, 1967), correspond to a natural way of 
thinking where verbally expressed rules are applied to deal with vagueness, imprecision and ill-
defined data. Basically, fuzzy logic control systems comprise three steps: fuzzification, decision-
making and defuzzification. The fuzzification consists of converting the crisp input values into degrees 
of membership by means of input membership functions. This step is followed by the decision-
making, where a degree of membership is assigned to the output variable based on the rule based and 
output fuzzy sets. Finally, the defuzzification is processed to convert the output fuzzy set in to a single 
value, in this case, the predicted shrinkage strain value. 

The key factors to achieve an acceptable performance in a fuzzy logic system are connected to the 
definition of the number of fuzzy sets and the shape of the membership functions. Commonly, there 
are xy fuzzy rules, where x and y are the number of sets and input variables, accordingly. In the 
classical fuzzy logic approach, the number of fuzzy rules can be reduced by the user’s experience, and 
the shape of membership functions is usually adopted as linear to simplify calculations. This approach 
application has been used by Štemberk et al., 2011 to simulate heat evolution during hydration of 
typical Portland cement.  

Nevertheless, when the classical approach is implemented to model non-linear materials behavior, 
the final results are a rather rough shaped piecewise curve as indicated in Fig.3. Note that, the use of 
the classical fuzzy logic approach is also feasible to model non-linear materials behavior. However, a 
considerable larger number of linear fuzzy sets is required to obtain smoothed curves, thus leading to a 
longer data collection time and high computational cost. In order to improve the entire modelling 
process a modified approach, which includes evolutionary computing methods, is proposed in this 
research. 

 

 
Fig. 3: Shrinkage strain curve predicted by the classical fuzzy logic approach 

Evolutionary computing comprises robust optimization methods that can be generally applied 
without recourse to domain-specific heuristics. These methods operate on a population of potential 
solutions and apply the principle of survival of the fittest to produce successively better 
approximations to a solution, (Coley, 1999). Amongst several Evolutionary computing methods, 
Genetic Algorithms, GA, have been successfully applied for numerical optimization in civil 
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engineering, e.g., Rokonuzzaman et al., 2010 presents an application of GA for calibration of 
parameters for a hardening-softening constitutive model. 

GAs consist of adaptive heuristic search algorithms based on the principles of Darwin’s theory of 
natural selection. They represent an intelligent exploitation of a random search that uses historical 
information to guide the search into the region of better performance, within a defined search space. 
The basic form of a GA involves three operators to achieve evolution: selection, or reproduction, 
crossover and mutation, (Coley, 1999). 

3. Proposed methodology for optimization of fuzzy decision-making 

The proposed methodology combines fuzzy logics and genetic algorithms to optimize fuzzy decision 
making, which is achieved by optimizing the shape of the membership functions. Bearing in mind this 
idea, and focusing on SCC shrinkage, the following methodology is proposed: 

Initially, the user has to define the number of representative intervals, Nint, of shrinkage strain, esh, 
and concrete age, t, for experimental shrinkage strain curves obtained from concrete mixtures with 
different volumes of cement paste. Note that, the more complex the shape of the curve the higher the 
number of intervals necessary to achieve optimal results. In the sequence, the user specifies the size of 
the population, Spop, defined as 10, which will be used in the genetic part of the algorithm. The 
optimization process is from this point on an automatic process. Based on the value set for Nint, the 
encoding of each individual, or chromosome, from the population is defined. The encoding comprises 
a string of nenc = 2×Nint real numbers, which correspond to the exponent values, EL and ER, from each 
membership function to be optimized, see Fig.4. 

 

 
Fig. 4: General equation and shape of the membership functions to be optimized. 

Subsequently, an initial random population is generated and the fitness function, f(x), is evaluated. 
The fitness function corresponds to the MSE function described in Eq.(1). 
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where n is the number of data points considered in the analysis, dj is the percent difference between 
each predicted and measured data point, fj is the mean square error for data set j, and fall is the overall 
mean square error, computed by means of Eq.(2). 
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with N as the total number of data sets. 

Next, three genetic operators: selection, crossover and mutation, are applied to generate a new 
population. The selection operator chooses the chromosomes in the population for reproduction. In 
this case, the tournament selection scheme, which selects the best fitness from individuals chosen at 
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random from the population, was applied. The selected chromosomes, or parents, are then crossed 
over by one-point crossover scheme, with a probability, Cprob set as 90%, to create a new individual to 
be included in the population. This scheme sets an independent randomized crossover point for 
couples of parents, whose data is swapped to create a new population. After that, a mutation operator 
is applied to maintain genetic diversity. The mutation is performed by disturbance with a probability, 
Mprob, set as of 10%. The mutation operator randomly flips some of the values in a chromosome to 
create a mutated version of the individual to be incorporated in the population. After a new population 
has been generated, the fitness function re-evaluates all individuals from the new population. The 
obtained results, f(x’), are then compared with those from previous populations. Further, elitism is 
applied, i.e., the best overall solution is stored. In case none of individual from the new population 
shows better fitness than the stored solution, the individual with the worst solution from the new 
population is replaced by the best overall solution. The automatic process of generating a new 
population and evaluating the best fit is repeated until convergence occurs. Convergence was 
considered as achieved when more than 200 consecutive runs do not lead to any improvements in the 
fitness function result. The final result consists of a group of optimized fuzzy sets which will compose 
the fuzzy decision-making. Once the group of optimized fuzzy sets is defined, the decision making is 
then based on the rule base, Rnr, defined in (3), and the final predicted shrinkage strain, εsh,output, is 
computed by means of Eq.(4). 

,: ,, nrshshnrcpcp
nr isTHENVisVIFR --  (3) 

,
11 ,, .. ��

��
nr

nr nr
nr

nr rnshnoutputsh B-B-  (4) 

where nr is the number of rules; Vcp is the cement paste volume input value, in l/m3; Vcp,nr and esh,nr are 
the optimized group of fuzzy sets for cement paste volume and shrinkage strain, respectively; μnr is the 
degree of membership assigned to the group esh,nr from each rule Rnr. 

The methodology described in this section was applied for the experimental data presented by 
Leemann et al., 2011, and the results from Loser et al., 2009, were used to verify the optimized model. 

4. Results and discussion 

In the present analysis the volume of cement paste was chosen as input parameter and two experimental 
curves, illustrated in Fig.5, were considered as training data. The curves from Fig.5 were taken from the 
experimental database presented by Leemann et al., 2011. 
 

 
Fig. 5: Shrinkage strain curves of SCC mixtures from Leemann et al., 2011. 

The proposed methodology was performed for this data and convergence was achieved after 
approximately 500 iterations. The fuzzy logic prediction model for SCC, named FL-I model, is then 
composed by the optimized fuzzy sets, the rule base, and the final output equation, presented in Eq.(4). 
The graphical representation of the FL-I model, illustrated in Fig.6, indicates the exponent values of the 
membership functions and the rule base use by the model to predict the SCC shrinkage strain curve. 
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Fig. 6: Graphical representation of FL-I model. 
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Since only two curves were available for the optimization process, the fuzzy sets connected to the 
volume of cement paste had to be set as a linear functions, see Fig.6. It is also important to observe that 
the obtained model is suitable for predicting shrinkage strain up to 90 days and testing conditions defined 
by Leemann et al., 2011.  

The experimental data published by Loser et al., 2009 was used to verify the quality of the FL-I 
model in predicting shrinkage strain. This data comprises shrinkage curves of five different SCCs with 
testing conditions compatible to the limits defined to the FL-I model. The volume of cement paste of 
each SCC, necessary as an input parameter, is listed in Table 1. Moreover, the shrinkage strain curves of 
each SCC mixture from Loser et al., 2009 were also compared to the strain curves obtained from the B3 
prediction model. For that, the input data shown in Table 1 was used. 

 
 

Table 1. Input data used to predict shrinkage strain based on B3 and FL-I model, (Loser et al., 2009). 

Input Parameters 
SCC 

I II III IV V 

Cement paste volume, Vcp [l/m3]* 329.0 349.0 316.0 342.0 332.0 

Design compressive strength, fc’ [MPa] 53.3 63.1 51.0 49.4 66.0 

Compressive strength at 28 days, fcm28 [MPa] 61.3 71.1 59.0 57.4 74.0 

Curing time, tc [days] 1 

Relative Humidity, RH [%] 70.0% 

Cement type CEM I 42.5 

Specimen size [mm] 120 × 120 × 360 (Shape: infinite prism) 
* Considered as an input parameter of the FL-I model; 

The MSE values, computed by Eq.(1), for the FL-I and the B3 model are presented in Table 2. 

 
Table 2. Individual and overall MSE values for different shrinkage prediction models. 

fmodel  [%] 
SCC 

foverall [%] 
I II III IV V 

B3 31.3 27.4 29.0 17.2 32.9 28.1 

FL-I 6.9 19.1 4.4 16.2 14.1 23.7 

From Table 2, it can be seen that the FL-I model presented the lower MSE values than the B3 model 
in all cases. By using the values from Table 2 in Eq.2 an overall MSE of 23.7% is obtained for the FL-I 
model, against 28.1% for the B3. Therefore, it can be concluded that, once the limits FL-I model are 
respected, the results predicted by the FL-I model are more reliable than B3. 

Nonetheless, though the overall MSE presented by the FL-I model was lower than the B3, its value is 
still considered high, around 20%. The reason for that is probably because only two experimental curves 
were used as training data. If an intermediary curve was included in the training data set, the linear shape 
of the Vcp fuzzy set, see Fig.6, would be optimized. Consequently, the final MSE of FL-I model would be 
even lower than observed. 

To verify this assumption, one of the experimental curves from Loser et al., 2009, more specifically 
SCC IV, see Table 1, was included in the training data. The optimization process was again performed 
and the exponent values, ER and EL, obtained for the optimized fuzzy sets are indicated in Fig.7. This 
leads to a new prediction model, called FL-II model. It is important to observe that the experimental data 
from SCC IV was only used as training data to optimize the shape of the fuzzy set of cement paste 
volume, therefore the optimized fuzzy sets connected to the shrinkage strain, esh,, and the rule base, 
presented Fig.6, remained the same. 
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Once more, the experimental and predicted shrinkage strains, from FL-II model, were compared and 
the MSE values were computed by Eq.(1). The obtained results are presented in Table 3 together with the 
MSE values from FL-I model. 

 

 
Fig. 7: Optimized group of fuzzy sets connected to the volume of cement paste for FL-II model. 

 

Table 3. Individual and overall MSE values for different shrinkage prediction models. 

fmodel  [%] 
SCC 

foverall [%] 
I II III IV V 

FL-I 6.9 19.1 4.4 16.2 14.1 23.7 

FL-II 8.9 3.8 11.2 - 3.9 7.6 

From Table 3, it can be seen that the overall MSE value for the FL-II are considerably lower than 
the FL-I model. Hence, the assumption that including additional training data would lead to a 
prediction model with lower error is verified. Although higher than the FL-I model in one case, the 
individual values of MSE for the FL-II were always below those obtained for the B3 model. 

Finally, the lower MSE values from FL-I and FL-II models, compared to the B3 model, confirm their 
quality to simulate materials behaviour, and also the success in combining fuzzy logics and genetic 
algorithms to build optimized materials models. The obtained model are suitable to predict SCC 
shrinkage strain within the limits of the model, excluding the need of additional experimental analyses. 

5. Final considerations 

By defining a shrinkage strain prediction model for SCC the objective of this paper has been achieved. 
Based on the presented results the following conclusion can be drawn. 

The use of the proposed methodology for optimization of fuzzy decision-making has shown 
satisfactory results. The optimized group of fuzzy sets led to a proper prediction of the shrinkage curves 
with a reduced number of rules, making the modelling process more effective. 

The statistical analysis leads to overall mean square error around 30% for the B3 model, against 20% 
for the FL-I model, indicating that the FL-I model better represents the materials behaviour and can be 
used to predict SCC shrinkage once the limits of the model are respected. The further inclusion of 
additional training data in the optimization methodology contributed to reduce the overall error of the 
model from ~20% to ~7%, demonstrating the flexibility of the model in self-adjusting according to the 
training data. Such flexibility is a great advantage of fuzzy logic-based model when compared to the 
prediction models that are based on equations and its constants. 
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METHODOLOGY FOR DETERMINATION OF MOISTURE 
DISTRIBUTION 

J. Skramlik*, M. Novotny**, K. Suhajda*** 

Abstract: The aim of the research is to determine the capillary conductivity coefficient as a 
characteristic material moisture parameter of the building materials using a non-destructive method 
while using microwave radiation. A test specimen of ceramic is subjected to an isothermal moisture 
intake process. The transient moisture distribution in the specimen during the process is determined, at 
different stages of the process, using EMW-ray equipment. Boltzmann transformation of the experimental 
data results in a single moisture distribution curve, characteristic of the specimen. 

Keywords:  Moisture, capillary conductivity, diffusion, water flow, EMWR microwave radiation 

1. Introduction 

Into porous material of structures can penetrate moisture in liquid or gaseous form. To express the 
negative effects of moisture on building materials or building structures more accurately, it is needed 
to use the most accurate method of detecting moisture diffusion. The article deals with the issues 
related to moisture content in building materials and presents the results of experimental monitoring of 
one-dimensional water flow in inert porous materials and it’s entrapping in non-stationary damping 
condition. The measuring device developed at the Institute of Civil Structures, University of 
Technology Brno, is used to verify the measurement method using samples of building materials.  

2.Transfer of the moisture 

As a quantity characteristic to define moisture transfer within materials consists from capillary porous 
matters is used the coefficient of capillary conductivity. It is characteristic parameter (by humidity 
gradient) for transfer of liquid moisture within porous substance. All methods explaining the 
coefficient of moisture conductivity used the one-dimensional diffusion equation (Kutilek 1992): 
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The basis is set as definition of moisture distribution u(x,t) for particular length of sample in the 
defined time scale (deliquescence curves). The higher is the moisture level of material the lower is 
amount of microwave radiation, which goes through the material. This is caused by the fact that 
hydrogen nuclei of water molecule absorb the microwave radiation. Based on the measurement 
applied by microwave way there can be specified moisture in the particular material part as well as 
deliquescence curves. These curves are necessary to define coefficient of capillary conductivity 
calculation. 

To obtain deliquescence curves’ coefficient of capillary conductivity calculation, is used the following 
Lykov formula covering the consistency of moisture flow (Kutilek 1992): 
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and continuity formula (Mrlík 1986): 

dx
duq SB*��

  (3) 

and supposed mock-up moistening tracked exhibits material s. Fig. 1 and Fig. 2. 

 

3. Experimentally assembled apparatus 
 

On the basis of the patens there has been experimentally assembled by the institute (US) the 
measurement apparatus s. Fig. 3 and detail Fig. 4. 

 

4. Change in intensity of EMW radiation 

By the aim of measurement apparatus constructed experimentally, has been defined functional 
dependence for each material – Fig. 5 and 6. 

 

Fig. 1 Hypothetical progress of sample’s 
deliquescence free of immurement  

Fig. 2 Hypothetical progress of sample’s      
deliquescence with immurement 

 
Fig. 3 Scheme of measurement apparatus  Fig. 4 Position of specimen - detail   
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5. Primary measure 

By the help of change of electromagnetic microwave radiation intensity depending on quantities of 
moisture in porous material is description of moisture transport, Fig. 7. 

Such results can be used in Excel software for additional mathematic processing – profile of the 
moisture’s front in the particular time line s. Fig. 8. In accordance with the speed waveguides was 
determined dependence of EMWR on moisture in specimen (in graphics software Excel) Fig. 8. 

 

The Fig. 8 shows the spread of moisture in porous material, which is capture of  liquid water within 
time interval after 10 min from beginning of  deliquescence. One section on the axis x = 3 mm on the 
sample.  

The Functional dependence formulation, s. Fig 5 (or 6), is defined by the Maple software s. Fig. 9 

In the Fig. 10 is dependence formulation of EMW radiation change within time interval 10, 20 and 30 
min. for length of specimen. 

As well as in the Maple software – spread of the moisture through the whole sample in the particular 
time lines.  

y = 2E-06x3 - 0,001x2 + 0,2524x + 0,4362
R2 = 0,9726
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y = 1E-07x3 + 1E-05x2 + 0,0115x + 1,0136
R2 = 0,98
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Fig. 5  Functional dependence formulation 
for  gas concrete 

Fig. 6  Functional dependence formulation 
for material of ceramics 
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Fig. 7  Primary measure results within time 
interval 10 min  

Fig. 8   Primary results measured into time 
interval 10 min in Excel processing 
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6. Procedure deliquescence curves assessment 
 

 

a) Dependence between EMW radiation and content of moisture in material from regression formula, 
Fig. 3, 4 and 10  

um = -1,342033167.10-7 .z3 + 0,0001936510773 .z2 - 0,1038753765 .z  + 20,78641097 

b) Dependence between change of EMWR and moisture into distance from source of dampness, 

c) Moisture distribution defined by the Maple software, Fig. 11 

um,t   =  f (zt (x)) 

um  is   specific moisture 

z   EMWR intensity which come through Specimen  

x  position data of moisture 

t   time interval of measurement 

 

 

 

Fig. 9 Functional dependence of measured 
variable defined by the Maple software (y-

axis = moisture by weight /%/; x-axis = 
dependence of EMWR on moisture  /mV/ 

Fig.10 Curves of dependence of EMWR on 
moisture in  the Maple software 

 

 
 

 
Fig. 11  The moisture distribution defined by 

the Maple software (y-axis = moisture by 
weight /%/; x-axis = length of sample /m/  

Fig.12  Assumption of the moisture distribution in 
porous material u (x) at the time intervals tx (Mrlik 

1986): 
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Figures measured by experimentally assembled measurement apparatus allow us to calculate 
coefficient of capillary conductivity. Moreover, there are several other possibilities how we can use 
these figures – for example mass moisture dependency in the particular time intervals. 

7. Conclusions 

Diffusion of moisture in porous material is currently adequately addressed.  The problem remains the 
condensations of water vapor inside of the porous structures, for which there is no practical basis. In 
comparison with the destructive method, this methodology of calculating the capillary conductivity 
coefficient provides more data and more accurate information of the moisture content in detailed 
sections. The advantage is the relatively fast obtaining of the measurement results and the possibility 
of continuous measurement of more moisture curves on one sample of the material in any time interval 
without interrupting the measurement and handling the sample.  
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BENDING OF FUNCTIONALLY GRADED CIRCULAR PLATES WITH 
PIEZOELECTRIC LAYER BY THE MLPG METHOD 

P. Sta	ák*, J. Sladek*, V. Sladek*, S. Krahulec* 

Abstract: A meshless local Petrov-Galerkin (MLPG) method is applied to solve bending of circular plate 
with piezoelectric layer attached at the top. Plate is analyzed as a 3D axisymmetric. Functionally graded 
material properties with continuous variation in the plate thickness direction are considered. 
Piezoelectric layer with applied nonzero voltage difference acts as a piezoelectric actuator, thus 
deflection of the plate can be controlled. Local integral equations are defined from the set of governing 
equations for mechanical and electric fields using appropriate test functions. Spatial variation of all 
physical fields is approximated by the moving least-squares (MLS) method only in terms of nodes. After 
performing all spatial integrations the system of ordinary differential equations is finally obtained and 
solved using Houbolt finite-difference scheme.  

Keywords:  Meshless local Petrov-Galerkin method (MLPG), moving least-squares (MLS) 
approximation, piezoelectric actuation, functionally graded materials. 

1. Introduction 

Advanced structural systems are required to be low-weight, high-strength and often to have also self-
monitoring capabilities. Recent progress in engineering and material sciences offers new possibility in 
design of such structures; the multifunctional composites (Gibson, 2010) composed of so-called smart 
materials. Among many smart materials the piezoelectric materials are dominantly used for control 
and suppression of structural vibration (Adachi et al., 1994) because of their sensory/active 
capabilities. In the recent years also the functionally graded materials (FGMs) (Suresh and Mortensen, 
1998) are widely applied in structural design because of their excellent properties. FGMs are multi-
component composite materials in which the volume fraction of the material constituents is varying in 
a predominant direction. This feature can be used to tune the selected properties into desired value. For 
example structural element can be designed to have the strength of steel on one side combined with 
the heat resistance of ceramics on the other side. 

Analysis of complex structural systems requires advanced numerical methods because of complex 
geometry or boundary conditions. Although the well established finite element method (FEM) is 
applicable to analysis of piezoelectric structures (Benjeddou, 2000), the analysis of materials with 
continuously nonhomogeneous properties such as FGMs can lead to certain difficulties.  The material 
coefficients in commercial FEM codes are assumed to be constant within an element, thus leading to 
piecewise homogeneous idealization of FGMs. Boundary element method (BEM) is also not suitable 
since proper fundamental solution is not available. In the last decade, an increasing attention has been 
devoted to meshfree or meshless methods for numerical analyses. The motivation is clear from their 
name; to avoid difficulties associated with mesh of finite elements such as expensive mesh generation, 
shear locking or above mentioned difficulties in modeling of continuously nonhomogeneous media. 
The meshless local Petrov-Galerkin (MLPG) method (Atluri, 2004) is considered as a basis for many 
meshless techniquess. Meshless formulations based on the MLPG were recently applied to laminated 
plates (Sladek et al, 2010a) and also to piezoelectric plates (Sladek et al, 2010b). Analysis of FGM 
materials using MLPG was presented in (Sladek et al. 2005, Sladek et al. 2008).  

In the present paper the analysis of functionally graded circular plate with homogeneous 
piezoelectric actuator is presented. Similar problem was analyzed by Tauchert and Ashida (1999) 
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using potential function method, although they considered only homogeneous material properties. Fig. 
1a) shows proposed geometry with FGM layer labeled by index 1 and piezoelectric layer by index 2. 
A circular plate together with piezoelectric actuator can be considered as a 3-D axisymmetric body 
with axis of symmetry passing through the center of the plate. With use of cylindrical coordinates the 
original 3-D axisymmetric problem can be reduced to 2-D problem considered on the cross-section of 
the plate (see Fig. 1b). An exponential variation of material properties is assumed for the FGM plate. 
The coupled electro-mechanical fields are described by constitutive relations and governing partial 
differential equations (PDEs). Nodal points are spread on the analyzed domain without any 
restrictions. Small local circular subdomain is introduced around each nodal point. Local integral 
equations (LIEs) constructed from governing PDEs are defined over these circular subdomains. For a 
simple shape of subdomains- like circles used here, numerical integration of LIEs can be easily carried 
out. Moving Least-Squares (MLS) approximation scheme (Lancaster & Salkauskas, 1981) is used to 
approximate the spatial variations of electric and mechanical fields. MLS scheme ensures C1 
continuity in each layer, but not across the material interface of plate and piezoelectric actuator. Thus 
MLS approximation is carried out separately in each considered layer. Additional coupling equations 
are considered for nodes on the interface to ensure the continuity of primary variables, normal 
components of electric displacements (surface charges) and the equilibrium of the tractions.  The 
essential boundary conditions are satisfied by the collocation of MLS approximation expressions for 
unknowns at boundary nodes. After performing the MLS approximation a system of ordinary 
differential equations (ODEs) for certain nodal unknowns is obtained. Houbolt finite difference 
scheme (Houbolt, 1950) is finally used to solve the system of ODEs. 

 

 

 

 

 

a) b) 

Fig. 1:  Geometry of the circular plate: a) original 3-D problem, b) assumed 2-D geometry 

2. Local integral equations 
Governing equations for general piezoelectric body under quasi-electrostatic assumption is given by 
the equation of motion for displacements and the first Maxwell’s equation for the vector of electric 
displacements as 

 ( ) ( ) ( ) ( ), , , ,ij j i it X t u tσ ρ+ =x x x x��  (1) 

 ( ) ( ), , , 0i iD t R t− =x x  (2) 

where t, iu , ijσ , iD , iX , R , ρ are time, displacements, stresses, electric displacements, vector of body 
forces, volume density of free charges and material density, respectively. The dots over quantity 
indicate the time derivative. Omitting the acceleration term in Eq. (1) one can easily transform the 
dynamic problem to static one. The piezoelectric constitutive equations, representing the coupling of 
mechanical and electric fields, are given by 

 ( ) ( ) ( ), , ,ij ijkl kl kij kt C t e E tσ ε= −x x x  (3) 

 ( ) ( ) ( ), , ,i ikl kl ik kD t e t h E tε= +x x x  (4) 
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where ijklC , kije , ikh  represents elastic, piezoelectric and dielectric material constants, respectively. The 
strain tensor ijε  and electric field vector kE  are related to mechanical displacements iu  and electric 
potential ψ  by 

 ( ), ,
1
2ij i j j iu uε = +  (5) 

 
,k k

k

E
x
ψψ ∂= − = −

∂
 (6) 

The following essential and natural boundary conditions are assumed for the mechanical field 

 ( ) ( ), ,i iu t u t=x x�  on uΓ , ( ),ij j in T tσ = x� on tΓ , (7) 

and for the electrical field 

 ( ) ( ), ,t tψ ψ=x x�  on pΓ , ( ),i iD n Q t= x� on qΓ  (8) 

where uΓ , tΓ , pΓ , qΓ  are parts of the global boundary Γ with prescribed displacements, tractions,  
electric potential and surface density of electric field flux (surface charge density), respectively.       

Consider now 2-layer circular plate as shown in Fig. 1a. Base layer, with index 1, has radius 1r  
and height 1h , top layer, with index 2 and considered as piezoelectric, has the height 2h  but the same 
radius 2 1r r=  .  Owing to the plate geometry, it is convenient to use polar (cylindrical) 
coordinates ( ), ,r zθ=x .  

Coupled equations of piezoelectricity can be used for both layers, even if one is not made of 
piezoelectric material. This is done simply by decoupling the equations using all piezoelectric 
constants ikle =0, but keeping nonzero dielectric material constants for non-piezoelectric (base) 
material. 

Since the problem is assumed to be axisymmetric, it can be reduced to 2-D, if cylindrical 
coordinates are used, as in Fig. 1.b. Thus all physical quantities are independent on angular coordinate 
θ . Then, for the axisymmetric piezoelectric body we can write the governing equations (1), ( 2) in the 
following form 

 ( ) ( ) ( ) ( ) ( ) ( ), ,

, , , ,
, , , , , , , ,rr

rr r rz z r r

r z t r z t
r z t r z t X r z t u r z t

r
θθσ σ

σ σ ρ
−

+ + + = ��  (9) 

 ( ) ( ) ( ) ( ) ( ), ,

, ,
, , , , , , , ,rz

rz r zz z z z

r z t
r z t r z t X r z t u r z t

r
σ

σ σ ρ+ + + = ��  (10) 

 ( ) ( ) ( )
, ,

, ,
, , , , 0r

r r z z

D r z t
D r z t D r z t

r
+ + =  (11) 

Constitutive equation for mechanical fields (3) is then also rewritten into  

 11 12 13 31rr rr zz zc c c e Eθθσ ε ε ε= + + −  (12) 

 12 11 13 31rr zz zc c c e Eθθ θθσ ε ε ε= + + −  (13) 

 13 13 33 33zz rr zz zc c c e Eθθσ ε ε ε= + + −  (14) 
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 44 15rz rz rc e Eσ ε= −  (15) 

with mechanical strains specified to be 

                                        ,rr r ruε = ,  
1

ru
rθθε = ,  ,zz z zuε = ,  , ,rz r z z ru uε = +                               (16) 

Finally, the constitutive relations for the electric fields are 

 15 11r rz rD e h Eε= +  (17) 

 31 31 33 33z rr zz zD e e e h Eθθε ε ε= + + +  (18)  

The MLPG method is based on the local weak form of the governing equations (9-11) that is 
written over local subdomain sΩ . Local subdomain is a small region taken for each node inside the 
global domain (Atluri, 2004). The local subdomains could be of any geometrical shape; in this paper 
they posses circular shape just for simplicity. Local weak forms can be written as 

 
( ) ( ) ( ) ( )

( ) ( )
, ,

1, , , , , , , ,

, , , ,
s s s

s s

rr r rz z rr

r r

r z t p d r z t p d r z t r z t p d
r

X r z t p d u r z t p d

θθσ σ σ σ

ρ

∗ ∗ ∗

Ω Ω Ω

∗ ∗

Ω Ω

Ω + Ω + − Ω +? <> ;

+ Ω = Ω

5 5 5

5 5 ��
 (19) 

( ) ( ) ( ) ( )

( )
, ,

1, , , , , , , ,

, ,
s s s s

s

rz r zz z rz z

z

r z t q d r z t q d r z t q d X r z t q d
r

u r z t q d

σ σ σ

ρ

∗ ∗ ∗ ∗

Ω Ω Ω Ω

∗

Ω

Ω+ Ω+ Ω+ Ω =

= Ω

5 5 5 5

5 ��
 (20) 

 ( ) ( ) ( ), ,
1, , , , , , 0

s s s
r r z z rD r z t w d D r z t w d D r z t w d

r
∗ ∗ ∗

Ω Ω Ω
Ω + Ω + Ω =5 5 5  (21) 

where ( )p∗ x , ( )q∗ x , ( )w∗ x  are the test functions. 
Local weak forms (19-21) are then the starting point for deriving local integral equations with the 

use of Gauss divergence theorem and appropriate test functions. Heaviside unit step functions are 
chosen as test functions for the presented problem in the same way as in (Sladek et al., 2010a). Local 
integral equations take the form: 

 
( ) ( ) ( ) ( )

( ) ( )

1, , , , , , , ,

, , , ,
s s s

s s

rr r rz z rr

r r

r z t n d r z t n d r z t r z t d
r

X r z t d u r z t d

θθσ σ σ σ

ρ

∂Ω ∂Ω Ω

Ω Ω

Γ + Γ + − Ω +? <> ;

+ Ω = Ω

5 5 5

5 5 ��
 (22) 

 
( ) ( ) ( ) ( )

( )

1, , , , , , , ,

, ,
s s s s

s

rz r zz z rz z

z

r z t n d r z t n d r z t d X r z t d
r

u r z t d

σ σ σ

ρ

∂Ω ∂Ω Ω Ω

Ω

Γ + Γ + Ω + Ω =

= Ω

5 5 5 5

5 ��

 (23) 

 ( ) ( ) ( )1, , , , , , 0
s s s

r r z z rD r z t n d D r z t n d D r z t d
r∂Ω ∂Ω Ω

Γ + Γ + Ω =5 5 5  (24) 

where s∂Ω  represents boundary of the local subdomain sΩ and in  is the unit outward normal vector. 
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A meshless approximation is convenient for numerical solution of local integral equations. The 
Moving least-squares (MLS) approximation can be used for the approximation of displacement and 
electric potential fields ( , )ru tx , ( , )zu tx , ( , )tψ x  by ( , )h

ru tx , ( , )h
zu tx , ( , )h tψ x  in terms of nodal values as 

   
1

ˆ( , ) ( , ) ( ) ( )
n

h i i
r r r

i
u t u t u tφ

=

≅ =.x x x  (25) 

   
1

ˆ( , ) ( , ) ( ) ( )
n

h i i
z z z

i
u t u t u tφ

=

≅ =.x x x  (26) 

   
1

ˆ( , ) ( , ) ( ) ( )
n

h i i

i
t t tψ ψ φ ψ

=

≅ =.x x x  (27) 

where the nodal values ˆ ( )i
ru t , ˆ ( )i

zu t , ˆ ( )i tψ  are so called fictitious parameters for the displacements and 
electric potential, and ( )iφ x  is called the MLS shape function defined over n nodes located in a support 
domain of MLS approximation. However, MLS support domain must contain only nodes from a single 
layer bounded by the two-material interface due to discontinuities of strains and electric vector on the 
interface of the plate and actuator (Sladek et al, 2009). The appropriate derivatives can be obtained 
with use of the shape function derivative as shown in (Atluri, 2004). Derivatives of displacements and 
electric potential are then given as   

    , ,
1

ˆ( , ) ( ) ( )
n

h i i
k l l k

i
u t u tφ

=

=.x x , , ,
1

ˆ( , ) ( ) ( )
n

h i i
l l

i
t tψ φ ψ

=

=.x x  (28) 

with indices ( ), ,k l r z= . 

C1 continuity of the MLS approximation in each domain (layer) is ensured by the fourth-order 
spline type weight function used for the construction of the shape function ( )iφ x  (Atluri, 2004). 

Applying Eqs. (25-27) for approximation of trial functions ( , )ru tx , ( , )zu tx , ( , )tψ x  and their 
derivatives in constitutive relations (12-18) and their insertion into local integral equations (22-24) is 
leading to discretized local integral equations in the following form 

   

12
11 , 44 ,

1

11 12 11 12
, ,2 2

1

13 , 44
1

ˆ ( ) ( ) ( ) ( ) ( ) ( ) ( )

ˆ ( ) ( ) ( ) ( ) ( )

ˆ ˆ( ) ( ) ( ) ( ) ( ) ( )

s

s

s

n
i i i i
r r r r z z

i

n
i i i i i
r r r

i

n
i i i i
r z r z z

i

cu t c n n c n d
r

c c c cu t d
r r r r

u t d u t c n c n

φ φ φ

φ φ φ φ

ρφ φ φ

∂Ω
=

Ω
=

Ω
=

? <+ + Γ += :> ;

? <+ + − − Ω −= :> ;

− Ω + +

. 5

. 5

. 5

x x x x x x

x x x x

x x x x�� ,
1

31 , 15 ,
1

( )

ˆ ( ) ( ) ( ) ( ) ( ) ( , , )

s

s s

n
i
r

i
n

i i i
r z z r r

i

d

t e n e n d X r z t dψ φ φ

∂Ω
=

∂Ω Ω
=

? < Γ +> ;

? <+ + Γ = − Ω> ;

. 5

. 5 5

x

x x x x

 (29) 
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13
44 , 13 ,

1

44
, 33 , 44 ,

1 1

44
,

1

ˆ ( ) ( ) ( ) ( ) ( ) ( ) ( )

ˆ ˆ( ) ( ) ( ) ( ) ( ) ( ) ( )

ˆˆ ( ) ( ) ( ) ( )

s

s s

s

n
i i i i
r r z z z r

i

n n
i i i i i
r z z z z r r

i i
n

i i i i
z r z

i

cu t c n n c n d
r

cu t d u t c n c n d
r

cu t d u t
r

φ φ φ

φ φ φ

φ ρφ

∂Ω
=

Ω ∂Ω
= =

Ω
=

? <+ + Γ += :> ;

? <+ Ω + + Γ +> ;

+ Ω −

. 5

. .5 5

. 5

x x x x x x

x x x x x

x x��
1

15
15 , 33 , ,

1 1

ˆ ˆ( ) ( ) ( ) ( ) ( ) ( ) ( )

( , , )

s

s s

s

n

i
n n

i i i i i
r r z z r

i i

z

d

et e n e n d t d
r

X r z t d

ψ φ φ ψ φ

Ω
=

∂Ω Ω
= =

Ω

Ω +

? <+ + Γ + Ω => ;

= − Ω

. 5

. .5 5

5

x x x x x

 (30) 

   

31
15 , 31 ,

1

15
, 15 , 33 ,

1 1

15
, 11

1

ˆ ( ) ( ) ( ) ( ) ( ) ( ) ( )

ˆ ˆ( ) ( ) ( ) ( ) ( ) ( ) ( )

ˆˆ ( ) ( ) ( ) ( )

s

s s

s

n
i i i i
r r z z z r

i

n n
i i i i i
r z z r r z z

i i
n

i i i
z r r

i

eu t e n n e n d
r

eu t d u t e n e n d
r

eu t d t h n
r

φ φ φ

φ φ φ

φ ψ φ

∂Ω
=

Ω ∂Ω
= =

Ω
=

? <+ + Γ += :> ;

? <+ Ω + + Γ +> ;

+ Ω −

. 5

. .5 5

. 5

x x x x x x

x x x x x

x x , 33 ,
1

11
,

1

( ) ( ) ( )

ˆ ( ) ( ) 0

s

s

n
i i
r z z

i
n

i i
r

i

h n d

ht d
r

φ

ψ φ

∂Ω
=

Ω
=

? <+ Γ −> ;

− Ω =

. 5

. 5

x x x

x

 (31) 

  

Collocation approach is used to impose essential boundary conditions directly, using MLS variable 
approximations (25-27). For natural boundary conditions local integral equations are written for the 
nodes on the global boundary. 

Interface between two layers of the plate represents a discontinuity. The plate must be partitioned 
to two patches with different material properties for the presented numerical modeling approach. 
Patches or layers are discretized by meshfree nodes individually. Double nodes are defined on the 
interface. One node belongs to each layer. Except the condition of coincidence of interface nodes there 
is no restriction on the node location in the presented approach. For these interface nodes one has to 
specify coupling conditions in order to ensure the continuity of displacements, potentials, flux of 
electric displacements and the equilibrium of the tractions across the interface as 

 1 2( , ) ( , )l l
r ru t u t=x x ,   1 2( , ) ( , ) 0l l

r rT t T t+ =x x  (32) 

 1 2( , ) ( , )l l
z zu t u t=x x ,   1 2( , ) ( , ) 0l l

z zT t T t+ =x x  (33) 

 1 2( , ) ( , )l lt tψ ψ=x x ,   1 2( , ) ( , ) 0l lQ t Q t+ =x x  (34) 

indices 1, 2 indicate the corresponding layer and lx  is an interface node. 

Collocation approach is again used based on the MLS approximation (7). For example, the 
equilibrium of radial displacements (first part of Eq. 32) is specified as 

 
1 2

1 2

1 1

ˆ ˆ( ) ( )
n n

i l i j l j
r r

i j
u uφ φ

= =

=. .x x  (35) 

In the same manner the equilibrium of tractions and electric charge can be specified, based on the 
second part of Eqs. (7, 8). 
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Collecting the discretized local integral equations together with the discretized boundary 
conditions and interface conditions, one obtains a complete system of ordinary differential equations 
(ODE) which can be rearranged in such a way that all known quantities are on the r.h.s. Thus, in the 
matrix form the system becomes 

 + =Ax Cx Y��  (36) 

This system of ODE can be solved by the Houbolt finite-difference scheme (Houbolt, 1950; 
Sladek et al., 2010a). In this method “acceleration” term is defined as 

 2
2

2 5 4t t t t t t t
t t t

+Δ −Δ − Δ
+Δ

− + −=
Δ

x x x xx��  (37) 

where tΔ  is the time step. The value of the time-step has to be appropriately selected with respect to 
material parameters (elastic wave velocities). 

3. Numerical solution 

For the numerical examples functionally graded graphite/epoxy circular plate is considered with 
radius 1 0.3mr = and thickness 1 0.02mh = . For the top layer of the thickness 2 0.01mh =  PZT-4 
piezoelectric material is considered. The plate is loaded with uniform load of 0 10000Paσ =  and 
varying electric potential at the top. Potential at the interface is vanishing. For the approximation of 
unknown field quantities in FGM layer 847 nodes were used and 726 nodes were specified for the 
piezoelectric layer. Material properties of the graphite/epoxy layer are graded using exponential 
variations  

 0( ) exp( )ij ij ff f zγ=x  (38) 

where the symbol ijf  is commonly used for particular material coefficients and 0ijf correspond to 
the material parameters at the bottom surface of the FG layer.  It should be noted that various 
exponential coefficients fγ  can be used for the individual material parameters. In presented analysis 
two different values of the exponential coefficient 34.6575fγ =  and 20.273 are used for each graded 
material coefficient. For the first coefficient 34.6575fγ = material parameters are doubled with 
respect to ones at the bottom surface. In other words, such a gradation will gradually increase material 
coefficients defined at the bottom ( )0z =  to twice that large coefficients at the top ( )1z h=  of the 
graphite/epoxy plate.   

The material coefficients of the graphite/epoxy layer are: 
10 2

110 10.2 10c Nm−= ⋅ , 10 2
120 4.98 10c Nm−= ⋅ , 9 2

130 230 6.86 10c c Nm−= = ⋅ ,  
10 2

330 1.09 10c Nm−= ⋅ , 9 2
440 2.87 10c Nm−= ⋅ ,  2

150 310 330 0e e e Cm−= = = , 
11 1

110 3.09 10 ( )h C Vm− −= ⋅ ,   11 1
330 2.65 10 ( )h C Vm− −= ⋅ , 31578kg/mρ =  

Piezoelectric PZT-4 layer posses these material properties: 
10 2

11 13.9 10c Nm−= ⋅ , 10 2
12 7.78 10c Nm−= ⋅ , 10 2

13 23 7.43 10c c Nm−= = ⋅ ,  
10 2

33 11.5 10c Nm−= ⋅ , 10 2
44 2.56 10c Nm−= ⋅ , 

2
15 12.7e Cm−= , 2

31 5.2e Cm−= − ,     2
33 15.1e Cm−= , 

9 1
11 6.46 10 ( )h C Vm− −= ⋅ ,   9 1

33 5.62 10 ( )h C Vm− −= ⋅ , 37500kg/mρ = . 
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In the first numerical example two different exponential variations are applied. Variation 
represented by Eq. (38) increases (grades) material properties from bottom to the top, while following 
variation 

 ( )0( ) exp( )ij ij ff f d zγ= −x  (39) 

grades material properties in opposite direction. Constant d depends on the coefficients fγ , values d=3 
and d=2.5 are used, respectively. Results are compared to FEM-ANSYS solution with the fine mesh. 
For FGM material modeling the piecewise homogeneous approach is adopted. Fig. 2 presents 
variation of deflection for simply supported plate with the radial coordinate under static mechanical 
loading and vanishing surface charge density. For both gradation schemes the 
coefficient 34.6575fγ = . One can clearly observe that material gradation according to Eq. (39) gives 
lower deflection compared to Eq. (38). This must hold true since increase of material constants in 
direction towards the plate center has smaller effect on flexural stiffness compared to increase of 
material parameters out of the center, as in case of Eq. (39). Thus exponential variation (39) should be 
preferred in cases of 2-layer plates. 

 
Fig. 2:  Variation of central deflection with radial coordinate for simply supported plate with 

different material gradations 

In the Fig. 3 the effect of exponential coefficient fγ is observed. Pure mechanical load is applied 
again. Exponential variation (39) is assumed. One can observe that deflection of the plate with 

20.273fγ =  is very close to one obtained for variation (38) as shown in Fig. 2. Very good agreement 
between MLPG and FEM results can be observed. Effect of deflection suppression by active 
piezoelectric layer is well observed in Fig. 4. FGM exponential coefficient 34.6575fγ = is used. It is 
clearly observable that for FGM plate the deflection is almost totally suppressed. If electric potential is 
not specified, vanishing values of normal components of electric displacement must be specified.  
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Fig. 3:  Variation of central deflection with radial coordinate for simply supported plate with two 

different exponential coefficients 

 
Fig. 4:  Variation of central deflection with radial coordinate for simply supported plate under 

mechanical and electric load 

Clamped circular plates are also analyzed.  Both electric and mechanical loads are assumed. FGM 
exponential coefficient 34.6575fγ = is used again. Fig. 5 shows variation of deflection for clamped 
plates with homogeneous and FGM graphite/epoxy layer. Potential load 800ψ = − V is not sufficient 
to suppress the deflection completely as in case of simply supported plate, larger values have to be 
applied. Note that negative potential difference must be applied between the surfaces of piezoelectric 
layer. Positive values would act in opposite sense, thus increasing the deflection.  
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Fig. 5:  Variation of central deflection with radial coordinate for clamped plate under mechanical 

and electric load 

 

Response of simply supported 2-layer plate is also investigated under an impact mechanical load 
with Heaviside time variation. Numerical calculations are carried out for 100 time steps and a time-
step size 40.3 10 sτ −Δ = × . The time variation of the deflection at the plate center ( )10; 2r z h= = is 
given in Fig. 6. The value of the central deflection of the FGM plate is smaller than that of the 
homogeneous plate. It is due to the higher stiffness of the FGM plate. The peak deflection is shifted to 
shorter time instants for the FGM plate, where the flexural rigidity is higher and the mass density is 
the same for the FGM and homogeneous plates. Then, the wave velocities of the FGM plate are larger. 

 
Fig. 6:  Time variation of the central deflection for a simply supported plate under an impact 

mechanical load 
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4. Conclusion 

A meshless local Petrov-Galerkin (MLPG) method was presented for the modeling and analysis of 
plate bending of 2-layer circular plate with functionally graded bottom layer and active piezoelectric 
layer. Special treatment of material interface was employed through coupling of interface variables. 
The MLS approximation was adopted for approximation of unknown physical quantities in each layer 
separately. Proposed method is a truly meshless method as no elements were used for approximation 
or for integration of unknowns. Numerical examples showed the effect of material grading and active 
piezoelectric layer on enhancement of the plate’s flexural strength. 
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J. Stránský*, M. Jirásek **

Abstract: Finite element method (FEM) and discrete element method (DEM) are leading strategies for
numerical solution of engineering problems of solid phase. Both are applicable in different situations and
sometimes can be beneficially coupled. Coupling of two free open source programs (finite element code
OOFEM and discrete element code YADE, both with C++ core and Python user interface) is presented.
Some of the basic coupling strategies (surface coupling, volume coupling, multi-scale approach and contact
analysis) are explained on patch tests and simple simulations.

Keywords: FEM, DEM, coupling, Python scripting, open source

1. Introduction

Numerical simulations are an indispensible part of the current engineering and science development.
For different engineering areas there are different numerical methods used. In solid phase mechanics,
the leading methods are the finite element method (FEM) and the discrete (distinct) element method
(DEM). FEM is rigorously derived from the continuum theory and is being used for the description of
deformable continuous bodies, while DEM describes particulate materials, usually modeled by perfectly
rigid particles and their interactions determined from fictitious overlaps of these rigid particles.

Often an engineering problem can be modeled using only one of the aforementioned methods. A
steel beam would be simulated by FEM, a small assembly of gravel particles by DEM. But what if we
wanted to simulate an impact of the steel bar on the gravel? One possible approach would be to split the
problem into two domains (the steel part modeled by FEM and the gravel part modeled by DEM) and
appropriately couple them.

There are countless software programs for both FEM and DEM. Some of them are commercial
(usually) without possibility to change the code and adjust the behavior to our requirements (combination
with another software for instance). However, there exist programs with open source code, which the
user can modify, possibly for coupling with another programs. In the present article, coupling of FEM
code OOFEM (Patzák & Bittnar, 2001) and DEM code YADE (Šmilauer et al., 2010) is presented.
Both programs have the core written in C++ (providing efficient execution of time consuming routines),
user interface written in Python (modern dynamic object oriented scripting language, providing easy to
use scripting while preserving the C++ efficiency) and extensible object oriented architecture allowing
independent implementation of new features - new material model or new particle shapes for instance.

Basic principles of different coupling strategies (surface, volume, multiscale and contact coupling)
are explained in section 2, implementation issues are covered in section 3 and specific examples for each
coupling strategy are presented in section 4. Python scripts controlling these examples are for illustration
placed in Appendix A.

2. Theory

In this section, firstly the two numerical methods are quickly reviewed for the simplest case of small
strain/displacement linear elasticity (to establish consistent notation and to help readers familiar with
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one method to understand the other one). Then the basic principles of the chosen coupling strategies are
explained.

2.1. Finite element method

discretization

Fig. 1: Simplified illustration of FEM discretization

The continuous (static) linear elasticity solves the boundary value problem

ε = ∇symu x ∈ Ω (1)
σ = 4D : ε x ∈ Ω (2)

∇ · σ + b = 0 x ∈ Ω (3)
u = u x ∈ Γu (4)

n · σ = t x ∈ Γt (5)

where x = vector of Cartesian coordinates, u=u(x) = displacement vector, ε= ε(x) = strain tensor,
σ = σ(x) = stress tensor, 4D = 4D(x) = fourth-order stiffness tensor, b = b(x) = body forces,
t=t(x) = surface tractions, Ω = domain of the problem, Γu = boundary of the domain with prescribed
displacements, Γt = boundary of the domain with prescribed tractions and n = n(x) = outer unit
normal vector of the boundary. ∇ is the vector of spatial partial derivatives, · is contraction and : is
double contraction (tensor operations). Overbars indicate prescribed values.

Combining geometric equations (1), constitutive equations (2) and equilibrium (Cauchy) equations
(3) yields Lamé equations

∇ ·
[
4D : (∇u)

]
+ b = 0, (6)

which describe the elasticity problem in the strong sense.
The basic idea of FEM is to discretize the domain Ω into finite elements. On each element e, the

displacement field ue(x) is approximated as a combination of nodal displacement values {d}e. From
the element geometry and material parameters, the element stiffness matrix [K]e can be constructed,
providing the relationship between the nodal displacements {d}e and nodal internal forces {f}e (7).
Approximating the load by nodal forces, the global system of equations

[K]e{d}e = {f}e → [K]g{d}g = {f}g (7)

is assembled and unknown nodal displacements are solved for defined boundary conditions. Equation
(7) can be derived from the virtual work principle and describes the elasticity problem in the weak sense.

2.2. Discrete element method

Consider an assembly of rigid particles. The contact (bond, interaction etc.) c between particles is
created either initially in the beginning of the simulation or when the particles overlap. The contact (see
equations (8-9) and figure 2) can be described by a branch vector lc (connecting the centers of linked
particles) with normal nc = lc/||lc|| . The (linearized) relative contact displacement uc can be expressed
in terms of particle displacement xp and rotation ϕp and decomposed into the normal component ucN
and the shear component uc

T . Constitutive (linear elastic) contact law is also expressed (independently)
in the normal and shear directions in terms of the normal and shear forces f c

N and f cT and normal and
shear contact stiffnesses kcN and kcT . The total contact force f c is composed from normal and shear
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Nnc

f cT

f c
Nnc

f cT

Fig. 2: Simplified illustration of the contact displacement and contact forces and their decompositions

components. The contact force is considered to act at the contact point (in the middle between particle
centers for example), and so its shear component also causes a moment on both particles.

ucN = uc · nc, uc = ucNnc + uc
T (8)

f c
N = kcNucN , f cT = kcTu

c
T , f c = f c

Nnc + f cT (9)

For each particle p, the forces are then summed from all particles contacts and the Newton’s equations
of motion

fp =
∑
c∈p

f c, üp =
fp

mp
(10)

are solved using Verlet explicit time integration scheme. mp is the mass of particle p and üp its acceler-
ation. The summation and integration of the equation of motion is also defined for moments and angular
accelerations. For more details about time integration as well as DEM in general see (Šmilauer et al.,
2010) or (Kuhl et. al, 2001).

2.3. Surface coupling

ẋp
fpDEM ∝ ẍp

contact

f eFEM

ẋp

1) 2) 3)

Fig. 3: Illustration of FEM/DEM surface coupling

The so-called surface coupling (Fakhimi, 2009; Nakashima & Oida, 2004; Oñate & Rojek, 2004;
Villard et al., 2009) is probably the most straightforward coupling method. The principle is to split the
whole problem into two non-overlapping domains, one modeled by FEM and the other by DEM (as
already illustrated on the steel beam – gravel example in the introduction). As long as there is no overlap
between the two domains, nothing special happens - both methods are applied independently.

If a contact between a finite element and a DEM particle is detected, the new force becomes acting on
the DEM particle (causing its acceleration). The same force (with the same magnitude and the opposite
direction) of course acts also on the FEM element and is processed as a load boundary condition, see
figure 3.
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In the current OOFEM/YADE implementation, the FEM boundary (surface) elements are copied
into DEM part as special particles. This approach allows us to exploit efficient YADE contact detection
algorithms. The resulting DEM force and moment acting on surface element are in FEM part transfered
into nodal forces and further assumed as external load.

2.4. Volume coupling

FEM contribution DEM contribution
trans. zone

(a) (b)

Fig. 4: Illustration of ”master/slave” (a) and ”Arlequin” (b) FEM/DEM volume coupling

Volume coupling is similar to the surface coupling. The difference is that the two subdomains overlap
each other. The possible usage of this approach could be a model of concrete beam subjected to an impact
load (blast for example). The whole beam would be modeled by FEM and only a small volume of the
concrete (the volume to be fragmented and crushed) would be modeled by DEM.

There are two basic strategies how to model transition between FEM and DEM domains. The first
one, ”direct” or ”master/slave” method, (Azvedo & Lemos, 2004) considers DEM particles overlapping
with FEM as direct slaves of the FEM mesh (using standard ”master/slave” or ”hanging nodes” ap-
proach). The second one, the ”Arlequin” method (Rousseau et al., 2009; Wellmann & Wriggers, 2012),
considers a transition bridging zone, where the total response is superposed from contributions of the
two models and is interpolated between both domains.

2.5. Multiscale coupling

Macro (FEM)

strainstress
stiffness

Micro (DEM)
solving BVP

Fig. 5: Illustration of multiscale coupling according to (Geers et. al, 2010) applied to FEM/DEM

The idea of multiscale simulations is to model the problem on the large (macro) scale using infor-
mation from a lower (micro) scale. In the current context, the (first order) homogenization (Geers et. al,
2010) is presented. Geometric information (strain) from macro scale (Gauss points of FEM mesh) is
transfered to the micro scale (representative volume element - RVE - modeled by DEM), see figure 5.
On the micro scale, the boundary value problem (BVP) governed by the transfered prescribed strain is
solved using periodic boundary conditions (Stránský & Jirásek, 2010). The output of the micro-scale
problem are the stress tensor and the constitutive characteristics (stiffness tensor), which are transfered
back to the macro-scale problem.
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As an example of this approach, consider a model of a large sample of sand. On macro scale, sand
is usually considered as a continuous material. DEM modeling of a large sand sample with individual
grains modeled by individual particles would not be feasible. According to these two facts, the macro
scale problem is modeled by FEM. However, the particular nature of sand is preserved in the microscale
RVE simulations, which provides the FEM part with stress and stiffness. Thus we do not need any
explicit expression of the material law on the FEM scale (it is determined from the actual micro RVE
response).

The stress and stiffness can be evaluated either analytically or numerically. The analytical formulas
(Kuhl et. al, 2001) are inspired by the microplane theory and are derived from Voigt’s hypothesis. It
assumes that the strain ε is distributed uniformly in the RVE and, consequently, the relative displacement
uc of each contact c can be expressed and decomposed in the form (see (Kuhl et. al, 2001) and equations
(8-9) for more details):

uc = ε · lc = ||lc|| ε · nc = ucNnc + uc
T (11)

ucN = uc · nc = (||lc|| ε · nc) · nc = ||lc|| (nc ⊗ nc) : ε = ||lc||Nc : ε (12)

uc
T = uc−ucNnc = ||lc|| ε ·nc−||lc|| ε : (nc⊗nc)nc = ||lc|| ε : (Isym ·n−n⊗n⊗n) = ||lc||Tc : ε (13)

Nc=nc⊗nc and Tc=Isym·nc−nc⊗nc⊗nc are auxiliary projection tensors and Isym = 1
2 [δilδjk+δikδjl]

is the fourth order symmetric identity tensor. The equivalence of macroscopic (M ) and microscopic (m)
virtual work

σ : δε = δWM = δWm =
1

V

∑
c∈V

f c · δuc =
1

V

∑
c∈V

f c · δε · lc = 1

V

∑
c∈V

[f c ⊗ lc] : δε (14)

yields the expression for the stress tensor (with substitution of equations (8) and (9))

σ =
1

V

∑
c∈V

[f c ⊗ lc]sym =
1

V

∑
c∈V

||lc|| (Ncf c
N + [f cT ⊗ nc]sym). (15)

Substituting equations (9), (12) and (13) into (15)

σ =
1

V

∑
c∈V

||lc|| (NckcNucN + [nc ⊗ kcTu
c
T ]

sym) =

=
1

V

∑
c∈V

||lc|| (NckcN ||lc||Nc : ε+ [nc ⊗ kcT ||lc||Tc : ε]sym) = (16)

=
1

V

∑
c∈V

||lc|| 2(kcNNc ⊗Nc + kcT [n
c ⊗Tc]sym) : ε

and comparing (16) with (2) yields the expression for the stiffness tensor

4D =
1

V

∑
c∈V

||lc|| 2(kcNNc ⊗Nc + kcT [n
c ⊗Tc]sym)

Dijkl =
1

V

∑
c∈V

||lc|| 2
[
(kcN − kcT )n

c
in

c
jn

c
kn

c
l + kcT

1

4

(
nc
in

c
l δjk + nc

in
c
kδjl + nc

jn
c
l δik + nc

jn
c
kδil

)]
.

(17)
This estimation of the stiffness tensor is derived from the kinematic constraint, thus it is an upper

bound of the real one. If the real strain state differs too much from the assumed uniform state (strain
localization for instance), the analytical stiffness estimation is no more valid and the stiffness has to be
computed numerically. The aspect of strain localization can be in same cases captured by the imple-
mented periodic boundary conditions, see (Šmilauer et al., 2010) and (Stránský & Jirásek, 2010), but it
will be among other aspects (second order homogenization for instance) subjected to further analysis and
development.
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2.6. Contact analysis

The idea of contact analysis (Frenning, 2009) is very simple and opposite to the multiscale approach.
The material on the large scale is considered to be of a particulate nature and is modeled by particles
using DEM. Each such particle is further modeled by FEM.

There is no strict border between the cases when the solution can be considered as contact FEM
analysis and when it is already DEM. For only a few particles we would probably use the former one, but
when the number of particles is large, the DEM modeling (with its efficient contact detection algorithms)
would be more convenient. This strategy can be actually considered as full FEM, only the contact
detection is ”borrowed” from the DEM program.

DEM FEM

Fig. 6: Illustration of multimethod FEM/DEM contact analysis

3. Implementation

The current implementation serves only for testing of the methods and functionality, therefore not all
features are in public versions of OOFEM and YADE yet. Since this paper is about open source coupling,
the changes will be (after further testing and bug-fixing) of course merged to public versions and will be
available for any potential user/developer.

From the point of view of Python, all important functionality is concentrated into the fakemupif
module, which provides several classes derived from the base FemDemCoupler class. Each such
class has its step method, which is the only needed additional command in comparison with non-
coupled simulations (see the example scripts in the following sections). When the testing is finished,
the functionality (probably with some syntax and internal code modifications, but with same high-level
simplicity) will be implemented into the MuPIF project (Patzák, 2011) to enable coupling with other
programs or other physical models (heat transfer for instance).

Python
MuPIF

OOFEM API YADE API

OOFEM YADE
OOFEM YADE

(module fakemupif)

OOFEM
Python

YADE
Python

interface interface OOFEM
Python

YADE
Python

interface interface

(a) (b)

Fig. 7: Current (testing) (a) and planned (b) implementation

4. Examples

In this section, one specific simple example for each discussed coupling strategy is presented.
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(a) (b) (c)

Fig. 8: Results of surface coupling - soil-tire contact:
simulation setup (a), detail of contact (b) and resulting vertical normal stress in FEM domain (c)

4.1. Surface coupling: soil-tire contact

Simulation of the soil-tire contact, inspired by (Nakashima & Oida, 2004), is presented here. The tire
is modeled by FEM as a linear elastic material, the soil is modeled by DEM as spherical particles. Of
course, in a real simulation we could use a more complicated soil grain geometry, a more advanced (than
just linear elastic) material model for the tire and so on, but for an illustrating and testing example the
present assumptions are sufficient. See figure 8 and codes 1 and 5.

4.2. Volume coupling: three point bending

Fig. 9: Results of three point bending:
initial state (a), undeformed and deformed final state (b) and normal stress (c)

In this example, a simply supported beam was simulated. The whole beam body was simulated by
FEM, only the part with maximal tensile normal stress was simulated by DEM. The vertical displacement
of the middle cross section was prescribed.

Again, the elastic solution is nothing special here, but instead of linear elastic particles we could
use a kind of material model for fracture description (Azvedo & Lemos, 2004), thus the expected crack
initiation and propagation in the middle cross section would be modeled with the help of discrete models.
See figure 9 and codes 2 and 6.

4.3. Multiscale coupling: uniaxial strain

Uniaxial strain (oedometric test) of a sample consisting of two different (linear elastic) materials (with
stiffness ratio 1/2) is simulated in this example. The macro-scale problem is modeled by two brick
elements. Each FEM element has eight integration points. For each integration point, a DEM micro-
scale RVE simulation is performed, in which the FEM prescribed strain is imposed. The resulting stress
and stiffness are transfered back to the macro-scale FEM simulation.

In figure 10, magnified results are plotted. In each material, one micro RVE result is displayed (all
RVEs in the same material, due to the simulation setup, correspond to each other). The results of linear
elastic behavior are not extremely spectacular indeed, but using nonlinear behavior of RVEs (resulting
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Fig. 10: Results of multiscale uniaxial strain test

in higher stiffness when more inter-particle contact occur for instance) could be very useful for certain
applications.

See figure 10 and codes 3 and 7.

4.4. Contact analysis: cantilever shock analysis

In this example, the simulation of a cantilever shock is presented. The shock is caused by the fall of an
impactor – another beam in our example – on the end of the cantilever. Both cantilever and the falling
beam are modeled by FEM, only a detection algorithm is borrowed from DEM. This contact detection
between particles of FEM elements shapes (tetrahedra or bricks) is a typical example of the code, which
is not public yet and needs more testing to be committed to public version. See figure 11 and codes 4
and 8.

Fig. 11: Results of cantilever shock analysis – different stages of impact

5. Conclusions

The basic principles of the most popular FEM/DEM coupling strategies (surface, volume, multiscale and
contact coupling) were presented, together with specific examples and corresponding Python scripts. All
methods can be arbitrarily combined with each other or with different methods/programs (which uses
Python user interface).

As an example, consider a dynamic soil compaction. The compacted soil would be definitely mod-
eled by DEM, the compactor by FEM (here we have surface coupling) and the rest of the soil domain
by FEM. The soil DEM / soil FEM interface would probably be of a volume coupling kind. Of course,
the FEM soil could be modeled using the multiscale approach, and we could go in coupling further and
further.
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This example was just to show the variety of possible coupling combinations and that there are a lot
of real world problems, where such coupled methods could be useful. Together with the simplicity of
creating, modifying and running such simulations and extensibility of the used programs (due to the open
source character of the code) it makes this approach attractive for a variety of engineering problems.

Future work on this topic will address (among others) second order DEM homogenization, adjust-
ment of DEM periodic boundary conditions for arbitrary localization analysis, implementation and test-
ing of Arlequin volume coupling method, implementation of contact detection algorithms of FEM ele-
ment shaped particles and implementation of testing fakemupif interface into MuPIF framework.
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Appendix A. Example scripts and input files

Python scripts controlling examples in section 4 are presented in this section.
Currently, OOFEM simulations use input text files, while YADE constructs the simulation directly

in a Python script. Therefore the OOFEM input files (or a significant parts of them) are followed by the
actual Python scripts.

Since the fakemupif module will be changed and adjusted to MuPIF requirements, the actual
code fakemupif is not presented. However, the simplicity of coupler.step() line (from the user
point of view representing the entire coupling process) should be preserved.

test_surface.oofem.out
surface coupling test - tire-soil contact
LinearStatic nsteps 1000 nmodules 1
vtk 1 tstep_step 20 domain_all vars 2 1 4 primvars 1 1
domain 3d
OutputManager tstep_all dofman_all element_all
ndofman 64 nelem 192 ncrosssect 1 nmat 1 nbc 2 nic 0 nltf 2
node 1 coords 3 -3.000000e-01 0.000000e+00 -1.000000e-01 bc 3 0 0 0
...
node 34 coords 3 0.000000e+00 0.000000e+00 -1.000000e-01 bc 3 1 2 1
...
node 64 coords 3 -1.307587e-01 1.822355e-01 -4.467372e-02 bc 3 0 0 0
ltrspace 1 nodes 4 32 40 42 45 crosssect 1 mat 1
...
ltrspace 192 nodes 4 38 32 55 46 crosssect 1 mat 1
SimpleCS 1 thick 1.0 width 1.0
IsoLE 1 d 0. E 100e9 n 0.4 talpha 0.0
BoundaryCondition 1 loadTimeFunction 1 prescribedvalue 0.0
BoundaryCondition 2 loadTimeFunction 2 prescribedvalue 1.0
ConstantFunction 1 f(t) 1.0
PiecewiseLinFunction 2 npoints 3 t 3 0 500 1000 f(t) 3 0 0.01 0

Code 1: test surface.oofem.in

test_volume.oofem.out
volume coupling test - hanging nodes - three point bending
NonLinearStatic nsteps 50 nmodules 1
vtk 1 tstep_step 1 domain_all vars 2 1 4 primvars 1 1
domain 3d
OutputManager tstep_all dofman_all element_all
ndofman 2478 nelem 1764 ncrosssect 1 nmat 1 nbc 2 nic 0 nltf 1
node 1 coords 3 0.000000e+00 0.000000e+00 0.000000e+00 bc 3 0 1 0
...
node 2478 coords 3 6.000000e+00 3.000000e-01 4.000000e-01 bc 3 0 1 1
lspace 1 nodes 8 2 9 58 51 1 8 57 50 crosssect 1 mat 1
...
lspace 1800 nodes 8 2422 ... 2470 crosssect 1 mat 1
SimpleCS 1 thick 1.0 width 1.0
IsoLE 1 d 0. E 40e9 n 0.2 talpha 0.0
BoundaryCondition 1 loadTimeFunction 1 prescribedvalue 0.0
BoundaryCondition 2 loadTimeFunction 1 prescribedvalue 1e-2
PiecewiseLinFunction 1 npoints 2 t 2 0 50 f(t) 2 0. 1.

Code 2: test volume.oofem.in
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test_multi.oofem.out
multiscale coupling test
NonLinearStatic nsteps 50 nmodules 1
vtk 1 tstep_step 1 domain_all vars 2 1 4 primvars 1 1
domain 3d
OutputManager tstep_all dofman_all element_all
ndofman 12 nelem 2 ncrosssect 1 nmat 2 nbc 2 nic 0 nltf 2
node 1 coords 3 0.0 0.0 0.1 bc 3 1 1 1
...
lspace 1 nodes 8 1 2 3 4 5 6 7 8 crosssect 1 mat 1
lspace 2 nodes 8 4 3 9 10 8 7 11 12 crosssect 1 mat 2
SimpleCS 1 thick 1.0 width 1.0
MultiScaleSMMat 1 d 0. E 40e6 n 0.2 talpha 0.0
MultiScaleSMMat 2 d 0. E 80e6 n 0.2 talpha 0.0
BoundaryCondition 1 loadTimeFunction 2 prescribedvalue 0.0
BoundaryCondition 2 loadTimeFunction 2 prescribedvalue -1e-2
PiecewiseLinFunction 1 npoints 2 t 2 0 50 f(t) 2 0. 1.
ConstantFunction 2 f(t) 1.

Code 3: test multi.oofem.in

test_contact.oofem.out
contact coupling test - cantilever inpact
DEIDynamic nsteps 12000 nmodules 1 dumpcoef 0 deltaT 1e-4
vtk 1 tstep_step 30 domain_all vars 2 1 4 primvars 1 1
domain 3d
OutputManager tstep_all dofman_all element_all
ndofman 90 nelem 32 ncrosssect 1 nmat 1 nbc 2 nic 0 nltf 1
node 1 coords 3 0.000000e+00 0.000000e+00 0.000000e+00 bc 3 1 1 1
...
node 90 coords 3 1.723500e+00 1.744000e+00 -1.000000e-01
lspace 1 nodes 8 2 5 14 11 1 4 13 10 crosssect 1 mat 1 bodyloads 1 2
...
lspace 32 nodes 8 72 75 90 87 71 74 89 86 crosssect 1 mat 1 bodyloads 1 2
SimpleCS 1 thick 1.0 width 1
IsoLE 1 d 1000. E 1e8 n 0.2 talpha 0.0
BoundaryCondition 1 loadTimeFunction 1 prescribedvalue 0.0
deadweight 2 loadTimeFunction 1 components 3 0 0 10
ConstantFunction 1 f(t) 1.

Code 4: test contact.oofem.in
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# example script for surface coupling - soil-tire contact
# first import required modules
import fakemupif
from fakemupif import oofem,yade

nSteps = 1000
output = 50
# then instanciate FEM ...
oofemFile = ’test_surface.oofem.in’
fem = fakemupif.instanciateOofemProblem(oofemFile)
dem = yade.Omega()

# ... as well as DEM problem
dem.materials.append(fakemupif.defaultMat)
c1,c2 = (0,-.015,-.008), (.03,-.004,.017)
c1,c2 = (-.15,-.4,-.15), (.15,-.3,.15)
rect = yade.pack.inAlignedBox(c1,c2)
rad = .005
sphs = yade.pack.randomDensePack(rect,rad,spheresInCell=1000)
dem.bodies.append([sph for sph in sphs])

# DEM BCs
bcw = 3*rad
for b in dem.bodies:

p = b.state.pos
if not (p[0]<c1[0]+bcw or p[0]>c2[0]-bcw): continue
if not (p[1]<c1[1]+bcw or p[2]<c1[2]+bcw or p[2]>c2[2]-bcw): continue
b.state.blockedDOFs = ’xyzXYZ’

#
coupler = fakemupif.SurfaceFemDemCoupler(fem,dem,oofemFile)
dem.bodies.append([facet for facet in coupler.facets])
#

dem.engines=[
yade.ForceResetter(),
yade.InsertionSortCollider([

yade.Bo1_Sphere_Aabb(),
yade.Bo1_Facet_Aabb()]),

yade.InteractionLoop(
[yade.Ig2_Sphere_Sphere_Dem3DofGeom(),

yade.Ig2_Facet_Sphere_Dem3DofGeom()],
[yade.Ip2_CpmMat_CpmMat_CpmPhys()],
[yade.Law2_Dem3DofGeom_CpmPhys_Cpm()]

),
yade.NewtonIntegrator(),
yade.PyRunner(command=’vtk.exportSpheres(); vtk.exportFacets()’,\

iterPeriod=max(1,nSteps/output)),
]
dem.dt = yade.utils.PWaveTimeStep()/2.

# Yade vtk export
import yade.export
vtk = yade.export.VTKExporter(’test_surface.yade’,startSnap=1)

# run
for i in xrange(nSteps):

coupler.step()

# exit
print ’Finished!’
fem.terminateAnalysis()
dem.exitNoBacktrace()

Code 5: controlling script for soil-tire contact simulation
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# example script for volume coupling - three point ending
# first import required modules
import fakemupif
from fakemupif import oofem,yade

# then instanciate FEM ...
oofemFile = ’test_volume.oofem.in’
fem = fakemupif.instanciateOofemProblem(oofemFile)

# ... as well as DEM problem
dem = yade.Omega()
dem.materials.append(fakemupif.defaultMat)
rect = yade.pack.inAlignedBox((2.8,0.0,0.12),(3.2,0.3,0.4))
sphs = yade.pack.randomDensePack(rect,0.02,spheresInCell=1000)
dem.bodies.append(sphs)

#
coupler = fakemupif.VolumeFemDemCoupler(fem,dem,oofemFile)
#

dem.dt = .5*yade.utils.SpherePWaveTimeStep(.02,1000,25e9)
dem.engines=[

yade.ForceResetter(),
yade.InsertionSortCollider([

yade.Bo1_Sphere_Aabb(aabbEnlargeFactor=1.5,label=’is2aabb’)
]),

yade.InteractionLoop(
[yade.Ig2_Sphere_Sphere_Dem3DofGeom(distFactor=1.5,label=’ss2d3dg’)],
[yade.Ip2_CpmMat_CpmMat_CpmPhys()],
[yade.Law2_Dem3DofGeom_CpmPhys_Cpm()]),

yade.NewtonIntegrator(damping=.3),
]
dem.step()
is2aabb.aabbEnlargeFactor = ss2d3dg.distFactor = -1.

# Yade vtk export
import yade.export
vtk = yade.export.VTKExporter(’test_volume.yade’,startSnap=1)

# run 50 steps of simulation and save results
for i in xrange(50):

coupler.step()
vtk.exportSpheres(what=[(’dspl’,’b.state.displ()’)])

# exit
print ’Finished!’
fem.terminateAnalysis()
dem.exitNoBacktrace()

Code 6: controlling script for three point bending volume coupling example
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# example script for multiscale coupling - uniaxial strain
# first import required modules
import fakemupif
from fakemupif import oofem,yade

# then instanciate FEM ...
oofemFile = ’test_multi.oofem.in’
fem = fakemupif.instanciateOofemProblem(oofemFile)

# ... as well as DEM problem
dem = yade.Omega()
demMat1 = dem.materials.append(fakemupif.defaultMat)
demMat2 = dem.materials.append(fakemupif.defaultMat2)

#
coupler = fakemupif.MultiScaleFemDemCoupler(fem,dem,oofemFile)
#

# Yade vtk export
import yade.export
vtks = {}
for gp in coupler.gps:

newScene = dem.addScene()
coupler.scenes.append(newScene)
dem.switchToScene(newScene)
dem.dt = .5*yade.utils.SpherePWaveTimeStep(.001,1000,25e9)
dem.bodies.append(yade.pack.randomPeriPack(.001,.02))
dem.engines=[

yade.ForceResetter(),
yade.InsertionSortCollider([

yade.Bo1_Sphere_Aabb(aabbEnlargeFactor=1.5,label=’is2aabb’)
]),

yade.InteractionLoop(
[yade.Ig2_Sphere_Sphere_Dem3DofGeom(distFactor=1.5,label=’ss2d3dg’)],
[yade.Ip2_CpmMat_CpmMat_CpmPhys()],
[yade.Law2_Dem3DofGeom_CpmPhys_Cpm()]),

yade.NewtonIntegrator(damping=.3),
]
dem.step()
is2aabb.aabbEnlargeFactor = ss2d3dg.distFactor = -1.
vtks[newScene] = yade.export.VTKExporter(’test_multi.yade%d’%newScene)

# run 50 steps of simulation and save results
for i in xrange(50):

coupler.step()
for scene in coupler.scenes:

vtks[scene].exportSpheres(what=[(’dspl’,’b.state.displ()’)])

# exit
print ’Finished!’
fem.terminateAnalysis()
dem.exitNoBacktrace()

Code 7: controlling script for multiscale uniaxial strain simulation
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# example script for contact coupling - cantilever impact
# first import required modules
import fakemupif
from fakemupif import oofem,yade

nSteps = 12000
# then instanciate FEM ...
oofemFile = ’test_contact.oofem.in’
fem = fakemupif.instanciateOofemProblem(oofemFile)

# ... as well as DEM problem
dem = yade.Omega()
dem.materials.append(fakemupif.defaultMat)

#
coupler = fakemupif.ContactFemDemCoupler(fem,dem,oofemFile)
#

dem.bodies.append(coupler.demImages)
dem.engines=[

yade.ForceResetter(),
yade.InsertionSortCollider([

yade.Bo1_Facet_Aabb()
]),

yade.InteractionLoop(
[yade.Ig2_Facet_Facet_Dem3DofGeom()],
[yade.Ip2_CpmMat_CpmMat_CpmPhys()],
[yade.Law2_Dem3DofGeom_CpmPhys_Cpm()]),

]

# run
for i in xrange(nSteps):

coupler.step()

# exit
print ’Finished!’
fem.terminateAnalysis()
dem.exitNoBacktrace()

Code 8: controlling script for cantilever shock analysis
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MODELLING OF DUCTILE FRACTURE FOR SUB-SIZED 
THREE-POINT-BEND GEOMETRY 

L. Stratil*, H. Hadraba**, V. Kozák***, I. Dlouhý****

Abstract: The contribution deals with the simulation of R-curve using complete Gurson model of ductile 
fracture. The R-curve was experimentally determined for a Eurofer97 steel on sub-sized three-point-bend 
geometry in previous study. To apply complete Gurson model the parameters describing the voids´ 
behaviour and characteristic length parameter need to be determined. The nucleation parameters were 
identified by single specimen method of smooth tensile test specimen and from metallographic 
examination of fracture micro-mechanism. The characteristic length parameter was derived by fitting 
load versus deflection curves of sub-sized specimens. The simulations of the tests were carried out by 
FEM software ABAQUS 6.11 in Standard and Explicit modules. The identification was supported by 
parametric studies. Comparing experimental and simulated R-curve the ductile tearing was not 
successfully achieved. Insufficient calibrated parameters as a result non-uniqueness problem of single 
specimen method were found. 

Keywords:  complete Gurson model, single specimen approach, Eurofer97, R-curve 

1. Introduction

Generally, the macroscopic parameters for ductile fracture for example ductility or crack resistance 
curve cannot be directly transferred from one geometry to another. Because of this one if the important 
tasks is to separate parameters describing the ductile fracture from the parameters which describe 
geometry and size effect. Ductile fracture is for the most engineering materials driven by nucleation of 
microvoids, their growth and subsequently in certain cases by their coalescence. From that point of 
view is convenient to obtain the parameters describing the micro-ductile fracture. The failure will be 
then connected with the material behaviour and that could be used for separation of geometry and size 
effect. It is not that case when ductile fracture is connected with macroscopic pseudo fracture 
parameters, because those parameters are evidently influenced by above mentioned effects.  

In the paper (Ødegård et al., 2000) the authors propose a method for determining void nucleation 
parameter. They pursue an idea that for the same material, complete Gurson model should work both 
at low stress triaxiality case (tensile specimens) and high triaxiality case (cracked specimens). The 
void nucleation parameter can therefore be determined from tensile specimens where the mesh size 
has no significant effect. There are two different approaches for application of introduced method 
namely single specimen approach and multispecimen approach. Within these approaches smooth and 
both smooth and notched tensile specimens are used, respectively. Once the void nucleation 
parameters are determined, the remaining characteristic length parameter which describes the strain 
gradient effect can be fitted from fracture mechanics tests. If these parameters are known and verified, 
they can be used as transferable parameters between different components. 
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The contribution deals with determination of ductile fracture parameters for advanced Eurofer97 
steel developed for fusion/fission power generation using complete Gurson model. Apart from getting 
be familiar with Gurson model, the possibility to derive the Gurson parameters from smooth tensile 
specimens was verified. The identified parameters were used for simulation of R-curves which were 
measured by single and multispecimen method using sub-sized three-point-bend specimen type of 
KLST by Dlouhý et al. (2011) in previous study.  

In the following, the complete Gurson model is described first. Next the applied procedure of 
parameters identification from tensile test is introduced. Then the results of R-curve simulation are 
compared and discussed with experimentally determined ones. At the end the conclusion of the study 
is presented. 

2. Complete Gurson model 

The Gurson model describes the plasticity of material via behaviour of void in ideal-plastic Mises 
material (Ødegård et al., 2000). The material described by Gurson model behaves like continuum 
within it is the void effect averaged. That connects the microscopic and macroscopic behaviour of the 
material. The yield function of the Gurson model has the following form: 
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where f is the void volume fraction, m%  is the mean normal stress, q is conventional von Mises 
equivalent stress, % is the flow stress of the matrix material, 1q , 2q are constants introduced by 
Tvergaard (1981, 1982). The function � �ff *  was applied by Needleman & Tvergaard (1984) to 
model rapid loss of the material stress-carrying capacity after the occurrence of void coalescence as 
observed during the test. This function is expressed as follows: 

ff �* for cff $                                                            (2) 
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where 1
* /1 qfu � . The complete loss of load-carrying capacity occurs at Fff �  i.e. ultimate void 

volume fraction. 

The function becomes more predominant once the void volume fraction f exceeds a critical value cf . 

The increase in void volume fraction consists of two terms: the nucleation of new voids and growth of 
existing voids. It can be written as: 

grnucl fff (�(�( .                                                       (4)              

The symbol (  represents the increment in the quantity. 

The complete Gurson model can simulate microvoid nucleation, growth and by introducing 
empirical void coalescence criterion the void coalescence. For existing voids the model can describe 
the softening effect caused by the voids on material behaviour and at the same time can predict the 
void growth rate during plastic deformation. Void nucleation can be stress controlled or strain 
controlled. In the literature, strain controlled nucleation has been preferred, because it is easier to 
handle in the finite element implementation. Different materials may have different nucleation laws. 
For many engineering materials which contain large inclusion voids can be nucleated during the early 
stage of plastic deformation. For such a materials, a cluster mode may be used to simulate the void 
nucleation (parameter f0). For materials where voids are nucleated from carbides or intermetallic 
phases a continuous or statistical void nucleation model (parameter fn) may be applied. For material, 
where neither one of models is suitable, complex model consisting of their combination should be 
used. Because the laws describing voids growth and nucleation cannot itself treat void coalescence, the 
complete Gurson models contains one empirical treatment of it called critical volume fraction (fc). The 
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coalescence occurs via faster growth rate when a critical void volume fraction has been reached. The 
void coalescence will be finished (material load carrying capacity becomes zero) when the void 
volume fraction reaches another value – the volume fraction at final failure (fF). 

When the Gurson model is applied to the ductile fracture problem, the void nucleation parameter 
and crack tip mesh size need to be determined. The void nucleation parameters can therefore be 
determined from tensile specimen, where the mesh size has no significant effect. The crack tip mesh 
size, which is described by the characteristic length lc, can be then determined from fracture mechanics 
tests, where the effect of mesh size is significant (Ødegård et al., 2000). 

The ductile behaviour of the material is described by its stress-strain curve and ductile fracture 
behaviour is in the case of complete Gurson model characterized by eight parameters: q1, q2, f0, n+ , sn, 
fn, fc, fF. Parameters q1 and q2 describe growth of voids, n+ and sn together with fn describe the 
statistical nucleation model. 

Abaqus explicit module can be used for simulation of damage of material. Its benefit is also lower 
computational cost comparing with standard module. But certain issues should be resolved before its 
application i.e. the effect of applied velocity and its comparison with solution of standard module. 

2.1. Derivation of Gurson parameters 

To derive the Gurson parameters the single specimen approach was applied. This methodology 
involves the description of ductility of the material from smooth tensile test (trace load-elongation or 
load-diameter reduction). When ductility of the material is known, the optimal nucleation parameters 
(f0, fn), which give the best fit to the experimental results, can be obtained. The results of tensile tests 
were used from study (Dlouhý et al., 2011). Only smooth tensile specimen results as a load vs. 
elongation were available. 

To choose which nucleation model, if cluster or continuous nucleation, should be applied, 
metallographic study of micro-void nucleation mechanism was performed. The broken parts of tensile 
specimens were longitudinally cut and specimens were prepared by standard metallographic processes. 
The voids were revealed by mechanical-chemical polishing with OPS suspension (colloidal solution 
with fine particles of silicon carbide). The specimens were then studied using scanning electron 
microscopy (JSM 6460, Jeol) and quantification of voids fraction was performed by image analysis. 
The images from the corresponding sites of specimens were acquired at different magnification. The 
examination revealed that voids nucleate just in the neck region and no voids were observed in 
uniformly deformed part of specimen. This fact exclude the cluster nucleation model as a possible 
description of void nucleation mechanism and leaving its value f0=0. The value of void volume 
fraction from region near to the fracture surface 0.011 was chosen as fc. It is important to note that the 
values of void volume fraction were magnification dependent. With higher magnification, the void 
volume fraction was higher. The void volume fraction was determined at value of magnification which 
was the most relevant also for observation of precipitates in studied steel thus 2500 times. The value of 
void volume fraction fF and the values of parameters describing void growth q1 and q2 were chosen as 
recommended in literature (Ødegård et al., 2000; Dutta et al., 2008) thus 0.15, 1.5 and 1.0, 
respectively. The statistical nucleation model was applied by choosing recommended values of 

n+ =0.3, sn=0.1 (Ødegård et al., 2000) and parameter fn was fitted to experimentally determined trace 
load-elongation. The axisymmetric model of tensile specimen was created consisted from 1160 
elements type of CAX4 (4 nodes, reduced integration) using ABAQUS 6.11 software. The loading 
was displacement driven. The stress-strain curve of the steel prior to necking was given by the true 
strain and true stress computed from experiments. In order to obtain true response in the post-necking 
regime up to final failure the relevant part of true stress-true strain curve was fitted by iterations, until 
the response load vs. elongation from finite element simulation was comparable with experimental 
results. It was found that fn=0.001 gives good fit to the experimental data Fig. 1. By obtaining 
parameter fn the process of their identification has finished.  
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Fig. 1: Experimental and computed tensile curves. 

Fig. 2: Experimental and computed three-point-bend traces load-deflection. 

2.2. Determination of characteristic length parameter 

The 3D models of the tested KLST specimens were built according to (Dlouhý et al., 2011). Using 
symmetry only one quarter of specimen was modelled. The meshes with various elements´ size in 
process zone, where the crack propagation was prescribed, were created using the elements with 
square cross-section and with size ranging from 10 μm to 100 μm. In dependence on the specimen 
mesh the models consisted from 20.103 to 45.103 elements of C3D8R (8 nodes, reduced integration). 
From comparison of experimental and simulated curves the mesh with element size 22 μm fits the best 
to the results Fig. 2. Based on that element size characteristic length parameter lc=22 μm was obtained.  

3. Comparison of computed and experimental R-curves 

The explicit module in ABAQUS naturally does not allow determination of the J-integral. Its values 
were determined from load-displacement curve according to the standard determination like for 
fracture mechanics test (ISO 12135:2002). The ductile tearing at different deflection was determined 
by counting the elements, where void volume fraction reached value of fF. Comparison of 
experimental and computed R-curves is shown in Fig. 3. 
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Fig. 3: Computed and experimentally determined R-curves. 

4. Discussion of results 

The simulated R-curve fits with experimental one within its upper parts. However, the J-initiation 
values and values of J-integral up to about 0.2 mm of crack extension are considerably overestimated. 
That is not problem of values of J-integral counted from load-displacement curve but of crack 
extension. The crack propagation up to 0.2 mm is slow because model behaviour is too stiff. The slope 
of R-curve seems to be right, but the curve should be turned or shaped. It could be changed just by 
parameters of Gurson model. Thus it seems to be that the parameters were not successfully identified. 
In fact it is disadvantage of single specimen approach of nucleation parameter identification, which is 
non-uniqueness problem. The same fit to the tensile test data can be obtained by fitting parameter of 
nucleation model and at the same time by fitting parameter of cluster model (Dutta et al., 2008). But 
the latter was reliably excluded on the basis of metallographic examination. However, this above 
mentioned non-uniqueness problem can be resolved by using multispecimen approach. Both smooth 
and notched tensile specimens are used. The results from those tests serve for construction of a 
ductility diagram (fracture strain vs. a representative stress triaxility from specimen center). Within 
that approach various geometries of specimens cover a wide range of stress triaxiality. If two 
nucleation models yield same results at smooth specimen (low triaxiality), they will certainly give 
different results at notched specimens (high triaxiality), vice versa.  

The shape of R-curve predicted by using the nucleation parameter from tensile tests may be 
different to the experimentally one. There are several factors which may contribute to this discrepancy 
(Ødegård et al., 2000). Also appropriate choice of Gurson model parameter values, which were treated 
as fixed in present study, is questionable. In this contribution, fixed values of Tvergaard parameters q1 
and q2 are applied. In general, q1 and q2 are also dependent on the hardening exponent n. In the study 
(Faleskog et al., 1998) values of q1and q2 was tabulated as a function of n. The question is if the 
Gurson model is suitable for Eurofer97 steel. The problem could be also Gurson model itself. It is 
known that this model works well for many engineering material but certainly not for all. 

5. Conclusion

In this study the process of identification of complete Gurson model parameters was carried out. The 
parameters describing the voids´ behaviour and characteristic length parameter need to be determined. 
In first, the identification process of nucleation parameters was applied using single specimen 
approach from results of smooth tensile specimen. The identification procedure was supported by 
examination of fracture mechanism via micro-void nucleation. Next, the characteristic length 
parameter was derived by fitting load versus deflection curves of sub-sized three-point-bend geometry. 
Difficulty was encountered while computing R-curve of fracture specimens using identified 
parameters in agreement with the experimental data. Insufficient calibrated parameters as a result non-
uniqueness problem of single specimen method were found. The possibility of multispecimen 
approach of nucleation parameters identification and also performance of Gurson model for Eurofer97 
steel will be studied further. 
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VERIFICATION OF RAPID METHOD FOR DETERMINING THE S-N
CURVE IN LIMITED LIFE REGION

P. Strzelecki*, J. Sempruch**

Abstract: The paper presents the method for determining the S-N curve in limited life region. To verify 
the method, C45material was tested to estimate fatigue characteristics. The load was applied by rotating 
bending and the testing equipment used had been designed by us. The data analysis confirms a good 
functioning of the testing machine. The verification of the method proposed and the results are presented. 

Keywords: fatigue design, S-N curve, high-cycle fatigue, accelerated method

1. Introduction 
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2. Experimental procedures 
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3. Method of verification 
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Fig. 1. a) Figure of the sample b) S-N curve for C45+C 
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4. Results of verification 
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Tab. 1: Results of statistical calculations  

Statistics type Method given in the 
paper 

Strzelecki & Sempruch 
(2011)

FITNET method Method by Lee Yung-Li 
et al. (2005)

ta -1.063 2.163 -3.099
tb 1.435 -2.506 3.242

pvalue (97.5%,ta) 22.1% 4.36% 0.66%
pvalue (97.5%,tb) 14.1% 2.27% 0.48%

t(97.5%,19) 2.093
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Fig. 2. Diagrams of fatigue curves according to experimental (black line) and analytical methods by 
Strzelecki & Sempruch (2011) (blue line), FITNET (green line) and 

Lee Yung-Li et al. (2005) (violet line)
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PRESTRESSED CONCRETE SLEEPER UNDER EXTREME LOADING 
CONDITIONS 

J. Sýkorová*, J. Bártová**, P. Štemberk*** 

Abstract: Prestressed concrete sleepers are among the most common structural components of the 
railway tracks. Nowadays, the majority of railway sleepers are made of prestressed concrete. During 
their service life, the sleepers are subjected to extreme loading conditions, which may drastically reduce 
the span of their service life. This paper focuses on the optimized design of prestressed railway sleeper 
subjected to extreme loading conditions, which represented here by the impact of a flat wheel and by the 
cyclic loading. 

Keywords:  Extreme loading, prestressed concrete sleeper, optimization, cyclic loading, fatigue. 

1. Introduction 

The classical railway track consists of the rails, fasteners, sleepers, ballast and underlying subgrade 
(Fig. 1). The railway sleepers lie on the ballast transversally to the rails, which supports and holds 
them in place, and provides drainage and flexibility. The sleepers transfer the loads from rails to the 
ballast and subgrade, hold the rails to the correct gauge, restrain longitudinal and lateral rail 
movements, and provide strength and stability to whole track structure. That is why the concrete 
sleepers are the essential components of the track structure. It is obvious that the sleepers are subjected 
to extreme loading conditions and their design should be provided with high attention. 

 

 

Fig. 1:  Components of classical railway ballast track 
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This paper focuses on explanation of the design of prestressed concrete sleeper when the emphasis 
is put on optimization of the shape of the sleeper and position of prestressing wires with respect to the 
load distribution and extreme loading conditions caused by impact of flat wheel and cyclic loading. 

2. Loading of railway sleepers 

The whole railway track is subjected to static and dynamic load, which is caused by train 
transportation. The magnitude of this load depends on many factors. The main factors are the 
geometry of the railway track (straight or curved), type of the train, travelling speed of the train, 
maintenance of the railway vehicles and also the ballast reaction on the sleeper. 

The design static wheel load per rail seat for standard railway tracks is 125 kN, which roughly 
corresponds to the maximum speed of 160 km/hour. But it should be also noted that the railway tracks 
often suffer from extreme loading conditions. The extreme loading is attributed to the wheel and rail 
abnormalities or missing subgrade under parts of the sleeper. The rail and wheel abnormalities are, for 
example, the flat wheels (Fig. 2), wheel corrugation, out-of-round wheels, dipped rails, etc. 

 

 
Fig. 2:  Illustrative example of extremely flat wheel 

 

These defects can cause loading of a very high magnitude but short duration and the occurrence of 
such loading is of low probability during the design life of the railway sleeper (Kaewunruen & 
Remennikov, 2009). The magnitude of the dynamic impact loads per rail seat varies from 200 kN up 
to 750 kN (Remennikov & Kaewunruen, 2008). These forces may cause cracking and failure of the 
sleeper (Sýkorová, et al., 2011). 

Railway sleeper is a structural element which is subjected to cyclic loading during its entire service 
life. The cyclic loading causes fatigue of concrete, which results in permanent progressive changes in 
the structure of the material. These changes can cause crack, or micro-crack, propagation which 
consequently reduces stiffness of the structure, which in the extreme case can lead to fatigue failure. 
The fatigue damage of concrete can be assessed by using the fatigue damage function. This function 
expresses the decreasing of stiffness of the structure by decreasing the value of the modulus of 
elasticity during the cyclic loading (Foglar, 2008; Sýkorová et al., 2008). 

3. Numerical analysis of railway sleeper 

The resulting shape of the sleeper was obtained by the optimization of the shape of the standard B70 
prestressed concrete mono-block sleeper. The prestressing force and the position of prestressing wires 
are then determined accordingly for the optimized shape of the sleeper. 
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3.1. Optimized design of the concrete sleeper for the standard load and the impact of flat wheel 

In the following, the problem is divided into two cases. The first case is related to the design of the 
sleeper to withstand the standard load of 125 kN per rail seat. The second case deals with the design of 
the same prestressed concrete sleeper to withstand the load of 400 kN per rail seat, which represents 
the impact of the flat wheel. In general, the resulting shape of the sleepers resembles that of the 
standard B70 when the height and the width of the sleeper are slightly increased. Also, the prestressing 
forces are induced by a similar distribution of the prestressing wires, whose arrangement reflects the 
increased loading conditions. The resulting shape and the distribution of prestressing wires are shown 
in Fig. 3 and Fig. 4. 

 

 
Fig. 3:  Shape of optimized railway sleeper 

 

 
Fig. 4:  Cross-sections of analysed sleepers: rail seat (left), mid-span (right) 
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The necessary prestressing reinforcement is provided with the identical prestressing wires with the 
proof test of 1860 MPa. The sleeper with standard load of 125 kN on both rail seats is prestressed with 
10 wires with the diameter of 6 mm. The sleeper designed for impact load of 400 kN on both rail seats 
is prestressed with 12 wires with the diameter of 8 mm. The 28-day compressive strength of concrete 
used in the analysed sleeper must be greater than 50 MPa, which is a common value for prestressed 
concrete sleepers, such as the B70. 

The distribution of the contact stresses under the analysed sleeper, which corresponds to the 
stiffness of the ballast and the underlying subgrade layers, is schematically depicted in Fig. 5. 

 

 
Fig. 5:  Distribution of contact stresses under analysed railway sleeper 

 

The numerical analysis was performed with the commercial software ESA Engineer 2008, which 
is based on the finite element method. The load configuration shown in Fig. 5 was considered in the 
analysis and the resulting distributions of the bending moment for both the load cases (F=125 kN and 
F=400 kN) are shown in Fig. 6. This identical bending moment distribution was considered in the 
optimization of the shape and the peak positive and the peak negative bending moments were 
considered in determination of the presstressing force. 

 

 
Fig. 6:  Bending moment distribution (in kNm) for load: 2 x 125 kN (left), 2 x 400 kN (right) 

 

 

Fig. 7:  Normal stress distribution (in MPa) from combination of prestressing and forces of 125 kN 
per rail seat: upper surface (left), lower surface (right) 
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The normal stresses at the upper and lower surfaces of the sleeper under the standard load of 125 
kN per rail seat, corresponding to the bending moment distributions shown in Fig. 6, are shown in Fig. 
7 and the maximum and minimum values at the mid-span and the rail seat cross sections are 
summarized in Tab. 1. 

 
Tab. 1: Maximum and minimum normal stresses. 

Load 

Stress (MPa) 

Upper surface Lower surface 

Mid-span Rail seat Mid-span Rail seat 

2 x 125 kN 7.7 -6.8 -6.8 5.5 

2 x 400 kN 27.3 -18.7 -24.3 14.9 

Prestressing and 2 x 125 kN -1.7 -5.3 -11.9 -0.7 

Prestressing and 2 x 125 kN -27.1 -1.1 -11.2 -14.5 

 

3.2. Cyclic loading 

The railway sleeper is subjected to cyclic loading which causes fatigue of concrete. The analysis of the 
prestressed concrete sleeper under fatigue load is done for the sleeper with standard load of 125 kN on 
both rail seats. 

The most important characteristic when analysing the fatigue behaviour of concrete is the decrease 
of stiffness, which is calculated here by using fatigue damage function (Foglar, 2008; Sýkorová et al., 
2008). This function depends on the total number of load cycles and the load level. The total number 
of load cycles which the prestressed concrete railway sleeper can resist during its service life, was 
determined by formulae in Eurocode 2 (CEN, 2005) as 80 millions. With respect to the maximum and 
minimum compressive stresses in the cross section under the rail seat, the load level is determined as 
0.44. The initial average secant modulus of elasticity for concrete C50/60 is 37 GPa. Based on the 
fatigue damage function defined using the above values, the decrease of stiffness, which is expressed 
in terms of the modulus of elasticity, is shown in Fig. 8. 

 

 
Fig. 8:  Decrease of modulus of elasticity of the sleeper during entire service life 
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From Fig. 8, it is obvious that the modulus of elasticity decreases rapidly during the first few 
hundred thousands of load cycles and then again at the end of its service life. During the first 10 per 
cent of all load cycles the mean value of the modulus of elasticity decreases from the initial value of 
37 GPa to 26.2 GPa. Such reduction of stiffness results in greater deformations and even in cracking 
and thus in reduction of the expected service life. 

4. Conclusions 

This paper presented an analysis of prestressed concrete railway sleeper subjected to two types of 
extreme loading conditions. 

Railway sleeper can suffer during its service life from impact load caused by flat wheels. The 
occurrence of this impact load is of low probability during the design life of the railway sleeper, but 
once it happens the sleeper sustains ultimate damage, which requires replacement of the sleeper. 
Therefore, the standard shape of the sleeper known as B70 was optimized and the prestressing force 
designed so that it can withstand the impact load of 400 kN instead of the ordinary 125 kN per rail 
seat.  

Railway sleeper is also structure which is subjected to cyclic loading. Cyclic loading of the railway 
sleepers commonly exceeds 80 millions of cycles during their service life which is commonly more 
than 40 years. Therefore, the optimized railway sleeper was analysed for the effect of cyclic loading 
which causes fatigue of structural elements. For the analysis of reduction of stiffness during the cyclic 
loading was used cyclic damage function. 
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MATERIAL PARAMETERS OF CEMENT AND ALKALI ACTIVATED
FLY ASH CONCRETE MIXTURES

LABORATORY MEASUREMENTS AND NUMERICAL SIMULATION

M. Šejnoha, * M. Brouček, ** E. Novotná, *** D. Lehký, † P. Frantı́k, ‡ Z. Keršner †‡

Abstract: The paper reports on the determination of basic mechanical material parameters of several
concrete and alkali activated concrete and fly ash mixtures intended for the construction of segmental
lining used in TBM tunneling. The results of an extensive experimental program are discussed first. The
principal attention is accorded to the experimental determination of specific fracture energy, which, when
compared to numerical simulations, shows certain inconsistency with the measurements of other material
data. This is supported by the derivation of the data from inverse analysis employing the elements of soft
computing. Dynamic simulation of crack propagation experiments is suggested to reconcile the essential
differences and to identify the most important impacts affecting the results of experimental measurements.

Keywords: Alkali activated fly ash, Concrete, Fracture energy, Finite element simulation, Soft comput-
ing.

1. Introduction

Massive increase of CO2 emission in recent years has supported a considerable effort towards substi-
tution of ordinary Portland cement by alkali-activated aluminosilicate materials such as fly ash in the
production of concrete. Using fly ash as admixture in cements is now common in many applications.
Full substitution for large scale structural units, however, is still at its infancy and to foster its progress
beyond laboratory samples will require fundamental understanding of what is occurring already on the
level of paste during alkali-activation process. Starting with recent accomplishments by Smilauer et al.
(2011) we expect considerable activity in this field in the coming decade.

This topic, however, goes beyond the present scope. Instead we focus our attention on the macro-
scopic evaluation of the response of various mixtures of concrete and alkali-activated materials with
emphases on the influence of fly ash replacing either a certain portion or an entire amount of cement. We
report on both experimental and numerical part of this research effort as these should be considered on
the same footing to mutually corroborate the obtained results.

Motivated by possible applications of these mixtures in the production of the segments of lining often
used in hostile environment we set up an extensive experimental program that includes on the one hand
small scale laboratory measurements of basic material parameters, material degradation due to activity
of acid solutions, and on the other hand full scale measurements of resistance of lining segments to fire.

The present contribution is limited to the first part of this program aiming at quantification of indi-
vidual mixtures with regard to their mechanical material data in the light of the required strength corre-
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e-mail:kitnarf@centrum.cz
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sponding to concrete C50/60. The results of numerical simulations of selected tests are also present to
warn engineers against blindly accepting the provided laboratory data which might not be suitable for
intended numerical analysis on a structural level.

The remainder of this paper is organized as follows. Section 2. provides the list of examined mixtures.
The results of experimental investigation are summarized in Section 3. Numerical part embracing also the
identification of material parameters based on fracture energy measurements is described in Section 4.
Brief summary is finally provided in Section 5.

2. Concrete and alkali activated mixtures

We begin by providing the list of examined concrete and alkali activated mixtures. Eight mixtures in
overall were proposed. Two mixtures in particular assumed total replacement of concrete by fly ash
activated by strong alkaline liquids such as a mixture of NaOH pellets dissolved in tap water and sodium
silicate in the form of water glass. Low-calcium fly ash coming from the Mělnı́k (FAM) and Opatovice
(FAO) thermal electric power plants, the Czech Republic was used. Half the mixtures were further
modified by adding 0.5% of volume of synthetic fibers Forta-Ferro. This amounted to 4.5 kg of fibers
per 1 m3 of the mixture.

The following notation is introduced to distinguish individual mixtures: C - Cement based concrete
(reference mixture), POP - Alkali-activate fly ash, Fi - mixture containing fibers, FAC-1(2) - mixtures
with partial replacement of concrete by fly-ash. All the mixtures considered the same grading curve.
Specific fractions of stone grains are listed in Table 1. Individual mixtures are stored in Table 2.

Tab. 1: Fraction of grains
Fraction Amount per 1 m3 of mixture in [kg]

0/4 705
3/8 130
8/16 865

Tab. 2: List of selected mixtures

Material Amount per 1 m3 of mixture in [kg]
Mixture→ C FAC-1 FAC-2 POP
CEM I 52,5 R 460 322 322 -
limestone powder 40 40 40 -
Water 150 150 187 51
Fly ash 138 (FAM) 276 (FAM) 400 (FAO)
NAOH - - - 29,4
Water glass 34% - - - 127,5
Slaked lime - - - 12
Glenium ACE 4.2 4.2 4.2 12

It will be seen in the next section that all cement based mixtures exceeded the required compressive
strength of 50 MPa. Inability of alkali-activated mixtures (POP, FiPOP) to reach this value can be at-
tributed to the insufficient curing temperature of about 40− 45◦C which was chosen to meet the massive
production feasibility.

3. Experimental program

Standard laboratory measurements were carried out at the Klokner Institute in Prague to obtain elastic
moduli, cubic compressive strength and strength in transverse tension. While cubic specimens having
edge length of 150 mm were used to measure strength properties (fc,cube, ft), 300×150×150 mm prisms
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were manufactured to acquire the values of Young’s moduli. These specimens were further utilized to
provide the uniaxial compressive strength fc,prism. All measurements were performed 28 days since the
time of their production. The results appear in Table 3.

Tab. 3: Material properties

Notation Elastic modulus Compressive strength Transverse tension strength Fracture energy
E [GPa] fc,cube/fc,prism [MPa] ft [MPa] Gf [N/m]

C 38.5 84.7 / 72 4.4 207.4
220.3, 190.3

FiC 39.5 78.0 / 65 3.7 -
FAC-1 40.1 66.3 / 59 3.1 190.9
FiFAC-1 39.7 61.3 / 63 3.1 -
FAC-2 - 54.0∗ (71.0∗∗) - -
FiFAC-2 - 48.2∗ (69.9∗∗) - -
POP 18.9 36.2 / 28 2.9 112.3
FiPOP 20 39.5 / 30 2.9 -

To address the expected pozzolanic reaction the samples corresponding to mixtures FAC-2 and
FiFAC-2 with increased amount of fly ash were tested after 60 (∗) and 180 (∗∗) days of curing. The
measured values of cubic strength confirm the ongoing pozzolanic reaction even without alkaline activa-
tors. Unfortunately, the applicability of structural elements made from these mixtures might be limited
by low strength at early time of curing.

3.1. Specific fracture energy

A particular attention was dedicated to the determination of fracture energy from a three-point bending
test displayed in Fig. 1(a). Three notched specimens for each mixture having dimensions 150×150×700
mm with a notch depth of 25 mm were tested in a displacement-controlled loading regime at the rate of
0.05 mm/min up to 0.2 mm of crack mouth opening displacement (CMOD) and at the rate of 0.2 mm/min
until failure. Averages calculated for individual mixtures are available in the last column of Table 3.
Although specimens containing fibers were also tested, the corresponding values are not provided owing
to the uncertainty in the calculation of this value from associated loading diagrams. Some representatives
are plotted in Fig. 1(c) showing relatively large residual strength up to 30% of the peak value.

(a)
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Fig. 1: Three-point bending test: (a) Computational scheme, (b) Experimental set-up, (c) Selected load-
ing diagrams
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4. Numerical simulation

This section offers the possibility of estimating the material parameters from fracture-mechanics tests by
matching the experimentally measured and numerically derived loading curves. At the same, it raises
a number of questions regarding the reliability of the results provided by either of the two methods if
these are not mutually corroborated. The macroscopic loading curves of two selected concrete specimens
denoted as C1 and C2 plotted in Fig. 3 as black solid lines were selected as our point of departure.

4.1. Static simulation of fracture energy test

To begin with, we adopted a simple trial and error method. The associated results stored in Table 4 are
labeled as IDTE Mesh-TE where Mesh-TE denotes the finite element mesh seen in Fig. 2(a).

(a) (b)

Fig. 2: Finite element meshes adopted in numerical simulations: (a) Mesh-TE, (b) Mesh-NN

The ATENA finite element code (Červenka et al. (2007)) was used to simulate the three-point bend-
ing test numerically. A 3D Non Linear Cementitious 2 material model was selected to govern the gradual
evolution of localized damage. The model is formulated in the total format assuming small strains and
initial isotropy of a material. The tensile behavior is governed by the Rankine-type criterion with expo-
nential softening while in compression, the Menétrey-Willam yield surface with hardening and softening
phases is used. The fracture model employs the orthotropic smeared crack formulation and the fixed
crack model with the mesh adjusted softening modulus. This model is defined on the basis of charac-
teristic element dimensions in tension and compression to ensure the objectivity in the strain-softening
regime. The required material parameters are presented in Table 4

Tab. 4: Material data of 3D Non Linear Cementitious 2 model for two specimens C1/C2

Parameter IDTE Mesh-TE IDNN Mesh-NN IDNN Mesh-TE
Elastic modulus [GPa] 48 / 55 82∗ / 96∗ 82 / 96
Poisson’s number [-] 0.2 0.2 0.2
Tensile strength [MPa] 3.8 / 4.5 2.7∗ / 2.9∗ 2.7 / 2.9
Compressive strength [MPa] 72 72 72
Specific fracture energy [N/m] 70 / 60 228∗ / 206∗ 228 / 206
Specific weight [kN/m3] 24.7 24.7 24.7

The material parameters employed in this case study are introduced in the first column of Table 4
(IDTE Mesh-TE). The objective was to use the experimentally obtained data if possible while attempting
to match the available loading curves. While the Young’s moduli and tensile strengths received only
minor adjustment if compared with the measured values in Table 3, the specific fracture energy required
a significant reduction to match measured and simulated loading curves reasonably close; compare the
black and red solid lines in Fig. 3. Compare also model fracture energies in the 1st column of Table 4
and the corresponding ones available in the 2nd row of Table 3. These results are the first indication as to
the inadequacy of the measured fracture energy to be used as a geometry independent material parameter
in full scale structural simulations.

4.2. Numerical derivation of material data from inverse analysis

Quite severe deviations between measured and numerically estimated specific fracture energies provided
by a simple direct approach promoted the application of a more rigorous type of inverse analysis adopting
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Fig. 3: Measured and numerically derived loading curves for two concrete specimens: (a) C1, (b) C2

the elements of soft computing (Novák and Lehký (2006); Lehký and Novák (2009)). Herein, we report
on the approach combining artificial neural network (ANN) and finite element method.

Again the ATENA code was used to perform numerical simulations. The corresponding finite el-
ement mesh appears in Fig. 2(b). Based on sensitivity analysis (Novák et al. (1993)) we considered
Young’s modulus E, tensile strength ft and specific fracture energy Gf be subject to identification. These
are labeled with (*) in Table 4. Other material data were assumed fixed either provided by experiment
such as the compressive strength fc,prism or assigned default values offered by the program for the selected
material model.

As for the searching strategy, the implemented artificial neural network is of a feed-forward mul-
tilayer type. The network consisted of 3 inputs, one hidden layer having 5 neurons with non-linear
transfer function (hyperbolic tangent) and output layer having 3 neurons with a linear transfer function.
Each of the output neurons corresponds to one of the identified parameter. The size of training set was
set to 50 samples generated using the Latin Hypercube Sampling method (McKay et al. (1979)). To train
ANN Levenberg-Marquardt optimization method (Singh et al. (2007)) and genetic algorithms (Haupt and
Haupt (2004)) were used. Once ANN was trained the experimental response was used to obtain identi-
fied parameters. With this set of parameters numerical analysis was carried out and resulting response
was compared with the experimental one. The resulting loading curves corresponding to identified pa-
rameters in Table 4 are plotted as solid green lines (IDNN Mesh-NN) in Fig. 3.

Note that while the identified values of Gf are in a very good agreement with those provided by
experiment, recall the 2nd row in Table 2, the identified values of Young’s moduli are unrealistically
high especially when compared to the measured ones. Further indication suggesting that the measured
values of fracture energy can hardly be accepted as material parameters for structural analysis is a strong
dependence of the results on finite element mesh evident from plots in Fig. 3, blue solid lines labeled as
IDNN Mesh-TE. These were found after running the numerical analysis with identified data but adopting
the unstructured coarse mesh in Fig. 2(a). It is reasonable to expect that for large scale structural analysis
the adopted finite element mesh would be even coarser.

4.3. Dynamic simulation of fracture energy test

Learning from experience (Keršner et al. (2011)) a number of issues might be examined to provide solid
explanation for inconsistency between experimental results and numerical simulations. The principal im-
pact factor affecting the experimental results can be attributed to the relatively fast rate of loading which
should be reflected in numerical simulations by accounting for inertia properties of the components of
loading test setup. Dynamic simulation of the crack propagation test discussed already by Frantik (2008)
can provide explanation to a high initial stiffness, recall the results of identification analysis, by in-
corporating the viscous damping of the specimen. This causes a slower stress distribution inside of the
specimen and consequently leads to higher forces during fast loading. Other issues worth of future inves-
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tigation include significant oscillations of time series of vertical displacements, unsymmetrical bending,
etc.

5. Conclusions

The present contribution summarizes the experimental part of the project concerned with the modeling
of TBM based tunneling in densely populated areas. Emphases were given to the experimental investi-
gation of several cement and alkali activated fly ash based concrete mixtures. With principal attention
paid to the specific fracture energy we attempted to confirm the experimental measurements by an inde-
pendent numerical simulation of a three-point bending test employing the ATENA finite element code.
Both simple trial and error method as well as more rigorous ANN based identification method were ex-
ercised. Both approaches revealed unreliability in the direct use of experimentally measured values of
fracture energy as a material parameter. Most probably, this could be attributed to the applied rate of
loading, which should be at least 10× smaller to comply with the assumption of static analysis generally
neglecting the viscous effects. This issues will be the subject of further research. Attention also deserves
a considerable dependence of the results of simulations on the finite element mesh promoting similar
mesh coarseness used in lab experiments and structural simulations at least in areas prone to damage
evolution.
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from the Klokner Institute in Prague for executing the experimental program.

References
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model for alkali activation of fly ash and metakaolin, Journal of Material Sciece, Vol 46, No.20, pp 6545–6555.
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Energy Tests: Specimens (C30/37 H), II (C25/30 B3), III (C25/30 XC1 GK16), IV (C20/25 XC1 GK16),
Internal Report, Brno University of Technology, Faculty of Civil Engineering, Institute of Structural Mechanics
and Institute of Building Testing.

1292 Engineering Mechanics 2012, #234



RESISTANCE OF CONCRETE WITH FLY ASH CONTENT UNDER 
THE RWS CURVE FIRE LOADING 

M. Šejnoha*, M. Brou�ek**, E. Novotná***, J. Sýkora**** 

Abstract: The first part of the paper presents the results obtained from large scale fire experiments on 
reinforced concrete panels 1.5 x 3.0 meters and small scale high temperature experiments on cubes with 
a side length equal to 0.15 meters. Concrete mixtures with large content of fly ash as a binder were 
selected for large scale experiments whereas cubes were made of cement based mixtures as well as of 
alkali activated fly ash mixtures. The influence on polypropylene fibres, added into half of the specimens, 
on the fire resistance is also described. Second part of the paper is focused on the numerical modelling of 
the effect of fire using a simplified numerical approach. Experimental data are used for calibration of the 
models as well as for the comparison of results. The loading is governed by RWS Curve which assumes 
50 cubic meters of petrol or oil fire in the tunnel. 

Keywords: Fire resistance, Heat transfer, Spalling, Fly ash, PP fibres 

1. Introduction 

Increased effort in use of waste material as well as in decrease of CO2 emissions powered by 
international agreements, increased taxation and subsidy from national and international agencies, and 
new challenges and improved standards on structural safety enable incorporation of materials which so 
far have been used only under specific circumstances. The idea of substituting fly ash for cement and 
thus reducing the heat from hydration has been successfully used in the past (e.g. Keil J., 1966) for 
massive concrete structures with low requirements on strength or strength increase rate.  

Presented results are part of an extensive experimental program aimed at possible application of 
cement free (alkali activated) or cement reduced (fly ash replaced) concrete in the production of 
precast segmental linings for tunnels created by TBM. In particular, this topic is focused on fire 
resistance of enhanced mixtures including large and small scale experiments as well as numerical 
simulations of large scale tests. Requirements applied on mechanical parameters of tested mixtures 
correspond with concrete C50/60 with improved resistance against fire and hostile environment 
(mainly aggressive sulphate).  

Fire outbreaks in tunnels differ from others especially in terms of peak temperature and rate of 
temperature increase. In recent years a great deal of research has taken place internationally to 
ascertain the types of fire which could occur in tunnel and underground spaces. Such research has 
taken place in laboratory conditions as well as in disused tunnels. In the presented experiments, RWS 
curve, which assumes 50 m3 fuel tanker fire which last for 120 minutes, is considered. 

The results from the physical experiments including spalling, overall damage of the surface and 
deformations of the tested panels are presented. The possibility of numerically approximate the 
deformations and time dependent temperature distribution throughout the specimens is evaluated.  
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2. Full scale physical experiments 

In order to fairly describe the impact of the heavy fire load on tunnel linings full scale experiments 
have been set up. Two specimens having dimensions and other properties, e.g. reinforcement, very 
similar to the linings used in tunnels (except for the shape) have been installed in the fire chamber. In 
fact they present one of the sides of fire chamber as shown in Fig. 1 (a).  The fire chamber is cube 
shaped with a side length 3.4 m. Four computer controlled gas burners are responsible for keeping the 
temperature inside the chamber at the designed level. The temperature inside the chamber is measured 
by 7 plate and 2 shell thermometers.  

The temperature inside the specimen is measured in 3 points (upper third, middle, lower third) 
located on the middle vertical line. Each point contains again 3 thermocouples positioned 50 mm, 125 
mm (centre) and 200 mm from the inner surface. Another seven thermocouples are measuring the 
temperature of the outer surface of each specimen.   

 

 
 (a)      (b) 

   
Fig. 1: Full scale experiments: (a) Specimens built-in the fire chamber, (b) Reinforcement of the 
panels  

The deflection of the specimen is measured in nine points located by three in three horizontal lines 
(top, middle and bottom) against parallel vertical plane created by rotational laser beam. All measured 
values are plotted against time, counting from the start of the experiment.  

2.1. Specimen description 

The specimens intended for large scale experiments are panels with dimensions 3000x1500x250 mm. 
Major reinforcement present steel bars 10 mm in diameter at 150 mm distance in both directions and 
surfaces. The cover thickness is 40 mm. Shear reinforcement bars are 6 or 8 mm in diameter. Position 
of the reinforcement is evident from Fig. 1 (b). Both the specimen geometry and reinforcement were 
selected as close to the ones used in tunnels as possible. Thus only the concrete mixtures were 
alternated. 

Four different mixtures were tested in order to describe the effect of increased amount of fly ash in 
the mixture and the possible enhancement by plastic fibres. The grain distribution remains the same 
for all the mixtures and is presented in Tab. 1.  
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Tab. 1: Grain distribution in mixtures 

Grain fraction (mm) Amount (kg/m3 of mixture) 

0 / 4 705 

4 / 8 130 

8 / 16 865 

 

The principal aim of the experimental program was to substitute cement by brown coal fly ash. 
Therefore, all the mixtures were based on the replacement of 30% of the cement. In order to improve 
the long term behaviour more fly ash (30% of the original cement weight) was added into two of the 
mixtures increasing the total amount of binding material. The improvement is expected due to 
Pozzolanic reaction of the fly ash that runs more slowly but for longer time than in the case of pure 
clinker cement as described by (e.g. Helmuth, 1987 or Fraay, Bijen and de Haan, 1989).  Half the 
mixtures were further modified by adding 0.5% of volume of polypropylene monofilament 54 mm 
long fibres Forta-Ferro. Table 2 shows the amounts of materials used for mixtures in specimens for 
full scale experiments except for grains. 
 

Tab. 2: Mixtures for full scale experiments 

Mixture FAC1 FiFAC1 FAC2 FiFAC2 

Material Amount (kg/m3 of mixture) 

CEM I 52.5 R 322 322 322 322 

Fly ash (Melnik I) 138 138 276 276 

Water 150 150 187 187 

Limestone powder 40 40 40 40 

Gleanium ACE 4.2 4.2 4.2 4.2 

FORTA-FERRO fibres 0 4.5 0 4.5 

2.2. Results 

The obtained results include temperatrure distribution along the specimens as is shown in Figure 2 (a) 
and (b), surface spalling of the specimens as discribed in Figure 3 and Figure 4 and Table 4. Measured 
deflection of the specimens is plotted in Figure 8 together with the results obtained from numericall 
analyses.  

 
 (a) (b) 
Fig. 2: Measured temperatures: (a) FAC2 specimen, (b) FiFAC2 specimen (PP fibres included)  
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Mixtures enhanced by plastic fibres experienced significantly lower temperatures in the surface 
areas during the entire experiment and also during cooling. This fact also influences the spalling of the 
surface areas.  Differences in the amount of fly ash content did not prove any significant influence on 
the results.  

 
Tab. 3: Temperatures in °C inside specimens 

Mixture FAC1 FiFAC1 FAC2 FiFAC2 

Location End of fire loading (T = 180 min) 

50 mm from inner surface 929 781 945 862 

Centre of the specimen 312 241 282 242 

Location Peak temperature (time differs) 

50 mm from inner surface 930 789 946 869 

Centre of the specimen 348* 297 322* 277 

* The logging was stopped after 210 minutes although the peak temperature in the centre of the 
specimen is reached after app. 250 minutes. 

 

The fast increase of pore pressure due to evaporation is typically indentified as the main cause of 
spalling of concrete mixtures during the fire load. It seems, however, that is mainly influenced by the 
temperature rate increase and by the peak temperature in the exposed zones. Positive effect of the 
polypropylene fibres that burn out and therefore create additional “space”, due to which the pore 
pressure increase is smaller and spalling is also less likely to occur or be of less magnitude, was 
experimentally proved several times in the past (e.g. Kodur, Cheng, Wang and Sultan, 2003). The 
mixtures with added fibres shown better behaviour during fire loading indeed but as the fibres also 
influence other mechanical parameters of the specimens it was necessary to include these mixtures in 
the program.   

The effect of fibres can be observed in the temperatures measured during the experiment (Tab. 3) 
and is also visible in the following figure which clearly states the extent of damage. Figure 3 (a) shows 
a specimen without fibres. Although the surface is not scoured by 40 mm, which is the cover 
thickness, and only on average by 10.5 mm as shown in Figure 4 and Table 4, the reinforcement bars 
are exposed. On the other hand, Figure 3 (b) shows a specimen with added fibres, which surface was 
also scoured on average by 10.5 mm and yet the reinforcement bars were not exposed.    

           
 (a) (b) 
Fig. 3: Specimens after an experiment: (a) FAC2 mixture, (b) FiFAC2 mixture (PP fibres included)  

 

The following figure shows surfaces of the same specimens created by plotting measured points. 
For the measuring purpose rectangular mesh was created and measurement was done at each node 
against selected parallel plane on specimens without any further treatment. That is important mainly 
due to the presence of large “bubbles” with very thin shell cover on the surfaces. Even though in 
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average the surface is scoured by 10.5 mm some areas are actually higher than the original surface due 
to these bubbles.  

 (a) (b) 
Fig. 4: Measured surface after an experiment: (a) FAC2 mixture, (b) FiFAC2 mixture  

 
Tab. 4: Spalling  

Mixture 
Value FAC1 FiFAC1 FAC2 FiFAC2 

Weight before experiment (kg) 2775 2763 9633 2637 

Weight after experiment (kg) 2443 2511 2325 2360 

Weight of the scrap (kg) 172 96 146 116 

Scrap in % of weight 6.4 3.6 5.8 4.6 

Average scour depth (mm) 10.5 4.4 9.5 10.5 

Exposed reinforcement large zones not at all large zones locally 

 

Missing weight i.e. the difference between weight before the experiment and weight after the 
experiment plus the weight of the scrap is vapored water. From the measured values it is clear that the 
amount of evaporated water is in overall the same for all tested specimens and nearly equals the total 
amount of water included in the mixture. Therefore, it can be stated that even chemically bonded water 
vaporize during the fire loading with RWS curve. 

3. Small scale physical experiment  

The original governing idea of small scale experiments was to provide faster and cheaper way to 
experimentally compare the fire resistance of different mixtures. For this purpose cubes with 150 mm 
side length were prepared from the same mixtures. The limits of available equipment i.e. fire or 
electric heated chambers respectively which would be large enough to accommodate cubes of this size 
did not, however, allow for precisely copying the required loading curve. Nevertheless after 
comparing several small scale experiments with full scale results it would be possible to find 
correlation sufficient to further utilize the small scale experiments for original purpose. The size of the 
cubes was originally influenced by the expected range of spalling and should prevent the entire 
specimen to collapse. 

The limits of the used chamber are as follows. Maximum temperature the specimen can be 
exposed to is lowered to 1100°C and the temperature increase rate is limited to 20°C per minute. 
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3.1. Results 

Despite the claimed parameters of the chamber which were actually tested on smaller samples, the 
temperature increase was even smaller, see Fig. 5 (b). Although the small temperature increase rate in 
fact prevent the surface spalling to occur, the concrete specimens could not sustained temperature 
above 750°C and burst as shown in Fig. 5 (a). The above thus moved the small scale experiments to 
the reassessment stage. 

   
 (a) (b) 
Fig. 5: Small scale experiment: (a) Concrete specimen after experiment, (b) Temperature inside the 
chamber during the experiment

4. Numerical modelling  

The possibility of using fully coupled modelling in order to faithfully represent the entire experiment 
was refused due to the rapid temperature increase in surface areas of the specimen and other 
difficulties. Instead we concentrate on staggered approach using the heat transport modelling in order 
to gain appropriate loading conditions for static analysis at different times.  

4.1. Heat transfer 

Due to lack of the measured data on the side of specimen exposed to fire, we utilize the numerical 
model for thermal behaviour of concrete at high temperatures. The heat transport is governed by 
energy conservation law proposed by (Beneš and Mayer, 2007). Two heat sinks representing the 
energy exchange of vaporation process and hydration / dehydration process are added to the balance 
equation.  

To address this issue we consider two-dimensional rectangular domain discretized by FE mesh. 
One side of the domain was submitted to the convection and radiation boundary conditions while the 
opposite side was subjected to the prescribed boundary temperature. The evolutions of � (thermal 
conductivity) and c (specific heat capacity) as functions of temperature were found also in (Beneš and 
Mayer, 2007). The resulting temperatures are plotted in Fig. 6 (a) for FAC2 mixture and (b) for 
FiFAC2 mixture. 

                     
 (a) (b) 
Fig. 6: Calculated temperature distribution – blue lines 0,1,2,3,4 cm from inner surface; calibration 
lines in red: (a) FAC2 mixture, (b) FiFAC2 mixture  
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4.2. Static simulation of thermal load 

For the static simulations we begun with ATENA code and simple elastic isotropic material for both 
concrete (3D brick elements – 0.2 m side length) and steel, using parameters provided by other 
laboratory experiments of tested mixtures. Table 5 summarizes all the material characteristic that have 
been used.  

 
Tab. 5: Material characteristic for numerical simulations 

Characteristic Concrete Steel 

Elastic modulus (GPa) 40 210 

Poisson`s ratio (-) 0.2 0.3 

Specific weight (kN.m-3) 23 78.5 

Coefficient of thermal expansion (K-1) 1.2e-5 1.2e-5 

 

The load was applied on vertical layers with different thickness. As the inner surface areas are 
affected most the layers there were only 10 mm thick while the thicknesses of other five layers were 
increasing from 37.5 to 50 mm. The finite element mesh used is clear from Fig. 7 (a) while constrains 
and reinforcement bars incorporated into model can be seen in Fig. 7 (b).  

                                         
 (a) (b) 
Fig. 7: Finite element model: (a) mesh – front view, (b) constrains and reinforcements   

 
Fig. 8: Measured and calculated deflection of specimen FAC2 – centre of the outer surface  
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It can be observed in Fig. 8 that the calculated data acquire about 10% difference in the total 
deflection for most of the time, however, at the end of the experiment the difference is less than 2.5%. 
These results were obtained by careful estimation of the temperature distribution in the most exposed 
50 mm. The effect of heat transfer between the surface and first thermometer plays crucial role as it is 
heavily time dependent. Using the values gained by numerical model described in section 4.1. larger 
values of deflection can be observed at the beginning of the experiment.  

5. Conclusions 

The paper summarizes the results obtained from experiments and numerical simulations of fire loading 
applied on TBM segment linings made of enhanced concrete mixtures. However, the full scale 
experiments proved to be irreplaceable when it comes to proper evaluation of the fire resistance of 
reinforced concrete panels, simple static simulations with appropriate loading distribution can give 
good results when it comes to total deflection of the panels. Valuable experience obtained due to the 
issues with small scale specimens will allow for improvement of the method for testing the enhanced 
mixtures.  

Mixtures with increased amount of fly ash did not show significantly different behaviour unlike the 
mixtures with added plastic fibres. Even though the temperature in the 50 mm distance from the inner 
surface in all specimens have risen above 500°C, the specimen with the plastic fibres experienced 
smaller spalling and their reinforcement was not exposed after the experiment. 

Numerical approximation of the impact of fire loading will be subjected to further research activities 
concentrating specifically on the heat transfer problem and spalling. 
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FATIGUE UNDER FRETTING CONDITIONS

M. Španiel, M. Nesládek, J. Jurenka, J. Kuželka, J. Růžička*

Abstract: Presented paper deals with application of phenomenological fatigue criteria on fatigue under
fretting conditions. The objective is evaluation of fretting fatigue based on phenomenological criteria cal-
ibrated with relatively small set of experiments. Numerical stress analysis using finite element method was
used (as usual in engineering applications) to determine stress fields and relative slips in contact interface
of specimen in experimental set up. These quantities serve as input to several fatigue criteria that are to
be compared each to other and evaluated. Optical measuring system DANTEC DYNAMICS Q-450 em-
ploying digital image correlation method for displacement field evaluation was used to calibrate and verify
numerical model of friction. Basic results of experiments and computations are presented to be discussed.

Keywords: Fatigue, fretting.

1. Introduction

By definition, fretting fatigue is characterized as fatigue damage caused by stress peak concentrated near
contact interface accelerated due to small relative tangential movements of contacting surfaces. Fretting
fatigue occurs particularly in pressed joints, turbine blades lock joints, slot couplings and other typical
machines parts. Stress field at the vicinity of contact interface, friction and partial slipping of contact
surfaces are commonly considered as significant parameters affecting fretting fatigue.

1.1. Assumptions and classification of fretting

The values of relative slips of the contacting surfaces are widely used for description of the contact
regimes under the fretting conditions Hoeppner (2006). Regarding the slip range, those regimes are: the
stick regime with the slip magnitude up to 3μm, the partial slip regime with the slips from 3 to 50μm,
and the gross sliding where the slips are more than 50μm.

It should be noted that the relation between the slip magnitudes and the fatigue life is not monotonic.
One can observe a dramatic decrease in the partial slip regime. This state is specific for sticking in the
centre of the interface and for slipping of both surfaces around the contact edges – see figure 1. This is
the area of the most severe material damage which can, together with high stresses, act as “the weakest
link” accelerating fatigue crack nucleation.

Decrease of the fatigue life in the partial-slip regime is followed by a rapid increase in the phase of
transition to the gross sliding. This is due to intensive material erosion removing initial cracks. Note, that
from practical point of view the exposed component will be damaged with abrasion instead of fatigue in
such a case.

All the three above mentioned factors – stress, friction and contact slips – are closely dependent and
in the real structures they change during their life-time.

1.2. Fretting fatigue evaluation approaches

Due to the multi-axial stress state in the fretted contact, conventional multi-axial fatigue criteria based
on the critical plane estimation are widely used to predict the place of the initiation and the direction of
the initial crack growth. Relations for conversion of some of these criteria to the number of cycles can
be found e.g. in Navarro (2008). The target of presented research is to evaluate fatigue damage under
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Fig. 1: A typical laboratory configuration for simulation of partial-slip fretting conditions (cylinder on a
flat contact geometry)

fretting conditions. Evaluation is based on phenomenological criteria the verification of which should
be based on reliable experimental and computational results. As mentioned, fretting is understood as
fatigue process, therefore fatigue criteria are common base of fretting evaluation. Some authors have
been trying to include surface wear simulation (based on the Archard’s formula Madge (2007) or the
dissipated energy concept Mary (2007)). Nevertheless, incremental estimation of wear together with
damage cumulating is still infeasible for practical application on real structures.

Another possibility how to improve the results of conventional fatigue criteria is to incorporate certain
correction with respect to the fretting wear. Ideally, it should reflect the values that cause surface damage,
i.e. relative slips and surface shear stress. Ding et al. introduced a simple parameter correcting the multi-
axial SWT criterion. According to the authors, the main contribution of it is that SWT can now handle
the increase in the fatigue life in the transition domain between the partial and gross slips.

Evaluation of fatigue damage under fretting conditions based on phenomenological criteria is target
of presented research. Verification of fretting fatigue criteria have to be based on reliable experimental
and computational results. Quantities describing local material loading as stress field, contact slips etc.,
the measurement of which is very difficult, are in practice often calculated using finite element method. It
is dependent on phenomenological description of friction. That is why we decided to verify and identify
numerical model of experimental set up from the point of view of friction.

Material loading parameters as stress field, contact slips etc., the measurement of which is very diffi-
cult, are in practice usually calculated using finite element method. It is dependent on phenomenological
description of friction. That is why we decided to verify and identify numerical model of experimental
set up from the point of view of friction.

2. The experiments

Phenomenological modelling always requires experiments for both calibration and verification purposes.
Therefore, experimental research represents important part of presented project. We have designed,
manufactured and tuned up experimental set up utilizing electromagnetic pulsator AMSLER. Series of
fatigue experiments under fretting conditions was carried out on the set up. Moreover the measurement
of contact slips using digital image correlation optical method was implemented.

2.1. The experimental set up description

Original set up for testing of fatigue under fretting conditions developed in the scope of an acknowledged
project was designed as a single dog-bone specimen in contact with two cylindrical pads causing fretting
(see fig. 2). The main advantage of the cylinder on flat contact geometry is the possibility of its use
in standard fatigue testing machines. The specimen is clamped in the jaws of the testing machine and
loaded by a time-varying force in axial (vertical) direction. The loading frequency (as follows from the
testing machine principles) corresponds to the natural frequency of the system which reflects the mass
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Tab. 1: Loading conditions and number of cycles to crack initiation in the fretting experiments.

Experiment no. Qamp [kN] Qmean [kN] P [kN] N [cycles]

1 14 15 15 2 849 000

2 14 15 5 1 577 000

3 14 15 15 1 676 000

of the machine and the stiffness of additional experimental equipment and the specimen and reaches
approximately 100Hz. The normal contact force is kept approximately constant during a single test and
acts in the horizontal direction which is perpendicular to the axial cyclic loading.

The material of the specimens was Cr-Ni-Mo-V martensitic steel with the plain fatigue strength in
reversed tension f−1 = 485Nmm−2. The cross-sectional dimensions were thickness B = 6mm and
width W = 20mm (see figure 1). Fretting pads with the radius R = 200mm were used.

After preliminary tests some modifications of experimental set up had to be done to eliminate weak-
nesses of experimental setup that manifested themselves through relatively high scatter of measured life-
time under assumed the same conditions (lading conditions and measured lifetimes estimation of which
is based on the stiffness decrease in the experimental set up, can be found in table 1). Especially the
difference between tests no. 1 and 3 reflects certain auxiliary influence. Fatigue crack initiation always
took place on the top contact edge–see figures 3 that is vertically oriented according to the position of the
specimen in the testing rig (figure 2). This fact is in agreement with the general observations. According
to them crack occurs in the slipping area of a partial-slip regime contact. This is also the place of the
most severe damage of the exterior faces as can be visually evaluated from the pictures of the surface
relief. By contrast, mild damage of the central contact area where sticking occurs can be seen. Relief

Fig. 2: The setup for the fretting fatigue testing. The equipment is clamped in the electromagnetic
pulsator AMSLER.

of both contact surfaces of each specimen was scanned by a digital microscopic camera with 2Mpix res-
olution. Panoramic pictures, like those in figure2, were then obtained by merging more than 100 single
scans. In some cases, the contact area was shifted from the centre of thickness towards the edge of the
specimen, as shown at figure 3. This violates the uniform load distribution between both specimen edges
assumption. Revision of the testing apparatus was done in order to reveal sources of this problem. Severe
inaccuracy in the surface finish of the fretting pads was detected by roughness tester. In the thickness
direction, the measured surface contour was curved, so more precise finishing was performed on a CNC
machine. A detail of original pad installation is shown in figure 4. Rigidity of this design did not allow
rotation of the fretting pads which could eliminate the initial non-parallel set up of the contact surfaces.
That is the reason why additional chamfers were manufactured. Together with lateral gaps as shown in
IJMNe 5 this QNNQSJUVUSt is capable of WXVYUSZQ[\SJ the \S\[\Ql \SQWWMNQW\Us JiveS by VQSMfQW[MN\SJ�
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Fig. 3: Detail of worn contact surfaces of the specimen after fretting test no. 1

Fig. 4: Detail of the fretting pad installation in the experimental equipment – the original configuration
without chamfers.

Usually no fatigue cracks occur on the pads after the experiment termination. The contact surfaces can
then be renovated by grinding and after that the pads can be reused. Since this is a costly operation, the
following simple modification of the fretting pad installation was introduced. Both pads are now fixed
in a moderately rotated position (compare figure 5 and figure 6). Due to this, the contact area is shifted
horizontally on the fretting pads which enable their one-off reuse when they are installed upside down.
The beneficial effect is that it will halve the time losses and expenses for their renovation.

3. Experimental results

31 relevant experiments with specimens made of creep-resistant chromium steel were carried out at the
Czech Technical University in Prague.

The loading conditions–axial prestress Qmean and amplitude Qamp as well as pressing force P ,
numbers of cycles to detected crack N and number of cycles Ncorr renormalized to 1mm crack** for
the experiments are presented in Table 2. Note that experimental observations proved that the initiation
phase represents the major part of specimen lifetime. Long crack growth period is negligible. Thus the
achievement of 1mm crack length can be satisfactorily considered as the initiation.

Four levels of periodical axial load Q and two levels of constant pressure force P were tested. Axial
loading frequency was about 120Hz.

Averaged Wohler curve under fretting conditions in comparison with plain fatigue one is plotted in
figure 6. All measured data were used together to determine linear dependency of axial stress amplitude

**Renormalized lifetime was computed by extrapolation of subsequenly measured crack growth data for most of specimens.
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Fig. 5: The original (left) and modified (right) fretting pad geometry with flat side faces. The rotated
position enables reusing of the same pad.

Fig. 6: Comparison of plain fatigue and fretting fatigue Wohler curves. The colours correspond with
table 2.

σamp (of real loading cycle) on number of cycles Ncorr causing crack initiation. Then the curve was
recomputed with respect to amplitude σa,ekv of equivalent alternating loading cycle (according to two
commonly used formulas shown directly in figure 6) and plotted together with plain fatigue curve.
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Tab. 2: Complete list of fretting fatigue tests.

Spec. Qamp [kN] Qmean [kN] P [kN] N [-] l0 [mm] Ncorr [mm]

1 14 15 5 500000 1.5 -

2 14 15 5 - - -

3 14 15 5 10 000 000 No init 10 000 000

17 14 15 5 1 160 000 2.40 987 700

23 14 15 5 260 000 0.33 383 600

25 14 15 5 8 180 000 2.20 8 024 000

26 14 15 5 10 000 000 No init 10 000 000

27 14 15 5 10 000 000 No init 10 000 000

4 28.1 30.1 5 126 500 4.10 118 300

5 28.1 30.1 5 70 000 3.20 63 100

6 28.1 30.1 5 40 000 0.40 46 430

7 14 15 15 9 800 000 1.10 9 784 000

20 14 15 15 9 875 000 4.30 9 635 000

21 14 15 15 9 730 000 1.55 9 648 000

22 14 15 15 1 250 000 1.95 1 122 000

24 14 15 15 4 030 000 0.50 4 118 000

8 20.3 21.7 5 174 000 2.50 147 700

9 20.3 21.7 5 210 000 0.70 219 900

10 20.3 21.7 5 235 000 1.00 235 000

11 20.3 21.7 15 190 000 1.30 182 600

12 20.3 21.7 15 370 000 2.40 344 700

13 20.3 21.7 15 265 000 0.70 274 400

14 28.1 30.1 15 80 000 0.60 83 530

15 17.1 18.4 15 260 000 1.00 260 0000

16 17.1 18.4 15 4 447 000 2.80 4 380 000

18 17.1 18.4 15 450 000 1.10 444 200

19 17. 18.4 15 810 000 2.93/3.60 735 300

32 17.1 18.4 15 1 180 000 3.60 1 102 000

33 17.1 18.4 15 535 000 1.20 523 700

28 17.1 18.4 5 310 000 1,00 310 000

29 17.1 18.4 5 285 000 0.70 306 000

30 17.1 18.4 5 9 980 000 3.60 9 900 000

31 17.1 18.4 5 225 000 0.53 259 000
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4. Calibration of friction model

The calibration is based on measurements of relative contact slips and their comparison with slips ob-
tained from FE simulation. Simple Coulomb’s friction model with the only parameter–friction coefficient
μ– has recently been calibrated. Calibration itself is based on comparison between measured and calcu-
lated relative slip Δ along appropriate path near contact surface (see dot lines in figure 7). Calculations
were done for various values of friction coefficient (μ ∈ 〈0.1; 0.8〉) and the μ = 0.6 representing the best
agreement between measured and computed curve Δ(y) was determined as correct value for subsequent
(fretting fatigue) calculations. To calibrate friction coefficient on the base of agreement of measured and

Fig. 7: Accumulated contact slips.

calculated response proper quantity for comparison of the experimental and numerical results must be
chosen. The choice of the slip amplitudes along the contact area was found misleading for this purpose.
According to the experimental results, this quantity is not convenient since approaching the bottom edge
of the contact the slipping process becomes more stochasti (see figure 8). When using more averaged
quantity better conformity can be expected. Accumulated slip per period of exciting axial load Q

Δ(y) =
1

n

∫ t0+nT

t0

∣∣∣vspecy (y)− vpady (y)
∣∣∣ dt , (1)

seems to be a more suitable measure. This quantity has more understandable physical meaning than the
slip amplitudes (in sense of dissipated work) and can be evaluated from both experimentally and compu-
tationally determined motion of surface points in the vicinity of contact. In equation (1) T [s] is the period
of exciting force Q, n means number of periods of integration, vspecy (y), resp. vpady (y)

[
mms−1

]
repre-

sents y − component of velocity of point with coordinate y along the contact edge***. Experimentally
and computationally determined accumulated contact slips in dependence on the position in contact area
after calibration procedure are plotted in graph on figure 9.

4.1. The measurements of relative slips

Dantec Dynamics Q-450 optical system was used for relative displacements measurements. Since dis-
placements in order of μm had been measured at high frame rate, the demands on pattern quality and
lighting were quite high. Regarding 1Mpix resolution of CCD chip the objective and extension tubes
were used to achieve spatial resolution of approximately 8μm/pix with the field of view of about
×8mm. The viewed surfaces were clothed in a very fine contrast stochastic speckle pattern consid-
ering the recommendations in Kuželka (2010). Two special high frequency 1 kW lamps were used for
sufficient lighting. The images of the vicinity of the contact interface between the specimen and pad
were recorded by a high speed NanoSense Mk III camera with the frequency of 2 kHz (corresponds to

***The intersection of (common) contact surface with front surface of specimen (parallel with yz plane)laying on specimen,
resp. pad in the vicinity of contact.
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Fig. 8: Experimentally measured time history of relative slips in different locations in the contact inter-
face for 10 kN pressure loading.

Fig. 9: Accumulated relative slips per single cycle period along the contact interface for 10 kN pressure
force P . Comparison of experimental and numerical results.

20 images per loading cycle).Data were acquired during a relatively short period (about 50 cycles) after
every 200 000 cycles. The acquired sets of image sequences were processed in the commercial image
correlation software Istra 4-D. The displacements were evaluated in a 0.1mm (12 pix) equally spaced
grid. Each grid point corresponds to a subset 0.2 × 0.2mm (25 × 25 pix). The obtained results were
further post-processed by Matlab scripts. The centre point of contact area was approximately located on
the basis of horizontal displacement field in case of pure pressure loading of P = 10 kN. At this point,
a coordinate system for relative slip evaluation was introduced (figure 10).

4.2. Calibrating of friction coefficient

To obtain required input data for the fatigue criteria, a 3D FE model of the testing apparatus was as-
sembled – see figure 9 – and analysed. FE solver Abaqus was used for the numerical simulation which
was divided into several computation steps reflecting pressure and axial pre load (static) and application
of axial cyclic loading.(explicit dynamics). Plasticity of material was included as well. Geometry was
discretized with linear hexahedron continuum elements. Smallest element edge in the contact area was
approximately 85μm–see figure 11. A proper modelling of the contact friction has a significant effect
on relative slips determination. Contact slips is the significant parameter of fretting fatigue evaluation.
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Fig. 10: Determining of contact center based on horizontal displacemet.

Fig. 11: FE model utilized for friction calibration. Detail of specimen mesh. Detail of contact area.

The friction coefficient used in the fretting simulations is usually higher than in a conventional contact
and should reflect its change during the life-time. FE solver Abaqus contact algorithms adopt several
computation techniques. In our model, surface-to-surface discretization, finite-sliding tracking approach
and hard contact with the Coulomb friction was applied.

5. First results of fatigue analysis

Various multi-axial fatigue criteria were employed to evaluate experimentally measured fretting fatigue
based on plain fatigue parameters of specimen material. Fatigue index approach has been utilized so far.
Most of known multi-axial criteria used to evaluate high-cycle fatigue (HCF) can be written in form

L.H.S = af (C) + bg (N) ≤ R.H.S , (2)

where f (C), resp. g (N) are functions of shear C, resp. normal N stress amplitude, expressed from
stress/strain invariants or from stress/strain components in some plane. These invariants or components
were as usual calculated using finite element method. FE model was similar as model used for friction
coefficient calibration. Constants a and b as well as right hand side R.H.S. of equation 2 representing
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fatigue limit are material parameters. Fatigue index is defined as coefficient

FI =

(
L.H.S.

R.H.S.

)
, (3)

expressing material loading with respect to fatigue limit. To compare various criteria, fatigue index error

ΔFI =

(
L.H.S.− R.H.S.

R.H.S.

)
· 100% = (FI− 1) · 100% (4)

was evaluated in small domains in vicinity of contact for loading representing experimentally determined

Fig. 12: Fatigue index FI (left) and contact pressure p (right figure in pair) distribution at the vicinity of
contacting surface. Four pairs from left to right represent Crossland, Sines, Kakun-Kawada and Dang
Van criteria.

fatigue limit (according to the graph on figure 9 Qmean = 15 kN, Qamp = 14 kN, and P = 5kN or
P = 15 kN) for set of criteria including Crossland (Cross), Sines (Sin), Kakun-Kawada (KK), Dang
Van (DV), Gonçalves, Araújo, Mamiya (GAM), Mamiya (Mam), Papuga (PCr). These criteria are well
described in Papuga (2011). Fatigue index errors for these criteria are printed in table 3, examples of
fatigue index along contact surface can be found in figure 12.

Tab. 3: Fatigue index error values for the selected multiaxial criteria.

Fatigue index error ΔFI [%]

P [kN] Cross Sin DV KK GAM Mam PCr

5 2.1 -35.4 6.8 -6.8 14.9 12.7 14.8

15 25.1 -8.3 21.8 19.4 57.7 54.0 27.2

6. Conclusions

Series of 31 test simulating fretting fatigue conditions was done using flat dog bone samples from heat
resisting chromium steel. Based on S-N curves of fretting tests and plain fatigue tests comparison (see
figure 9) significant negative effect of fretting on lifetime of samples can be observed. Compared to
the fatigue of smooth specimens in tension-compression alternating load fatigue limit decreased to the
quarter of original value, i.e. 125MPa for 3× 106 cycles. No significant influence of various transversal
pressure load of contact pads by values of 5 kN and 15 kN on life of samples could be seen. Accord-
ing to the nature of contact surfaces damage under different pressure loads different damaging micro
mechanisms can be supposed as discussed bellow.

Significant variance of number of cycles to crack initiation for different specimens with the same
loading probably follows from

• Non uniformly distributed contact pressure
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• Initial surface roughness with possible surface defects from machining

• Other factors, especially boundary conditions

The closer the load approaches fatigue limit, the more significant variance appear. The higher load the
lower variances. In all cases the location of crack initiation was the domain in upper part of contact.

Measured S-N curves served as base of verification of the ability of various HCF multi-axial criteria
to predict fatigue failure under fretting conditions. Stress fields analysed by FEM were used as input into
these fatigue criteria. Fatigue index error was used as measure of criteria quality. This research resulted
into some hints and hypotheses:

1. Elastic-plastic material model in FE calculations provides us with much better fretting fatigue
predictions, however elastic material model in FE analysis has negligible influence onto predicted
crack placement

2. The best correspondence can be seen for Crossland and Dang Van criteria. For pressing force
P = 5kN fatigue index error approaches almost zero. For 15 kN it is conservative. This tendency
have shown all tested criteria.

3. All tested criteria except the Sines one are conservative. That is why the Sines criterion cannot be
recommended.

4. Tested criteria do not evaluate the influence of pressing force correctly. While the experiments have
not shown any difference in the life of flat dog bone specimens under pressing force P = 5kN
and P = 15 kN, the criteria have. According to fractographic analysis, pressing load P = 5kN
leads to more uniform damage of entire contact area. Probably some micro-nothes with high stress
are formed. Conventional numerical models are not able to calculate these stresses. Surface areal
damage under P = 15 kN is much less, contact interface rather acts as a notch increasing the stress
concentration at a point. It would be appropriate to consider some correction of criteria based on
correlation of life and contact slips. Establish a reliable correction would require a further series
of experiments with different pressing forces.
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STRUCTURE OF FLOW FIELDS DOWNSTREAM OF TWO 
DIFFERENT SWIRL GENERATORS 

D. Štefan*, P. Rudolf**, S. Muntean***, R. F. Susan-Resiga**** 

Abstract:  This paper discusses the comparison of the flow fields downstream of two different swirl 
generators. Both swirl generators are used to imitate the flow at the exit of the hydraulic turbine runner 
and study spatio-temporal behaviour of the swirling flow in the draft tube (i.e. outlet diffuser part of the 
hydraulic turbine), which undergoes breakdown into vortex rope. Unsteady CFD computations are 
carried out for identical Reynolds number. Resulting velocity and vorticity profiles are correlated with 
the structure of the vortex rope.  Difference in excited pressure pulsations is illustrated on amplitude-
frequency spectra of static wall pressure. 

Keywords:  swirl generator, vortex rope, velocity profile, vorticity, pressure fluctuations. 

1. Introduction 
Control of energy distribution and electricity production are in last several years considerably 
influenced by electricity produced from renewable sources highly depending on changes in weather 
conditions i.e. solar power plants and wind power plants. Pump storage hydro power plants (PSHPP) 
are proved to be effective to reduce voltage fluctuations in whole distribution power grid. Control 
ability of PSHPP is connected with operation of turbine in extended area quite far from the best 
efficiency point (BEP). Unfortunately, operation of Francis turbine with constant pitch of turbine 
runner (mainly used for PSHPP) at partial discharge, where flow rate Q < QBEP, is connected with 
occurrence of high swirling flow at the inlet of the draft tube with formation of so called vortex rope. 
The vortex rope evolution correlates with the vortex breakdown and leads to the high pressure 
fluctuation in the draft tube. This draft tube surge propagates pressure pulsations into whole machinery 
system. Moreover, when the frequency of pressure pulsations generated by the vortex rope rotation 
corresponds with natural frequency of machine unit, it can lead to restriction of turbine operation. 

 
Fig. 1: Cross-sectional schema of hydraulic power plant. 
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In the last decade, these conclusions lead to large investigation of the swirling flow occurred in the 
Francis turbine draft tube. As a result, FLINDT (Flow Investigation in Draft Tubes) research project 
was established with relatively large amount of experimental measured data base describing a wide 
range of operating points (Avellan 2000, Susan-Resiga 2006). At last time the experimental data base 
of FLINDT project was employed for various theoretical (Susan-Resiga et al., 2006, Susan-Resiga et 
al., 2010, Susan-Resiga et al., 2011), experimental (Iliescu et al., 2008) and computational (Ciocan et 
al., 2007) investigations of swirling flow. Difficulty of the swirling flow investigation in scaled model 
of hydraulic turbine draft tube leads to idea of building up a simplified apparatus that best imitates 
flow at the exit of the hydraulic turbine operated at partial discharge. 

2. Swirl generators 
Swirl generators have been developed at “Politehnica” University of Timisoara as well as at V. Kaplan 
Dept. of Fluid Engineering, Brno University of Technology. The swirl generators are used to study 
compactness of generated vortex rope and decay of the vortex rope downstream in the diffuser. Those 
attributes are farther evaluated with aspect to spectral properties and decrease of the static pressure in 
vortex rope with respect to the dynamic pressure at the outlet section of swirl generator. Particular 
design of each referred swirl generator is completely different than the other one. 

2.1. Swirl generator RO (SG-RO) 

The swirl generator SG-RO has been developed by team at Politehnica University of Timisoara (UPT) 
and National Center for Engineering Systems with Complex Fluids (NCESCF) as a simplified device 
to further study the precessing vortex rope (Susan-Resiga et al., 2008a , Petit et al., 2011). The present 
swirling flow apparatus consists of four leaned strouts, 13 guide vanes, free runner with 10 blades, 
convergent divergent draft tube (Susan-Resiga et al., 2008a, Bosioc et al., 2008) and is mounted into 
test rig in hydraulic laboratory at UPT (Bosioc et al., 2009). The stay vanes and runner vanes were 
designed using inverse design technology in order to create precessing vortex rope (Susan-Resiga et 
al., 2008b). The swirl flow apparatus is also designed to investigate reduction of the pressure 
fluctuations of precessing vortex rope by water injection from the nozzle. For this purpose the water 
supply is provided by auxiliary circuit to leaned strouts. 

Design of SG-RO (Susan-Resiga et al., 2008a) is such, that the swirl (i.e. axial and circumferential 
velocity profiles) in section at the outlet of the runner blades and downstream in convergent divergent 
section is similar to the Francis turbine investigated in Ciocan et al., 2007.  

Numerical simulation of convergent divergent section was carried out by Muntean et al., 2009 and 
Petit et al., 2011. Both commercial software ANSYS Fluent and open source software OpenFOAM 
were employed to compute unsteady swirling flow with precessing vortex rope in order to compare the 
numerical results provided by software codes and experimental results. Due to lower computational 
requirements the realizable k-ε turbulence model was applied. 

 
Fig. 2: Experimental setup of swirl generators SG-RO on the left and SG-CZ on the right. 

2.2. Swirl generator CZ (SG-CZ) 
Differently designed swirl generator has been developed at V. Kaplan Dept. of Fluid Engineering, 
Faculty of Mechanical Engineering, Brno University of Technology. 

The swirl generator consists of 10 fixed blades with relatively long narrow channels to prevent 
flow separations along the blade surface for a broad range of operating regimes. CFD simulation 
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proved that almost identical velocity angles are provided by the generator for flow rates between 4 and 
13 l/s (Rudolf et al., 2011). The swirl generator is part of test rig placed in hydraulic laboratory of 
V.K. Dept. of Fluid Engineering. The test rig is supplied from tank by centrifugal pump and swirl 
generator is situated approximately in the middle of pipeline system. Control of the discharge is 
enabled via frequency convertor coupled to centrifugal pump. 

3. Swirling flow 
Swirling flow in diffusers is subject of investigation because of the phenomena (e.g. vortex 
breakdown, vortex rope), which are not still completely described and understood. Summary of vortex 
breakdown research can be found in Luca-Negro et al. 2001, where significant influences on vortex 
rope formation are described. 

Experimental and numerical results show, that circumferential velocity profile shape, namely 
location of the velocity maximum and magnitude of the maximum velocity are decisive for the shape 
of the cavitating vortical structure (Rudolf et al., 2011). It has to be pointed out, that the two 
structurally diverse swirl generators produce completely different structure of vortex ropes.  

4. CFD calculation 
In order to compare swirling flows generated by each swirl generator and resulting vortex rope 
developing in downstream parts, the unsteady computational study is carried out by commercial 
software ANSYS Fluent R13 using Reynolds Averaged Navier-Stokes equations (RANS) and 
Reynolds stress turbulence model (RSM) for turbulence modeling. Considered computational domains 
are downstream parts of swirl generator apparatuses and diffusers. For better comparison of computed 
results, we employed RSM turbulence model with higher computational requirements but better 
performance for highly swirling flow (Jawarneh et al., 2006). The effect of strong turbulence 
anisotropy can by modeled rigorously only by the second-moment closure adopted in the RSM 
(Susan-Resiga et al., 2010) 

Both computational domains include mesh with approximately 2 million hexahedral cells. The 
velocity components, turbulence kinetic energy k and dissipation of turbulence kinetic energy ε, 
obtained from the separate computation of swirl generator part, are defined as the inlet boundary 
conditions. At the outlet boundary condition is defined constant value of static gauge pressure (0 Pa) 
with radial equilibrium distribution, where the pressure gradient is governed by the radial component 
of Euler equation (1). 

  r¨r© = ª�«V©   (1) 

Where r is distance from the axis of rotation and *¬ is circumferential velocity. 

4.1. Computational domain of downstream part of SG-RO 
In case of SG-RO the computational domain CD-RO is convergent divergent section with inlet 
diameter 150 mm, throat diameter D = 100 mm and outlet diameter 160 mm. Survey section S0 is 
situated in the throat as a boundary between convergent and divergent section. Survey sections S1, S2 
and S3 are in distances 0.5D, D and 1.5D from S0. Longitudinal cross section of CD-RO with position 
of survey sections is shown in fig. 3. 

4.2. Computational domain of downstream part of SG-CZ 

Computational domain CD-CZ as a downstream part of SG-CZ is a diffuser with inlet diameter 53.6 
mm, outlet diameter 98 mm and opening angle 12°. Survey section S0 is placed at the end of 
cylindrical part with same diameter as the inlet diameter D =53.6 mm. Survey sections S1, S2 and S3 
are in distances 0.5D, D and 1.5D from S0. Longitudinal cross section of CD-RO with position of 
survey sections is shown in fig. 4. 
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Fig. 3: Computational domain (CD-RO) in case  Fig. 4: Computational domain (CD-CZ) in case  
of SG-RO. of SG-CZ. 

4.3. Computational set-up 
The numerical computations were carried out for flow regimes with identical Reynolds number (2) 
defined in survey section S0. The value of Reynolds number is Re = 380143 and corresponds with 
flow rate Q = 30 l/s for SG-RO and Q = 15.9 l/s for SG-CZ. 

 �� =  �∙°̄   (2) 

In fig. 5 are shown velocity profiles generated by SG-RO and in fig. 6 profiles generated by SG-CZ. 
Those profiles were used as the inlet boundary conditions for numerical computations. Only axial and 
circumferential components are shown because of very small magnitude of radial velocity component. 
But in the boundary condition the radial component is included. Velocity components are 
circumferentially averaged and made dimensionless with respect to the bulk velocity at the outlet of 
the swirl generator. 

  
Fig. 5: Velocity components generated by SG-RO.    Fig. 6: Velocity components generated by SG-CZ. 

5. Evaluation and results 
For global quantitative description of the swirling flow we used swirl number (3) defined as the axial 
flux of swirl momentum divided by the axial flux of axial momentum (Susan-Resiga et al., 2006, 
Susan-Resiga et al., 2009) 

 ±L = ∫ �³´�µ³P©¶·¸ ∫ �³´V ¶·   (3) 

Computed value of swirl number generated by SG-RO is Sn-RO = 0,581 and is substantially larger than 
swirl number computed in case of SG-CZ where Sn-CZ = 0,122. This difference is also noticeable in 
dimensionless circumferential velocity components, see fig. 5 and fig. 6. Comparison for identical 
swirl number is not carried out due to different design of swirl generators (blade design of SG- CZ 
produces much smaller circumferential velocity component than SG-RO). 
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Fig. 7: Swirl number streamwise development in case of CD-RO (solid line) and CD-CZ (dashed line). 

5.1. Velocity profiles computed in survey section S0 

Velocity profiles computed in survey sections S0 are time averaged and made dimensionless with 
respect to equation (4). 

 *¶��T¹º»» = �¼½ = ��  (4) 

Where * is corresponding velocity component and *̅ is bulk velocity defined as a flow rate Q divided 
by cross-sectional area S. 

In figure are plotted dimensionless axial velocity components and in fig. 9 circumferential velocity 
components computed in survey section of the corresponding swirl generator. 

  
Fig. 8: Dimensionless axial velocity components Fig. 9: Dimensionless circumferential velocity  
computed in survey section S0.  components computed in survey section S0. 

5.2. Streamwise evolution of axial velocity, circumferential velocity and vorticity magnitude 

Evolution of axial velocity components along the diffuser axis are shown in figs. 10 and 13. 
Enlargement of stagnant region is evident and related with extending of vortex rope helix in 
streamwise direction. Axial velocity component is much larger in case of SG-CZ than in case of SG-
RO. On the other hand circumferential velocity component is much smaller in case of SG-CZ than in 
case of SG-RO. Different sense of flow rotation, caused by different design of swirl generators, is 
noticeable in circumferential velocity profiles (see fig. 11 versus fig. 14 or fig. 9). Magnitudes of 
corresponding profiles (axial, circumferential or vorticity) are plotted in equal dimensional scale. 
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Important fact is, that boundary of stagnant region (apparent by the large gradient of velocity 
profile curve), is in appropriate distance from the diffuser axis for both, axial and circumferential 
velocity component. This fact shows strong coupling between corresponding axial and circumferential 
velocities (Batchelor, 1964). 

Vorticity magnitude profiles evolution (fig. 12 versus fig. 15) shows higher compactness of vortex 
core in streamwise direction (significant peaks of vorticity) for case of SG-CZ. This conclusion is 
evident in fig. 18, where streamlines in combination with vortex core are shown. Abrupt vortex decay, 
approximately situated near survey section S1, is apparent in case of SG-RO. This abrupt vortex decay 
is also probably related with formation of huge backflow region (visualized in fig. 17 (left) as a time 
averaged) and linked with significant longitudinal vortex rope pulsation with computed frequency 
around 2.5Hz (see figs. 23 and 24). 

 
Fig. 10: Time averaged axial velocity profile development downstream in diffuser of CD-RO. 

 
Fig. 11: Time averaged circumferential velocity profile development downstream in diffuser of CD-
RO. 

 
Fig. 12: Time averaged vorticity magnitude profile development downstream in diffuser of CD-RO. 
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Fig. 13: Time averaged axial velocity profile development downstream in diffuser of CD-CZ. 

 
Fig. 14: Time averaged circumferential velocity profile development downstream in diffuser of CD-

CZ. 

 
Fig. 15: Time averaged vorticity magnitude profile development downstream in diffuser of CD-CZ. 

5.3. Flow field analysis 

Calculation is based on one phase model, thus for the vortex rope visualization is applied isosurface of 
very low pressure. Significant difference between pressure drop generated by each swirl generator is 
noticeable. Vortex ropes are visualized for ratio  �»��� �¶tL_�L¹º�À  = -1.95 in case of SG-RO and -1.08 
in case of SG-CZ, where �»��� is value of static pressure isosurface and �¶tL_�L¹º�  is dynamic pressure 
at the inlet of computational domain. Time snapshot of vortex ropes with corresponding backflow 
regions are shown in fig. 16. On the other hand time averaged backflow regions are visualized in fig. 
17. In fig. 19 is shown longitudinal development of SG-RO vortex rope in time. Time period is around 
0.4 s and corresponds with frequency around 2.5 Hz extracted from pressure signal evaluated in 
section 5.4. Noticeable is transition from one long vortex rope (t = 0s) to one longer and one very short 
intertwined vortex ropes (t = 0.1s or 0.2s). 
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Fig. 16: Vortex rope and instantaneous snapshot of backflow region, CD-RO on the left and CD-CZ 
on the right. 

 
Fig. 17: Vortex rope and time averaged backflow regions, CD-RO on the left and CD-CZ on the right. 

 
Fig. 18: Vortex rope and vortex core region, CD-RO on the left and CD-CZ on the right. 

 

 
Fig. 19: Longitudinal development of SG-RO vortex rope in time 
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5.3.1. Comparison with experimental measurement 
In this section axial and circumferential velocity components extracted from CFD computation are 
compared with experimentally measured velocity components carried out by 2D LDV measurement in 
case of SG-RO (Bosioc et al., 2009), see fig. 20. Comparison is carried out for two survey sections 
corresponding with window W1 (plotted in fig. 21) and window W2 (plotted in fig. 22). One can see 
good fitting of numerical curves with experimentally measured axial velocity. Higher discrepancy 
appears in circumferential velocity component outside of the diffuser axis. Computed circumferential 
velocity profiles are flatter than the measured ones. 

 
Fig. 20: Survey axis for LDV measurement in convergent divergent part of SG-RO (Bosioc et al., 

2009). 

  
Fig. 21: Velocity components from 2D LDV measurement compared with CFD results (window W1). 

  
Fig. 22: Velocity components from 2D LDV measurement compared with CFD results (window W2). 

5.4. Fourier analysis of the pressure fluctuations 

As a results of vortex breakdown high pressure fluctuations are generated in downstream part of swirl 
generator. Time record of numerically computed static pressure was set in four monitoring points to 
perform Fast Fourier Analysis. The monitoring points are situated near the wall of the computational 
domain in downstream distances in order 0, 0.5D, D and 1.5D from S0, where D is diameter of survey 
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section S0. Simply script written in MATLAB software was employed to extract spectral information 
of the numerical pressure record. Frequencies with dominant amplitude are shown in tab. 1 for CD-RO 
and in tab. 2 for CD-CZ. In fourth column are amplitudes related to the inlet dynamic pressure pdyn.  

 
Fig. 23: Amplitude-frequency spectrum of pressure pulsations in case of CD-RO (MG0 on the left, 
MG1 on the right). 

 
Fig. 24: Amplitude-frequency spectrum of pressure pulsations in case of CD-RO (MG2 on the left, 
MG3 on the right). 

Tab. 1: Spectral analysis of CD- RO 
Monitoring point Dominant frequency [Hz] Amplitude [Pa] Amplitude/pdyn [1] 

MG0 14.04 1166 0.189 

MG1 14.04 1655 0.268 

MG2 14.04 1847 0.299 

MG3 14.04 843 0.137 

 
Fig. 25: Amplitude-frequency spectrum of pressure pulsations in case of CD-CZ (MG0 on the left, 
MG1 on the right). 
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Fig. 26 Amplitude-frequency spectrum of pressure pulsations in case of CD-RO (MG2 on the left, 
MG3 on the right). 

Tab. 2: Spectral analysis of CD- CZ 
Monitoring point Dominant frequency [Hz] Amplitude [Pa] Amplitude/pdyn [1] 

MG0 99.46 172.5 3.37 ∙ 10TO 

MG1 99.46 189.9 5.02 ∙ 10TO 

MG2 99.46 191 5.04 ∙ 10TO 

MG3 99.46 237.4 6.28 ∙ 10TO 

5.4.1. Comparison with experimental measurement 
Experimentally measured frequency of vortex rope rotation in case of SG-RO is found around 
14.95Hz. One can see only small difference (6%) between experimentally measured and numerically 
computed frequency and good agreement with previous computational results (Muntean et al., 2009, 
Petit et al., 2011). Lower value of numerical frequency confirms that numerical model is more 
dissipative than experiment. Suitable agreement in comparison of numerical and experimental 
(Muntean et al., 2009) amplitude magnitude is obtained only for pressure transducers MG0, while 
computed amplitudes for MG1, MG2 and MG3 overestimate experimental results. Comparison for 
case of SG-CZ is not carried out because of high interference in experimental data. This problem is 
being further investigated.  

6. Conclusions 
Different shape of vortex rope, generated by each swirl generator, corresponds with different value of 
swirl number. SG-RO with higher swirl number than SG-CZ composes swirling flow with more 
massive vortex rope. Vortex rope has larger width and forms into shape with higher ascend of helix. 
This shape is similar to the vortex rope appearing in Francis turbine draft tube (FLINDT project) 
during operation on 70% QBEP and was main designed parameter of SG-RO. 

On the other hand, vortex rope generated by SG-CZ is thinner and forms into shape with lower 
ascend of the helix. In comparison with the vortex ropes computed in paper Rudolf 2009 for inlet 
boundary conditions derived by Susan-Resiga et al., 2006, the vortex rope generated by SG-CZ is very 
similar one to the vortex rope corresponding with the turbine operation on 90%QBEP. 

During calculation it has been observed, that shape of vortex rope generated by SG-RO is in time 
more unstable than vortex rope generated by SG-CZ. Moreover for calculation with employing of 
RSM turbulence, the vortex rope changes its structure periodically from one long compact vortex rope 
into two (long and one very short) vortex ropes which are intertwined close to the nozzle. This change 
is realized in longitudinal direction with frequency around 2.5Hz and amplitudes around 800Pa. 

Results confirmed strong coupling between circumferential and axial velocity components and this 
coupling is full maintained in streamwise direction. 
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INTRODUCTION OF THE ANALYTICAL TURBULENT VELOCITY 
PROFILE BETWEEN TWO PARALLEL PLATES 

J. Štigler*

Abstract: A new analytical velocity profile between two parallel plates is introduced in this article. It is 
possible to use this velocity profile for both laminar and turbulent flow. All necessary parameters can be 
obtained from the unit flow rate and the pressure drop. We can also use this model in case when the 
material of the upper and lower wall is different. 

Keywords:  velocity profile, laminar flow, turbulent flow, flow between parallel plates. 

1. Introduction 

The laminar velocity profile between two laminar plates is very well known from the fundamental 
lectures of the hydromechanics. The velocity profile, in case of Poiseuille flow means the laminar flow 
governed by the pressure gradient, can be then expressed by the quadratic function. 
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Where Δp/L is a pressure gradient, μ is dynamic viscosity, h is a half of distance between 
the parallel plates.  

Maximal velocity is in the middle of the channel where y=0. 
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Then the velocity profile could be expressed as 
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Fig. 1.Velocity profile between two parallel plates
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It is more complicated to find any analytical solution in the case of turbulent flow. There is some 
expression which was found on the basis of experimental data. It is known as the power law. 
Unfortunately it was derived only for the flow in a pipe with radius R. 
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Where r is a radius within interval <0,R>, R is the pipe radius, n0 is the exponent which is a 
function of the Reynolds number. This exponent can be evaluated from the expression 
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There is some discrepancy in this power law definition. It cannot be used near the wall, for r=R, 
because the derivative has an infinite value there. The wall shear stress τw is then infinite, which does 
not correspond with the reality. 

There is also another power law definition by Munson (2006). 

0n
1

max)x()x( R
r1vv &
(

$
%
'

# −=             (6) 

Where n0 is a function of the Reynolds number, see Munson (2006). This turbulent velocity profile 
has problems in two locations. The first one is the same as in the previous formulation. The wall shear 
stress goes to infinity. The second problematic location is in the middle of the channel, the derivative 
for r=0 is not zero. 

From the above examples it is clear that these models have problems near the wall. Therefore it is 
necessary to focus on the near wall region – boundary shear layer. The boundary shear layer in the 
case of turbulent flow can be divided into three regions. 

The first region is called viscous sub-layer. This region is close to the wall and the viscosity plays 
a dominant role in this region. The velocity profile is linear within this region. 

The second region is the transition area – this is the region of smooth transition into the 
logarithmic velocity profile.    

The third one is the region where the turbulent viscosity plays a dominant role. 
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We can define dimensionless velocity v+ and dimensionless distance from the wall y+. 
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Where shear velocity v* is expressed by the formula

ρ
τ=∗ wv                                                                                           (10) 

Many different authors use different values of constants κ and B. For example Janalík (2008) uses 
the κ=0,174 and B=5,5 or Munson (2006) uses κ=0,4 and B=5 or Pope (2008) uses κ=0,41 and B 5,2. 
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2. Derivation of a new velocity profile 

The new velocity profile is derived on the basis of the vorticity distribution over the space between 
two parallel plates. This velocity profile can be used for all, laminar, turbulent and constant velocity 
profile. The derivation of this type of velocity profile is based on a Biott-Savart law, the derivation of 
it is made in Brdi
ka 2000, applied on a straight vortex filament with circulation Γ. 
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π
Γ=                                                                  (11) 

This expression is valid for a special situation when the straight vortex filament is parallel to the x3
axis. This is also an expression of the velocity induced by a single potential vortex in case of 2D flow 
(Lewis 1991).  Einstein summation convection is used in the expression (11). The vi is the velocity 
induced by the single vortex, the Γ is a circulation around the single vortex, xk – are coordinates of 
vortex location, x’k are coordinates of induced velocity location, εijk is an Levi-Civita tensor of 3rd

order, r is a distance between vortex and point of induced velocity. 

Fig. 2.Velocity induced by a single 2D vortex. 

Velocity induced by a plain vortex sheet 

There is another well known example of the velocity induced by an infinite plain vortex sheet 
Lewis (1991). This sheet consists of the vortex filaments, with constant circulation Γ which are 
parallel to the x3 axis. The situation is depicted in the Fig. 3. It is necessary to define linear vorticity 
density γ in this case. The circulation dΓ around the infinitesimal length of sheet ds can be expressed 
this way 

dsd .γΓ =  => 
ds
dΓγ =                                                                     (12) 

Fig. 3.Velocity induced by the plain vortex sheet 
parallel to the x1,x3 plain.  

Fig.4. Velocity profile induced by a plain 
vortex sheet parallel to the x1,x3 plain. 
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In case that the vorticity density is constant, over the whole sheet, the velocity induced by a vortex 
sheet can be expressed this way. 
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Where γ is the vorticity density, x’k are the coordinates of location where the velocity is induced, 
x(0)k are the coordinates of x’k point projection on the vortex sheet, r(0) is a distance of point x’k from 
the vortex sheet. For the case depicted in a fig. 3, when the vortex sheet is collinear with plane x1 x3 , 
the velocity components are: 
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This type of flow is depicted in the fig 4. It means that velocity within half-plane above vortex 
sheet is constant, parallel to the vortex sheet and with the orientation to the left. Velocity within the 
half-plane below vortex sheet is also parallel to the vortex sheet but with the orientation to the right.   

Velocity induced by two vortex sheets with the opposite vorticity density orientation 

Now it is possible to study fluid flow with two parallel vortex sheet s(1), and s(2). The magnitude of 
the vorticity density of both vortex sheets is equal but the orientation is opposite. It means that γ(1)=γ
and γ(2)=-γ. The vortex sheet s(1) position is x2=h1. The vortex sheet s(2) position is x2=-h2. This 
situation is depicted in the fig. 5. 

Fig. 5.Velocity induced by the two plain vortex 
sheets parallel to the x1,x3 plain.  

Fig.6. Velocity profile induced by a plain 
vortex sheet parallel to the x1,x3 plain. 

The induced velocity for this case should be expressed by this formula 
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This formula is general for an arbitrary number n of vortex sheets. It is possible, for case of two 
vortex sheets with respect to the (16), to write  
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Explanation all parameter in above equation are clear from the fig. 5. 
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It is possible to have three different solutions now. 

01 =v ;  02 =v   within the interval ( )∞+∈ ,'2 hx                                              (18) 

γ=1v ;  02 =v  within the interval ( )h,h'x 2 +−∈                                           (19) 

0v1 = ;  0v2 =  within the interval ( )h,'x 2 −∞−∈                                         (20) 

This solution is very nice and reasonable. It is kind of the fluid flow between two parallel plates 
for infinite Reynolds number Re=:. 

Now it is only a small step to find the expression of the velocity profile for the finite Reynolds 
number.   

Velocity profile for the continuous vorticity distribution over the cross-section 

It has to be assumed, for this case, that the vorticity density is not the linear density but it is the 
planar vorticity density. It will be function of the x2 coordinate between the plates. Vorticity density 
for the fixed coordinate x2 is constant. The situation is depicted in a fig 7. It is necessary to define the 
coordinate system. The axis x1 is parallel to the plates and it is located in the maximal velocity 
position. 

Fig. 7.The distribution of the planar vorticity density between two plates 

The velocity profile is derived under these assumptions: 

• It is the fluid flow between two parallel infinite plane plates. 

• The vorticity density distribution is continuous between plates. It will be described by two 
polynomial functions γ(1) and γ(2) of the Nth order. 

• The unit flow rate Q and the pressure drop Δp are known parameters. 

The continuous vorticity density distribution can be expressed by the next formulas. 
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Now the velocity can be expressed this way  
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It is necessary to determine the coefficients A(n) and B(n) for n=1-N. These coefficients can be 
determined on the basis of the following conditions. 

• Slip condition on the walls  
0v )( =+ , for 12 hx =
0v )( =− , for 22 hx −=

• The unit flow rate is known. 
• Circulation around element dx1.(h(1)+h(2)) is zero. 
• The necessary number of derivative at point x2 = 0 is zero. 

On the basis of these conditions it is possible to express velocity profile 
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The maximal and average velocity can be expressed this way 

)hh(
Q.

)1N(
)2N(v

21
1(max) ++

+=                                                                           (27) 

)hh(
Qv

21
1)av( +

=                                                                                              (28) 

The expression for the number N has to be found now. It is possible to do this from the known 
pressure drop. 
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Where μ is the dynamic viscosity. All above expressions are derived for a case that the plate 1 and 
plate 2 were made from different materials. So it means that there could be different conditions on the 
walls. If the conditions on the plates are identical then the velocity profile will be symmetrical (h1=h2
= h) and it is possible to write 

:
:

;

<

=
=

>

?

&&
(

$
%%
'

#
−

+
+=

+1N
2

1 h
x

1.
h.2

Q.
)1N(
)2N(v  within the interval h,hx2 −=                        (30) 

2
L

)pp(.
v.
hN 21

)av(

2

−−
μ

=                                                                             (31) 

This expression can be used for all types velocity profiles from laminar velocity profile (N=1), for 
turbulent velocity profiles and also for a piston velocity profiles N;:. There is no problem with the 
derivatives near the wall and with the zero value of the first derivative in the centre of channel. 

3. Discussion  

The formal comparison of different velocity profiles will be presented in this chapter. The only 
problem of it is that the power law velocity profiles are derived for a turbulent flow in pipes. But it is 
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possible to compare the velocity profiles normalized by vmax velocity. Comparison of velocity profiles 
is in the fig. 8. It is only formal comparison because the pressure drop or the friction factor for the 
fluid flow between the parallel plates is not known. Therefore the three new velocity profiles for 
different values of power N are compared with Munson (2006) power law velocity profile and with 
Janalík (2008) power law velocity profile in the fig 8. It is apparent that the character all kind of 
velocity profiles are different. The Janalik’s velocity profile is rather rounded even for very high 
Reynolds number. The Munson velocity profile has no continuous first derivative in the center of 
channel. The new velocity profiles have also a problem that there is a zero second derivative in the 
centre of channel. It means that there is an infinite radius there. But this problem should be solved 
during derivation its derivation. It means that the velocity profile can be modified in way to ensure non 
zero second derivative. But it has not been done yet. 

Fig. 8.New velocity profiles in comparison with power law velocity profiles.  

It is possible also compare the velocity profile near the wall with a logarithm wall law. This 
comparison is depicted in a fig. 9. 

   

Fig. 9.The new velocity profiles comparison with log wall law.  
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The comparison is not so good because the exponent N is not evaluated, because there is no 
a measuring of pressure drop and flow rate. Therefore there are depicted several velocity profiles for 
different exponent N. It is apparent that the boundary shear layer in case of the new velocity profile is 
thinner than in the case of real velocity profile. This is probably consequence of the zero value of the 
second derivative of the velocity profile in the channel centre. There is no comparison for the power 
law profiles because there is no possible to express y+ and v+ because infinite shear stress at the wall.  

At the end it would be interesting to draw the shear stress over channel. It is known that the total 
shear stress is linear. Total shear stress is a sum of the viscous shear stress τμ and the turbulent or 
(Reynolds) shear stress τt.  

tτ+τ=τ μ                                                                                          (32) 

Viscous shear stress should be expressed from a velocity profile formula (29). 
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This stress can be expressed in a dimensionless form  
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The viscous stress together with the Reynolds stress for three different exponents N are depicted in 
the fig. 10. This also can’t be compared with the power law velocity profiles because its shear stress at 
the wall is infinite.    

Fig. 10.The Reynolds and viscous stresses derived from a new velocity profile..  
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4. Conclusion 

The new velocity profile based on a vorticity distribution between two parallel plates has been 
presented in this paper. This velocity profile is better than the power law velocity profiles because it 
has not infinite shear stress at the wall. It means that it is possible to express the Reynolds stresses and 
it is possible to compare this profile with the logarithmic law near the wall. This is not possible in case 
of the power law velocity profiles because they have infinite derivative near the wall. The new 
velocity profile has only one problem which can be removed. The problem is that this profile has zero 
second derivative in the centre of channel. It means that there is an infinite radius of curvature. It is 
also necessary to compare this velocity profile directly with an experimental velocity profiles. This 
work can help in understanding or even in modeling of boundary shear layers in CFD software. 

List of Symbols 

Symbol Units Description 
A(n) Varies Polynom coefficients 
B(n) Varies Polynom coefficients 

 h [m] Half distance between two parallel plates 
h1, h2 [m] Distance of plate s1/s2 from a coordinate system origin 

L [m] Length. Distance between the pressure location measuring. 
n0 - Exponent 
Δp [Pa] Pressure difference 

p(1), p(2) [Pa] Pressure at location 1 or 2 respectively 
Q [m] Unit flow rate. Flow rate between two parallel plates with 1m width. 

r, R [m] Radius 
Re [-] Reynolds number 
r(0) [m] Distance of point x’k from vortex sheet 
v(av) [m.s-1] Average velocity between two parallel plates 
v(x) [m.s-1] Component of velocity in x direction 

v(x max) [m.s-1] Maximal velocity component in x direction  
v* [m.s-1] Shear velocity 
v+ [-] Dimensionless velocity near the wall 
vi [m.s-1] Velocity vector 

v2, v2, v3 [m.s-1] Components of velocity vector 
x1, x2, x3 [m] Coordinates of location 

x'k [m] Coordinates of the induced velocity point 
x(0)k [m] Coordinates of point x’k projected onto the vortex sheet  

y [m] Coordinate y, or distance from wall 
y+ [-] Dimensionless distance from the wall 
Γ [m2.s-1] Circulation 
γ [m.s-1]/ [s-1] Linear /planar vorticity density 
μ [Pa.s] Dynamic viscosity 
ν [m2.s-1] Kinematic viscosity 

εijk [-] Levi-Civita tensor 
τμ [Pa] Viscous shear stress 
τt [Pa] Turbulent (Reynolds) shear stress 
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FLOW CONDITIONS IN THE LAST STAGE DURING IDLING 
OPERATION AND LOW OUTPUT OF 1000MW TURBINE 

L. Taj�*, L. Bedná�**, M. Hoznedl***

Abstract: Measurement of temperatures at the tip of the last stage during startup and idle operation of 
the turbine with nominal output of 1000 MW is described. Monitoring of liquid phase coarse dispersion 
occurrence, the direction of drops movement and investigating whether the origin of the drops comes 
from the natural expansion of steam in the stage or from an additional cooling system is presented. The 
flow of the steam phase behind the last stage is determined. 

Keywords:  Experimental measurement, steam turbine, low output 

1. Introduction 
At low output levels of the turbine and during idling, the last stages are run in a ventilation mode. Due 
to the effect of centrifugal power, steam is transported to the tip of the rotor blade. Separation of the 
flow from the hub end wall occurs together with the suction of steam to the blading root section from 
the area of the output diffuser after the last stage. Backflow area is formed here. A part of the turbine 
stages performs the work, while another part partially or completely consumes it. An enclosed eddy 
area may be formed at the tip of the last stage during idling operation and very low turbine outputs. 
There is a certain risk of local overheating. The ventilation mode is accompanied by heat production. 
To prevent the overheating of last sections of low-pressure parts during operation of the turbine at a 
low output due to ventilation losses, additional cooling is installed on the internal side of the exhaust 
hood. Cooling water is injected into the area after the last stage. If the non-evaporated drops are caught 
by return flow, they may be sucked into the last stage and erode the blades near the root section radius. 
This phenomenon was first noticed on the trailing edges of the last stage of the 200 MW turbine Taj

& Bedná¿ (2001). Therefore, there is an effort to place and direct the cooling system nozzles in such a 
way as to minimise the risk of damaging the blades. The objective of the performed experiments was 
to verify whether or not the last stage overheats at the tip of the blading, and whether the water 
droplets from the nozzles reach the rotor blades. 

2. Arrangement of the experiment 

Various types of probes may be placed in the area after the last stage during operation. The 
arrangement of measuring places is shown in fig. 1.

A comb ball probe is shown here for identification of liquid phase. The balls are covered with 
coating of suitable consistency. The droplets of water with the greatest erosion effect remove a part of 
the coating upon impact. A colour divide between the coated and the original surface is created. Using 
a simple jig, the impact direction of drops may then be determined. 

A pair of thermocouples is used for measuring temperature. One thermocouple is placed in the 
well in the slot between the L-1 rotor blades and the last stage stator blades. The second well with the 
thermocouple is placed at the tip between the stator and the rotor of the last stage. 
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Fig. 1: Arrangement of measuring places in the last stage of the steam turbine

The movement of the steam phase may be verified using a multi-hole pneumatic probe behind the 
last stage. Suitable technical conditions were not created for measuring before the stage and between 
the diaphragm and rotor blading to determine velocity field. The flow character may only be estimated 
from the analysis of the velocity field behind the stage and then based on the findings from measuring 
similar output parameters of a 200 MW turbine with the last stage including a rotor blade 840 mm 
long (Taj
,1995; Š`astný & Taj
, 1977).  

From the velocity before and behind the stage, a flow field model was arranged which is shown in 
fig. 2. Characteristic eddy structures are created at the tip and root section, whose existence may be 
assumed even in a stage with another rotor blade. 

Fig. 2: Characteristic flow field in the last stage during idling operation 
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3. Measurement results 

3.1. Measuring of temperature in the last stage 

As the turbine output is lowered, the inlet pressure to the LP parts drops. Steam temperature after 
superheating changes in a substantial manner. During idling operation and low turbine output, 
superheated steam may occur in the last stage. Velocity is gradually increased during startup. 
Ventilation losses correspond to a third power of the speed. The temperature of any superheated 
stream in the last stage will increased with the velocity. In a wet steam, only the steam wetness and not 
the temperature would change. The temperature in the last stage at the tip during startup is shown in 
fig. 3 and fig. 4. 
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Fig. 3: Temperatures in last stage 
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Fig. 4: Temperatures in last stage 

Both cases show conditions during a step speed change - speed increase and shut down. If the 
turbine is on the turning gear, the temperature behind the stator blade is higher than behind the inlet to 
the stator blade. This is a ventilation loss effect. The temperature in both wells gradually grows. 
According to the condition of temperature values it is obvious that it is a mildly superheated steam. As 
the velocity increases so does the mass flow rate of the stage through the last stage. Steam parameters 
change when the temperature behind the diaphragm rapidly drops to the level of the saturation 
temperature at the given pressure. Superheated steam occurs again at the tip of the last stage during 
shutdown and a drop of speed when the temperature of the steam after the diaphragm cascade is higher 
than before it. If turbine operation passes from a warming-up speed (ca 1600/min) to full speed as 
confirmed by fig. 4 and fig. 5, a step change of temperatures occurs. The temperature behind the stator 
cascade is now smaller than the temperature at the inlet to the last stage. During long-term ventilation 
mode, temperatures in the last stage increase. The growth of temperature is also probably caused by 
the ventilation loss from the L-1 stage. Temperatures may be comparable here to the temperatures at 
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the inlet to the LP part. Additional cooling of steam at the exhaust hood does not affect the 
temperatures at the inlet to the last stage. 

The course of temperature and pressure values in the turbine during idling operation is shown in 
fig. 6. A substantial drop of pressure occurs at the control valve and the trapping flap. A part of the HP 
and LP stages participates in overcoming bearing loss and ventilation loss in other stages. The 
temperatures at the inlet and outlet from the diaphragm with turbine output at ca 200 MW, i.e. at 20% 
of loading are recorded in fig. 7. During this operation mode, temperatures are already stable. These 
are saturation temperatures for the given pressure in the stator cascade. The inlet temperature is higher 
because the pressure is higher as well. Similar conditions even apply for a higher turbine output. The 
pressure values recorded during turbine operation at 450 MW are shown in fig. 8. Higher temperatures 
before and behind the diaphragm document the changes in pressure distribution in the stage after 
transition to another output level. 
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Fig. 6: Expansion of steam during idling operation 
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It is shown that there is no risk of a closed zone with substantial overheating in the last stage. 
Local heating of steam due to the existence of ventilation loss occurs only with limited rotor speed and 
during the long-term ventilation mode. However, it is not a long-term operational mode of the turbine. 
A transition in the last stage from wet steam to superheated steam, whose temperature depends on the 
time of ventilation operation, occurs at nominal speed. It is impossible to prove whether the additional 
cooling in the outlet part of the turbine affects the temperatures in the last stage. An experiment 
without additional turbine cooling and idling was not conducted. It may only be assumed that the 
artificially cooled steam may not reach the monitored place. 
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The temperatures present on the external casing of LP body are shown in fig. 10. Fig. 9 shows the 
places where the temperature is measured. Three characteristic surfaces are distinguished. The internal 
and external front face and casing of the body are considered. The hottest place is on the cover of the 
seal at 0, where the temperature may reach as high as 100°C. It is affected by the heat of the steam 
flooding the seal. The temperature evenly decreases along the radial line towards the external casing 
and levels off at the saturation temperature for the given temperature at the exhaust hood. An even 
distribution of temperature values was apparent in all operational modes including idling. A lower 
temperature on the external casing is only found in the securing diaphragm areas. During idling 
operation, a lower temperature is present on the surface of the external body than that which would 
correspond to the saturation temperature. It means that cooler water from the cooling system reaches 
the internal surface of the external casing. 

Fig. 9: Temperature measuring places 

Tajč L. Bednář L. Hoznedl M. 1357



Fig. 10: Temperature on external casing of LP part 

3.2. Identification of liquid phase 

The occurrence and movement direction of coarse dispersion liquid phase using an erosion probe is 
monitored behind the last stage on the right and left side of the turbine. The erosion effect of drops 
differs according to the distance from the blading root section. The highest effect tends to occur at the 
tip of the rotor blade. As the experiment was to verify the origin of droplets at the root of the blading, 
the exposition time was governed by the need to capture the effect of droplets near the hub radius. It is 
always necessary to take various differences in 3D flow along the perimeter of a stage into account. 
This is the main reason for measuring and recording of data on the right and left side of the turbine.
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Angle αp of steam phase behind stage
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The angle αp of steam phase behind stage
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Fig. 14: Direction of movement of steam 

The water drops are not monodisperse. Their size differs and the direction of movement is more or 
less affected by the movement of the steam phase. To which the erosion displayed on the surface of 
the balls of the erosion probe corresponds. An estimate of the direction of droplets movement is 
therefore always subject to the subjective effect of the experimenter. Therefore information about the 
direction of droplets movement needs to be taken for guidance only. However, it is certainly possible 
to see whether the droplets are moving to the blades or away from them. 

Droplets movement in the circumferential direction is shown in fig. 11 and fig. 12. It was revealed 
that during idling operation (output 0 MW) droplets occur only on the left side of the low pressure 
part. Angle αv is a projection angle of the vector of droplets speed in the plane defined by 
circumferential and axial direction. If αv > 180°, then the droplets move towards the rotor blade. It 
shows that this instance does not occur even during idling operation. At the root, the angle αv is 
greater than in the central part of the stage. The movement of the steam phase in the area behind the 
stage is shown in fig. 13 and fig. 14. The backflow of steam was established during idling operation 
and low output. The direction of droplets movement did not correspond to the direction of flow of the 
steam phase. Water droplets of coarse dispersion are not carried by steam at the root section. 
Therefore, these are not droplets from the additional cooling system but droplets from the flow-
through part of the turbine. Provided droplets are moving mainly due to inertia and are removed from 
the trailing edges of blades and the rotor disc, it is possible to determine the original place of drops 
using directional angles. 
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The change of γv  along blade height LZ
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Fig. 15: Direction of droplets movement 
The change of γv along blade height
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Fig. 16: Direction of droplets movement 

The angle of the droplets movement γv perpendicular to the rotor for the right and left side is 
shown in fig. 15 and fig. 16. The measured angles are rather unbalanced. It applies in particular to the 
left side of the turbine. There is a possibility that there are places on the blade from which more water 
is removed than from others. It is also shown on the quality of the eroded coating on the balls of a 
comb probe. The final idea of the radius on trailing edges Roh from which water droplets are dragged is 
stated in fig. 17 and fig. 18. The droplets, which are caught on the erosion probe placed 150 mm 
behind the rotor blade near the root section, come from the rotor disc. The origin of droplets is usually 
from the wider section of the blade. It depends on their size and the degree of impact of steam flow on 
the direction of droplets movement. 
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The diameter of water films disintegrations R0H on the rotor blade
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4. Conclusions 

Areas with backflow are formed in the last stage during idling and under decreased turbine output. A 
closed eddy zone is formed near the tip at the stator blades. 

Due to ventilation losses, heat is produced in the blading part and the steam is heated. A part of the 
stages work on balancing the bearing losses and covering the ventilation losses during idling 
operation. 

Operation temperatures in the last stage may be comparable to temperatures at the inlet to the LP part 
due to ventilation losses during turbine idling. 

Flow conditions are modified at the tip of the last stage during a gradual growth of speed. A lower 
temperature may be seen in the inlet to the diaphragm than at the outlet. 

The cooling system of the exhaust hood probably does not affect the flow and temperatures in the last 
stage. 

Water droplets from the cooling system do not reach as far as the root of the rotor blade in the last 
stage. 

Coarse dispersion droplets after the last stage move in the direction away from the blades in all 
operation modes. This also applies to the conditions when return flow occurs at the root section in the 
last stage. The origin of the droplets comes from the disc of the stage and from trailing edges of rotor 
blades. 
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DESIGN OF UNIVERSAL CONTROL UNIT 
FOR BRUSHLESS DC MOTORS 

J. Toman*, J. Hrbacek**, V. Singule***

Abstract: The paper presents the design of both power and control electronics used to develop a 
universal BLDC (brushless DC) motor control unit intended for an aircraft fuel metering pump. The 
controller allows employing various methods for sensor and sensor-less control including frequency, 
trapezoidal, sinusoidal and fielding oriented control. The power subsystem provides three power totem-
pole switches as well as a wide range of input and auxiliary circuitry. As needed by the target aircraft 
industry standards, conclusions of a thorough FMECA analysis of the resulting device are given. 

Keywords:  BLDC motor, control unit, model based design 

1. Introduction 

The Brushless Direct Current (BLDC) motors have recently gained substantial popularity among 
applications that require increased mechanical reliability, operation in explosive or otherwise harsh 
environments and accept slightly higher demands on the control unit. It has been proven that BLDC 
motors are suitable for use in critical control applications in aerospace due to their architecture, 
performance and characteristics. One of such applications is a fuel metering pump drive that is being 
developed as a part of the CESAR (Cost Effective Small Aircraft) EU project. 

The operation of any aerospace actuator based on a BLDC motor (e.g. the fuel metering pump) is 
safety-critical and its safe operation requires a reliable control algorithm that ensures safe start-up and 
running of the BLDC motor in the whole operation range. Several applicable control algorithms and 
methods which have been evaluated within the CESAR project are described hereinafter as well as the 
controller itself that host these algorithms. 

2. BLDC motor control theory 

Brushless DC motor (BLDC, also known as electronically commutated motor) is from the construction 
point of view very similar to the synchronous motor with permanent magnets in the rotor. The main 
difference is usually different shape of the developed EMF waveform – trapezoidal for BLDC (simple 
block commutation optimization) and sinusoidal for synchronous motors (complex sinusoidal control). 

From the modeling perspective, the trapezoidally wound BLDC motor can be perceived as a DC 
motor whose mechanical commutator is replaced by electronic means, i.e. by sequential switching of 
the windings to the power. This similarity implies that the quantities current-torque and voltage-speed 
are linearly dependent. 

2.1. Frequency control 

The basic control principle of the BLDC motors is frequency control. In its simplest form, called 
trapezoidal control or six-step commutation, it provides a winding power switching sequence as 
a replacement of the mechanical commutating device. As Fig. 1a depicts, the commutation law defines 
six succeeding states with only two windings powered simultaneously (the third one is left floating). 
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The biggest strength of this method is its simplicity; on the other side, the moment control at lower 
speeds is rather worse which leads to moment and speed pulsations. 

The other technique – sinusoidal control – overcomes this ripple by harmonic driving of all three 
windings at the same time. Smoothly rotating current space vector has a constant magnitude and is 
always in the quadrature direction to the rotor, as shown in Fig. 1b. However, the complexity of this 
control method is much higher compared to the trapezoidal commutation. A precise position of the 
rotor has to be known; moreover, the sinusoidal commutation is prone to be suboptimal in the area of 
higher angular speeds. The reason is that the winding current magnitude controllers are limited in their 
bandwidth and are not able to precisely follow fast harmonic signals. 

Fig. 1: Commutation law of a) trapezoidal control b) sinusoidal control (Microchip, 2011) 

2.2. Field oriented control (FOC) 

FOC overcomes the problem mentioned in the previous paragraph by direct control of the current 
space vector in the rotor coordinates. This vector should have a fixed size and its direction should be 
perpendicular to the rotor (quadrature axis). The current control is then provided also in the rotor 
coordinates which means that the control problem transforms from exact tracking of a sinusoidal 
signal to much simpler regulation of steady quantities. This ensures that the quality of current control 
is independent on rotor angular velocity. The technique that allows such a control method is the Park’s 
forward and inverse transformation between the three-phase stator coordinate system and the rotor d-q 
coordinate system. Because the frequency of these transformations calculation has to be the same as 
the needed working frequency of the current control loop, the FOC is quite heavy on computational 
power of the host system. 

2.3. Sensor and sensor-less control 

Each control principle has different demands on sensory inputs needed for its successful operation. 
The simplest case is the block commutation that only needs to know three angular positions where the 
commutation should occur; this is usually accomplished using Hall or optical sensors. Basically, there 
are two types of sensor-less control techniques (Leonhard, 2001). The first type is position sensing 
using back EMF of the motor, and the second one is computational position estimation that uses motor 
parameters, terminal voltages and currents. 

In the case of the sinusoidal-based control methods high-resolution measurements of rotor position 
are required. Hall/optical sensors produce only discrete information about rotor angular position and 
do not fulfill the demands; a quadrature encoder or a resolver seems to fit well. 

3. Control system architecture 

The control system can be divided into two main parts – the control unit itself and a software tool for 
diagnostic/control purposes. The control unit is further comprised of its hardware platform (providing 
power electronics, sensory, computations means and auxiliary circuits) and firmware equipment 
(implementing described control algorithms). 
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3.1. Hardware subsystem 

The hardware development has been conducted in order to comply with aerospace quality standards, 
including RTCA/DO-254 – “Design Assurance Guidance for Airborne Electronic Hardware” (FAA 
Advisory Circulars, 2005) and RTCA/DO-160F – “Environmental Conditions and Test Procedures for 
Airborne Equipment” (RTCA, Inc., 2007). 

Three milestone hardware versions (and several more development versions) have been developed 
within the CESAR project. Each new version of the control and power electronics meant progress and 
new possibilities in the control methods, such as sensor-less or FOC methods. The newest, 3rd, 
generation is shown in Fig. 2 and consists of a power electronic board to which the control board is 
connected using a 50-pin connector. 

Fig. 2: The 3rd generation hardware 

The control board features the Microchip dsPIC30F6015 16-bit DSP that disposes of UART and CAN 
bus communication lines usable for communication with superior systems. This DSP fully supports 
motor control applications and has 4 independent PWM channels – 3 for the three-phase power unit 
and 1 for the electrical brake and PFC of the main DC bus. 

The power electronics are composed of three power MOSFET totem-pole switches with 
appropriate drivers, fast over-current and over-voltage protection circuits and 3 Hall-effect current 
sensors. Both current shapes – trapezoidal or sinusoidal – are feasible. The analog part of the board 
allows measuring of back EMF voltages needed for sensor-less control also during the start-up phase, 
when the angular speed is low. 

An extra MOSFET with driver is added onto the main DC bus on this board. If necessary it allows 
active breaking of connected electrical drive. Performance of this electrical brake depends on the 
amount of returning energy and recuperation possibilities of main DC power supply. 

3.1.1 Firmware 

The firmware acts in the following three main roles: 

• motor control itself – robust operation of the BLDC motor in all regimes 

• safety provision – proper reaction to failure events/states 

• communication with master/diagnostic systems – parameter setup, logging etc. 

The control principles described in the theoretical section of the paper have been algorithmized 
and implemented as a part of the control system’s firmware. A MATLAB/Simulink blockset capable 
of generating C code for the chosen DSP family is available – it can be advantageously utilized for fast 
functional evaluation of the control algorithms developed using simulations. A benchmarking study of 
this approach is provided in (Lambersky & Vejlupek, 2011). However, use of the generated code in 
the final product would not be suitable because of significant demands on code efficiency and 
reliability originating from the aerospace application area (RTCA, Inc., 1992). 
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The architecture of the used dsPIC30F6015 DSP is fully optimized for the use of C as 
programming language. The Microchip-supplied C compiler can also be used in conjunction with the 
MATLAB/Simulink environment during the Hardware-in-the-Loop development phase. 

3.2. Software control tool 

Developed control software Graphical User Interface (GUI) is shown in Fig. 3. It depicts a simplified 
electrical schematic of three MOSFET half-bridge switches and a three-phase BLDC motor. The 
software communicates via a serial RS-232 line or a CAN bus with the control electronics and 
displays the main values from the power electronics.  

This SW tool works with the presented 3rd version of the control hardware. Operation with the 2nd

generation has minor limitations due to its less complex design. The designer can monitor immediate 
conditions in the circuit; all monitored data can be stored for further analysis. 

Fig. 3: GUI of the control software tool 

4. Control algorithm test results 

To evaluate the performance of the control system and the designed electronics, two types of the 
evaluation test were used. Firstly, the start sequence of the fuel pump was performed. The start 
sequence of the fuel pump, shown in Fig. 4 left, was verified for a step change request from 50 percent 
of the fuel flow. This means that the starting flow level was 43 l/h (3250 rpm of the BLDC motor) at 
2 MPa of back pressure. The required flow after step change should be 92 l/h (7300 rpm of the BLDC 
motor) at 3.9 MPa of back pressure. The start time of 174 ms was achieved which is acceptable. 
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The next important feature of the fuel pump is the stop time performance. The stop time 
characteristic was much more difficult to measure. The directly connected speed or flow sensor to the 
fuel pump influences the stop time characteristic. The only way was to measure the speed from the 
motor’s internal Hall sensors. 

Stop time characteristic is shown in Fig. 4 right. The fuel pump should stop in this case from the 
nominal fuel flow of 92 l/h (7300 rpm of the BLDC motor) at 3.9 MPa of back pressure. The stop time 
value of 83 ms was achieved which is acceptable. 

5. Failure mode analysis – FMECA 

Failure Mode, Effects, and Criticality Analysis is a mandatory part of the development of any 
electrical application in the aerospace industry. FMECA is also a part of the certification process and 
there is no possibility to operate any device without the approval of relevant authorities. A preliminary 
FMECA study of the 3rd generation of electronics was carried out within the CESAR project. The 
main aim is to find the most critical components in the electrical design and provide a feedback to 
innovate or supersede critical components. Next to the FMECA analysis, a set of DO-178B, DO-160 
(Environmental Conditions and Test Procedures for Airborne Equipment), MIL-STD-810 and other 
standards have to be followed during the whole development cycle. 

5.1. Reliability and safety requirements 

The technical life of any actuator and especially a fuel pump should be at least 20 000 hours or 
20 years (the earlier applies). In aerospace the probability of failure in a flight hour is usually defined 
as follows: 

• Failure S1 – “Unsolicited FMP running on maximal speed” 10-6

• Failure S2 – “Lost of regulation” 10-5

• Failure S3 – “False indication of the FMP failure” 10-7

• Failure S4 – “Impossibility to stop the FMP” 10-6

The failure analysis should be evaluated with reference to the outside environmental conditions in one 
year of operation. 

5.2. FMECA conclusions 

During the preliminary FMECA evaluation about 859 possible failure states on about 386 failure 
positions have been analyzed. The most significant failures have been located along a short-circuit 
path through the semiconductor switching components of the device. Its risk factor RN is higher than 
600. 

Reliability and safety analysis has found 9 possible failures of the electronic control unit, which 
can be critical. The most critical devices are semiconductor diodes. The probability of their failure is 
possible to decrease by usage the special types with higher reliability (devices with the M category 
dedicated for special purposes). 

The overloaded components are usually source of failures and decrease the whole failure 
probability. According to the FMECA calculations it is not recommended to overload any active or 
passive components more then 50 % of their maximal values to keep high reliability. 

In the conclusion of the FMECA document there is usually a summary of the components that 
built the whole reliability number. The main rule is not to use complicated integration circuits (such as 
ASIC circuits), under-designed power semiconductors (diodes, MOSFETs), under-designed 
electrolytic capacitors and to use as little mechanical connections, connectors, relays etc. as possible 
(especially no-name low cost devices). 

The following Tab. 1 captures the FMECA preliminary results in numbers. F(t) means the 
probability of failure in one flight hour. 
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Resulting value F(t) Requirement 

Failure S1 1,250 · 10-8 1 · 10-6

Failure S2 1,565 · 10-6 1 · 10-5

Failure S3 1,500 · 10-8 1 · 10-7

Failure S4 3,138 · 10-8 1 · 10-6

Tab. 1: The failure probability of FMP system control unit 

6. Conclusion 

Three evaluation versions of the BLDC motor control hardware have been developed within the 
CESAR project. With all three generations of electronics we have been able to verify the sensor and 
sensor-less control algorithms described hereinabove. The optimal control method for the fuel 
metering pump actuator system has been found: a combination of the sinusoidal frequency start-up 
phase with operational trapezoidal sensor mode control seems to best fit the needs. The requirements 
for a fluid metering pump control system have been fulfilled and requested dynamic behavior has been 
achieved. 

In addition it has also been possible to apply and evaluate modern trends in the aerospace industry 
development. Using appropriate software environment we have been able to prepare a mathematical 
model of the system and determine suitable settings of the controller during simulation and modeling. 
This approach, called Model Based Design, is rapidly gaining popularity and its principles have been 
applied and tested within the CESAR project. 
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�
�������� ���!����������"����	��

2 	��� 	���)����((��	)����� 	��	��	)���1	����������	�	��������� ������������	��4����((	����������
� 	������ �� �%����	��	)�(�������0��� 	���)��������	�	)��)��	4������	��((	���� 	�	���	�������	���	�
(�� 	)� ��4�)� �	�� ��� ��4	�� ���	��	��� " 	� ((	���	� ��� ���� ������� �����	�� ��� )	(	�)	��� �(���
�(������	��������%����((��	)�( ���	��������������)���)�((��	)����� 	���1	����0��(	����������	�����
���� ������� �����	�� ��� ((	�� ��� � 	� ( ���	������ �������� " 	�	� �	� ����	�	)� �� ����)	��
���� ��������� " 	� ������� ��� 	� � �����	� �	(�	�	���� �(	������ ���	�����	��	� ��� �����	� ��)	�� #�� �����
���������)	����	����	������)����	����������	���)	������	� ������������	�����)����"�	��)�����@����
���� 	��������	�)��������)����	�����%����������� ������������	���������	:���	)�������4�� 	��	������ �(�
�	�4		���������������� ������������	�������	)�� ���� �� ���
��	����	� �)��)�������������	�����

" 	�������	����������� ���
��	�����	� �)����	3(�	��	)��������4���

������������������������������������������������������������������� ��

4 	�	�� ���� ���� �����	����	����( ���	���������������

� � #� �$�� �����	���)	�����	��	)������� 	����(	������)�����������)	�	�������������
� � � ( ���	�����������	���)	����(��������(������

" 	�	��������	���	������ �(��	�4		��� 	������	���)	�����	�#��)�������%����	��4�� �� 	�����	�	����
�����	���)	�����	�#������	�������	����	���������������	������	�����	�	����4	����

����E� ��������	�� ���� ������� �����	�� � �� ������ 4 	�� � 	� �(���� ����� ��� ���1	��	)� ��� ����	�	����
��)�����%�)��	������(�	����	���

�
�����%��������&��������	����
!��	���	���&�	�������
�	���������������	�����
��&�������������!����

F����B���	� /��(	������ �����A�� ��� ��	)� ��� � ���
��	��� �	� �)� ���� ����� )	�	��������� ���
�����	���)	�����	�����%�	)�(������" 	����(	���������)	�	����	� �����	���)	�����	����%�����	�
(������9�4	�	���� ���(���	���������	��������������� 	���%���������	�(����������	��	)������	���

�
�����'��#!��$(���	��� �&��	������&�
���'�)��

F	�	�� 	�	����4�� �� ���
��	���((�������� �������	�)�����������%����������������� ���� �������
�����	������	�)��	��������4��������)	�	����	�(�����(����������)�(�����(�����������	��	���������%�
���(����������������������	��)������	���

1432 Engineering Mechanics 2012, #34



���� ���
��	���((���������� 	��	������������������ ������������	�����)���)	)�������4�������	��
�����,���

�� �	�4�� �� 	���)	���������� ������������	��#������*����*�����
�� �	�4�� �� 	���)	���������� ������������	��#������*���������**��

�
�����+��,��������������!��!��������&��������	�����

���� 	��	��4�� �� 	����	����������	���)	�����4	��� ��*��������������	�������)���)�	����	� �)�
���((��	)������)	�����������	����� ������������	���)	���0��� 	��	���������� 	�)��	����	��� 	��	�
��� $	��� (������ � ���)� �	����	)��" 	��� ��� � 	� �����	� � �� ���	� 4 	�� ���	� �)� ��		�� �������	�
���(��	�����	��	)����	� 	���� 	�� ���	�����1	�����	���	�4		��$	���(������	��)����� ������������	�
4�� ���7?������	���)	��� ���)��	�����)��%��	��������)�	����	� �)��'� �(��������� ���	�4�����	�
�����	)� �����	� ��)	�� ���	�4�� � �	�(	��� ��� � 	� �	������ ��� ���� )�����	� ����� � 	� $	��� (����� �)� � 	�
���� ������������	�4�� ������	���)	����7?�4�� ������	����1	����%���

����)	�	���������������� ������������	���)	������ 	��	�4�� �#������*���������**����� 	������� ��
���� ���
��	���((����������	)����)	�	��������������������������	��(�3	�����9
G���������(�	��)�
������)	3��4 �� ��	(�	�	����� 	���)	�����4 �� ���3�( ���	���������������	������������� 	���)	��#�-�*��
'� �(�3	�������� 	�(�����	���������������( ���	������(��	����������)	)��%��������������������	)�
�(	���������	����HIB���������" 	����	����HIB���������(	����	���	����	����	����%�����	)����		���)�
���	��9�4	�	���� ���)�	������������	����� ���
��	����	� �)������� ����	�����9
G���������(�	�������	�
��	���� 4 	�� ������ � ���
��	��� �	� �)�� � ���
��	��� ((�������� � ��� �����)	�� ������ �� ����
��������������������������(��	���������HIB���������(�	������9
G���������(�	���

����>��� �4��)	�	������������$	���(�������)��������������� ������������	������	��	)��(����������%�
� ���
��	���((���������

�� �
�����.*�� �	/�����	��������!��!��������&��������	�������������	�����
���#���
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DETERMINATION OF MECHANICAL PROPERTIES 
FROM MICROCOMPRESSION TEST 

M. Truhlá�1, T. Kruml2, I. Kub¡na3, K. Petrá�ková3, L. Náhlík3 

Abstract: This paper describes a microcompression test of Al - 1.5 wt. % Cu thin film deposited on Si 
substrate. Microcompression combines the sample preparation with the use of ion focused beam (FIB) 
with a compression test carried out using nanoindenter. Cylindrical specimens (pillars) were prepared 
using FIB. The diameter of pillars was about 1.3 ©m and their height was about 2 ©m (equal to the film 
thickness). Stress-strain curves of the thin film were obtained. The results depend on crystallographic 
orientation of pillar. The paper is focused to an attempt to determine as precisely as possible Young 
modulus of the film using experimental data and finite element modelling. 

Keywords: microcompression, thin film properties, focused ion beam, Young modulus, FEM 
modelling 

1. Introduction 
Measurements of mechanical properties of thin film are not generally easy to be done. There are few 
methods for measuring of plastic and elastic properties of materials. Each of them has some 
weaknesses (Nix, 1989). This paper is aimed on recently developed microcompression experiments 
(Uchic & Dimiduk, 2005; Kruml et al., 2009; Kub~na et al., 2009; Kub~na & Kruml, 2009). This 
method combines preparation of specimen using focused ion beam (FIB) and compressive test using 
nanoindentation device. Combination of the two techniques enables one to fabricate micrometric 
cylindrical specimens with the axis normal to film plane, attached by bottom to the surface. Such 
specimens are referred in the literature as pillars. 

In previous experiments it was found that pillars with diameter under 1 �m show a significant increase 
in yield strength. This can be explained by the fact that in such small volumes no longer any mobile 
dislocations are present and the stress required for plastic deformation is determined by stress which is 
required for activation of dislocation sources and not by stress needed for dislocation movement (Nix 
et al., 2007). Nowadays such experiments are rather popular. The majority of the effort is focused on 
effect of specimen size to the mechanical behaviour of material. Generally, it is found that “smaller is 
stronger”. 

Microcompression experiments on pillars made from Al thin films have already been performed in our 
laboratory several times (Kruml et al. 2009; Kub~na et al., 2008; Kub~na et al., 2009; Kub~na & 
Kruml, 2009). The main goal is to use the technique for determining mechanical properties of thin 
films. In this paper, we tried to improve calculation method for determining Young modulus with 
higher precision from the microcompression data. 
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2. Experiment 
The studied material was a thin film of Al – 1.5 wt. % Cu of chemical composition and 2.06±0.05 �m 
of thickness, prepared by Physical vapour deposition (PVD) method in the ON Semiconductors 
company. The Al film was composed of relatively large grains with the average diameter in the plane 
parallel to the film surface of 3.8±0.3 �m. Such large grains are a consequence of a relatively high 
substrate temperature during deposition (340°C). Substrate for the chemical deposition was <100> Si 
monocrystalline wafer. The EBSD analysis showed a very strong preferential <111> orientation of the 
normal to the film surface. In between Al layer and Si substrate there was an intermediate thin film of 
W – 10 wt. % Ti and thickness about 0.14±0.04 �m. This embedded layer improves the adhesion of Al 
layer and is used also as a diffusion barrier. The sandwich was prepared on Varian 3190 sputtering 
system at the ON Semiconductor company. 

The aim of experiment was prepare perfect cylindrical specimens with a diameter of about 1.3 �m 
with height determined by film thickness. Pillars were prepared in the FEI Quanta 3D FEG 
DualBeam™ system and Tescan Lyra 3 FEG microscopes. To ensure that the whole pillar is single 
crystalline were pillars produced in centres of large grains. The FIB milling procedure was optimized 
(Kub~na et al., 2009) so that the final shape of Al part of the pillar is as close to the perfect cylinder as 
possible. 

The FIB milling was performed in several steps. First, faster milling by higher ion currents (~5 nA) 
was used for removing the majority of material in outer diameters, whereas the fine final milling of the 
central circular zone of about 3 �m in diameter was performed at low ion current ( 50 pA). 

Loading of the pillars was carried out in compression using the MTS Nanoindenter XP machine 
equipped with a diamond flat punch of 20 �m in diameter. The diameter of the removed zone by FIB 
was chosen to be 25 �m, to ensure that the punch will not touch any other object except the pillar. 
During the deformation, it was ensured that the face of the flat punch was parallel to the upper face of 
pillars. The tests were carried out at nominal constant loading rate of 0.001 mNs-1. At the onset of the 
deformation, pillars were therefore loaded in pure compression. Several unloading cycles were done 
with the purpose to measure elastic slope of the curve and to calculate Young modulus from these 
data. 

Continuous stiffness measurement technique was used for measuring of indentation modulus and 
hardness as function of indentation depth. The indentation depth was chosen as 2 �m. It is know, that 
indentation modulus and hardness depend on indentation depth especially in case of thin film 
deposited on surface. A representative value of Al thin film was determined from plateau witch was 
found in dependences of indentation modulus and hardness on indentation depth. 

From the microcompression experiments an equivalent of macroscopic compression curve is obtained. 
Such stress-strain curve provides information about yield stress, stress at chosen strain level or work 
hardening rate. For calculation of Young modulus, finite elements modelling must be used. 

 (a) (b) 

  
Fig. 1: The microcompression pillar S2 (a) before deformation; (b) after deformation 
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3. Results 

3.1. Microcompression test  
Prepared pillar from previous experiment is shown in Figure 1a. It was prepared using optimized 
process, (Kub~na et al., 2009). It is obvious that its geometry is close to the ideal shape, the minimum 
possible taper angle, smooth transition of the sample into the surrounding substrate and optimum 
depth of removed zone. These parameters have the greatest impact on homogeneous stress distribution 
in the sample. In this case the tapper angle is only 4 degree, substrate surface around pillar is also 
partially removed and substrate around pillar is not too rough. Pillar after microcompression test is 
show in Figure 1b. The obvious slip bands are likely produced during plastic bursts during 
deformation.  

During microcompression test force and displacement of flat punch and time was continuously 
recorder. This data were recalculated on values of engineering stress and engineering deformation 
according to equations  
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Actually, compression tests were carried out on monocrystalline pillars, therefore results strongly 
depend on crystallographic orientation of pillars. The crystallographic orientation was measured by 
EBSD followed by Schimd factor m determination. Subsequently, it was possible to recalculate %�+ 
coordinates to L� coordinates by equations L = %.m and  = +,/ m. Example of %�+,compression 
curves for three different pillars are shown in Figure 2.  

Obviously, the shapes of compression curves in Figure 2 are completely different from typical curve 
of the bulk materials. The deformation behaviour of pillars consisted of sudden jumps of fast plastic 
deformation called plastic bursts in the literature. Firstly, stress increases and pillars are deformed only 
elastically. After reaching of stress necessary for activation of a dislocation source, tens or hundreds 
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dislocations loops propagate through pillar and disappear on free surface of pillars. It results in plastic 
bursts and in fast deformation of pillars as long as the dislocation source is active. When the 
dislocation source is exhausted, pillars are deformed again only elastically until other dislocation 
source is activated. The strain hardening was not observed.  

 

3.2. Determination of elastic slope from experimental measurements 
A methodology for evaluation of experimental data for given 
type of testing (Petrá�ková et al., 2012) has not been fully 
established yet. Since dependence of loading force on 
deformation of pillar is measured, following procedure was 
adopted: 

� To determine a strain +(z) in direction of loading we 
consider height h of Al film (see Fig. 3). Then +(z) = 
u(z)/h, where u(z) is experimentally measured 
displacement applied on the top surface of the pillar. 

� As a stress % we consider force applied on top of 
pillar (loading force of nanoindenter) divided by 
mean value of area cut perpendicular to pillar axis 
through Al layer. The typical dependence of % - +(z) 
is shown in Fig. 2 

We assume that the elastic deformation of % - +(z) curve is 
described by the unloading parts. From the first unloading, 
the elastic slope was determined. The elastic slope reflects 
the elastic deformation of the Al specimen, W – intermediate 
layer and Si substrate.  

Fig. 3: Example of tested pillar. 
Geometry of the substrate part of the 
pillar, the tapper angle and the 
intermediate layer are taken into 
account for the Young modulus 
determination. 

During the next loading cycle the sample is already partially deformed and has already a different 
shape than that used for numerical calculation. For this reason, data from first unloading are 
considered as the most reliable (see Eexp,1 value in Table 1). The parameters of second unloading are 
presented for the comparison (see Eexp,2 values in Table 1).  

Three different pillars were measured and the resulting values of measured elastic slopes Eexp are 
shown in Table 1 for each tested pillar. 

 

3.3 Numerical simulation for determination of Young modulus 
Finite element method (FEM) was used for numerical simulation of microcompressive test and 
theoretical values of elastic slope were found (see Ep values in Table 1).  

The data determined from experimental measurements (Eexp1) are slightly but systematically smaller 
than the values calculated with FEM. It is caused by the fact that the mechanical properties of all 
simulated components were taken from literature for the pure, bulk Al which may differ from the 
properties of thin film prepared by the PVD process.  

Geometric factors of tested pillars such as conical shape of pillar, tungsten interlayer between studied 
Al layer and Si substrate, silicon substrate, etc. influence the measured elastic slopes. The influence of 
the three mentioned factors was numerically evaluated. Due to the linear elasticity, the influence of the 
individual factors on experimental data is proportional.  

The most influencing geometric factor is the presence of Si substrate. It was estimated that it reduces 
the measured elastic slope during the microcompressive testing by almost 30%. That can be expected 
because the substrate creates a significant part of pillar and is also deformed during the testing. 
Quantitatively, influence of the substrate is described by coefficient C1. Its values are presented in 
Table 1. 
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Tab. 1: Measured and calculated data. 

Sample pillar 
axis 

Eexp,1 
[GPa] 

Eexp,2 
[GPa] 

Ep 
[GPa] C1 C2 C3 

Ep,cor 
[GPa] 

M1 [3 5 9] 48.0 56.1 52.35 1.36 1.03 0.99 66.6 
M2 [2 4 5] 45.6 52.3 56.30 1.22 1.07 0.99 58.9 
S2 [1 2 3] 48.7 55.5 52.22 1.33 1.04 0.99 66.7 

Eexp,1 – elastic slope obtained by experimental measurements (first unloading), 

Eexp,2 – elastic slope obtained by experimental measurements (second unloading), 

Ep – theoretical elastic slope obtained by numerical simulation of microcompressive test. As the 
input, elastic constants found in the literature for pure Al were used, 

C1,C2,C3 – correcting coefficients describing influence of substrate, conical geometry, and 
interlayer,  

Ep,cor = Eexp,1 · C1· C2· C3, i.e. the values of Young modulus for given orientation of Al crystal 
lattice  

 
Second geometric factor which has influence on the elastic slope is conical shape of pillars. The FIB 
procedure used for preparation of testing pillars does not allow producing the pillar as a prefect 
cylinder. With the optimized procedure (Kub~na et al., 2009), it can be ensuring that pillar shape is 
close to cylindrical one with the taper angle of 4°. Numerical expression of the influence on elastic 
slope is shown in table 1 as coefficient C2. In this case the conical geometry of pillar influences data 
obtained by experiment of about 5%. This factor does not depend on material parameters of the pillar 
but only on the geometry. It means that multiplying experimental data by C2 = 1.05 eliminates the 
influence of conical geometry with taper angle of 4 degree for any type of material tested.  

Finally, it was estimated that existence of tungsten interlayer affects the elastic slope by about 1%. If 
the interlayer has the same thickness, negligible in comparison with the studied thin film, its influence 
is small and can be neglected. This holds for any combination of materials. Numerical expression of 
this effect is shown in Table 1 as C3 coefficient. 

The last column in Table 1 is the Young modulus of the Al film, for the given crystallographic 
orientation. It was calculated from the first elastic unloading and corrected for the three geometrical 
effects: 

 Ep,cor = Eexp,1 · C1· C2· C3 (3) 

It is visible that the E values are in a good agreement with the values for bulk Al, which varies from 
64.1 GPa for <100> direction to 77.4 GPa for <111> direction. On the other hand, the E values of Al 
thin films prepared by PVD process reported in the literature varies significantly, from about 47 to 74 
GPa (Chinmulgund et al., 1995). It can be explained by the fact that the deposited materials contain 
porosities and other defects. The high values of E found in this work shows that the tested film is of a 
very good quality. 

 

4. Conclusions 
In this paper, the methodology for evaluation of Young modulus of thin film from data obtained by 
microcompressive test was suggested. The influence of specific pillar geometry and presence of other 
phases (W – interlayer, Si – substrate) within the tested specimen can be calculated by finite element 
method and elastic slope obtained directly from experimental stress–strain curve can be corrected for 
these factors. The measured value of elastic slope was taken from the first unloading part of the curve. 
It was found that the elastic constants of the tested film are close to the ones reported for bulk Al 
which means that the film is of a good quality and did not contain significant amount of porosity. 
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ACTIVE VIBRATION CONTROL OF A CANTILEVER BEAM

J. �Äh(*

Abstract: The paper deals with analysis of a cantilever beam equipped by the active vibration control 
system. The cantilever beam as a continuum is approximated by a lumped-parameter system. The lumped-
parameter model enables to derive the transfer functions relating forces to displacements, to determine 
the appropriate controller type and to determine under what conditions the system will work.

Keywords: cantilever beam, lumped-parameter model, active vibration control, controller type.

1. Introduction

Control theory is based on the models with one (single) input and one output (SISO) or models with 
multiple inputs and multiple outputs (MIMO). These models are described by systems of ordinary 
differential equations. The description of a continuum on the contrary uses partial differential 
equations. For the analysis of the continuum, suitable approximation of systems with a lumped 
parameter model must be used (Preumont, &  Seto, 2008).

The computed transfer functions of the lumped-parameter system allow to determine the 
appropriate controller type and to determine under what conditions the system will work (Genta, 
2009).

2. Lumped parameter model

A cantilever beam of the length L as a continuum can be divided into discrete elements of the same 
��������L that are modeled using rigid-body dynamics. How to create the lumped parameter model of 
the cantilever beam of the rectangular cross section and to associate this multibody system with the 
Cartesians coordinates x, y, z is shown in Fig. 1. The cantilever beam is clamped at the xy-plane and its 
centerline is parallel to the z-axis. It is assumed only planar motion of the cantilever beam in the yz-
plane. Let N be the number of flexible links in the model. Linking of a pair of adjacent beam elements 
is considered in the mentioned plane as free with a torsion spring. The coordinates of the multibody 
systems are usually associated with the gravity centers. Such coordinate system requires the additional 
set of constrains for linking of the individual beam elements in one point. Additional equations are not 
needed if the coordinate system is chosen in such a way that describes motion of the meeting points of 
two adjacent elementary beams. The vertical coordinates of these points are marked by y1, y2,…, yN.
The angle of rotation with respect to the horizontal axis can be marked by �1�#�2�#��#�N.

The deflection �� of the beam may be expressed as a function of the beam length and the 
����������� �^ of the adjacent elements Ly (A(�( . The bending stiffness K^ of the elementary 
cantilever beam relates the applied bending moment M to the resulting relative rotation �^� ��� ����
elementary beam 

L
EIMK x
(

�
A(

�A
3 (1)

where E is oung s modulus of the beam material [N/m2], 123bhI x � is the area moment of inertia of 
the beam cross-section [m4] about the horizontal x-axis, b is the beam width and h is the beam height.
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Fig. 1: Coordinates and elements of a cantilever beam.

The coordinates of the beam equidistant points in the Cartesian coordinates and the independent 
generalized coordinates for Lagrangian equations of motion are identical. For further derivation it 
makes sense only motion in the direction of the y-axis. Because they are assumed small deformations, 
the shifts of the meeting points in the direction of the z-axis are neglected. If all angles are small 
enough, then their measure in radians is given by the formula
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The coordinates of the gravity centre of the elementary beams are as follows
� � 2,2 111 ���� nnn yyYyY (3)

The potential V and kinetic T energy of the cantilever beam in the horizontal position as a 
continuum replaced by its lumped parameter model is as follows
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where Jx is the moment of inertia [kgm2] about the horizontal x-axis and perpendicular to the 
centerline of the elementary beam. For a solid cuboid of height h, ���� ������� �L it is 

� � 1222 hLmJ x �((� . The cantilever beam is considered as a conservative system. Lagrange s 
equations of motion of such a system are as follows
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(5)

After introduction symbols M for a mass square matrix and K for a stiffness square matrix and G
for a gravity force column vector and y for a coordinate column vector into the matrix equation of 
motion we obtain 
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 (6)
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2.1 Steady state deformation shape of the cantilever beam

Steady state deformation of the beam in the horizontal position due to the gravity force is resulting 
from solution of the equation 0GKy �� . If the cantilever beam is in vertical position then 0y �0 . For 
testing a beam with the following parameters is prepared: L = 0.5 [m], b = 0.04 [m], h = 0.005 [m]. 
The beam is divided into N = 10 elements. Deflection of the beam s own self-weight is shown in Fig. 
2A.  

Fig. 2: A) Deflection of the cantilever beam's own self-weight,  
B) The first 5 of 10 modal shapes of the cantilever beam.

2.2 Free vibration 

For vertical position of the cantilever beam the governing equation of free vibration is as follows 
0KyyM ��

 (9)

The solution of this equation of the homogenous type is assumed to be in the form of 
� �tj?� expuy , where u is an n-�����������������������������������������������������.� ��������������

frequency. After substitution into (9) we obtain
� � 0uMK �?� 2

(10)

Given that the mass matrix is symmetric and positive definite then substitution 2?�� and 
multiplication of the previous equation by the inverse mass matrix on the left side results in

� � KMA0uIA 1, ����� (11)

where I is a unit matrix. Given that the mass and stiffness matrices are symmetric then the matrix A is 
symmetric as well. For the nonzero vector u the determinant of the matrix � �IA �� has to be zero.
Because the determinant � �IA ��det is an n-�������������������������¥�����������®���������������������
�n, called the eigenvalues, is equal to the degree of polynomial. The corresponding nonzero solution of 
the homogenous equation is called an eigenvector. It is proved in the linear algebra theory that all the 
eigenvalues of the symmetric matrix are real and an arbitrary pair of the eigenvectors, corresponding 
to different eigenvalues, is orthogonal. We form a spectral matrix � �N���� ,...,,diag 21Å and an 
eigenvector matrix ! "NuuuU ,...,, 21� .

Because the beam is divided into 10 elements, it is possible to calculate 10 modal frequencies and 
10 modal shapes of vibration. Only 5 out of the modal shapes, identifiable by the number of nodes, are 
shown in Fig. 2B. The modal frequencies are summarized in Tab. 1.

Tab. 1: Modal frequencies for  N = 10. 
Mode 1 2 3 4 5 6 7 8 9 10
Freq in Hz 26.6 167 470 922 1522 2256 3093 3965 4755 5309 

2.3 Excited vibration

The excited vibration of the cantilever beam in the vertical position describes the equation of motion 
with the external forces p1, p2, , pN assembled into a vector p on the right side and acting at the 
gravity centers of the beam elements
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 (12)

The presence of viscous damping, such as a dissipative force, extends the left side of the equation 
of motion by an additional term which is proportional to velocity 

,, KMCpKyyCyM  �	���� 


 (13)

where the matrix of proportionality C for Rayleigh damping is a linear combination of the mass and 
������������������®�����ÿ®�,��������������������������������¥��~�������������������������������������<�����
be seen using the formula � �ff  �	��C 0 , where f0 is the frequency in hertz  

3. Transfer Function 

Vibration of mechanical structures is dampened very slightly. It s only a few percent of critical 
damping. The purpose of active vibration control is increase ability of structures to absorb vibration by 
adding an artificial electronic feedback. To analyze the effect of active vibration damping it is firstly 
assumed that the system is not damped at all.  

It is assumed that y and p are complex harmonic functions of time ( � �t?exp ) and Y and P are 
complex amplitudes, respectively. The transfer function in the form of a squared matrix H, relating the 
displacement Nryr ,...,1, � of the lumped masses to the force Nqpq ,...,1, � acting at these masses, is 
defined by the following formula (Hi & Fu, 2001) 

� � PHPMKY ���� �1 (13)

A modal transform qVy � is the basis for the derivation of the transfer function. The coordinates 
y are transformed into generalized coordinates q by using the matrix V. The relationship of the transfer 
function to the modal properties of the structure can be defined if the modal transformation matrix V 
has the following property IVMV �T . It can be proved that the orthonormal eigenvectors vn 
arranged in the matrix V are given by 

Nnn
T
nnn ,...,1, �� Muuuv (14)

The transfer function matrix H, called the receptance, as a function of 2?��   depends on the 
eigenvectors and eigenvalues according to the formulas
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where D is a diagonal matrix. The matrix H relates the force acting at the q-th lumped mass, to the 
displacement yr of the r-th lumped mass, where is measured. The Laplace transform of the individual 
elements of the matrix H is as follows
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(16)

where vq,r q, r =1,...,N is the r-th element of the q-th normalized eigenvector. The poles of the transfer 
function lie on the imaginary axis of the complex plane. The system is on the stability margin, not 
stable and simultaneously not unstable. 

Tab. 2: Values of the product nNn vv 1 for N=10. 

n 1 2 3 4 5 6 7 8 9 10
nNn vv 1 0.146 0.669 1.339 -1.775 1.866 1.628 1.176 0.670 -0.264 0.049 

The product nNn vv 1 of the elements of the matrix V is given in Tab. 2.  

The assumption (16) about the stability margin of the cantilever beam as a dynamic system is the 
worst one, because the amplitude of vibration always decays after some time.
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4. Active vibration control 

The purpose of the system for the active vibration control (AVC) is to compensate the effect of a 
disturbing external force on the vibration of the beam. It is desirable to relocate the poles of the 
transfer function of the controlled system from the imaginary axis in the left half-plane of the complex 
plane. The cantilever beam is considered as an MIMO system composed of the lumped masses whose 
count is equal to N. Vibration of all these masses can be controlled by forces acting at all of them as it 
is shown in Fig. 3.

 

1 2 n n+1 N 
Actuators

Sensors 

Controller Feedback 

Fig. 3: Active vibration control.

We assume that the system is of the SISO type with a controller with a transfer function R(s).
There are two possible solutions, the collocated and non-collocated active vibration control. For the 
collocated system the correcting force pn acts and the response Yn is measured in the same centre 
gravity of the beam element. For the non-collocated system it is assumed that the correcting force pq
acts at the lumped mass indexed by q and the vibrations are sensed at the lumped mass indexed by r.
An example of the non-collocated system is shown in Fig. 4. Vibration of the free end element of this 
cantilever beam is sensed at r = N and the correcting force acts at the element just next to the clamped 
end, therefore q = 1. A block diagram of the closed loop system is shown in Fig. 5.

 

1 2 n n+1 N 
Actuator 

Sensor 

Controller 
Feedback 

Fig. 4: Non-collocated system of active vibration control.

+

-

yNf1
Controller Beam

Fig. 5: Closed loop system of AVC

There is a transfer function of the closed-loop system SPrH , , relating the displacement yr of r-th 
lumped mass to the set point xSP, and the function qrH , , relating the displacement yr to the feedback 
force pq acting at q-th lumped mass
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The term in the denominator of (2) is a polynomial of the squared variable s, the coefficients of the 
odd power are equal to zero. For a stable system, the variable s raised to odd powers must be added
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where TD,n , n = 1,...,N are the mentioned positive coefficients. The degree of the polynomial in the 
numerator of the transfer function R(s) is greater than the degree of the polynomial in the denominator. 
The feedback controller of the derivative type is on the stability margin by itself due to lack of terms 
with variable s raised to an odd power. The additional proportional part of the controller ensures 
stability ¡~���®�2012).

� � TsFsR �� (19)

where F is a gain and T is a time constant. 

The disturbance force can be of the broad or narrow frequency spectrum. Suppose that the 
frequency spectrum of disturbance affects only the d-th mode of vibration.
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The transfer function of the close loop with the controller described by the transfer function (19) is 
as follows

� � � �
� �

� �

� �
� �

� �FKsTKs
sTFK

s
KTsF

s
KTsF

sX
sXsH

ddd

d

d

d

d

d

SP

r
SPr �?��

�
�

�?
��

�?
�

�� 22

22

22

,

1
(21)

where a gain factor qddrd vvK � is called a residuum. As it is shown in Tab. 2 some of the gain factors 
are negative. The damping ratio <�������������¥����������þ�of the system described by (21) is equal to

2
,

2
1 2

2

TKFK
FK

TK d
dd

dd

d ��?C�%
�?

�C (22)

The decay constant þ for 10 $C$ and 02 ��? FKdd determines an envelope of decaying 
vibration � �t%�exp . Strictly speaking if the decay constant is negative since 0$dK , then the 
vibration of the corresponding frequency does not decay and the system is unstable. Only natural 
damping of the cantilever beam can compensate this instability caused by active vibration control.
Design of the controller parameters requires taking into account a number of external influences and 
mainly the natural material damping of the beam vibration. 

The effect of active vibration control is often demonstrates on the vibration decay of the beam  
which is bended into a deflected position and suddenly released. In this case, only the lowest modes of 
vibration are excited.

Both the controller parameters can be calculated using the partial pole placement (Mottershead & 
Tehrani & Ram, 2009) as well. The pair of the complex conjugate poles ,kj? and kj?� of the transfer 
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function � �sH qr , will be placed in the complex conjugate poles kkk jR�%��: , and kkk jR�%��:

of the closed loop transfer function � �sH SPr , . For both the replaced poles the denominator of � �sH SPr ,

have to be zero. We obtain two equations with unknown parameters T and F
� � � �
� � � � .01
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,
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�::��
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(23)

After rearranging the equations (19) we get
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The solution of these two equations is as follows
� � � �

� � � � � � � �
� � � �

� � � � � � � � kkqrkqrkkqrkqr

kqrkqr

kkqrkqrkkqrkqr

kkqrkkqr

HHHH
HH

T

HHHH
HH

F

:::�:::

:�:
��

:::�:::

::�::
��

,,,,

,,

,,,,

,,

(25)

Using the controller of the proportional-derivative type only one pair of poles can be placed into 
the stable part of the complex plane.

5. Simulation of active vibration control 

Equations of motion of a mechanical system with an electronic feedback can be written in the form

� � � � ,,2 yTFpbyKCM Tsuuss ������� (26)

where b, F and T are column vectors defined as follows
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Then, by combining equations (25), we obtain the corrected damping and stiffness matrices
� � � �� � .2 pybFKbTCM ����� TT ss (28)

For the cantilever beam described above we assume now that N = 5. Vibration of the free end 
element of this cantilever beam is sensed at r = 5 and the correcting force acts at the element just next 
to the clamped end, therefore q = 1. The damping C and stiffness K matrices are influenced by the 
feedback in the following way 
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Both the matrices C and K become asymmetric.
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Fig. 6: The dependence of the damping ration < on frequency
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It is assumed the viscous damping force (13), defined by the matrix KMC  �	� , where 
,159.0�	 0000411.0� . The damping ratio “ksi” ¡<¤�����������������������������������������������£�££Â�

and the correspon����������������������¡þ¤����������£�»��The dependence of the damping ration < on
frequency is shown in Fig. 6. Small circles indicate the damping ratio from the experimental modal 
analysis.

A force of 9.81 [N] is acting at the free end of the cantilever beam which is on the opposite side of 
the clamped end. The force is suddenly released at t = 0. A weak damping is added to avoid instability 
of the undamped response. The result of simulation of free vibration is shown in the left panel of Fig. 
7 (AVC OFF).

The effect of the active vibration control in operation is shown in the right panel of Fig. 7 (AVC 
ON) as well. The gain F = 66.8 and the time constant T = 20.7 [s] were designed for the undamped 
cantilever beam. The damping constant of the first vibration mode was increased 10 times by using a 
simulated feedback. All the responses were calculated using Newmark s method for integrating
differential equations.

Fig. 7: Free vibration of the cantilever beam with AVC OFF and ON

6. Conclusions

The lumped-parameters model of the cantilever beam was designed using the method based on the 
modal analysis. It was proved that the cantilever beam can be actively damped only by a force which 
is controlled by the PD controller. The feedback of the D type is not sufficient for damping undamped 
systems. This paper is focused on the computation of the PD controller parameters using the pole 
placement method. The formulas for calculation the controller gain and time constant are derived.
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INVESTIGATIONS OF ORTHOTROPIC DECKS 

Sh. Urushadze *, L. Frýba **, M. Pirner*** 

Abstract: The partial investigations of orthotropic decks carried out in the Institute of Theoretical and 
Applied Mechanics, v.v.i., in Prague for a project of the European Union „BRIFAG“ is described. The 
performance of orthotropic decks is studied under dynamic loads including the crack propagation, 
estimation of fatigue life of the bridge elements, etc. It was found that the most vulnerable detail appeared 
at the spatial connection of the deck with cross and longitudinal beams. The results are concentrated in a 
figure of stress ranges as a function of the number of stress cycles. 

Keywords:  Orthotropic decks, fatigue, stress, Wöhler line. 

1. Introduction 

The European Union approved the research of fatigue behaviour of orthotropic decks that are 
applied to highway as well as railway bridges and formed an international team see Fig. 1 whose main 
task is to study the fatigue of orthotropic decks on both the highway and railway bridges. The impact 
on economy and research is the most important. 

   Each of the participant team has its own research programme and, here, only the results achieved 
in ITAM (and not all) are shortly mentioned. The team can be seen in the Fig. 1 during its meeting in 
the laboratory of ITAM in Prague, (Luki= et al., 2009), (Akhlaghi et al., 2009). 

   ITAM tested the elements of orthotropic decks on fatigue in the testing machine up to the cracks. 
The evaluation of tests presented the relationship of stress ranges on the number of absorbed stress 
cycles (Wöhler line). It is supposed that the stress ranges are the main factor of fatigue cracks in 
structures. This function enables also to estimate the fatigue life of the investigated structural element. 

 
Fig. 1: The BRIFAG  meeting in the laboratory of ITAM,  Prague, 2010. 
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The orthotropic decks represent a popular structural element since the Second World War and it is 
counted now several thousands in structural engineering (civil, industrial, ship and space structures) all 
over the world. Their advantages are: light weight, low height and low first natural frequencies. On the 
other hand, as they are fully welded, they suffer from the secondary stresses that cause cracks and the 
initiation of fatigue cracks. Therefore, the orthotropic decks should be carefully studied and tested. 

2. Specimens  

The investigated model (see Fig. 2) represents a part (a cutout) of a railway bridge in the 
approximate scale 1 : 1. The strait ribs are preferred on railway bridges because they provide several 
advantages: no closed spaces, no corrosion, simple welding, easy maintenance and painting. 

 
Fig. 2:  The tested model of the orthotropic deck. 

 

A series of 16 specimens was tested under the harmonic load in the laboratory of ITAM. The 
applied forces with various minimum minF and the maximum maxF  forces as well as the number of 
stress cycles up to the fracture were recorded. All tested specimens results are summarized in the 
Table 1. 

 

Tab. 1: A survey of static and dynamic tests. 

N. of specimens type of testing machines 
Fmin
[kN] 

Fmax 
[kN] 

Number of 
cycles 

A1 
static force 

ITAM 
GTM 500 kN 0 477  

 TZUS 
RK MFL PRUFSYSTEME 0 780  

A2 
dynamic force 

test machine MTS 250 kN, 
frequency 3 Hz 10 210 5 527 812 

 test machine GTM 500 kN, 
frequency 2 Hz 10 410 1 543 930 
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A3 
dynamic force 

test machine GTM 500 kN, 
frequency 2 Hz 10 360 5 000 000 

A4 
static force test machine GTM 500 kN,  0 200  

A4 
dynamic force 

test machine GTM 500 kN, 
frequency 2 Hz 10 380 2 236 037 

A5 
static force test machine GTM 500 kN, 0 200  

A5 
dynamic force 

test machine GTM 500 kN, 
frequency 2 Hz 10 390 547 400 

A6 
dynamic force 

test machine GTM 500 kN, 
frequency 2 Hz 10 390 576 000 

A7 
with CFRC 

test machine GTM 500 kN, 
frequency 2 Hz 10 390 3 210 000 

A8 
with CFRC 

test machine GTM 500 kN, 
frequency 2 Hz 10 390 2 320 000 

A9 
dynamic force 

test machine GTM 500 kN, 
frequency 2 Hz 10 390 596 453 

A10 
dynamic force 

test machine GTM 500 kN, 
frequency 2 Hz 10 400 371 000 

A11 
dynamic force 

test machine GTM 500 kN, 
frequency 2 Hz 10 400 716 000 

A12 
dynamic force 

test machine GTM 500 kN, 
frequency 2 Hz 20 380 1 350 000 

A13 
dynamic force 

test machine GTM 500 kN, 
frequency 2 Hz 20 400 820 000 

A14 
dynamic force 

test machine GTM 500 kN, 
frequency 2 Hz 10 370 2 600 000 

A15 
dynamic force 

test machine GTM 500 kN, 
frequency 2 Hz 20 390 682 500 

A16 
dynamic force 

test machine GTM 500 kN, 
frequency 2 Hz 20 370 1207000 

 

It has approved that the stress range is the most important parameter affecting the fatigue of 
structures. The stress range is defined as the difference of the local maximum and minimum of stresses 
in the investigated point: 

                                                 max min% % %( � �                                                              (1) 

It enables also to estimate the fatigue life of the investigated structural element.  
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 The key results were concentrated in the Fig. 3 and evaluated by the last square method. It 
presented the mean value 

  610 81,126N% �( � � �                                                        (2) 

where is @þ in N/mm2 and N  is the number of absorbed stress cycles 

 
Fig. 3: Stress ranges as a function of absorbed cycles. 

  

   The other involved teams tried to raise the fatigue life with the glued carbon fibre elements 
(Prof. Pirner et al.) and to study the breathing of webs (Prof. Škaloud et al.). Together with the other 
international teams, the programme has presented a picture on the problem from various sites. 

3. Arising of cracks  

The arised cracks have at the beginning an unimportant significance. The traffic can continue in 
most cases. However, the regular (or irregular) inspections signalize that the inspections should be 
more often. In the mean time, the bridge authorities may prepare the suitable precautions: design a 
new structure or its repair, etc.  

The typical cracs in the cross girder web can be seen in the on the Fig. 4 (specimen A 2) and on the 
Fig. 5 (specimen A 3). 
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Fig. 4:  Fatigue cracks on the specimen A2. 

 
Fig. 5: The fatigue cracks of the element A 3. 

The propagation of fatigue cracks on the element A 3 can be seen in the Fig. 6. 
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Fig. 6: Propagation of fatigue cracks on the specimen A 3. 

The specimen A 4 was statically tested for the hot spot method. The static forces 
were: 20, 40, ..., 200 kN with steps 20 kN. The static stresses were measured and the results delivered 
to the Chalmers University for further evaluation using the hot spot method, see the Figs. 7 and 8. 
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The dynamic forces subjected to the specimen A 4 were 10 kN and 380 kN, respectively, and 
absorbed 2 236 037 times. The cracks can be seen in the Fig. 8 and their propagation on the Fig. 9. 

 
Fig. 7: The static tests on the specimen A 4 (arrangement for the hot spot method). 

 
Fig. 8: The cracks on the specimen A4. 

The specimen A 5 absorbed first of all the static forces 0 to 200 kN and then the dynamic forces 10 
to 390 kN repeated 547 400 times. Analogous results were obtained on the specimen A6. with the 
forces 10 to 390 and with 576 00 repetitions. 
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Fig. 9: Propagation of the fatigue cracks on the specimen A4. 
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The critical places on the specimen A7 were covered with the Carbon Fibre Reinforcement 
Composites (CFRC) whose statical properties were investigated in details earlier (see the report 
BRIFAG.ITAM.2009.1). The view of the specimen together with the CFRC is in the Fig. 10. The 
specimen was loaded by the same forces as that ones on the specimens A 5 and A6 (10 and 390 kN, 
respectively). To our surprise, the number of cycles was N = 3 500 000. Therefore, the investigation 
will be repeated on the specimen A 8. 

 
Fig. 10:  The specimen A7 covered by the CFRC. 

4. Conclusions  

The international project “BRIFAG” has presented the fatigue data of orthotropic decks on both 
the railway and highway bridges. The fatigue cracks appear in the places (in most cases) where the 
stress concentration arise and form the initiation of fatigue cracks. It happens usually in spatial 
crossing the deck with cross and longitudinal beams. 

The function on N enables to estimate the fatigue life of structural elements. It is the most 
important result of investigations, Frýba, & Urushadze (2011), Urushadze et al., (2011). 
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Urushadze S. Frýba L. Pirner M. 1455





"��������	
��
���������
���������
	����������	���
�����������
	��������
���������	������	�������

������������� !�����"�#���  !�����$�%&'"(   !����)�*(    �


+�,��-,.��,��� $�$��� ������ )*<�� :��<�9+* �;���� ���*���<*� �� �	� 	��<"�*���� �� ����� �<� �� :��:� ��)� )* ��
�$����� ,��� <)�+�$� �� �/9�0��� ��* 	������ �� ���<�� �<�;�<;��� )*<�� <��� �� <���� $:�� � �/��� ��*��<�� *��
���*� ������<������$��:�<����	��� �����)*<���*��;���������+���<*� ���,������*���<*� ��)�����"���:����<�<���
��)�)* ���$����� ��<����*�����;"�����$�*<;��������"�� �����;�����,���)* �+�9�*<�����	����<*� ����$��
������$� ���� <�� <����<�)�%<��� ��'<�� �<;�����������	����� �����,��� * �*:*�;����� �������)������� <��*��
���;$� )���� � ��:���� <�� ��<*��<�� <��� �: ��*�� ���$� ��)� $���*"��� ��������<*�� :*"��<*� � � �� �$��*���
* <��	��� ��������;$�* ���		��<���+<������ * ��;����$��$����� 	��� <�����*�* �<*� ��	� <����9<� �*:��:*"��<*� ��
,���� ��:�*��*�����$���� <���":� ;���*����* :��<*��<*� �;�* ��E��$;<�<*� ���+�;*��F: ��*�����<������

)�/0$���.���������	��
�������	���!����!	��
�	���
�������������
����	�����
�	!���

1�� �#,�$��-,"$#�

�������	�
 ����������
 �	��
 	����
 �����������
 ����������
 ����
 	
 ����
 ����	�
 ��������	����
 �����

	�����������
������
����
��
�����	�
�	�����
�	�����
����
	�
	���	�����
�����
����	�����
	��
�������
�����

������������
���������
 ���
�����
 ��
�
���������
 ��
 ���
����
�������
	��
 ���
	���������
	�	����
 ���

����
������
�����	��
���
��
 ���
�����	�
����
��������	
���������
��
����
	
 ����
��
����������
 ��

������
 ���
����� 
��������
����
����������
����� 
 �������
���	�����
 
����
 ������������
� ���	����

������	����
 ����
 ���
 ��������
 ���	�	����
 ��
 ���
 ��������
 �	�
 	����
 ����
 	�
 	
 ���
 ����
 ���������

!��������
 ��
 ���
 ��	�	����
 	��
 ���
 ���������
 ��
 	�
 � ���	������
 ���
 	����	��
 ���	�����
 ��
 ������
 ��

	����
���
������	�����
������
�
�	�����
���
	���
��
�	���
����
���
���	����
	���������
�����
��	�
��

���
��������	�
����������
��
�	����


"�
 ����
�	����
 ���
��	�����	��
���	�����
��
 ���
�����
 �	�����
����
��	�����
	��
 ��������	���

����
�������
��
���
��������	�
��������
���
� 	���	����
��������
	
���������
	�	�����
��
���
�	�����

	�����	����
 �
 ���
 	�	�����
 ��
 ���
 ������
 ��
 ���
 ����	��
 ��	������
 #�������
 ���
 �������	�

�����	����
 ��
 ����
 	�
 	������	����
 �������
 �����
 ��������
 	�������
 ������	����
 ��
 ��������
 ���

�������
�	�
�	�����
����


2�� ��"�3�����-�"%,"$#�

���
 ���������
 �������������
 �����
 ����
 ���
 	�����
 ���	����
 �����
 ���
 $���%
 �	�
 � 	������
 ���

�	����
 ���������
 ��������
 ��
 �����	���	���
 	��
 ������������
 ��������
 ���������
 !�
 !���	���
 �����

�����
��������
���
�����
���
���������
���
�����
����
����
��
��������
����
���
���	�
�	��
��
&''

��
������
����
 ���
����	���
������
 �����
 	 ��
�()�)
��
���
�����
����
 ��
 )�*
�
�����
���
����
�	���	���
�������
�	����	�
��
�	��
����
+,,-./
���������


���
 ��������
 	��
 0���	����
 �	��
 ��
 �����
 ����
 	��
 	��
 �������
 ��
 ���
 �������
 ������
 ���

����������
���������
����
����
���
������
�	������
���
�	����
���������
��
�	�����
��
�	���
��
�	�����









































 








1


"���
2���	
3����	�4��
+2��5
"��������
��
������
	��
!���
#���	����
!�	����
��
2�������
��
���
+4���
6�������
�����7

8������9
/.�
%*'
''
8�	�	
*�
����5
:;<'�<<<).)'/%�
$	 �5
:;<'�<&.&&;.);7
=��	��5

�����	�4�>��	���	���4�

11
 
 8����
 "���
 �������
 #���?
 8������
 @�2��5
 "��������
 ��
 ������
 	��
 !���
 #���	����
 !�	����
 ��
 2�������
 ��
 ���
 +4���

6�������
�����7
8������9
/.�
%*'
''
8�	�	
*�
����5
:;<'�<&.&&<%<%�
$	 �5
:;<'�<&.&&;.);7
=��	��5

������>��	���	���4�

111

@���
"���
2�	����	�
8���A?���
8�@�5
"��������
��
������
	��
!���
#���	����
!�	����
��
2�������
��
���
+4���
6�������

�����7
8������9
/.�
%*'
''
8�	�	
*�
����5
:;<'�<&)&&'&,;�
$	 �5
:;<'�<&.&&;.);7
=��	��5

��������>��	���	���4�

1111
 
 "���
6	�����
B�9��
8�@�5
 "��������
��
������
	��
!���
#���	����
!�	����
��
2�������
��
 ���
+4���
6�������
�����7

8������9
/.�
%*'
''
8�	�	
*�
����5
:;<'�<&.&&<%<%�
$	 �5
:;<'�<&.&&;.);7
=��	��5

��	�>��	���	���4�


m
2012

. 18thInternational Conference
ENGINEERING MECHANICS 2012 pp. 1457–1464
Svratka, Czech Republic, May 14 – 17, 2012 Paper #22



�

������
�
 �����
�	���7
 ���
�	���
	��
��	���
 ��
	
������������
 ����
���
�	�����
	��
���	����
��
 ��

;,
���
 ��
 �����
 ��������
 	�
 �	 ����
 	��
 %'
 ���
 	�
 ��������
 #	 ����
 	��������
 ��
 �������
 ��
 &'

#8	
	�
%<''
#8	�
���
�	�����
	��
����
�	��������
� ��	���	��
	��
�������	���







+*���1���*���� �����; ��:*�)��	�<���	��<"�*����


4�� �"+��,"$#�5������5�#,�$6���#3�����

���
���	�����
��
���
*��
	��
&��
����
�	�����
D���
$���
%E
	���	���
	�
���
���	������
���
����
�����
D��

��
)
�-�E
����
���
����
���������
�	�
�����������	�
��
���
���������
	 ���


���
�	���
��
=F@=0+�
	�������������
 ����
&.
��	�����
���	���
��������
��
 ���
*��
	��
&��

�	������
���
������
����	���
����
���
�	����
	�����	��
 ����
 ���
�����
���G�����
����
 ���
����4���	�

������
 �	�
,
 ��
 �	�
 %
 �����
 ���
 �������
 ��
 .'
 �
 �������
 ���
 *��
 	��
 &��
 �	�����
 ������
 ���
 ����

� ���	�����


� �� �� ��
�

�

�
�����

��
��
���
��
��
��
��

��������������

� �� �� ��
�

�

�
����	

��
��
���
��
��
��
��

�������������� �
+*���/��=�)����$��<������ �*<*���* �:��<*����� �����*;� <����*���<*� ���	�+<���� ������


 ,�"��1��+������	��%;� �:��	��� �����<,;&�� ���9$��<������$����	�:*"��<*� ��


� ���	����

���������
HI4J-

����
F��

*��
�	����
������	�


���������
HI4J-

����
F��

*��
�	����
����4���	�


���������
HI4J-

����
F��

&��
�	����
������	�


���������
HI4J
-

����
F��

&��
�	����
����4���	�


����
 %<�&-.
 %'�'%-,7
%<�'&-.7

%;�%'-/


*�/'-;7
%<�<.-,7

%/�<*-/


*�.&-;7
%'�%)-;7

%<�%*-,7
%/�<*-/


����
 %<�'&-.7
%.�<.-&
 %'�'%-,7
%<�'&-.7

%.�<.-&


*�/'-;7
%<�)'-,7

%;�&'-.7
%/�<*-/


*�/'-;7
%<�)'-,7

%;�&'-.7
%/�<*-/


1458 Engineering Mechanics 2012, #22



�

$���
<
�����
���������
	�	�����
�������������
��
���
��	��������
��������
������
���
� �������

���	�����
D���
�	�
<E������
$���
)
�����
���
����
�������
��
	������	�����


� �  � � ��
��

�

�
����

�

��
��
	



���
�

�
��	��

� � � � � ��
��

�

�
����

�

��
��
	



���
�

�
�	�� �
+*������,*����*�<��:��	�<����*�$������ <��	��� ����+�* �<���:��<*����� ��<������*;� <����*���<*� ����

@��	���
 ������	�
 ��������
 ��
 ���
 ����
 ����
 ���
 �	��
 ���	����
 �	�
 ��	�����
 �
 ���
 �	��

	������������
 	�
 ���
�	�����
��	���
	�
 ���
����
�����
 "�
 ���
 �����
 	��
��������
 ���
*��
 	��
&��
�	�����

����
 ������
 ��
 ���	��
 ��
 ���
 ������	�
 ��	��7
 �����
 ���
 �������
 ��
 �������
 �	��	��
 	���������
 ����

�����	����
 ���
 ��	�����
 ����	��
 ����
 ��������
 �����
 	
 @=K=�6�F
 ��������
 ����
 <'%'
 	��

	�	�����
�
���
#!��!L
�����	���




,�"��/��-�$�*<;����:�<��&�* ��� ��������<*� �	�����	<�� ���*��<��� �����


� ���	����

*��
�	�����
 &��
�	�����


������	�
 ����4���	�
 ������	�
 ����4���	�


����
%�/,
���%
 ;�.=�<
 <�*=�<
 <�)=�<
 %�/=�<


����
<�<
���%
 /�*=�<
 <�,=�<
 )�<=�<
 %�.=�<


1����
<�'
���%
 ����5
%�*=�%


�����5
%�).

����5
)�&=�<


�����5
/�;=�%
 M
 M


����
%�&
���%
 ����5
&�&=�<


�����5
%�;,=�%

����5
)�)=�<


�����5
.�.=�<
 M
 M


����
%�/,
���%
 ����5
/�<=�<


�����5
)�'=�%

����5
<�,=�<


�����5
%�&=�%
 M
 M


F���5
1
���
��	��������
����
�������
� �������
���	������




,�"�����+��%;� �*����	�:��<*����:*"��<*� ���	�<���	��<"�*�������.��

� ���	����
 ���������
HI4J
 	��������
:0
���	����
H��J

����
 %'�'%
 �*�<=�;


����
 %�/,7
<�*'7
%'�'%7
%<�.'7
%;�<.
 �.�&=�;


����
 %<�.'7
%;�''7
%;�<.7
%;�*%
 �<�*=�)


����
 %<�)'7
%<�.'7
%;�''
 �*�;=�;


����
 %�/,7
%<�.'
 %�,=�%


Urushadze S. Pirner M. Pospı́šil S. Král R. 1459
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THE METHODOLOGY OF FATIGUE TEST SIMPLIFICATION 

J. Vágner*, B. Culek jr.**, B. Culek*** 

Abstract:   The contribution is focused on the issues of experimental determination of fatigue 
characteristics of structural nodes of rail vehicle parts on a dynamic test stand. The aim of the 
contribution is to describe a methodology allowing simplifying the experiments. The proposed 
methodology uses FEM computation, correlation analysis and estimation based on specific stress 
response. In order to validate the methodology, an experiment with a physical specimen was performed. 

Keywords:  Rail vehicle, structural node, fatigue testing, FEM analysis, dynamic test stand. 

1. Introduction 

The aim of this contribution is to describe a methodology which allowing simplify experimental 
testing of fatigue strength of structural nodes of rail vehicle bogie frames. The purpose of the proposed 
methodology is to reduce the number of cylinders (and thus also other equipment) necessary for 
fatigue testing for determining the fatigue properties of structural nodes, especially structural nodes of 
rail vehicle constructions. 

The methodology contains particular points listed below: 

1. Finding a suitable set of criteria for assessment of the equivalence of two modes of loading of 
the structural node. 

2. Finding the relation between the evaluated component of the material response and the 
loading mode. 

3. Defining the procedure leading to simplification of the loading mode (reduction of number of 
the loading cylinders). 

4. Verifying the above points at theoretical models with use of FEM analysis. 

5. Experimental validating (demonstrating) the methodology at a physical specimen. 

Although the work is focused at the simplification of experimental testing of fatigue strength, 
many theoretical techniques and methods also had to be used to reach the aim. In order to prove the 
theoretical methods (and thus also their result) acceptable, the methods were to be validated by 
experiments in each step. For this purpose, a specimen representing a characteristic structural node 
used with bogie frames of rail vehicles was designed. The methodology was validating by FEM 
analysis and testing on real specimens at an electrohydraulic stand. 

2. The proposed methodology 

The method assumes that the loaded assembly is linear. Further assumption is that the sample, 
subjected to the applied loading, has one critical point. Fig. 1 shows a block diagram of the theoretical 
model of the original and the simplified loading sets including three levels of checking of equivalence 
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of both sets. Both models are identical as to the included modules; however the transfer functions 
between the modules are different. 

In order to enable utilising of the method, not only that the simplification system itself had to be 
designed, but also a way of assessment of the equivalence of the simplified loading mode had to be 
found. It was necessary to find a hypothesis which would not be much conservative and allowed to 
compare the effects of two loading sets, with regards to the material fatigue, as precisely and simply as 
possible. 
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Fig. 1:  Block diagram of the theoretical model of the assembly. 
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3. The criteria for assessment of the equivalence of two modes of loading 

The aim is to reach the same number of cycles to failure (the 4th level on Fig.1), but another 
requirement has still to be fulfilled, that the same mode of failure occurs at the same point as with the 
original loading set. In an extreme case it may also happen that the specimen is loaded in a completely 
different way but the failure occurs at the same (almost the same) number of cycles. Based on the 
aforementioned information, several assessment methods were proposed (which does not exclude 
other methods): 

One-parameter methods 

a) The value of �1 – only the magnitude of the principal stress is evaluated, its direction is not taken 
into account! 

b) The value of �max - only the magnitude of the maximum tangential stress is evaluated, its direction is 
not taken into account! 

c) The value of �HMH – the directions and relation of the shear and tensile components are not taken 
into account; negative values of stress are not taken into account either. 

d) Reference stress � – one or more strain gauges are positioned at a suitable place of the construction. 
The assumption may be made that there is a relationship between this stress and the maximum stress 
in the notch. The value of the stress in the direction of the strain gauge is evaluated and subsequently 
transformed to the stress in the notch (critical point).  

Two-parameter methods 

e) The values of �1 and �max – Magnitudes of both stresses are evaluated, with regard to the fatigue 
limit ellipse in the �–� diagram. The direction in relation to the critical point is not taken into account. 

f) The values of � and � – The values of tensile stress and shear stress in a selected reference direction 
are evaluated. The direction must be chosen with regards to the supposed direction of the crack. The 
direction in relation to the critical point is thus taken into account.  

The loading modes are equivalent if the points of both compared situations are located on a 
common ellipse of constant fatigue strength in the �–� diagram. 

 
Fig. 2: Extended ³–Ê diagram. 
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4. The specific stress response metho 

As the stress in the critical point may not be experimentally verified, a method for estimating the stress 
on the basis of specific stress response was created. It comprises the following steps: 

1) An appropriate FEM model is created. 

2) All load components are applied with the magnitude of 1. 

3) All variants for only one component at a time are computed. 

4) All components of stress in the nodes are exported for further processing. 

The stress in a selected point (FEM node) is then: 
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  (1), 

where the coefficients k represent values of the specific stress response. These values may also be 
obtained experimentally. 

F1 Fi Fn 

%x1, %y1, %z1, 
Lxy1, Lyz1, Lzx1 

%xi, %yi, %zi, 
Lxyi, Lyzi, Lzxi 

%xn, %yn, %zn, 
Lxyn, Lyzn, Lzxn 

%x, %y, %z, 
Lxy, Lyz, Lzx 

%1, %2, %3, 
Lmax, 	, %HMH 

. . . . . . 

 
Fig. 3: Schema of application of the specific stress response method. 

5. Typical process of simplification 

Typical process of simplification is as follows: 

1) The time histories of external forces assumed in operation (experiment) serve as input. 

2) Another input is constituted by the data necessary for assessment of equivalence of the loading 
– stresses from the FEM analysis calculated under the loading specified in the previous point. 

3) The experiment loading set is designed. It is required that the dominant component(s) of the 
original loading be preserved. This loading set will be henceforth referred to as „simplified“. 

4) Design of the assembly with the structural node (specimen), fastening equipment and system 
of applying the loading forces. 
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5) FEM analysis of the sample loaded in the designed assembly with unit loading from external 
forces (specific stress response). 

6) Finding the suitable location for reference strain gauges so that the measured values correlate 
sufficiently with the stress in the critical point. 

7) Based on the original loading, the stress response to the dominant force is calculated. 

8) The difference between the original stress and the stress resulting from the dominant force will 
be compensated for by other forces remaining in the loading set. 

9) The values of other forces are calculated using the superposition principle so that required 
effect is achieved. 

10) After the calculation of the new loading, new stress histories in the critical point are 
calculated. 

11) The original and the new histories are compared following a selected criterion for assessment 
of load equivalence. If the agreement is not sufficient, the proposition must be modified. 

12) Before the experiment is started, a check is made whether the responses from the reference 
strain gauges, with respect to the loading forces, are accurate enough compared with the FEM 
calculation.   

The process may be slightly different with regard to the purpose of simplification and with regard 
to the character of the test specimen. In particular, the range of input parameters may differ. 

6. Achieved results 

The methodology was applied on an actual specimen. A steel weldment was constructed, representing 
the structural node of connection of a sideframe and a transom. It was loaded by three EH cylinders; 
the simplified assembly was loaded by two EH cylinders. There are two potential critical places on the 
specimen (CP1, CP2) but with regard to load system only one of them is critical. 

     
Fig. 4: The experimental assembly and the specimen with strain. 

Results of comparison between theoretical and experimental determination of specific stress 
response are listed in Tab. 1. The presented results were obtained under one cylinder loading 
conditions.  
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Tab. 1: Comparison between theoretical and experimental determination. 

Strain gages 
FEM Experiment 

Difference 
[MPa/kN] [MPa/kN] 

T3 4.97 5.07 2% 

T4 4.97 4.97 0% 

T5 4.85 4.85 0% 

T6 4.85 4.58 -6% 

R1A 1.23 1.26 3% 

R1B 4.44 4.57 3% 

R1C 2.16 2.21 2% 

R2A 2.16 2.15 0% 

R2B 4.44 4.50 1% 

R2C 1.24 1.25 1% 

Following variants of load have been proposed for verification of the methodology (Tab. 2): 

a) Original version: This is the basic version for comparison. 

b) Version A: In this version, the force F2 was omitted and compensated by other forces. The 
resulting tensile component for the secondary critical point decreased; the shear component 
remained without significant change for all values. 

c) Version B: In this version, the force F2 was omitted and compensated by remaining cylinders. 
The resulting tensile component for the secondary critical point was lower again; the shear 
component remained similar for all values. 

d) Version C: In this version, the forces F1 and F2 were both omitted and compensated only by 
the force F3. The tensile component was maintained, the ratio of the tensile and shear 
components was not (difference 7.5 %). 

e) Version C1: This version differs from the version C solely by the fact that, besides varying 
the loading intensity, the ratio of amplitude and mean value of the force also varied in order to 
attain the appropriate loading. The ratio was changed from original 1:0,25 to 1:0,6. 

f) Version D: In this version, the forces of the cylinders F2 and F3 were omitted and 
compensated only by the force F1. The tensile component was maintained, the ratio of the 
tensile and shear components was satisfactory. In this case it was observed that the stress state 
in the in the secondary critical point (CP2) was the same as in the primary critical point (CP2). 
Although this loading is apparently suitable according to the comparison of numbers of cycles 
to failure, the failure might occur in another place than in the assumed primary critical point 
(CP1)!  

Tab. 2 – Load forces (two-parameter simplification). 

Version F1 [kN] F2 [kN] F3 [kN] 

Original  +/- 4.3   -/+ 1.3  8.5 +/- 2.10 

Version A  +/- 3.5 0 7.1 +/- 1.75 

Version B  +/- 2.9 0 5.8 +/- 2.90 

Version C 0 0 19.3 +/- 4.80 

Version C1  0 0 10.6 +/- 6.40 

Version D  +/- 5.5 0 0 
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Results of stress responses obtained by proposed variants of load are listed in tab. 3. Results of the 
/® ratio are listed in tab. 4. 

Tab. 3: Stress response (two-parameter simplification). 

Version 
CP1 CP2 

% L % L 

Original 64.9 28.4 49.7 28.6 

Version A 64.8 30.7 40.8 30.9 

Version B 65.0 31.0 33.5 31.1 

Version C 64.7 28.3 -1.0 28.3 

Version C1  64.4 30.0 -1.3 30.0 

Version D 64.9 31.6 64.9 31.9 

Tab. 4: The ³/Ê ratio (two-parameter simplification). 

Version 
CP1 CP2 

%/L %/L 
Original 2.12 ( 0% ) 1.61 ( 0% ) 

Version A 2.11 ( -0.65% ) 1.32 ( -18.22% ) 

Version B 2.1 ( -1.17% ) 1.08 ( -33.29% ) 

Version C 2.28 ( 7.52% ) -0.03 ( -102.09% ) 

Version C1  2.15 ( 1.17% ) -0.04 ( -102.61% ) 

Version D 2.05 ( -3.35% ) 2.03 ( 26.05% ) 

7. Conclusions 

The described methodology allows simplifying the loading of a structural node of a rail vehicle for the 
purpose of simulation of its operational loading at a dynamical test stand. However, the methodology 
should be taken only as a starting point of further research, since it still has many limitations in the 
present stage. For simple structural nodes loaded by external loading components with the same phase 
it is applicable, though. It is also difficult to use for tests, which are conclusively defined by standards. 
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INFLUENCE OF THE GEOMETRIC CONFIGURATIONS OF THE 
HUMAN VOCAL TRACT ON THE VOICE PRODUCTION

T. Vampola*, J. �
$7��'**

Abstract: The three-dimensional (3D) finite element (FE) model of the human vocal tract was 
constructed, based on CT measurements of a subject phonating on [a:]. A special attention is given to the 
higher frequency range (above 3.5 Hz) where transversal modes exist between piriform sinuses (PS) and 
valleculae (VA) and where the higher formants can create a formant cluster known as the speaker’s or 
singer’s formant. Since the human ear is most sensitive to frequencies between 2 and 4 kHz concentration 
of sound energy in this frequency region (F4-F5) is effective for communication.

Keywords: Boimechanics of voice, 3D FE model, acoustics characteristics, singer’s formant

1. Introduction

At present, a considerable attention is given to the computer simulation of voice production in relation 
to the sound pressure field inside the human vocal tract during phonation. Main effort is focused on 
understanding the generation of the articulated audio signal and all the factors influencing this process
and the voice quality. The mathematical models of the human vocal tract allow much easier and 
detailed computer analysis of the acoustic pressure in the vocal tract than it can be obtained by
acoustic measurements in vivo. A number of simplified 1D models of the vocal tract cavities can be 
found in literature - see e.g. Titze at al. (1997) or Laukkanen at al. (2009). The advantage of these 
approaches lie in the relatively simple mathematical description of the behaviour of such derived 
models. However, it is necessary to accept, that these models were derived under the assumption of 
planar acoustic waves travelling in the vocal tract and don t accept the 3D geometric configuration of
the real human vocal tract (Vampola at al., 2008). For lower values of frequencies of the vocal 
cavities, for which are not excited the transversal shapes of vibrations, are computed pressure fields of 
these models in a good relationship with measured data. For a precise evaluation of the voice quality
due to geometric modification of the vocal tract for which must be taken into account the hire 
frequency spectrum are these models inadequate. However, for the evaluation of the impact of 
individual factors that need to be taken into consideration in the preparation of the real 3D model of 
the vocal tract are these simplified models very useful computation tool.

2. Simplified model of the human vocal tract

The influence of geometric configuration of the human vocal tract on the generated acoustic pressure 
was in the first step simulated by the simplified model shown in Fig 1. The method of direct physical 
discretization was used for derivation of the physical parameters of this model. This method is 
sufficient for a quantitative assessment of the influence of geometric modification of the vocal tract on 
the acoustic characteristics. The mass and damping matrixes of the simplified model were derived by 
the direct physical discretization according to Fig.1. The stiffness matrix was derived by the inverse 
procedure. In the first step was accepted the simplified model without parallel chains (the masses m8

and m9 were neglected).
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In the position defined by the coordinate x0 was assumed the inhomogeneous pressure boundary
condition p(x0,t)=p0(t).. In the position of mouth was used the homogeneous pressure boundary 
condition p(x10,t)=0.

x1 x2 x3 x4

x9
x8

k1 k2 k4k3

k8 k9

x5

k5 k6

x6

k7

x7

k10

b10

x0

x0

x10

x10

Fig.1 Simplified model of the human vocal tract

The condition of the static pressure equilibrium can be reformulated as 
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where, the symbols kij=ki+kj were used for simplification of notation. By using the global stiffness
matrixes of the separate flexible members of the model according to Fig.1 can be the equation of the 
pressure static equilibrium (1) rewritten to:

� � fpKKK 10g102g21g1 ���� kkk �
(2)

where ki i=1,…10 are the unknown stiffness parameters of the simplified model and vector p was 
assembled from the known values of the pressure field computed by the FE analysis of the 3D volume 
model in positions defined by coordinates xi i=1,…10. Vector f contains the kinematic excitation of 
the simplified model. In the following analyses was used the harmonic excitation in position of vocal 
folds - position x0. The form of the matrixes Kig can be derived from (1). For example the matrix K2g
can be defined in the form:
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Equation (2) can be reformulated to the final form:

� � fkpK,,pK,pK 10g2g1g ��
(4)

The order of the stiffness matrix in the equation (4) is n*(n+1), where n is the number of discrete 
masses in the linear chain. Choosing the value of stiffness k1=�#can be the equation (4) rewritten to the 
final form:

� � fkpK �
(5)

where K(p) is the stiffness matrix whose elements are functions of the pressure obtained from the 
analysis of 3D FE model. The vector k contains unknown stiffness parameters of the linear chain 
(Fig.1) and the vector f results from the inhomogeneous boundary condition p(x0,t)=p0(t) at the 
position of the vocal folds. The stiffness parameters of the simplified model are computed by using the 
additional condition on the first eigen-frequency that is identical with the 3D model. The similar 
procedure can be used for determination of the stiffness parameters of the PS and the VA, where the 
shortened chain between the vocal folds and the PA or VA was used. The volumes of the PS and the 
VA are connected with the basic frame by the very soft stiffness. The matrixes derived in this way are 
only approximate but maintain the proportionality of the stiffness parameters of the 3D volume model.
The dominant mechanism of the energy dissipation from the human vocal tract is due to emitting the 
acoustic energy from the mouth to the open space. In the simplified model was this mechanism of 
energy dissipation modeled by the acoustic impedance Za. The model of the circular plate vibrating in 
the infinite wall was used (Vampola at al., 2008)
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where functions J1 and H1 can be expressed by means of the infinite series
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In the equation (6) is
0ck ?� wave number. R,S are the radius and area of the vibrating circular plate

simulating the mouth area, c0 is speed of the sound in the air cavity of the vocal tract and Ë0 is density 
of the air for the defined conditions. The expression (6) can be normalized due to standardized wave 
resistance 00c* and area of the vibrating circular plate:
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,iBAznv �� ( 8)

where the real part describes the emitting resistance and the imaginary part is the fictional mass air-
column vibrating with the human vocal tract. Using the validity of the relations between the acoustic 
and mechanical impedance can be parameters used in the model of the vocal tract in Fig. 1, defined by 
the expressions:

� � � � � � � � ,, 2
10

2
10 ???? aa mSmrSb �� ( 9)

where � � � �?? aa mr , are the frequency dependent values of the acoustic resistance and the acoustic 
mass following from (8). The character of the acoustic radiation impedance for the area of the mouse 
approximately 7e-3 m2 is presented in the Fig.2.
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Fig.2 Standartized acoustic radiation impedance

It is necessary to keep in mind that the using of the simplified model of the human vocal tract is 
limited to the lower frequency span. The model acts as a frequency filter, which removes from the 
frequency spectrum the frequencies of the transversal vibrating modes, which the simplified model is 
not able properly modeled. With regard to this fact, it is evident that for the lower values of the 
frequency range, can be the standard radiation impedance approximated with sufficient precision by 
the polygon line.

3. Influence of geometric configuration of the model to the position of the resonant peaks

The influence of the shape modification of PS and VA to the generated pressure characteristics of the 
human vocal tract was in the first step used the simplified model according to Fig.1. This model is 
sufficient for the quantitative assessment influence of the geometric modification to the predicted 
pressure fields of the human vocal tract. The character of the pressure field in the position defined by 
the coordinate x7 was simulated. In the first step can be this value accepted as the output pressure from 
the human vocal tract. The pressure fields were calculated using the method of harmonic analysis. The 
vector of unknown pressures amplitudes is considered in the form

tjet ?r)(p � . (10)

The amplitudes of excited vibration r can be derived from the equation of motion:

)(hA)(h)BMK(r 112 ???? �� ���� i .
(11)

where �¡.¤�is vector of the kinematic excitation of the system. The complex amplitudes of the excited 
vibration can be derived from the expression (11): 

)(h
)Adet(

qr ?i
i � .

(12)
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From equation (12) results  

7654327 kkkkkkq � .
(13)

for the model, when were not used the masses m8 and m9 in the linear chain. In case, that the mass m9
is not used, we got: 

� �2
887654327 ?mkkkkkkkq �� .

(14)

For the full model according to Fig.1 was 

� �� �98
4

8998
2

987654327 mmmkmkkkkkkkkkq ?? ���� .
(15)

From the equations (14 and 15) it is apparent that by adding a "parallel" branch to a serial chain the 
state of antirezonance can occurs, when the output pressure amplitude of the forced vibrations on the 
output from the model are zero. The equations (14 and 15) from the equation (11) differ by the 
modifier 

� �2
881 ?mkmo ��

� �� �98
4

8998
2

982 mmmkmkkkmo ?? ����

(16)

²n the Fig.3 is presented the dependence of the amplitude of the output pressure at the point defined 
by the coordinate x7 due to the excitation frequency for the nominal size of the volume of the PA and 
VA 
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Fig.3 The dependence of the amplitude of the output pressure in position x7 on the excitation 
frequency

It is evident that, in accordance with the (13) that for the model without the "parallel" branches is not 
in the output signal presented the antirezonance frequency. On the contrary, by adding one or two 
parallel branches arise in the output pressure signal one or two antirezonance frequency. The 
dependence of the relationship (16) on the excitation frequency is presented in Fig.4.
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Fig.4 The dependence of "modifiers" on the output pressure in position x7 on the excitation frequency

²n the Fig. 5 is introduced the dependence of the resonant and antirezonant peaks for the simplified 
model, where the volumes of PA and VA were changed. 
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Fig.5 The dependence of the position of the resonant peaks for the modified volume of  PS and VA  

It is apparent that for increasing volume of the "parallel" branches the frequency range between 
antirezonance frequencies decreases and shift to the lower frequency values. The position of the 
antirezonance peaks can therefore be used to evaluating the size of the volume of the "parallel" 
branches of the human vocal tract. ²n the Fig. 6 can be seen that if in the output signal is presented
the antiresonance frequency then the energy coming into the system is "consumed" by the relatively 
heavy vibration of the parallel branches. It is to be noted that in these considerations do not take into 
account the influence of transversal shapes of vibrations.

1480 Engineering Mechanics 2012, #89



0 1000 2000 3000 4000 5000 6000
-20

0

20

40

60

80

100

120

 F [Hz]

p(
x)

 [d
B

]

nominal

PS vibration
VA vibration

p(x7)
p(x8)
p(x9)

Fig.6 Pressure field of the simplified model of the human focal tract

Therefore these findings were proved on the 3D volume models.

Fig.7 Volume modification of PS

The geometric modification of the PS is presented on the Fig.8 in more detail

Volume [mm3]

smaller 304

nominal 1317

bigger 2437

Fig.8 Volume modification of the PS
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Fig.9 The output pressure field of the 3D model 

²n the Figs. 10 and 11 are introduced the characters of the vibration of the 3D volume model of the 
human vocal tract during the antiresonace frequencies.  

Fig.10 The first and the second significant antiresonance frequencies for the nominal volume PS
  

In accordance with the Fig.9 it can be seen the significant (rarely damped) vibration of the „parallel 
branches“ of the vocal tract.

Fig.11 The third and fourth significant antiresonance frequency for the nominal volume PS
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From the above it is apparent that in the frequency region about 4kHz the accumulation of the energy 
occurs by increasing of the volume of parallel branches. So called the singer s formant is formed. For 
frequencies values about 4kHz are the human ears the most sensitive. The accumulation of energy in 
this frequency span contributes to the clarity of communication. On the contrary, when is 
disproportionately enlarged PS the shift in the frequency spectrum occurs and the level of the emitted 
energy is lower. It can be seen that for optimal phonation it is necessary to reach the appropriate 
"optimal" volume configuration of the parallel branches of the vocal tract. For too small PA and VA is
voice energy concentrated in other frequency ranges than would be appropriate for the sensitivity of 
the ear. For very large volumes of PS and VA occurs in the required frequency range decreasing of the 
energy level. In the frequency spectrum (Fig.9) is interesting the frequency peek about 3.8kHz. It is 
the first excited transversal mode of vibration, when the energy emitted from the vocal tract is 
decreased.   

Fig.12 The first transversal shape of vibration

4. Conclusions

The simplified, computationally efficient 1D model of the vocal tract was assembled and used for 
prediction of the pressure fields for a more clear explanation of effects of geometrically changed 
configurations of the human vocal tract resulted from the size of piriform sinuses and valleculae. The 
findings were compared with the results acquired from the 3D FE models with the good correlation. 
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X-RAY OBSERVATION OF THE LOADED SILICATE COMPOSITE 

D. Vavřík1, T. Fíla2, I. Jandejsek3, V. Veselý4,  

Abstract: An intensive internal material damage evolution precedes a failure in quasi-brittle materials. 
Not only the existence of damage but also its quantification and the geometry of the Fracture Process 
Zone have to be identified in order to validate approaches on both numerical modelling of quasi-brittle 
behaviour and experimental determination of fracture properties. Radiographic techniques and Digital 
Image Correlation method are very appropriate for analysing of the Fracture Process Zone evolution 
during specimen loading. 

Keywords: Quasi-brittle fracture, Cementitious composite, Digital radiography, Computed 
tomography, Digital Image Correlation 

1. Introduction 

The area of determination of characteristics of quasi-brittle building materials (most commonly 
cementitious composites) which should describe their ability to resist the fracture propagation has 
been thoroughly researched for several decades (van Mier, 1997, Bažant & Planas, 1998). However, 
some aspects that can be referred to as crucial are still among the topics of intensive research. Effects 
of the size and geometry of the test specimen (Yu et al., 2010) regarded also as the effect of the 
specimen free boundaries (Hu & Duan, 2007) seems to be the most relevant. An approach 
incorporating the parameters of the zone of material failure developing at the propagating macroscopic 
crack tip (fracture process zone, FPZ) has been proposed and (partially) employed recently (Veselý et 
al., 2009). The development of this approach is motivated by capturing of the above-mentioned effects 
in order to provide values of the fracture-mechanical parameters of the tested material independent of 
these effects. This methodology works with the reconstruction of the current size and shape of the FPZ 
(and perhaps also the intensity of the cohesive behaviour over the FPZ volume) (Veselý & Frantík, 
2010) to which the amount of energy dissipated during the current step of fracture process should be 
related. 

The development of the methodology is in a stage of testing, verification by numerical simulations 
(Frantík et al., 2011) and experimental validation (Vesely et al., 2010) at present. It has to be 
emphasized that sound experimental evidence the FPZ size and shape (and possibly other 
characteristics) is published rather rarely. Techniques based on acoustic emission (Otsuka & Date, 
2000, Mihashi & Nomura, 1996, Muralidhara et al. 2010), holographic interferometry, X-ray imaging 
(in combination with digital image analysis − Jandejsek et. al. 2011) and infrared thermography were 
reported to be used to determine the FPZ in quasi-brittle materials (summarized e.g. in van Mier, 
1997).  

Investigation of the material failure employing X-ray imaging is presented in this paper. Notched 
specimen prepared from cementitious composite was loaded in three point bending in a specially 
designed loading device. Crack and FPZ shape was analysed using digital transmission radiography 
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and X-ray Computed Tomography (XCT). Visualization of the FPZ was emphasized using tools of the 
Digital Image Correlation method (DIC).  

2. Investigated material, specimen dimensions 

The radiographic investigations of the material failure have limits in the dimensions of the test 
specimens. In our case, the length of the beam subjected to three point bending is limited by the 
chamber diameter of the loading device in which the specimen was placed.  

As a material for the specimen preparation, a fine-grained cementitious composite was chosen to 
simulate the failure process of normal-sized building structures/structural members made of concrete. 
Commercial dry plaster mix with maximum aggregate size equal to 1.2 mm (limestone debris) was 
selected. The bonding agent of this mix consists of both cement and calcium hydroxide. Minimal 
value of modulus of rupture quoted by the producer is 0.7 MPa. The mix was prepared according to 
the producer's instructions.  

The presented experiment was made as a pilot test to develop appropriate methodology of the FPZ 
and crack analysis intended for future experimental campaign. Series of 9 specimens were casted into 
the mould for this campaign. Three specimens’ breadths B (15, 25 and 30 mm) were selected; three 
different notch lengths a (4, 10 and 16 mm) were taken into account for each specimen breadth B. The 
notches were cut using diamond saw. It provides the relative notch length M equal to 0.1, 0.25 and 0.4. 
Specimen height W and length L are equal to 40 and 150 mm, respectively. From this specimen series 
the specimen with 25 mm breadth and 10 mm notch length was selected for the developing of the 
methodology for macroscopic crack and FPZ analysis. The loading span of the specimen was set as 
equal to 120 mm. Schematic picture of the specimen and related bending test is depicted in Figure 1. 

 

 
Figure 1: Three point bending of the specimen. 

3. Instrumentation 

The modular tomographic system (Jakůbek et. al., 2006) provides an experimental setup allowing 
positioning adjustment of the X-ray tube, motorized positioning of the detector and the operational 
movement of the observed object fixed on a motorized stage. The linear axis of this stage enables to 
set the projective magnification of the object. The rotation axis is used for tomographic data 
acquisition. The setup is equipped by the motorized revolver holder of the filters used for the fully 
automated acquisition of data needed for beam hardening correction, using the Signal to Equivalent 
Thickness (SET) method (Vavřík 2011). 

Hamamatsu microspot tube is employed as X-ray source in the tomographic system. This tube has 
a 5 Bm spot size and cone beam. The pixelated Hamamatsu flat panel was utilized as X-ray imager in 
our work. This detector has active area 120x120 mm with 50 Bm pixel size. Binning of 2×2 pixels was 
used in our work, so effective pixel pitch was equal to 0.1 mm.  

Highly stiff loading compressive device was used for the specimen loading. This device allows 
very low loading velocity while it’s relatively low weight and dimensions enable X-ray observation of 
the specimen in the radiographic cabin. Loading device generally consists of the actuating part and of 
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the chamber in which specimen is placed. This chamber was manufactured from two parts. Top one is 
from the aluminium alloy and bottom one from the 0.6 mm thick carbon epoxy laminate, which is 
practically transparent for X-rays. These parts are connected using bayonet mechanism. Support pins 
of the bending mechanism were also prepared from the carbon material. This solution enables 
radiographic observation of the analysed specimen without any influence of the loading device for  
X-ray measurement. Whole setup is depicted in Figure 2 left. Disassembled chamber with the 
specimen is in Figure 2 right. 

 

 

Figure 2: Radiographic setup with loading device left. Disassembled chamber with the specimen right. 

4. Experimental details 

Specimen was loaded with velocity 6 Bm/min. Exposure time of one X-ray radiograms was 
5×0.48 seconds (it corresponds to the 0.5 Bm displacement increment due to read out time). These 
radiograms were recorded continuously during loading while CT measurement was done in two 
loading levels. For the CT measurement, 240 snapshots (180° rotation) were taken. Total time of one 
CT measurement was 50 minutes. The specimen rotation axis was at a distance 188 mm from the X-
ray tube spot and flat panel was at distance 429 mm X-ray from the tube spot. The projected 
magnification was 2.3 from this reason. The X-ray tube was operated at 80 kV and 125 BA. CT 
reconstruction was done considering divergent X-ray beam (Vavřík & Soukup, 2011). 

5. Results 

A load−displacement diagram (LD diagram) is plotted in Figure 3. It is clearly visible that loading 
device enables to study processes with very high loading precision. The radiogram of the specimen 
taken 1.5 Bm after reaching maximal loading force (point A in LD diagram: 108 N at 134 Bm) is in 
Figure 4 left. Significant structure corresponds to the material inhomogeneity. It is almost impossible 
to observe FPZ directly in the investigated specimen thanks to this structure.  

DIC tools were used to avoid this difficulty, where actual and initial radiograms were subtracted 
(subtraction image) to find changes of the specimen density considering specimen movement during 
its loading. Such image is shown in Figure 4 right (three blue diamond shape spots occurred thanks to 
flat panel local noise). It is visible that FPZ has significant role for the fracture mechanics description, 
where crack is much shorter (0.7 mm) than FPZ (6.5 mm) as visible in Figure 4 right. 
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Figure 3: LD diagram. Loading levels in which FPZ zone was detailed studied are labelled by letters.  
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Figure 4: Radiogram of the specimen taken at the maximal loading force is left. Note, that FPZ is not 
visible due to significant variation of the material density. Colours correspond to the material effective 
density (averaged through the specimen thickness). The crack (surrounded by red ellipse) and FPZ 
(surrounded by black ellipse) are visible in subtraction image right. The radiogram pixel size is 
44 Bm. 

       

Figure 5: Subtraction image at the loading level B left. Image of the specimen at the end of the 
experiment is right. 

The subtraction image in the moment where loading force dropped down is depicted in Figure 5 left 
(point B in LD diagram: 28 N at 160 Bm). The CT measurement was done at the same loading level. It 
was proven that subtraction image (comparing with CT measurement) can describe crack front 
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position and FPZ shape thanks to the significant change of the specimen density, although boundary 
between crack tip and FPZ is quite blurred. Crack and FPZ were 2.7 and 16 mm long respectively at 
the loading level B. The subtraction image from the end of the loading experiment is depicted in 
Figure 5 right (point 3 in LD diagram: 5 N at 380 Bm). The crack was 17 mm long and practically 
whole remaining ligament was weakened by the FPZ. 

As was mentioned above, CT measurement was done in two loading levels (B and C at LD 
diagram). Vertical cross-section of the CT reconstruction at loading level B is depicted in Figure 6 left. 
This cross-section lies in the centre of the notch. It is visible, that specimen is damaged preferentially 
in the specimen centre. Virtual hole in the middle came from the flat panel local noise. Tip of 
transversal crack is imaged in Figure 7 right (slice number 73 at cross-section left, crack is surrounded 
by blue ellipse). This crack tip is in the same position as in subtraction image, Figure 5 left. 
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Figure 6: CT reconstruction of the specimen at loading level B. Vertical CT cross-section which 
corresponds to the notch central plane is imaged left. Tip of transversal crack surrounded by blue 
ellipse right. 

Similarly, vertical cross-section at loading level C is imaged in Figure 7 left. Squiggly macroscopic 
crack from slice number 270 is in Figure 7 right.  
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Figure 7: CT reconstruction of the specimen at loading level C. Vertical CT cross-section left. 
Squiggly macroscopic crack right. 
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Generally, crack does not follow straight direction and its front is not sharp as it is possible to 
document using CT reconstruction. It is hard to distinguish which individual voids were born during 
loading and which were presented from the beginning. However it can be shown, that void density is 
significantly increasing during loading as presented in Figure 8 using 3D visualization. Situation at 
loading B is left and at loading C right. Only central part of the specimen containing crack was 
selected for this visualisation. 

 
Figure 8: 3D visualisation of the voids at loading level B left and C right. It is visible that these voids 
and consequent macroscopic crack are preferentially occurring in the middle of the specimen.  

6. Conclusions 

It was proven that X-ray radiography in conjunction with Digital Image Correlation and CT 
reconstruction are powerful tools for analysing of the crack and FPZ evolution during quasi brittle 
specimen loading.  

Experimental results showed that fracture process zone is generally significantly larger than 
macroscopic crack. Moreover, crack does not follow straight direction and its front is not sharp. It can 
be concluded from these reasons that linear fracture mechanics based on assumption of the continuum 
material can’t describe such crack behaviour.  
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ARTIFICIAL ANT COLONY METHOD FOR STATE-SPACE 
EXPLORATION 

S. Vechet*, J. Krejsa**, J. Hrbacek+ 

Abstract: Finding a way through an unexplored environment belongs to actual problems in many 
artificial agent systems. Common algorithms as state-space searching or rapidly exploring random trees 
are used when the map of given environment is known. In this paper we present a simulation experiments 
with multi agent system which is represented as artificial ant colony. 

Keywords:  artificial ant colony,  path planning, state space exploration. 

1. Introduction 

Finding a way through an unexplored environment belongs to actual problems in many artificial agent 
systems. Common algorithms as state-space searching or rapidly exploring random trees are used 
when the map of given environment is known. In many real-world applications the agent is faced to 
problem find path in partially mapped or unknown environment (Krejsa,2011).  

   

Fig. 1. Simulation framework 

Presented algorithm of artificial ant colony is used to finding a path through unexplored 
environment. The main issue is to explore the biggest space in shortest time. Each ant is represented as 
simple agent with its own searching strategy (Krejsa,Ondrousek,2011). As each agent is a part of the 
ant colony, this local strategy can be very simple, but the exploring efficiency of the whole colony can 
be huge. Each agent has local information only, about near environment based on visible range of 
agents sensors. 
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2. State-space exploration 

Path planning using artificial ant colony method is based on state space searching algorithms. Each 
artificial ant/agent implements simple local behavior which can results in complex global solution. 
Each agent is represented by simple rules described in high level programming language. In our case 
the Python is used. The main advantage of Python is the simple and powerful syntax. In some cases 
when pseudo-code is needed the pythonic syntax is used. In next step, there is no conversion needed 
for writing a runnable simulation code. 

The state space for searching is represented by static environment in two dimensional rectangular 
grid G. Each cell C in the grid can represents one of possible states S. For better understanding of 
simulation results each state is also represented by different color. All used states and its colors are 
described as follows: 

Sfree – Free unoccupied space (brown), 

Swater – Water represents an obstacle (blue), 

Sfood – Food represents free cell for movement but with food placed on it (light brown), 

Sant – Ant represents single agent (another colors), each ant colony has its own color, 

Santhill – Anthill is the place where the new ants are born and also the anthill of opponent colony is 
the goal G for path planning. 

Each agent can perform one of four possible actions A: 

Anorth – move to the north, 

Asouth – move to the south, 

Aeast – move to the east, 

Awest – move to the west, 

The simulation starts with single agent in each ant colony. Each food founded by the agent results 
in new agent in the colony. The colony has to grow rapidly to explore as much space as possible in 
shortest time which results in quick finding of goal for the path planning. 

The need of finding food is in opposite to space exploration, because of those agents which are 
searching for food cannot perform the space exploration task. There are two main tasks for agents: 
exploration or searching, each agent has to decide what task to choose in single simulation step. The 
simulation is discrete, in one simulation step the agent can change its position, gathering food or 
explore some unexplored space. The space is explored when is in small given range from agent which 
represents the visible neighborhood. 

 
Tab. 1: Algorithm SRCH1 of simple Agent 

1. GetClosestFood() 

2. GoStraight4Food() 

3. if Obstacle(x,y): 

4.     Avoid() 

5. if AnotherAntHill(x,y): 

6.     GoalReached() 

 

However, the algorithm SRCH1 (the main task for agent is searching) looks very simple its very 
powerful. The main task of this algorithm is just searching nearest food and avoiding obstacles, if 
necessary. This kind of algorithm has also big ability for state space exploration because of the near 
food is quickly harvested and is necessary to find a new food in higher distances. On the other hand 
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the goal is founded accidentally in case that the agent in visible distance to the goal, this make in some 
cases the algorithm very slow. 

 
Tab. 1: Algorithm of modified Agent, SRCH2 

1. Get4OneAntOneFood() 
2. GoStraight4Food() 
3. if Obstacle(x,y): 
4.     Avoid() 
5. if AnotherAntHill(x,y): 
6.     GoalReached() 
7. if AnotherAntHillLocationIsKnown(): 
8.     SendAllAnt2AntHill(x,y) 

 

The algorithm of smarter agent SRCH2 is similar to the simple algorithm but with one small 
difference. In this method each agent goes for one different food, in such a case there are lot of agents 
without task. If the position of goal is known, but the path to goal is still unknown, all remains agent 
are searching the way to the goal. This simple change makes this algorithm much more efficient. 

3. Simulation environment 

For simulations the AI challenge framework was used. The native language of AI challenge 
framework (figure 1) is Python for running the simulation code and Java for showing simulation 
results. This framework is freeware and open source so anyone can used it for own experiments. 

For comparing the efficiency of our algorithms there are number of different environments. Each 
environment can run simulation at least two artificial ant colonies in duel. The maximum number of 
colonies in one environment is ten. The main reason for using more colonies in one simulation is the 
possibility to straight comparison of colonies in performed simulation. 

 

   
Fig. 2.Typical rectangular mazes with open cycles 

Typical rectangular mazes for two artificial ant colonies are shown on fig. 2. The main issue on 
this kind of environment are the open cycles around the obstacles, which usually results in infinite 
loops so the ant colony cannot efficiently explore other parts of given map. 
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4. Simulation results 

This chapter presents the simulation results from performed experiments. We prepare number of 
simulations with two artificial ant colonies for direct comparison and also some experiments with 
more, usually six, ant colonies (see figure 3). Each colony used in single simulation has different 
strategy. As the main criterion for the classification of the efficiency of the method, the number of ants 
in one colony, was used. The exploration strategy is based on efficient algorithm for path planning and 
also on effective food searching policy. Thus, the final number of ants in one colony, after the 
maximal number of simulation steps, was used as the main criterion for the classification. 

 

   
Fig. 3.Comparison of algorithms SRCH1 and SRCH2 

5. Summary 

Methods for finding path through unknown environment via artificial ant colony algorithms were 
presented in this paper. In simulation experiments were successfully tested two main approaches to 
artificial ant colony behavior: searching and exploration. The searching method is very easily 
implemented and is computationally fast, on the other hand the exploration method is more 
complicated for implementation, more time consuming but very efficient. 
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NON-NEWTONIAN EFFECTS OF PULSATILE BLOOD FLOW
IN A REALISTIC BYPASS GRAFT GEOMETRY

J. Vimmr*, A. Jonášová ** O. Bublı́k ***

Abstract: The study is focused on mathematical modelling of pulsatile blood flow in a patient-specific
aorto-coronary bypass model with individual graft. Blood is considered to be an incompressible non-
Newtonian fluid, whose behaviour is described by the macroscopic Carreau-Yasuda model. The numerical
solution of the non-linear system of incompressible Navier-Stokes equations is based on the three-stage
fractional step method and the cell-centred finite volume method formulated for hybrid unstructured tetra-
hedral grids. Since patency and long-term performance of all implanted bypass grafts is closely related to
hemodynamics, all obtained results are analysed and discussed with the help of several significant hemo-
dynamical wall parameters such as cycle-averaged wall shear stress and oscillatory shear index.

Keywords: aorto-coronary bypass, non-Newtonian fluid, fractional step method, finite volume method.

1. Introduction

Nowadays it is generally accepted that the performance and patency of implanted bypass grafts is signifi-
cantly affected by local hemodynamics, Loth et al. (2008). Beside thrombogenesis, usually originating in
low flow rates or technical mistakes, Vural et al. (2001), the majority of recorded bypass failures is often
caused by intimal hyperplasia, Haruguchi and Teraoka (2003). This type of intimal thickening represents
a form of abnormal healing process observed at the distal anastomosis of the implanted graft, Fig. 1.
The morphological and metabolic changes observed in vessel walls are hypothesised to be triggered by
disturbed blood flow and low and oscillating shear stress, Bassiouny et al. (1992). In this regard, the
investigation of hemodynamics in the form of numerical simulations represents a valuable contribution
to the understanding of graft disease formation.

Fig. 1: Localisation of intimal thickening at the distal end-to-side anastomosis with relevant terminology,
modified from Bassiouny et al. (1992).

In relation to previous modelling of steady non-Newtonian blood flow performed in an idealized
complete bypass model with two end-to-side anastomoses, Vimmr and Jonášová (2010), present study
tries to contribute to this investigation by modelling pulsatile non-Newtonian blood flow in a realistic
aorto-coronary bypass model. The analysis and discussion of obtained numerical results is carried out
with the help of two hemodynamically significant wall parameters – cycle-averaged wall shear stress
(WSS) and oscillatory shear index (OSI).

*Doc. Ing. Jan Vimmr, Ph.D.: Department of Mechanics, University of West Bohemia, Univerzitnı́ 22; 306 14, Pilsen; CZ,
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2. Problem formulation

The main objective of this study is the analysis of hemodynamics in an individual aorto-coronary bypass
graft. In cardiovascular surgery, the term individual denotes a vascular graft with one distal end-to-side
anastomosis, i.e., the graft provides a direct connection between the aorta and the stenosed or occluded
coronary artery. The bypass model considered in this study is reconstructed from CT data provided by the
courtesy of the University Hospital in Pilsen, Czech Republic. The reconstruction process and computa-
tional mesh generation are carried out in software packages Amira and Altair Hypermesh, respectively.
An example of primary reconstruction of the chest region and of the individual bypass graft is shown
in Fig. 2. The final shape of the bypass model after smoothing is displayed in Fig. 3. The unstructured
computational mesh used for all numerical simulations consists of 362,437 tetrahedral cells.

Fig. 2: CT reconstruction of the chest region (left) and of the aorto-coronary bypass graft (right)

For the purpose of blood flow simulations in the prepared individual graft, we choose an approach
similar to that found in other studies published to the theme of bypass hemodynamics, see the review
paper Loth et al. (2008). Firstly, taking into account the fact that at the end of the arterialisation process,
venous grafts lose their compliance, all the bypass walls are, in this study, modelled as impermeable and
rigid, including the wall of the aorta. In the light of this simplification, we are aware that the neglected
aortic elasticity represents a considerable limitation of the present study. We hope to rectify it in one of
our future projects by solving the fluid-structure interaction problem. In this study, we further assume a
static aorto-coronary bypass model, i.e., the impact of heart beating is not considered. This assumption
is based on the findings published in Zeng et al. (2003), where it was shown that the arterial motion
does not significantly affect blood flow in the case of flow pulsatility. In order to model blood’s complex
rheological properties, we introduce the macroscopic non-Newtonian Carreau-Yasuda model, which we
have successfully applied in our previous simulations, Vimmr and Jonášová (2010),

η(γ̇) = η∞ + (η0 − η∞)
[
1 +

(
λγ̇

)a]n−1
a

, (1)

where η0 and η∞ are the zero and infinite shear viscosities, respectively, λ is the characteristic relaxation
time and n is the flow index. The five parameters occurring in the Carreau-Yasuda model (1) may
be determined by numerical fitting of experimental data. In this study, we adopt data mentioned in
Cho and Kensey (1991): η∞ = 3.45 · 10−3 Pa · s, η0 = 56 · 10−3 Pa · s, λ = 1.902 s, a = 1.25,
n = 0.22. The shear rate is given as γ̇ = 2

√
DII , where DII denotes the second invariant of the rate of

deformation tensor D = 1
2

(
∇v + (∇v)T

)
. For the incompressible fluid, the second invariant is defined

as DII = 1
2 dijdij , i, j = 1, 2, 3, where dij are the components of the rate of deformation tensor D. For

the Newtonian flow, the molecular viscosity is kept constant and equal to infinite shear viscosity η∞.
Finally, note that the coronary arteries shown in Fig. 3 are considered to be occluded (with no inflow) so
that the only relevant incoming flow will be that of the bypass graft.
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Fig. 3: Individual graft – unstructured computational mesh and relevant terminology

3. Mathematical model

Let us consider a time interval (0, T ), T > 0 and a bounded three-dimensional computational domain
Ω ⊂ R3 with boundary ∂Ω = ∂ΩI ∪ ∂ΩO ∪ ∂ΩW , where ∂ΩI , ∂ΩO and ∂ΩW denote the inlet, the
outlet and the walls of the computational domain, respectively. In this study, coronary blood flow is
modelled as unsteady laminar isothermal flow of incompressible generalised Newtonian fluid that in the
space-time cylinder ΩT = Ω × (0, T ) is mathematically described by the non-linear system of incom-
pressible Navier-Stokes (NS) equations written in the non-dimensional form

∂vi
∂xi

= 0 , (2)

∂vi
∂t

+
∂

∂xj
(vivj) +

∂p

∂xi
=

1

Re
∂

∂xj

[
η(γ̇)

(
∂vi
∂xj

+
∂vj
∂xi

)]
for i, j = 1, 2, 3 , (3)

where t ∈ (0, T ) is the time, vi is the i-th component of the velocity vector v = [v1, v2, v3]
T correspond-

ing to the Cartesian component xi of the space variables vector x = [x1, x2, x3]
T ∈ Ω, p is the pressure,

Re is the reference Reynolds number and η(γ̇) is the shear-dependent viscosity given by Eq. (1).

All variables appearing in Eqs. (2) – (3) are non-dimensionalized by the reference velocity Uref > 0
and characteristic length Dref > 0. For the bypass model considered in this study, the characteristic
length value was chosen to be equal to the aorta diameter Dref ≡ D(A) = 0.036m and the reference
velocity is stated as Uref = 4Q0/(πD2

ref ) = 0.1592m · s−1, where average aortic inlet flow rate is
Q0 = 112.56 · 10−6 m3 · s−1, see Fig. 6 (left). As for the reference Reynolds number, it is determined
as Re = UrefDref�/ηref = 1744.3, where � = 1050 kg · m−3 and ηref ≡ η∞ = 3.45 · 10−3 Pa · s.
For the sake of completeness, reference pressure and reference time are computed as pref = �U2

ref and
tref = Dref/Uref , respectively.

4. Numerical method

The numerical solution of the non-linear time-dependent system of incompressible NS equations (2) –
(3) is based on the projection method. In this study, the computation of velocity components vn+1

i , which
satisfy the divergence-free condition (2), employs the three-stage fractional step scheme, Ferziger and
Perić (1999). In the first stage, intermediate velocity components v∗i are explicitly computed from the
convective part of the NS equation (3) as

v∗i − vni
Δt

+
∂

∂xj
(vni v

n
j ) = 0 , i, j = 1, 2, 3 . (4)
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For the second stage of the fractional step scheme, the intermediate velocity components v̂i are computed
applying the unconditionally stable implicit Crank-Nicolson scheme to the viscous term of Eq. (3)

v̂i − v∗i
Δt

=
1

2Re
∂

∂xj

[
η(γ̇)

(
∂(v̂i + v∗i )

∂xj
+

∂(v̂j + v∗j )
∂xi

)]
, i, j = 1, 2, 3. (5)

Let us linearise the shear-dependent dynamic viscosity η(γ̇) as η(γ̇) = η(γ̇(v∗)) and introduce an auxil-
iary variable dij = 1

2

(
∂vi
∂xj

+
∂vj
∂xi

)
, which in this case is equal to the components of the rate of deforma-

tion tensor D mentioned in section 2. Then Eq. (5) can be rewritten as a system of two linear equations

v̂i − v∗i
Δt

=
1

Re
∂

∂xj

[
η(γ̇)

(
d̂ij + d∗ij

)]
, (6)

d̂ij =
1

2

(
∂v̂i
∂xj

+
∂v̂j
∂xi

)
. (7)

In the third stage, pressure is used for the projection of the intermediate velocity vector v̂ onto a space
of divergence-free velocity field to get the values of velocity and pressure at the next time level (n+ 1).
Hence, the velocity components vn+1

i are computed from

vn+1
i − v̂i
Δt

+
∂pn+1

∂xi
= 0 , i = 1, 2, 3, (8)

where pn+1 is computed from the Poisson equation for pressure

∂2pn+1

∂xi∂xi
=

1

Δt

∂v̂i
∂xi

. (9)

It can be easily shown that sum of Eqs. (4), (5) and (8) yields the approximation of NS equations of
first order time accuracy. Finally, the whole algorithm of the fractional step method may be written for
i, j = 1, 2, 3 as follows

v∗i = vni −Δt
∂

∂xj

(
vni v

n
j

)
, (10)

v̂i
Δt
− 1

Re
∂

∂xj

(
η(γ̇) d̂ij

)
=

v∗i
Δt

+
1

Re
∂

∂xj

(
η(γ̇) d∗ij

)
, (11)

d̂ij −
1

2

(
∂v̂i
∂xj

+
∂v̂j
∂xi

)
= 0 , (12)

∂2pn+1

∂xi∂xi
=

1

Δt

∂v̂i
∂xi

, (13)

vn+1
i = v̂i −Δt

∂pn+1

∂xi
. (14)

The space discretization of the system of Eqs. (10) – (14) is performed using the cell-centred finite
volume method for hybrid unstructured tetrahedral grids. The idea of applying the hybrid unstructured
grid for the numerical solution of time-dependent incompressible NS equations in 2D was introduced in
Kim and Choi (2000). The principle of this grid system lies in the coupling between an interpolation
method, which will be described later, and the non-staggered grid system. Being inspired with this idea,
we consider in this study a control volume Ωk in the form of tetrahedron, Fig. 4. The hybrid grid system
defines the values of pressure and Cartesian velocity components in the centre of the control volume Ωk

and the values of face-normal velocity Vm, which has the direction of outward unit vector nm
k normal to

the m-th face Γm
k of the control volume Ωk, is defined in the middle of the face Γm

k .

After the integration of Eqs. (10) – (14) over each control volume Ωk, Fig. 4, k = 1, 2, . . . , NCV ,
where NCV is the number of control volumes within the hybrid unstructured tetrahedral computational
mesh, after the introduction of integral average for an arbitrary flow quantity Φ over the control volume
Ωk

(Φ)k =
1

|Ωk|

∫
Ωk

ΦdΩ, (15)
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Fig. 4: A tetrahedral control volume Ωk = A1A2A3A4 with boundary ∂Ωk =
4⋃

m=1
Γm
k belonging to the

hybrid unstructured computational mesh.

where |Ωk| is the volume of the tetrahedral control volume Ωk, and finally, after the application of the
Gauss-Ostrogradsky theorem, which converts the volume integrals to surface integrals, we get

(v∗i )k = (vni )k −
Δt

|Ωk|

∮
∂Ωk

(
vnj · jnk

)
· vni dΓ, (16)

1

Δt
(v̂i)k −

1

Re|Ωk|

∮
∂Ωk

η(γ̇) d̂ij · jnk dΓ =
1

Δt
(v∗i )k +

1

Re|Ωk|

∮
∂Ωk

η(γ̇) d∗ij · jnk dΓ, (17)

(
d̂ij

)
k
− 1

2

⎛⎜⎝ ∮
∂Ωk

v̂i · jnk dΓ +

∮
∂Ωk

v̂j · ink dΓ

⎞⎟⎠ = 0 , (18)

∮
∂Ωk

∂pn+1

∂nk
dΓ =

1

Δt

∮
∂Ωk

v̂i · ink dΓ, (19)

(vn+1
i )k = (v̂i)k −

Δt

|Ωk|

∮
∂Ωk

pn+1 · ink dΓ, (20)

where ink is the i-th component of the outward unit vector nk = [1nk,
2nk,

3nk]
T normal to the bound-

ary ∂Ωk of the tetrahedral control volume Ωk, Fig. 4. In order to achieve the satisfaction of the continuity
equation for the normal velocity V = vi · ink, the system of Eqs. (16) – (20) is completed with following
equation

V n+1 = V̂ −Δt
∂pn+1

∂nk
. (21)

This equation defines the normal velocity V n+1 at the time level (n + 1) having the direction of the
outward unit vector nk normal to the boundary ∂Ωk of the control volume Ωk. For the intermediate
normal velocity V̂ , it is valid that V̂ = v̂i · ink.

Further, we perform the approximation of surface integrals in the system of Eqs. (16) – (20). Firstly,
each integral is replaced by the sum of integrals over each face Γm

k of the control volume Ωk, Fig. 4, and
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then approximated by the midpoint rule∮
∂Ωk

Φ dΓ =
4∑

m=1

∫
Γm
k

Φ dΓ ≈
4∑

m=1

Φm|Γm
k |, (22)

where |Γm
k |, m = 1, . . . , 4 is the area of the m-th face Γm

k of the control volume Ωk and Φm is the value
of an arbitrary flow quantity at the integration point at the same face. The interpolation process needed
for the determination of Φm at the m-th face Γm

k of the control volume Ωk will be described later. Using
Eq. (22), the system of Eqs. (16) – (21) is modified as follows

(v∗i )k = (vni )k −
Δt

|Ωk|

4∑
m=1

(
V n
m · vnim|upwind

)
|Γm

k | , (23)

(v̂i)k
Δt

− 1

Re |Ωk|

4∑
m=1

η(γ̇)m d̂m
ij · jnm

k |Γm
k | =

(v∗i )k
Δt

+
1

Re |Ωk|

4∑
m=1

η(γ̇)m d∗mij · jnm
k |Γm

k |, (24)

(
d̂ij

)
k
− 1

2

(
4∑

m=1

v̂im · jnm
k |Γm

k | +
4∑

m=1

v̂j m · inm
k |Γm

k |
)

= 0 , (25)

4∑
m=1

∂pn+1

∂nm
k

|Γm
k | =

1

Δt

4∑
m=1

v̂im · inm
k |Γm

k | ≡
1

Δt

4∑
m=1

V̂m |Γm
k |, (26)

(vn+1
i )k = (v̂i)k −

Δt

|Ωk|

4∑
m=1

pn+1
m · inm

k |Γm
k | , (27)

V n+1
m = V̂m −Δt

∂pn+1

∂nm
k

, (28)

where inm
k is the i-th component of the outward unit vector nm

k = [1nm
k , 2nm

k , 3nm
k ]T normal to the m-th

face Γm
k of the control volume Ωk and for the intermediate face-normal velocity V̂m at the m-th face Γm

k

of the control volume Ωk, it is valid that V̂m = v̂im · inm
k . Note that the values of face-normal velocity

V n+1
m computed with the help of Eq. (28) are used as values of face-normal velocity V n

m in Eq. (23) at
the next time level.

Explicit schemes are known for their disadvantage in the form of restricted time steps. The CFL
stability condition imposed on the time step size becomes essential when it is applied for grids with large
differences in cell size, e.g., in complex geometries. In this case, the efficiency of explicit schemes is
lost, since the cell with the most restrictive local time step determines the size of the global time step for
all grid cells. One of possible solutions to this problem lies in the application of the well-known local
time-stepping method. This method, whose approach is also employed in our developed solver, enables
each cell of the computational grid to run with its own time step in a time-consistent manner.

Interpolation method

To perform numerical computations according to Eqs. (23) – (28), it is necessary to determine values
of vnim|upwind, v̂im, pn+1

m and derivatives ∂v̂i
∂nm

k
, ∂v∗i
∂nm

k
, ∂pn+1

∂nm
k

at the m-th face Γm
k of the control volume

Ωk. The value of vnim|upwind is computed by the upwind scheme, whose first order accuracy is increased
by linear reconstruction with Barth’s limiter,

vnim|upwind =

{
(vni )L + σBarth

L · ∂(v
n
i )L

∂xj
· rjL , V n

m > 0 ,

(vni )R + σBarth
R · ∂(v

n
i )R

∂xj
· rjR , V n

m ≤ 0 ,
(29)

where σBarth ∈ [0, 1] is the Barth’s limiter, Barth and Jesperson (1989), and vectors rL, rR are denoted
in Fig. 5 (left). Further, the value Φm of an arbitrary flow quantity Φ at the mid-point O of the m-th
face Γm

k , Fig. 5 (right), can be stated with the help of second order accurate linear interpolation from
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values (Φ)k and (Φ)lm defined in cell-centres Sk and Slm of two adjacent control volumes Ωk and Ωlm ,
respectively,

Φm = (Φ)k +
(Φ)lm − (Φ)k
γk + γlm

· γk =
γlm(Φ)k + γk(Φ)lm

γk + γlm
, (30)

where γk and γlm are the minimal distances to the cell-face Γm
k from cell-centres Sk and Slm of the

adjacent control volumes Ωk and Ωlm , respectively, Fig. 5 (right). The derivative of flow quantity Φ in
the direction of the outward unit vector nm

k normal to the m-th face Γm
k of the control volume Ωk, is

approximated at the mid-point O of the face Γm
k , Fig. 5 (right), as

∂Φ

∂nm
k

∣∣∣∣∣
Γm
k

≈ (Φ)lm − (Φ)k
γk + γlm

. (31)

A crucial part of the interpolation method is the application of Eq. (31) to the normal derivative in
Eqs. (26) and (28). In this way, it is ensured that the face-normal velocity V n+1

m satisfies the continuity
equation at the time level (n + 1) exactly, see Eq. (37). However, in general velocities (vn+1

i )k in
cell-centres of control volumes Ωk do not satisfy the continuity equation.

Fig. 5: Definition of the vectors rL and rR for two adjacent tetrahedral control volumes ΩL and ΩR

(left). Two adjacent tetrahedral control volumes Ωk = A1A2A3A4 and Ωlm = A1A2A3A5 with their
contact face Γm

k = ΔA1A2A3 (right).

Regarding the implementation of non-dimensional boundary conditions at the boundary ∂Ω of the
computational domain Ω ⊂ R3, three boundary types are considered in this study:

• inlet Γm
k ⊂ ∂ΩI – In this case, Dirichlet boundary conditions for the velocity components vim

and the auxiliary variable dmij are prescribed

vim = vi I , dm
ij · jn = 0. (32)

The value of face-normal velocity V I
m at the face Γm

k is computed as V I
m = vi I · inm

k , where values
vi I are given according to section 5. For the normal derivative of the pressure pn+1 at the face Γm

k ,
we prescribe

∂pn+1

∂nm
k

∣∣∣∣
Γm
k

= 0. (33)

• rigid and impermeable wall Γm
k ⊂ ∂ΩW – Velocity components vim at the face Γm

k are set equal
to zero

vim = 0 , (34)

leading to zero value of the face-normal velocity V W
m = vim · inm

k = 0 at the face Γm
k . For the

auxiliary variable dm
ij , we apply the Dirichlet boundary condition in the following form

dm
ij · jn = 0 . (35)

Further, zero normal derivative of the pressure pn+1 (33) is prescribed at the wall.
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• outlet Γm
k ⊂ ∂ΩO – Following type of boundary condition is stated

pmnm
k −

1

Re
2 η(γ̇)m dm

ij · jnm
k = pOn

m
k , (36)

where pO is the given value of the outlet pressure, for details see section 5.

Substituting the derivative ∂pn+1

∂nm
k

in Eq. (26) with Eq. (28), we get

4∑
m=1

∂pn+1

∂nm
k

|Γm
k | =

1

Δt

4∑
m=1

(
V̂m − V n+1

m

)
|Γm

k | =
1

Δt

4∑
m=1

V̂m |Γm
k |

=⇒
4∑

m=1

V n+1
m |Γm

k | = 0,

(37)

i.e., face-normal velocities V n+1
m satisfy the continuity equation exactly. At this point, let us mention

that at the outlet boundary ∂ΩO, i.e., at the face Γm
k of the control volume Ωk, where Γm

k ⊂ ∂ΩO, values
∂pn+1

∂nm
k

are unknown. In order to ensure the satisfaction of the continuity equation (37) for this control

volume Ωk, it is necessary to compute the face-normal velocity V n+1
m at the face Γm

k ⊂ ∂ΩO as

V n+1
mO

= − 1

|ΓmO
k |

4∑
m=1

m �=mO

V n+1
m |Γm

k |, (38)

where mO is the index of the outlet face ΓmO
k of the control volume Ωk. For the whole computational

domain Ω ⊂ R3 at the time t = 0, following initial conditions are used

(v0i )k =
1

|Ωk|

∫
Ωk

vi(x, 0)dΩ = 0, (p0)k =
1

|Ωk|

∫
Ωk

p(x, 0)dΩ = pinitial, k = 1, 2, . . . , NCV ,

where pinitial is a non-dimensional value of static pressure.

5. Numerical results

In accordance with the boundaries of the computational domain denoted in Fig. 3 for the model of the
individual aorto-coronary bypass, the numerical simulations of pulsatile Newtonian and non-Newtonian
blood flow are carried out with following values of the time-dependent boundary conditions:
• aortic inlet ∂Ω(A)

I – constant time-dependent velocity profile |vI | according to the flow rate wave-
form Q(t) shown in Fig. 6 (left);

• aortic outlet ∂Ω(A)
O – time-dependent pressure p(t) shown in Fig. 6 (right), where the aortic pres-

sure is plotted in the medical units of millimeters of mercury (1mmHg = 133.333 Pa);

• coronary outlets ∂Ω(CA)
O – constant pressure related to average arterial pressure of 12 000Pa;

• rigid and impermeable walls ∂ΩW – non-slip boundary condition.

Note that the boundary values mentioned above are, for the computation, non-dimensionalized using the
reference values mentioned in section 3. The implementation of the boundary conditions in the numerical
code is described in detail in section 4.

For the analysis of computed numerical results, we introduce two significant hemodynamical wall
parameters – the cycle-averaged wall shear stress (WSS) and the oscillatory shear index (OSI) that are
evaluated according to formulas mentioned in Xiong and Chong (2008) and He and Ku (1996), respec-
tively,

|τW | =
1

T

T∫
0

|τW |dt , OSI =
1

2

⎡⎢⎣1−
∣∣∣∣∣∣

T∫
0

τW dt

∣∣∣∣∣∣ ·
⎛⎝ T∫

0

|τW |dt

⎞⎠−1
⎤⎥⎦ , (39)

where |τW | is the WSS magnitude and T = 1 s is the duration of one cardiac cycle, Fig. 6.
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Fig. 6: Time-dependent boundary conditions for the aorta – inlet flow rate Q(t) (left) and outlet pressure
p(t) (right), data taken from Olufsen et al. (2000)

Firstly, let us analyse the velocity profiles of the non-Newtonian blood flow in Fig. 7 for three selected
time instants, corresponding to systole, diastole and late diastole, respectively. During the systolic phase
(t1 = 0.16 s), Fig. 7 (left), the graft’s proximal anastomosis becomes exposed to the increased flow rate
in the aorta. Although the skewed velocity profiles at the graft entrance may indicate incoming blood
flow, the real graft filling occurs later. By comparing the pictures in Fig. 7, it becomes quite apparent
that the systolic phase of the cardiac cycle is represented by decreased blood flow through the individual
bypass graft, whereas an opposite effect is observed during most of the diastolic phase (t2 = 0.47 s and
t3 = 0.98 s). In this case, the velocity increase observed along the individual graft is also accompanied
by skewed or otherwise shaped velocity profiles that are a result of the out-of-plane geometry and the
graft’s winding around the heart, see Fig. 2. At the distal end-to-side anastomosis, Fig. 7c, the incoming
blood flow seems to prefer the closer branch of the coronary artery more than the second one. Moreover,
the closer coronary artery shows a tendency to considerably increase velocity magnitude downstream
from the anastomosis. The reason for this phenomenon is a partly stenosed coronary artery.

The comparison between the Newtonian and non-Newtonian blood flow is illustrated by the dis-
tributions of the cycle-averaged WSS and OSI in Figs. 8 and 9, respectively. At this point, note the
lowered value range in Fig. 8, which is chosen according to conclusions mentioned in Haruguchi and
Teraoka (2003) and He and Ku (1996). Namely, that low WSS, as compared to the normal range be-
tween 1− 2 Pa in healthy arteries, is one of the confirmed triggers of vessel remodelling, plaque growth
and intimal thickening. In light of this fact, we will further assess the resulting shear distribution, which
regardless of the viscosity model (Newtonian or non-Newtonian), seems to be non-uniform at both anas-
tomoses, Fig. 8. One of the distinct areas with extremely low shear is situated at the entrance of the
graft, where it is caused by a large recirculation zone that is present there most of the cardiac cycle. This
negative stimulation of the proximal suture line is also confirmed by the high OSI shown in Fig. 9. At the
distal anastomosis, shear values below 1 Pa are observed at the heel and the arterial floor in accordance
with the sites of intimal hyperplasia displayed in Fig. 1. In this case, the critical shear stress also shows
a oscillatory tendency as is apparent from the OSI distribution in Fig. 9.

The objective of our previous study, Vimmr and Jonášová (2010), was the investigation of blood’s
non-Newtonian behaviour in complete bypass models with coronary or femoral native arteries. The
numerical simulations were carried out under steady flow conditions and for an idealized bypass geom-
etry. In the present study, we want to extend our previous conclusions about the importance of blood’s
non-Newtonian modelling in coronary bypasses by considering pulsatile blood flow and a realistic and
more complex bypass geometry. As is illustrated by Figs. 8 – 9, the influence of non-Newtonian flow
conditions is very small or rather negligible (as is the case of the velocity profiles). On the basis of
these observations, we can draw a conclusion similar to that mentioned in Vimmr and Jonášová (2010).
Namely, that blood’s non-Newtonian behaviour does not have any significant impact on the hemody-
namics in coronary bypasses. In light of this observation and our present experience with the modelling
of non-Newtonian blood flow, it may be said that an hemodynamic study in patient-specific femoral by-
passes would be more promising in regard to the occurrence of non-Newtonian effects as was concluded
in our previous study Vimmr and Jonášová (2010). This problem will be addressed in the future.
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Fig. 8: Distribution of cycle-averaged WSS for the Newtonian (left) and non-Newtonian flow (right)

Fig. 9: Distribution of OSI for the Newtonian (left) and non-Newtonian flow (right)
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SEDIMENTATION OF DILUTE SUSPENSION IN INTERMEDIATE 
REGION 

P. Vlasak*, Z. Chara**

Abstract: The present paper describes the results of experimental investigation of the continuous 
sedimentation of a dilute model of fine-grained suspension in the intermediate region of settlement. The 
effects of particle size (glass beads of average diameter 150–850 μm), concentration, and inclination of 
the vessel axis on particle fall velocity were evaluated. It was confirmed that the local relative particle-
liquid velocity has a practically constant value across the vessel cross-section. The settling pattern is 
strongly affected even by a very gentle slope of the vessel axis, which causes an asymmetrical absolute 
velocity profile and significant increase of the local concentration and absolute fall velocity of particles 
near the upward-facing wall of the vessel. 

Keywords: sedimentation, intermediate settlement, particle size, concentration, vessel inclination. 

1. Introduction 

The particle fall velocity is one of the main hydrodynamic parameters of solid-liquid mixture flow in 
natural conditions, for example sediment transport in rivers and channels, as well as in technical 
applications for water or waste – water treatment, chemical and civil engineering, pipeline hydraulic 
transport, or dredging. The fall velocity is a common integral parameter describing the mutual 
interaction between the particles and the carrier fluid. However, a reliable method of determining the 
fall velocity of particles of general shape is still not available, and in fact there is still a significant lack 
of experimental data and theoretical solutions for the sedimentation of clouds of solid particles in the 
intermediate region of sedimentation. 

The paper describes the experimental results of dilute model suspension sedimentation in the 
intermediate region of sedimentation, for particle Reynolds number Rep varying from 3 to 140 in a
vertical and slightly inclined sedimentation vessel.  

The fall velocity of a particle moving in suspension in a container is generally determined by the 
particle diameter d, shape b, and density ρp, the volumetric concentration of the suspension Cv, the 
distance from the container wall y, and the density ρo and viscosity μo of the carrier liquid. It is also 
dependent on the dimension D of the horizontal cross-section and shape B of the container, and, as
will be shown below, on the inclination of the container walls α. The particle fall velocity (Ah Chin et 
al., 1986) can be generally described by Eq. (1) 

wc = (d, b, ρp, Cv, y, ρo, μo, D, α).                                          (1)

The effect of the selected parameters of Eq. (1) on particle fall velocity will be discussed in the 
following paragraphs. The absolute local velocity of the settling particles and carrier liquid were 
measured for different volumetric concentrations and sedimentation vessel inclinations, and thus 
relative particle-water velocities were also determined. The effects of the particle concentration of the 

                                                
* Prof. Ing. Pavel Vlasák, DrSc.: Institute of Hydrodynamics AS CR, v. v. i., Pod Paťankou 30/5, 166 12  Prague 6;  CZ, 
e-mail: vlasak@ih.cas.cz
** Ing. Zdeněk Chára, CSc.: Institute of Hydrodynamics AS CR, v. v. i., Pod Paťankou 30/5, 166 12  Prague 6;  CZ, e-mail: 
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suspension and the vessel inclination on the particle velocity and the internal structure of
sedimentation will be described.
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2. Experimental equipment and procedure 

Several experimental methods are suitable for measuring continuous sedimentation, for example the 
radiometric tracer method, PIV (Particle Image Velocimetry), and LDA (Laser Doppler Anemometry). 
The LDA or PIV methods are suitable for very dilute transparent suspensions and make it possible to 
determine both local particle and liquid velocities. The radiometric tracer method allows the absolute 
particle velocity of different species of suspended solids to be measured, but for higher concentrations 
of relatively fine particles, problems with accuracy can arise (Vlasak et al., 1994). For this reason, we 
used LDA for measuring the local velocities, but for higher particle concentrations a method based on 
the increment of hydrostatic pressure due to the increase in suspension density was developed. This 
method makes it possible to measure the mean fall velocity in suspensions with a relatively wide range 
of concentrations.  

The volumetric concentration is generally given as  

Cv  =  (ρs – ρo )/ (ρp – ρo),                                                    (2) 

where ρs is the density of suspension. Because the particles which enter the elementary volume VC at
time  to = 0 and fall in the suspension with velocity wc reach, during the time interval t the distance   
l = wc t, the elementary volume is given as  

VC = wc . t. SD = l. SD,                                                       (3) 

and the volumetric concentration of the suspension can be determined as the ratio of the volume of the 
particles  Vp and of the suspension Vs in the elementary volume VC 

Cv = Vp / VC  = (qp . t) / (wc . t. SD),                                            (4)

where qp is the flow rate of solid particles, and SD is the cross-sectional area of the sedimentation 
vessel. 

The increase in hydrostatic pressure in the column of the suspension compared to the hydrostatic 
pressure of the carrier liquid alone is  

Δp  = h. (ρs – ρo ). g,                                                       (5) 

where h is the height of the column. From Eqs. (2 – 5) the mean fall velocity wc of suspended particles 
can be expressed as 

wc = 4 g.ρp . h . (ρp – ρo) / (π . Δp.D2),                                           (6) 

To determine the local absolute particle velocity wp of the individual particles and also the local 
velocity of displaced water, vo, the LDA technique was used (Vlasak et al., 1991). The LDA apparatus 
consists of a laser and optical parts from a DISA system (beam divider, Bragg-cell, optics, 
photomultiplier working in the lateral forward diffraction regime). The Doppler signal detected in the 
photomultiplier was processed by a frequency synthesizer and evaluated by a counter. The primary 
experimental data, Doppler frequencies in the form of 12 bit words, were statistically processed and as 
a result pairs of velocity data distributions on the velocity histogram were obtained. One group of bins 
of the velocity distribution in the higher velocity range represents the absolute particle fall velocities in 
suspension, wc, and the second one, close to the zero velocity values, represents the local velocities of 
the displaced waver, vo. To investigate the effect of concentration and sedimentation vessel axis 
inclination on the inner structure of the suspension during the settlement process, visualization was 
also used.    

To measure the particle fall velocity in the model suspensions, equipment consisting of a
sedimentation vessel (a glass tube of inner diameter D = 0.05 m and length L = 2.3 m), a particle 
dosing device, and measuring devices were used. The particle dosing device maintained the 
continuous uniform supply of particles and ensured a constant concentration of the measured 
suspension.   

Water was used as the carrier liquid, and narrow sized glass beads of different mean diameters 
(average particle diameter varied in range d50 = 150, 280, 350 and 850 μm) were used as model 
particles. The temperature of the suspensions was in range T = 20 ± 2°C. It was possible to operate the 
equipment continuously over a sufficiently long time period to obtain a stationary regime. A schematic 
diagram of the equipment is presented in Fig. 1.
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Fig. 1.  Experimental equipment (1 – sedimentation vessel, 2 – γ-detector, 3 – sedimentation tank, 4 –
let out hose, 5 – coupling hose, 6 – control and out-let set-up, 7 – calibrated vessel, 8 – particle dosing 

device, 9 – level of suspension, 10 – particles) 

3. Results and discussion 

The absolute local particle fall velocities and local water velocities were measured for different 
volumetric concentrations Cv of the suspension and three values of the sedimentation vessel axis 
inclination α. The effects of concentration and vessel inclination on the particle fall velocity and 
particles distribution in the vessel cross-section were evaluated. 

Fig. 2.  Absolute fall velocity profiles in the vertical sedimentation vessel 
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The absolute particle fall velocities in a vertical vessel are shown in Fig. 2. For the smaller particles 
(mean diameter d50 = 150 μm) the velocity profiles are relatively flat and symmetrical. Velocity 
profiles are slightly asymmetrical, more so for particles with mean diameter d50  = 350 μm. The 
curvature of the velocity profiles is steeper in the area near the vessel walls, while a relatively flat 
plateau can be seen in the central part of the vessel cross-section. The maximum local velocity values 
are located 5 to 10 mm from the column axis; the profile asymmetry increases with decreasing 
concentration. The reason for the velocity profile distortion is probably an imperfect circular shape or 
imperfect verticality of the vessel. 

 

 

  

Fig. 3. Relative and absolute particle velocities and water velocity profiles in the vertical 
sedimentation vessel 

 

The measured profiles of displaced water show very similar shapes to absolute particle fall velocity 
profiles, with the opposite direction, of course. This indicates, that it may be useful to introduce the 
relative particle fall velocity:   

 wr = wc  –  vo,                                                             (7) 

where wr is the relative particle fall velocity  and vo is the local velocity of displaced water with 
respect to the sedimentation vessel.  

While the absolute fall velocity profiles are arch-shaped, the relative particle-water velocity values 
are nearly constant, independently of the position in the vessel (see Fig. 3). This indicates that the 
difference in the absolute fall velocities is due to the different velocities of displaced water. In the 
vertical sedimentation vessel, upward flow of the displaced water was observed near the wall, while 
downward flow of the displaced water was observed in the central area. This explains why the local 
absolute fall velocity of particle wc is observed to be even higher than the fall velocity wp,∞ of the same 
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single particle in the unbounded liquid medium. This inner flow structure in the sedimentation vessel 
was also confirmed by visualization of the sedimentation process. In the central area and in the 
vicinity of vessel walls the flow lines are smooth and straight; at the boundary of these areas, with 
opposite flow directions, wavy trajectories and even swirls can be observed (see Fig. 4). 

 = 0;  Cv = 0.9 ‰                               = 0;  Cv = 1.4 ‰                           = 0;  Cv = 4.5 ‰ 

   
 

Fig. 4. Structure of sedimentation in vertical sedimentation vessel. 
 

In the sedimentation vessel, during continuous sedimentation the suspension divides into channels 
in which the velocities of the particles and water can be in the same direction (the so-called co-current 
regime) and the particles apparently move faster than a single particle in unbounded calm liquid. On 
the other hand, other channels exist where a counter-current regime of the particles and liquid occurs 
and the absolute fall velocity of the particles is lower than that of a single particle.  

 
Fig. 5.  Relative and absolute particle velocities and water velocity profiles in the inclined 

sedimentation vessel 
 

The sedimentation process is highly sensitive to the inclination of the sedimentation vessel; even 
very small inclination causes a considerable change in the inner structure of the sedimentation process. 
If the axis of the sedimentation vessel is slightly inclined, the absolute particle velocity profiles 
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become significantly asymmetric (see Fig. 5). Higher particle fall velocities are attained near the 
upward-facing wall, which is located at co-ordinate y = 0. In the vicinity of the upward-facing wall the 
co-current regime of the particles and carrier liquid was observed in combination with a significant 
increase in the local particle concentration. In contrast, near the downward-facing wall of the vessel a 
counter-current flow regime of the particles and water and lower particle concentration were observed. 
Nevertheless, the relative particle-water velocity reached an almost constant value over the whole 
cross-section. In the central part of the vessel between the co-current and counter-current flow 
regimes, wavy trajectories and even local swirls were observed (see Fig. 6). If the inclination of the 
vessel axis increases the transverse migration of the particles in the direction of the upward-facing 
wall becomes significant, while near the downward-facing wall the occurrence of particles is entirely 
random.  

 = 0;  Cv = 1.4 ‰                          = 1 %;  Cv = 1.9 ‰                         = 2;  Cv = 1.9 ‰ 

   

Fig. 6. Structure of sedimentation in inclined sedimentation vessel. 

 
Fig. 7.  Effect of concentration on particle fall velocity in a vertical sedimentation vessel 

 

It is generally known that the value of absolute particle fall velocity decreases with increasing 
concentration. Many relations have been proposed to solve this effect, but unfortunately their validity 
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is limited by certain conditions. They are usually suitable for small concentrations or concentration 
above 10%. If we compare our experimental data with the proposed relations, rather wide scattering 
can be observed. Based on our experimental data obtained by the hydrostatic pressure method and the 
radiometric tracer method measurement (Vlasak et al., 1994; Vlasak & Chara, 1995), the relation  

w/wc =  ( 1 + 4.92 Cv )-1,                                                   (8) 

similarly to the model of Burgers (1942), is proposed (see Fig. 7). 

4. Conclusions 

The results of an experimental investigation of continuous sedimentation of a suspension of glass 
beads in water in a vertical or inclined sedimentation vessel confirm the significant impact of 
sedimentation-induced flow of the displaced liquid on the absolute particle fall velocity. The absolute 
particle velocity is affected by the particle diameter and concentration, the inclination of the 
sedimentation vessel axis, and the distance of the particle from the vessel wall. 

The value of particle fall velocity decreases with increasing concentration. 

The distribution of the local absolute particle fall velocity exhibits arch-shaped profiles; however 
the values of local particle-liquid relative velocity are nearly constant across the cross-section of the 
sedimentation vessel. 

The sedimentation process is highly sensitive to the inclination of the sedimentation vessel axis. 
Even an inclination in the range 1% causes considerable change in the structure of the sedimentation 
process, with a tendency to form an asymmetric absolute particle fall velocity distribution. An upward 
flow of displaced liquid took place near the downward-facing surface of the vessel, and significantly 
more concentrated down ward flow was observed near the upward-facing wall. 

If the inclination of the sedimentation vessel axis exceeds 1%, a significant transversal migration of 
the suspended particles combined with an increase in the local concentration is observed near the 
upward-facing wall, as well as wavy trajectories and swirl areas in regions where the downward flow 
of the suspension and upward flow of the displaced liquid are in contact.    
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Symbols 

b shape of particle 
B  shape of sedimentation vessel 
C  concentration 
d  particle diameter 
D diameter of sedimentation vessel 
h height 
l distance 
L length 
p pressure  
q flow rate 
Re Reynolds number 
S area 
SD sedimentation vessel cross-sectional area   
t time 
T temperature 
v  liquid velocity 
V volume 
VC elementary volume 
w particle fall velocity 
y coordinate 
α angle, slope of sedimentation vessel axis 
μ  viscosity 
ρ  density 
Δ  increment 
 
Subscripts 
c cloud of particles 
o liquid  
p particle 
r relative 
s suspension 
v volumetric 
50      mean diameter  
∞ unbounded 
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THE SELF-EXCITED VIBRATION OF THE NACA0015 PROFILE 

V. Vl�ek, I. Zolotarev, J. Kozánek*  

Abstract: The two-dimensional flow patterns around the profile NACA0015 vibrating in self-excitation 
modes were measured in the wind tunnel by optical methods. The profile with two-degree-of-freedom 
moved in the vertical direction and rotated around the elastic axis in 1/3 of the profile chord. The Mach 
numbers for the self-excited vibrations were in the interval 0.2 – 0.45. Results of the interferometric 
measurement and the profile kinematic movements during the self-oscillations are presented. 

Keywords:  self-excited vibrations, aeroelastic experiment, wind tunnel, flutter . 

1. Introduction 

Aeroelastic experiments were realized in the subsonic aerodynamic tunnel of the Institute of 
Thermomechanics AS CR in Nový Knín with a modified NACA0015 profile. The Mach numbers 
corresponding to the self-excited vibrations were in the range M = 0.2 – 0.45 and the Reynolds 
number range was (0.25 – 0.54)·106. The detail description of the experimental setup is in Vl�ek 
(2009) and a schematic arrangement is in Fig. 1. The flow field was measured by interferometric and 
pneumatic methods, the profile vertical position was indicated by a mechanical sensor. 

 

Fig. 1: Schematic arrangement of the experiment. 

Eigenfrequencies for M = 0 were 19.0 Hz with 9.3 % damping in translation mode and 21.5 Hz 
with 11.9 % damping in rotation mode. Measured eigenfrequencies for M = 0 were 16.4 Hz with 2.0 
% damping, 19.3 Hz with 9.3 % damping in translation mode, and 24.5 Hz with 1.5 % damping, 21.5 
Hz with 11.9 % damping in rotation mode, respectively.  

The Table 1 presents a list of data, setting for various experimental trials in the measurements and 
evaluated flutter frequencies. 
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profile 
(meas. No.) M [1] Re [1]  mode  fo [Hz] damping 

[%] 
f [Hz] 

evaluated film pict/sec

NACA0015 0 0 translat 16.4 2.0 
(for 2510) 0 0 rotation 24.5 1.5 
NACA0015_2510-06 0.43 0.52·106 19.5 1000 
NACA0015 0 0 translat 19.0 9.3 
(for 2662,2663) 0 0 rotation 21.5 11.9 
NACA0015_2662-14 0.33 0.40·106 31.2 500 
NACA0015_2662-15 0.30 0.36·106    28.5 1000 
NACA0015_2662-16 0.28 0.34·106 27.8 1000 
NACA0015_2662-17 0.22 0.27·106 21.2 500 
NACA0015_2663-01 0.26 0.31·106 22.7 500 
NACA0015_2663-02 0.21 0.25·106 21.7 1000 
NACA0015_2663-03 0.38 0.46·106 31.8 1000 
NACA0015_2663-04 0.40 0.48·106 32.2 1000 
NACA0015_2663-05 0.45 0.54·106 32.2 1000 

Tab. 1: Experimental value sets. 

2. Experimental results  

Šafa�ík, Vl�ek (1985).The example of measured interferogram is depicted on Fig. 2, where it is 
possible to see flow separation beside the whole the upper profile surface.  

 

Fig. 2: Interferogram of a studied profile. 

The arrangement of the system with different eigenfrequencies (corresponding to the translation 
and rotation motion of the profile) influenced the properties of the flow-field and the mechanical 
structure interaction. As it is depicted in Fig. 3 by increasing the inflow velocity higher than M = 0.26, 
the separation area is larger and the vibration frequency rises above the both eigenfrequencies 
identified for M = 0. The couple mode flutter found between M = 0.21 and M = 0.26 is changed to the 
stall flutter for the bigger Mach numbers. The increase of the vibration level was so high, that at M = 
0.45 the experiment had to be finished due to the danger of system destruction. The flutter frequency 
of the vibration in this process increased 1.6 times and the optical measurements showed that the area-
wide separation appears during 25% to 50% of the vibration period. In this case we can observe so-
called stall flutter Dowell (1995). The evaluation of interferograms is described in Vl�ek (2010). 
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Fig. 3: The eigenfrequency changes of the self-excited vibration 

as a function of the Mach number. 

In case of the bigger difference between the eigenfrequencies for translation and rotation 
modes for  M = 0 no stall flutter was observed. Fig. 4 illustrates this result: original translation 
frequency was 16.4 Hz and the rotational frequency was 24.5 Hz, i.e. the difference in this 
case was 8.1 Hz (about four times more than in previous case shown in Fig. 3). The flutter 
frequency 19.9 Hz (M = 0.44) lies between original profile fequencies measured for M = 0. It 
means that the origin of the aeroelastic instability was in the classic coupled mode flutter with 
two-degrees of freedom.  

 
Fig. 4: The eigenfrequency changes of the self-excited vibration as 

a function of the Mach number for the case of bigger difference 
between the profile eigenfrequencies. 

The kinematics of the airfoil motion during one period of the self-excitation is presented in the 
next Figures 5a) – 5e) for several Mach numbers in increasing order. There is interesting that in Figure 
5c), 5d) and 5e) zero angle of attack was achieved at the value 80-85% of the maximal amplitude of 
the rotation center motion. This was found in the case of the profile with the eigenfrequencies 19,0 Hz 
without flow (M = 0) for translation mode, and 21,5 Hz for rotation mode. On the all figures, the red 
points inside denote the trajectory of motion of the profile rotation center. 
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Fig. 5a): Profile motion during one period of its self-
excited vibration by flutter for M = 0.21 (2663-02). 

 
Fig. 5b):  M = 0.22 (2662-17). 

 
Fig. 5c):  M = 0.28 (2662-16). 
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Fig. 5d):  M = 0.33 (2662-14). 

 
Fig. 5e):  M = 0.45 (2663-05). 

 
Fig. 6:  The profile NACA0015, M = 0.43. 

Figure 6 shows the kinematics of the airfoil motion of the profile for the case bigger difference 
between profile eigenfrequencies: translation mode – 16.4 Hz (damping 2.0 %),  rotation mode 24.5 
Hz (damping 1.5 %). 
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Figures 7a) – 7c) explain the stall flutter arise during the flow velocity increase. On the presented 
results it is possible to see the jumping between the flutter frequencies with increasing the flow velocity 
in the interval of Mach numbers 0.25 – 0.35. Outside of this velocity interval the system has properties 
as follows: unstable by coupled mode flutter is for M < 0.25 and by stall flutter for M > 0.35.  

 

 
Fig. 7a):  Mode of vibration. 

Fig. 7b):  Total diapason of translation. 

Fig. 7c):  Total diapason of angle of attack. 
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The relations between axis rotation center shift of the profile and approach angle are presented on 
the Fig. 8a) – i) for Mach number from interval 0.21 – 0.45.  

 

Fig. 8a): M=0.21 for measure No. 2663-02. 

Fig. 8c): M=0.26 for measure No. 2663-01. 

 

Fig. 8e): M=0.30 for measure No. 2662-15. 

 

Fig. 8b): M=0.22 for measure No. 2662-17. 

 

Fig. 8d): M=0.28 for measure No. 2662-16. 

 

Fig. 8f): M=0.33 for measure No. 2662-14. 
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Fig. 8g): M=0.38 for measure No. 2663-03. 

 
Fig. 8h): M=0.40 for measure No. 2663-04. 

Fig. 8i): Relation between axis rotation center shift of the 
profile (vertical, [mm]) and approach angle (horizontal, [o]) 
for measure No. 2663-05,  M=0.45, translation frequency 
for M = 0 is 19.0 Hz and rotation frequency is 21.5 Hz. 

The motion of the profile during the stall flutter is shown in more detail on Fig. 8i) for the highest 
Mach number M = 0.45. The point B in the diagram denotes zero angle of attack, the point A denotes 
the maximal translation and precedes the point B in time. In the point S the profile impacts to some 
artificial mechanical barrier; a point-line represents the profile trajectory that could be realised in the 
system without impacts. The points A and C correspond to the maximal translation deplacement in 
positive and negative direction, respectively. The intervals denoted by letters u and d correspond to 
the regimes when the whole break of the flow appears on the upper (u) and lower (d) profile surface, 
respectively. The maximal positive (point D) and negative (point E) angles of attack correspond to 
zero profile translation. 
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An example of the phase shift between the translation and  rotation of the profile demonstrated in 
Figure 9. 

 

Fig. 9: The angle of attack (in [o]) and vertical translation (in 10 
time scale, [mm]) on the vertical axis versus the time (horizontal, 
[ms]) during one period of the self-excited vibrations, for 
measurement No. 2663-02, M=0.21. 

3. Conclusion 
Several combinations of experimental parameters were realized during aeroelastic 
measurements of the self-excited profile vibrations in the Mach number range M=0.21 – 0.45. 
The influence of Mach number on the coupled mode flutter and stall flutter in relation to the 
difference between the eigenfrequencies corresponding to the translation and rotation motion 
of the profile was determined. 
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NUMERICAL MODELLING OF ENGINEERED CEMENT-BASED
COMPOSITES

J. Vorel*, W.P. Boshoff **

Abstract: Strain Hardening Cement-based Composite (SHCC) is a type of High Performance Concrete
(HPC) that was developed to overcome the brittleness of conventional concrete. Even though there is no
significant compressive strength increase compared to conventional concrete, it exhibits superior behavior
in tension. The primary objective of the presented research is to develop a constitutive model that can be
used to simulate structural components with SHCC under different types of loading conditions.

Keywords: Strain Hardening Cement-based Composite (SHCC), rotating crack model, damage, cyclic
loading, nonlinear unloading

1. Introduction

Strain Hardening Cement-based Composite (SHCC) is a type of High Performance Concrete (HPC) that
was developed to overcome the brittleness of conventional concrete. Even though there is no significant
compressive strength increase compared to conventional concrete, it exhibits superior behavior in ten-
sion. It has been shown to reach a tensile strain capacity of more than 4% during a pseudo strain harden-
ing phase (Li and Wang, 2001; Boshoff and van Zijl, 2007). This pseudo strain hardening is achieved by
the formation of fine, closely spaced multiple cracks with crack widths normally not exceeding 100μm
(Li and Wang, 2001). These fine cracks, compared to large (larger than 100μm) localized cracks found
in conventional concrete, have the advantage of increased durability. For a further discussion of the
mechanical properties of SHCC, the reader is referred to (Boshoff et al., 2009a,b).

Several scholars have simulated SHCC mechanical behavior with the Finite Element Method (FEM).
Kabele (2000) formulated a model to simulate the mechanical behavior of SHCC using a smeared crack-
ing approach. Despite acknowledging that a discrete cracking model would be best for the final localizing
crack, Kabele decided to use a smeared cracking approach for the localization. This is due to the uncer-
tainty of the position of the final localizing crack. Another model was proposed by Han et al. (2003).
This model was created to simulate the behavior of SHCC under cyclic loading to test the improve-
ment of structural response if SHCC elements are used to dissipate energy during earth-quake loadings.
Computational modeling of SHCC was also performed by Simone et al. (2003) who used an embedded
discontinuity approach for the final material softening. This method would have the same kinematic char-
acterization as one obtained with interface elements for discrete cracking, but does not require remeshing
procedures. Their conclusion was that it did not simulate the experimental results of SHCC satisfactorily
due to the simplicity of the model.

Boshoff (2007) created a simple damage mechanics based model for the tensile behavior of SHCC.
This was implemented numerically using the FEM. Even though numerous shortcomings still exist, the
model showed relatively good results. Remaining issues include an unresolved mesh dependence and
the under prediction of the deformation when analyzing a structure with a strain gradient.

The primary objective of the presented research is to develop a constitutive model that can be used
to simulate structural components with SHCC under different types of loading conditions. In particular,
the constitutive model must be efficient and robust for large-scale simulations while restricted number
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Fig. 1: Coordinates and transformation angle

of material parameters is needed. The proposed model for plane stress is outlined and the results of the
preliminary implementation are shown.

2. Model definition

For the modeling of specific behavior of SHCC in tension, the application of classical constitutive ma-
terial models used for quasi-brittle materials is not straightforward. The proposed numerical model is
based on a rotating crack assumption to capture specific characteristics of SHCC, i.e. the strain hardening
and softening, the multiple cracking and the crack localization. Multiple orthogonal crack patterns are
allowed which is in accordance with the observations presented by Suryanto et al. (2008). A schematic
representation of orthogonal cracking using the rotating crack model is shown using global and local
axes in Fig. 1. A complete description of the rotating crack model can be found in (Rots, 1998).

The presented model is implemented in a commercially available software package, DIANA (BV.,
2008), for a plane stress elements using a coaxial rotating crack model (RCM) with two orthogonal
cracks as described in (Han et al., 2003). This numerical approach is classified as the smeared cracking
approach. When implementing the model into a nonlinear fine element code, the incremental-iterative
procedure based on a strain increment is assumed. Therefore, the strain vector ε = {ε11, ε22, γ12} T

reads
ε(i) = ε(i−1) +Δε, (1)

where i stands for an increment number and Δε is a strain increment vector. The rotating crack model
evaluates a given strain state and generates the inelastic strain in the principal directions of the strain.
Therefore, it is inevitably required to introduce a transformation tensor ([T]ε , [T]σ) interconnecting
global and a principal strain e = {e1, e2, 0} T or stress s = {s1, s2, 0} T, respectively

e = [T]ε ε, s = [T]σ σ. (2)

Using the standard transformation rule the tensors are

[T]ε =

⎡⎣ n2
11 n2

12 n11n12

n2
21 n2

22 n21n22

2n11n21 2n12n22 n11n22 + n12n21

⎤⎦ ,

n =

[
cosα sinα
− sinα cosα

]
,

(3)

(4)

with the relations between [Tε] and [Tσ]

[T]σ
T = [T]ε

−1 and [T]ε
T = [T]σ

−1. (5)

The rotation angle α can be obtained by means of a standard relation

α = 1/2 arctan [γ12/ (ε11 − ε22)] . (6)
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The incremental stress-strain law (in the crack orientation) reads

Δs = ˜[D]Δe,

˜[D] =

⎡⎢⎣
ds1
de1

ds1
de2

0
ds2
de1

ds2
de2

0

0 0 s1−s2
2(e1−e2)

⎤⎥⎦ ,

(7)

(8)

where ˜[D] is the tangent material stiffness matrix. The derivation can be found in (Jirásek and Zimmer-
mann, 1998). The stiffness matrix is transformed to the global coordinates using the standard transfor-
mation rule

[D] = [Tε]
T ˜[D] [Tε] . (9)

2.1. Poisson’s ratio effect and equivalent principal stresses

It has to be mentioned that the rotating crack approach does not automatically include the effect of
Poisson’s ratio as the stress is evaluated on the basis of individual principal strains. In (Han et al.,
2003) the definition of equivalent strain is used to take this effect into account. This approach is reliable
when a model formulation does not permit residual deformations by cyclic loading, i.e. by changing
state (tension to compression and vice versa). However, in the model presented in this study permanent
(residual) deformations are allowed. Therefore, a new approach was employed to treat the effect of
Poisson’s ratio. The effective principal strain (ê) is used to determine the equivalent stress (ŝ) from the
simplified uniaxial stress-strain diagram (see Sec. 2.2.). The effective principal strain is based on the
principal strain (e) which is free of inelastic deformations caused during the stress state change. The
final stresses are consequently evaluated as{

s1
s2

}
=

1

1− ν12ν21

[
1 ν12
ν21 1

]{
ŝ1
ŝ2

}
,

ν12 = ν0E1/E0, ν21 = ν0E2/E0,

(10)

(11)

where E0 and ν0 stand for Young’s modulus and Poisson’s ratio of the undamaged material respectively.
The parameters E1, E2, ν12 and ν21 represent the characteristics of the damaged material in a given
direction and are defined in Sec. 2.2.. The isotropic elastic material is represented in the state without
cracks (E1 = E2 = E0 , ν12 = ν21 = ν0) and the orthotropic when the crushing or cracking starts

{ŝ1, ŝ2} T =
{
E1e

el
1 , E2e

el
2

}
T. (12)

Stiffness matrix introduced with this approach satisfies the condition of symmetry for orthotropic
materials. Combining Eqs. (10,12) further gives{

s1
s2

}
=

1

1− ν12ν21

[
E1 ν12E2

ν21E1 E2

]{
eel1
eel2

}
, (13)

where ν12E2 = ν21E1 and superscript ·el represents the elastic part.

2.2. Equivalent stress

The equivalent stress state in principal direction is determined by the stress function ŝt(c) as a function
of the current principal strain and associated history parameters.

The stress function is based on the uniaxial strain-stress diagrams in compression and tension. The
experimental data are idealized to obtain a suitable mathematical representation of this constitutive
model.
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Tension
The material response for virgin loading in tension (Fig. 2(a)) is described for each individual part by

ŝt (ê ≥ εtmax) =

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

E0ê 0 ≤ ê ≤ εt0

σt0 + (σtp − σt0)

[
−2

(
ê−εt0
εtp−εt0

)3
+ 3

(
ê−εt0
εtp−εt0

)2
]

εt0 < ê ≤ εtp

σtp

[
2
(

ê−εtp
εtu−εtp

)3
− 3

(
ê−εtp
εtu−εtp

)2
+ 1

]
εtp < ê < εtu

0 εtu ≤ ê.

(14)

The model parameters are depicted in Fig. 2(a). The elastic part is assumed to be linear whereas the
hardening and the softening sections are defined by means of the Hermit functions.

(a) (b)

Fig. 2: Tensile response: (a) Virgin loading, (b) loading/unloading

The unloading and reloading scheme shown in Fig. 2(b) is based on the experiments presented
by Mechtcherine and Jůn (2007).

ŝt (ê < εtmax) =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
E0ê 0 ≤ εtmax ≤ εt0

σ∗
tmax

(
ê−εtul

ε∗tmax−εtul

)at
εt0 < εtmax < εtu, ė < 0

σ∗
tul + (σtmax − σ∗

tul)
ê−ε∗tul

εtmax−ε∗tul
εt0 < εtmax < εtu, ė ≥ 0

0 εtu ≤ εtmax.

(15)

The unloading curve is based on the polynomial function and the reloading is assumed to be linear. The
partial unloading and reloading is incorporated using

ε∗tmax = min (εtmax, εtprl) ,

ε∗tul = max (εtul, εtpul) , (16)

where σ∗
tmax, σ

∗
tul are associated stresses and εtmax is the maximum strain experienced in previous steps

with stress σtmax. The evolution of inelastic strain εtul is assumed to be linearly dependent on εtmax

for the elastic and hardening part and linearly dependent on the crack opening for the softening branch
(Eq. (17)). This simplification correlates well with recent, unpublished cyclic tensile results done at
Stellenbosch University, see Fig. 3(a).

εtul =

⎧⎪⎪⎨⎪⎪⎩
0 0 ≤ εtmax ≤ εt0
bt (εtmax − εt0) εt0 < εtmax ≤ εtp
min {bt (εtp − εt0) + bt [εtmax − bt (εtp − εt0)− σtmax/Etp] ,
bt (εtp − εt0 + wt/h)} εtp < εtmax,

(17)

where Etp = σtp/ [εtp − bt(εtp − εt0)]. The parameter at governs the unloading trajectory and must be
determined from the experimental tests as well as the material characteristic bt.

To ensure proper energy dissipation during localizing, the crack band approach is used which relates
the strain εtu to the crack opening for the complete force transfer loss (wt) and element size (h), see
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Eq. (18). The crack opening can be considered as a half of the fiber length (Boshoff, 2007). In the
present study the equivalent crack band width is evaluated by projecting the element into the direction
normal to the crack at its initiation (h). This is done for each cracking direction separately. The last term
in Eq. (18) describes the influence of the unloading where more energy is dissipated when the non-linear
law is employed (Fig. 3(b)).

εtu = εtp +
wt

h
− 2

εtp − bt (εtp − εt0)

at + 1
. (18)

(a) (b)

Fig. 3: Tension: (a) Evolution of inelastic strain, (b) comparison of softening branches

As seen in Eq. (17), the damage and cracking strains are mainly driven by a single material parameter,
namely bt. By considering the standard definition of the damage parameter ω

Et = (1− ωt)E0, (19)

where Et denotes the actual elastic modulus, the damage variable can be determined by introducing
Eq. (17) into Eq. (19) as

ωt = 1− Et

E0
= 1− σtmax

(εtmax − εtul)E0
. (20)

The transverse strain ratio in Eq. (11) can be then evaluated as

νij = −ν0 (1− ωt) . (21)

This definition assures the decreasing influence of Poisson’s ratio while the material cracks.

Compression
The virgin compression loading response is shown in Fig. 4(a) and is defined mathematically as

ŝc (ê ≤ εmin) =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

E0ê 0 > ê ≥ εc0

σcp − (σcp − σc0)
(

εcp−ê
εcp−εc0

)E0
εcp−εc0
σcp−σc0 εc0 > ê ≥ εcp

σcp

[
2
(

ê−εcp
εcu−εcp

)3
− 3

(
ê−εcp

εcu−εcp

)2
+ 1

]
εcp > ê > εcu

0 εcu ≥ ê.

(22)

The unloading and reloading scheme is depicted in Fig. 4(b) and is based on a similar assumptions as for
tension

ŝc (ê > εcmin) =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
E0ê 0 > εcmin ≥ εt0

σ∗
cmin

(
ê−εcul

ε∗cmin−εcul

)ac
εc0 > εcmin > εcu, ė > 0

σ∗
cul + (σcmin − σ∗

cul)
ê−ε∗cul

εcmin−ε∗cul
εc0 > εcmin > εcu, ė ≤ 0

0 εcu ≥ εcmin,

(23)
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(a) (b)

Fig. 4: Compressive response: (a) Virgin loading, (b) loading/unloading

where
ε∗cmin = max (εcmin, εcprl) ,

ε∗cul = min (εcul, εcpul) . (24)

where σ∗
cmin, σ

∗
cul are associated stresses and εcmin is the minimum strain reached in previous steps with

stress σcmin. The evolution of inelastic strain is again assumed to be linearly dependent on εcmin and
crushing (Eq. (25)). Suppose that the strain

(
εtestcu

)
for which the force is totally released is determined

from the experimental test and the corresponding localisation band in real material is denoted dc. Next,
with the knowledge of the remaining material parameters, we can define the displacement needed for
releasing correct energy during material softening as wc =

[
εtestcu − bc (εcp − εc0)

]
dc. The inelastic

strain then takes the form

εcul =

⎧⎪⎪⎨⎪⎪⎩
0 0 > εcmin ≥ εc0
bc (εcmin − εc0) εc0 > εcmin ≥ εcp
min {bc (εcp − εc0) + bc [εcmin − bc (εcp − εc0)− σcmin/Ecp] ,
bc (εcp − εc0 + wc/h)} εcp > εcmin.

(25)
The material parameters ac and bc have to be determined from experimental test results.

The dissipated energy during the crushing should also be mesh-independent as for tensile cracking.
Therefore, the strain εcu is defined with respect to the mesh size as

εcu = εcp +
wc

h
− 2

εcp − bc (εcp − εc0)

ac + 1
, (26)

where h represents the equivalent band (element size) where the crushing occurs and is determined at its
initiation. The damage parameter is determined in a similar fashion as for tension (Eq. (20)) and reads

ωc = 1− Ec

E0
= 1− σcmin

(εcmin − εcul)E0
. (27)

2.3. Biaxial behavior

To demonstrate the complex behavior of the proposed approach the failure envelope in space of principal
stresses is shown in Fig. 5. The boundaries are influenced by the transverse strain ratio of cracked
and crushed material which is expected when the failure criterion is based on principal strains. This
disadvantage of the presented model can be solved by defining the dependence between tensile and
compressive strength. Nevertheless, the real shape of failure envelope for SHCC will only be included at
a later stage as the biaxial behavior is currently under investigation at Stellenbosch University.

2.4. Cyclic loading

The above described model is adjusted for cyclic loading when the orientation of principle stresses
changes. The residual deformations are assumed to be dependant on the inelastic strain. Therefore,
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Fig. 5: Failure envelope in the principal stress space

a simple linear definition is employed and the permissible closing (opening) strain is evaluated as

εclt(c) = bclt(c)εtul(cul), (28)

where bclt and bclc are material parameters and can therefore be calculated from reverse cyclic loading
tests. The trajectories of reloading after the stress state change are in a good agreement with experimental
results presented in (Billington, 2004).

For the space limitation only tension behavior after stress state change is introduced (Eqs. (29,30)).
The stress evolution for compression can be obtain by substitution of tensile driving parameters for
compressive variables and replacement of the maximum (max) with the minimum (min) value and vice
versa. Note that during the loading after stress state change the old cracks are reopened and the tangent
modulus increases to reach the value of the previously experienced modulus Et.

σ (ė ≥ 0) = σ∗
tul + (σ∗∗

tmax − σ∗
tul)

(
ê− ε∗tul

ε∗∗tmax − ε∗tul

)Et
ε∗∗tmax−ε∗tul
σ∗∗
tmax−σ∗

tul
,

σ (ė < 0) = σ∗
tmax

[
ê− ε∗∗tul
σ∗
tmax/Et

]at
,

(29)

(30)

where the driving parameter ê is again shifted to correspond with the diagram for a virgin loading and
ε∗∗tmax = max (εt0, εtmax) with associated stress σ∗∗

tmax. The experienced modulus is determined as

Et =

⎧⎨⎩
E0 εtmax ≤ εt0

σtmax

εtmax − bt (εtmax − εt0)
εtmax > εt0,

(31)

(32)

and inelastic strain ε∗∗tul is assumed to be

ε∗∗tul = min [ε∗tmax − σ∗
tmax/Et, bt (εtmax − εt0)] . (33)

To demonstrate the model response, a loading change from tension to compression to tension (A-G)
is shown in Fig. 6(a):

• A-B: initial virgin loading (Eq. (14)),

• B-C: unloading (Eq. (15)),

• C-D: cracks closing and compressive loading,

• D-E: virgin loading (Eq. (22)),
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(a) (b)

Fig. 6: Schematic cyclic behavior

• E-F: unloading (Eq. (23)),

• F-G: cracks reopening and tensile loading (Eq. (29)),

• G-H: virgin loading (Eq. (14)).

Note that if the loading follows the stress state change, the loading path has the tangent equal to the
actual modulus (Eq. (29)), intervals F-K and L-G in Fig. 6(b). The unloading from this stage is defined
in Eq. (30), see interval K-L in Fig. 6(b).

3. Implementation and application

As mentioned in the previous section, the constitutive model is implemented in the commercial available
finite element code DIANA version 9.3 using the “User supplied subroutine” option to demonstrate its
suitability for SHCC. Note that this section is brief demonstration. Therefore, a more wide and deep study
is preparing by the authors and will be presented separately. The Newton-Raphson iterative procedure is
used for the solution of nonlinear equations.

Finite element analyses of the flexural tests is performed to verify the constitutive model analyses.
The three-point bending test is introduced using parameters based on the tensile tests and data presented
by Boshoff (2007). The obtained results are compared with experimental data.

3.1. Model description

The numerical model is based on experimental data obtained over the past 5 years by the Institute of
Structural Engineering based at the Department of Civil Engineering, Stellenbosch University. Due to
the lack of a reverse cyclic loading some parameters are set up using the engineering judgement of the
authors as this will not have a significant influence on the presented results. The available tensile tests
for the same mixture as beams are used to set up the parameters describing tension, see Fig. 7(a). All the
model parameters are listed in Tab. 1. To examine the feasibility of the proposed numerical approach,
two different meshes are used. The flexural test is modelled using four node quadrilateral isoparametric
plane stress element Q8MEM which are based on linear interpolation and Gauss integration. Two by two
integration scheme is set up.

The finite element mesh is refined towards the middle of the beam with the size of the elements in the
expected softening and localization zone 1.33 mm x 1.33 mm and 4.0 x 4.0 mm. The former dimension
of elements in the middle of the beam is chosen in accordance with the theory introduced in (Boshoff,
2007) to deal with the crack spacing. The boundary conditions of the model are shown in Fig. 7(b) as
well as the beam dimensions. The other mesh size is chosen to study the mesh sensitivity.
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(a) (b)

Fig. 7: Three-point bending test: (a) Comparison, (b) setup setup

Tab. 1: Model parameters

General Tension Compression
Param. Value Param. Value Param. Value
E 9200 MPa εt0 2.42 · 10−4 εc0 −4.89 · 10−3

ν 0.35 εtp 3.92 · 10−2 εcp −5.89 · 10−3

σtp 2.79 MPa σcp −50.0 MPa
wt 6.0 mm εcu −2.00 · 10−1

at 3.0 dc 50 mm
bt 0.8 ac 3.0
bclt 0.6 bc 0.8

bclc 0.8

3.2. Results

The presented crack rotating model (RCM) is used to obtain the force-deflection diagrams. These results
are plotted in Fig. 7(a) together with the experimental data and response produced by the model based
on a damage mechanics formulation (DM) by Boshoff (2007). As can be seen, the numerical models
demonstrate good agreement with experimental data in the elastic as well as hardening part. The dis-
crepancy is detected for the softening part. This is probably caused by the fibers alignment close to the
surface which is not taken into account for generally used numerical models and the interested readers
are referred to (Boshoff, 2007). The mesh dependency is observed by comparison of the two different
mesh sizes.

4. Conclusion and future work

In this paper a two-dimensional numerical model for Strain Hardening Cement-based Composites was
introduced. This approach is based on a rotating crack model implemented in the commercially available
software package DIANA. The presented model takes into account:

• strain hardening and softening in tension as well as in compression,

• nonlinear unloading,

• nonlinear loading after stress state change - crack closing,

• the effect of Poisson’s ratio.
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The accuracy of the introduced approach was demonstrated by means of a three-point flexural test. Nev-
ertheless, the model must be further verified before the proposed approach will be used for larger struc-
tural components under different loading conditions.
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EXPERIMENTAL INVESTIGATION OF PEDESTRIAN LEVEL WINDS 
USING MULTIPLE MEASURING METHODS 

D. Zacho*, P. Michálek* 

Abstract: In the project, methods for the pedestrian wind comfort determination were investigated. Few 
methods can be used for the qualitative and quantitative measurement of the wind condition at the 
pedestrian level. Pressure difference measurement by the omnidirectional Irwin probes, the Particle 
Image Velocimetry, the Hot wire anemometry, flow visualization by a little flags, sand spreading on 
surface around the building model, were used during solving this project. The Irwin probes are most 
frequently used for the pedestrian wind comfort measurement. The velocity calibration of the Irwin probe 
isn’t trivial so other methods were used for its verification. In this contribution the comparison of all 
mentioned methods was described. 

Keywords: Pedestrian, pedestrian wind comfort, boundary layer wind tunnel, particle image 
velocimetry, environment, physical modeling. 

1 Introduction 

The monitoring of the wind conditions at pedestrian level is very interesting topic for Central Europe. 
The criteria of the pedestrian wind comfort were set in countries with strong wind exposition 
(Nederland, Denmark, Great Britain, France, USA, Japan, …) first.  

The expansion of the high-rise building development in Czech city centers needs the prediction of 
the pedestrian wind condition and it could be interesting for the Civil service of the Czech Republic. 
The High rise building can greatly affect the wind condition at the pedestrian level. Windy quiet rest 
area could be affected by the wind generated by new High-rise building. Such area would be good just 
for kiteflying.  

The forecast of the wind condition at the pedestrian level can be done by the methods of physical 
or mathematical modeling of the atmospheric boundary layer. The physical modeling includes 
quantitative and qualitative methods. The qualitative method is for example visualization by the sand, 
small paper flags, cotton fibers, oil coating etc. The quantitative methods are the hot wire anemometry 
at the position, Particle image velocimetry (time resolved PIV), pressure measurement with the Irwin 
probes, measurement with the thermistors at the positions etc. 

In case of the complicated topographic model, using few methods for the prediction of the 
pedestrian wind comfort is suitable. For example, visualization by sending or small paper flags, hot 
wire anemometry, and PIV in the area of interest. 

The results of the pedestrian wind comfort prediction can use for the planning authority when they 
have to approve new project of high-rise building in the city centre for example. 

2 Methods of the pedestrian wind conditions monitoring 

The qualitative methods give information about the wind direction in the parter of the complex of 
building and the quantitative methods can give information about the wind speed and the wind speed 
fluctuation at the monitored positions. The pedestrian wind comfort is assessed in accordance with the 
criteria which were developed for the specific locality (Nederland, Denmark, USA, ...). The criteria 
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were made on base of subjective feelings of people which were surveyed by questionnaires. 
Unfortunately the criteria of the pedestrian wind comfort are absent for Central Europe.  

2.1 Visualization by cotton fiber or small paper flags 

This method is focused on the wind direction determination and depiction of the uniformity of the 
flow at the monitored positions. The cotton or the flags are put in surrounding of the high-rise building 
models. The cotton or the flags can rotate around its vertical axes. Into the model with cotton or flags 
the atmospheric boundary layer comes and the cotton or flags follow the wind with its gusts. The 
cotton or flags can be photographed with different shooter speed or with high speed camera. The 
resulting image of the flow field around the buildings model can be seen immediately after capturing 
of the photos or videos.  

2.2 Visualization by sanding 

The Vicinity of the building model or of the complex of buildings is filled with the sanding (pollen, 
small-grained sand ...) in uniform and thin layer. Then the modeled situation is exposed to the wind 
with the atmospheric boundary layer conditions with constant wind speed above the boundary layer. 
The building or complex of buildings forms the wind at the pedestrian level and the sending is swept 
from areas with the intensifying wind speed. If the wind speeds above the boundary layers increase the 
sanding will be swept over largest areas then before. If the photos will be taken there the maps of the 
sanding in different increasing wind speed there could make the sum of all pictures and there the map 
of the wind situation at pedestrian level in vicinity of the observe building or complex of building can 
be obtained.  

2.3 The Hot Wire Anemometry 

This method makes determining the field of the wind speed around the building model possible. It is 
standard method of anemometry which determining the mean velocity and the fluctuation part of the 
turbulent wind speed enables. The hot wire probes have high sensitivity to the wind direction. The 
building or complex of buildings is able to generate wind which direction can be each of 360 degrees 
with the same probability. There is need to determine the wind direction before the measurement with 
the hot wire. It could be disadvantage of using this method for the pedestrian level wind assessment. 

2.4 Irwin probes 

The Irwin probes (IP) and their physics are described in article H. P. A. H. Irwin, 1981. The IP is the 
omnidirectional pressure probe which consists from two small tubes with same longitudinal axis. The 
outer tube is mounted as at the same level as surrounding surface of the model and inner tube is placed 
at the pedestrian height (the body height or the centre of human body height). The pressure signal is 
connected with the wind speed by the hot wire anemometry. The mean value and the standard 
deviation of the wind speed signal as wrote Irwin can be reconstructed. This probe works good if the 
wind comes perpendicular with the axis of the IP tubes. General situation around building includes 
also vertical movement of the air mass. It could be the disadvantage of this method. 

2.5 Particle Image Velocimetry measurement 

The PIV system makes possible showing the field of wind speed. If Time resolved PIV system is used, 
the mean value and standard deviation of the wind speed signal at all position in the shot can be 
determined. The clear and concise description of the PIV principle can be found at the Dantec 
dynamics web page for example. Extensive description of the PIV is in the Raffel, M. & Hansen, S. 
(2007). The wind flow is filled with particles with diameter about two micrometers and the light sheet 
is placed at the monitored area. The pictures of the particles in the light sheet in exactly time distance 
are taken. The correlation between two images gives information about shift of particles in subsection 
parts of full shot. The known time and the known shift of the particles between two pictures give 
information about size and direction of the wind velocity vector. 

This method depends on quantity of particles in the monitored area and on the light sheet position. 
If there is complicated geometry of the building model or the complex of buildings model there could 
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4 Conclusions 

Correct prediction of the wind conditions at the pedestrian level around the new high-rise building can 
be created on base of combination of few methods of measurement and visualization.  

Combination of the visualization with small paper flags and IP is the simplest one and this 
combination can be used in many positions in the model irrespective complexity of geometry modeled 
built-up area.  

Time resolved PIV system could be very effective for the pedestrian wind comfort assessment. 
The setting of the PIV measurement (positioning of the light sheet) could be very expensive at the 
complicate geometry of the model. 

The suitable solution of the pedestrian wind comfort assessment is the using of combination of 
methods mentioned above. The visualization can show areas with strong wind exposition and there 
measurements with the HWA or PIV can be performed. These case studies of the pedestrian wind 
comfort have to be carry out with consideration to effective employment of means. 
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MATHEMATICAL MODELLING OF A DAMPING ELEMENT 
WORKING ON THE PRINCIPLE OF SQUEEZING TWO LAYERS OF 

NORMAL AND MAGNETORHEOLOGICAL OILS ARRANGED IN 
SERIES AND ITS APPLICATION FOR VIBRATION ATTENUATION 

OF A RIGID ROTOR 

J. Zapom¡l*, P. Ferfecki*, J. Kozánek* 

Abstract: The oscillations amplitude and the forces transmitted between the rotor and the stationary part   
can be considerably reduced if damping devices are added to the coupling elements placed between the 
rotor and its casing. To achieve their optimum performance the damping effect must be controllable. In 
this paper there is proposed a new concept of a damping element working on the principle of squeezing 
two lubricating layers that are formed by normal and magnetorheological oils and that are mutually 
separated by a movable thin ring. Unlike to previous solutions, the magnetorheological layer always 
decreases the amount of damping. This decrease can be controlled and is required by certain operating 
conditions. In the developed mathematical model the normal and magnetorheological oils are 
represented by Newtonian and Bingham materials respectively and the pressure distribution in the 
lubricating layers is governed by the Reynolds' equations. The examination of the properties and 
efficiency of the proposed damping element was carried out by means of its application for vibration 
attenuation of a rigid unbalanced rotor. Results of the performed computational simulations proved that 
a suitable control of the damping effect made it possible to reach an optimum compromise between 
reduction of the oscillation amplitude and minimizing magnitude of the force transmitted into the rotor 
casing. A big advantage of the proposed damping element is that it does not need a complicated and 
expensive control system for its operation. 

Keywords:  Controlled damping, new semiactive damping element, magnetorheological oil layer, 
Bingham fluid, modified Reynolds equation. 

1. Introduction 

Unbalance of the rotating parts is one of the main sources of time variable forces that are transmitted 
between the rotor and its stationary part. Their magnitude can be significantly reduced if the rotor is 
flexibly supported and if the damping devices are added to the coupling elements. The theoretical 
analyses, confirmed by practical experience, show that to achieve the optimum performance of the 
rotating machines during their steady state running, the damping devices must be controllable. 

One of the first reported works dealing with controllable dampers was published by Burrows et al., 
(1984). The damper was of a squeeze film kind and the authors examined the effect of controlling the 
oil-supply pressure on the change of the system damping coefficients. Another design of a controllable 
squeeze film damper was reported by Mu et al., (1991). In their solution, the gap between the damper 
inner and outer rings is conical filled with classical oil. Moving of the outer ring in the axial direction 
changes the damper radial clearance and land length, which changes the damping force. A new 
concept of controlling the damping devices is represented by magnetorheological dampers. Much 
work has been already done in this field. Wang et al., (2003) studied experimentally the vibration 
characteristics and the control method of a flexible rotor equipped with a magnetorheological squeeze 
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film damper. Zapom�l & Ferfecki (2009a) developed a mathematical model of a short 
magnetorheological damper of a squeeze film kind and utilized it for computational simulations of a 
transient response of a rigid rotor passing the critical speeds (Zapom�l & Ferfecki, 2009b). The same 
authors (Zapom�l & Ferfecki, 2011) proposed a combined damper formed by two lubricating layers of 
normal and magnetorheological oils arranged in parallel. Their investigations done by means of 
computational simulations were focused on its contribution to attenuation of the steady state vibration 
of a flexibly supported rigid rotor and on its stability. 

In this paper there is investigated a new semiactive damping element generating the damping force 
by squeezing two mutually separated layers of normal and magnetorheological oils. The damping 
effect is controlled by changing the magnetic flux passing through the magnetorheological film. 
Results of the performed simulations show that a suitable setting of magnitude of the damping effect 
enables to reach the optimum compromise between attenuation of the rotor vibration amplitude and 
reduction of the forces transmitted into the rotor casing and its foundation plate. 

2. Mathematical model of the new damping element  

The principal parts of the proposed damping element (Figure 1) are the inner and outer rings between 
which there are two mutually separated layers of lubricating liquids. The inner ring is movable. It is 
coupled with the damper's body by a flexible element (squirrel spring) and supports the rolling 
element bearing, in which the rotor journal is mounted. The outer ring is stationary, fixed to the 
damper housing. The lubricating films are formed by normal (inner) and magnetorheological (outer) 
oils and their mutual separation is accomplished by a thin ring flexibly coupled with the damper's 
body. The damping device is equipped with an electric coil generating magnetic field. The magnetic 
flux passes through the layer of magnetorheological liquid and because its resistance against the flow 
depends on magnetic induction the change of the electric current can be used to control the damping 
effect. 

 

 

 

 

 

 

 

 

 

 

 

Fig. 1:  Scheme of the proposed damping element 

The developed mathematical model of the proposed constraint element is based on assumptions of 
the classical theory of lubrication but with some modifications. The normal and magnetorheological 
oils are represented by Newtonian and Bingham materials with the yield shear stress depending on 
magnetic induction. A further attention is focused only on the dampers whose geometric and design 
parameters make it possible to treat them as short (Krämer, 1993). 

The thickness of the oil films depends on positions of the centres of the damper rings relative to 
the damper body (Krämer, 1993) 

 )(cos D ��� HCOCO ech , (1) 

 )(cos D ��� HMRMR ech . (2) 
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hCO, hMR denote the thickness of the films of classical and magnetorheological oils, cCO, cMR are the 
widths of the gaps between the rings filled with classical and magnetorheological oils, eH denotes the 
rotor journal eccentricity, Ë is the circumferential coordinate and Ì denotes the position angle of the 
line of centres. 

The pressure distribution in the layer of classical oil is governed by a Reynolds equation modified 
for short squeeze film dampers (Krämer, 1993)  

 CO
CO

CO h
hZ

p 

32

2 12�
�

P
P . (3) 

pCO denotes the pressure in the layer of classical oil, � is the normal oil dynamic viscosity, Z is the 
axial coordinate and (.) denotes the first derivative with respect to time. 

To describe the pressure field in the layer of the magnetorheological fluid, the Reynolds equation 
has been modified for Bingham material (Zapom�l & Ferfecki, 2009a)  

 � � 0443 32233 ��
��
 yMRMRByMRMRMR pZhhph L�L 
 , for 0$
MRp , (4) 

 � � 0443 32233 ��
��
 yMRMRByMRMRMR pZhhph L�L 
  for 0�
MRp . (5) 

Both these equations are valid for Z > 0. MRMR pp 
,  denote the pressure and the pressure gradient in the 
axial direction in the layer of magnetorheological liquid, �B is the Bingham viscosity and Êy represents 
the yield shear stress. 

Equations (3), (4) and (5) are solved for the boundary conditions expressing that the pressure at the 
damper's ends is equal to the pressure in the ambient space. Relationships (4) and (5) represent 
polynomial algebraic equations of the third order. The sought root must fulfil the conditions that the 
pressure gradient  is real (not complex), is negative (for equation (4)) or positive (for equation (5)) 
and satisfies the relation 

MRp


 
MR

y
MR h

p
L2

�
 . (6) 

After calculation of the pressure gradient from equations (4) or (5) the pressure distribution in the 
axial direction is obtained by the integration  

 . (7) Zpp MRMR dM 
�

In the damper simplest design arrangement the rings, between which there is a layer of 
magnetorheological liquid, can be considered as a divided core of an electromagnet. Then the 
dependence of the yielding shear stress on magnetic induction can be approximately expressed 

 
yn

MR

C
yy h

INk ��
�

�
��
�

�
�L

2
. (8) 

ky and ny are material constants of the magnetorheological liquid, NC is the number of the coil turns 
and I is the electric current. 

In the areas where the thickness of the lubricating films rises with time ( , ) a 
cavitation is assumed. Pressure of the medium in these regions remains constant and equal to the 
pressure in the ambient space. In noncavitated areas the magnitude of the pressure is governed by 
solutions of the Reynolds equation (3) and integral (7). 

0�COh
 0�MRh


Components of the damping forces are calculated by integration of the pressure distributions 
around the circumference and along the length of the damping element taking into account a cavitation 
in the oil films. 

 M M��
�

DD
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2
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L

DMRMRMRy , (9) 
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FCOy, FCOz, FMRy, FMRz are the y and z components of the hydraulic forces produced by the layers of 
normal and magnetorheological oils respectively, RCO, RMR are the mean radii of the layers of normal 
and magnetorheological oils, L is the axial length of the damping element and pDCO, pDMR denote the 
pressure distributions (taking into account different pressures in cavitated and noncavitated regions) in 
the layers of normal and magnetorheological oils. 

3. The equation of motion of a rigid rotor damped by the new damping elements  

The investigated rotor (Figure 2) consists of a shaft and of one disc and with the stationary part it is 
flexibly coupled by the proposed damping elements at both its ends. The rotor is considered to be 
absolutely rigid, it is unbalanced, turns at constant angular speed and is loaded by its weight. The 
system is symmetric relative to the plane perpendicular to the shaft axis. The squirrel springs are 
prestressed to be eliminated their deflection caused by the rotor weight. 

 

 

 

 

 

 

 

 

Fig. 2:  Scheme of the investigated rotor system 

The rotor vibration is governed by a set of four equations of motion 

 � � � �22112211
2

111 ,,,,,,,2cos2 zyzyzyzyFtemykybym COyoTRDAPR 






 ����� V?? , (13) 

 � � � �22112211
2

111 ,,,,,,,2sin2 zyzyzyzyFtemzkzbzm COzoTRDAPR 






 ����� V?? , (14) 

 � � � �22222211221122 ,,,2,,,,,,,22 zyzyFzyzyzyzyFykym MRyCOySRSR 







 ���� , (15) 

 � � � �22222211221122 ,,,2,,,,,,,22 zyzyFzyzyzyzyFzkzm MRzCOzSRSR 







 ���� . (16) 

mR is the rotor mass, bP is the coefficient of the rotor external damping, kDA is stiffness of the squirrel 
spring, mSR, kSR are the mass of the ring separating the lubricating layers and the stiffness of its support 
respectively, Í is angular speed of the rotor rotation, eT is eccentricity of the rotor unbalance, t is the 
time, Îo is the phase shift, y1, z1, y2, z2 are displacements of the rotor centre (centre of the rotor journal) 
and of the centre of the ring separating the lubricating layers and (.), (..) denote the first and second 
derivatives with respect to time. 

The steady state solution of the equations of motion is obtained by a trigonometric collocation 
method. As the system is symmetric and the squirrel springs are prestressed, it can be assumed that 
trajectories of the rotor and the rings centres are circular. Then it holds for the displacements 
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 trtry SC ?? sincos 111 �� , (17) 

 trtrz SC ?? cossin 111 �� , (18) 

 trtry SC ?? sincos 222 �� , (19) 

 trtrz SC ?? cossin 222 �� . (20) 

Substitution of (17) - (20) and of their first and second derivatives with respect to time in (13) - 
(16) gives a set of four nonlinear algebraic equations. As the number of resulting equations is equal to 
the number of unknown parameters (rC1, rS1, rC2, rS2), only one collocation point of time is needed for 
their determination. For the moment of time t = 0 they read 

 � � COyoTRSPCRDA Femrbrmk 2cos2 2
11

2 ���� V??? , (21) 

 , (22) � � COzoTRSRDACP Femrmkrb 2sin2 2
1

2
1 ���� V???

 , (23) � � MRyCOyCSRSR FFrmk 222 2
2 ����?

 . (24) � � MRzCOzSSRSR FFrmk 222 2
2 ����?

Solution of the set of equations (21) - (24) makes it possible to determine amplitudes of the rotor 
steady state vibration and of the forces transmitted into the stationary part for the specified angular 
speeds. 

4. Results of the computational simulations  

The basic data of the investigated system are : mass of the rotor 450 kg, stiffness of the squirrel spring 
2 MN/m, linear coefficient of the rotor external damping 1000 Ns/m, mass of the separating ring 2 kg, 
eccentricity of the rotor centre of gravity 100 �m, viscosity of the normal oil 0.002 Pas, Bingham 
viscosity of the magnetorheological liquid 0.3 Pas, length of the damping element 60 mm, mean 
diameters of the lubricating layers 110 mm (normal oil), 150 mm (magnetorheological oil) and the 
damper gap width 0.2 mm (normal oil), 1 mm (magnetorheological oil). The task was to analyse 
dependences of amplitude of the rotor vibration and of the force transmitted through the coupling 
elements into the stationary part on the rotor angular speed and magnitude of the applied current and 
to compare them with the allowed values (maximum vibration amplitude 140 :m, maximum 
transmitted force 800 N). 
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Fig. 3:  Frequency response characteristic (centre of the rotor) 
 

Figures 3 and 4 depict the frequency response characteristics of the centres of the rotor (rotor 
journal) and of the separating ring for several magnitudes of the applied electric current. It is evident 
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that the increasing current has only little influence on amplitude of the rotor vibration in the region of 
high velocities. But in the area of low angular speeds the system behaves in a different way. Only 
large applied current makes it possible to attenuate the vibration sufficiently. The vibration amplitude 
of the centre of the ring separating the layers of normal and magnetorheological oils approaches to 
zero if magnitude of the current rises and angular velocity of the rotor decreases. If magnitude of the 
current is sufficiently high (depending on the speed of rotation), the layer of magnetorheological liquid 
becomes almost absolutely rigid and the rotor behaves as it would be damped only by normal squeeze 
film dampers. 
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Fig. 4:  Frequency response characteristic (centre of the separating ring) 
 

The force is transmitted between the rotor and its casing through the squirrel springs and the 
damping layers. Figure 5 shows that to minimize magnitude of the total transmitted force in the area of 
low angular speeds the applied current must be large, in the area of higher angular velocities its 
magnitude must be zero or very low. 
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Fig. 5:  Transmitted force amplitude – angular velocity relationship 
 

Figures 6 and 7 show the admissible magnitudes of the electric current, for which the requirements 
put on the maximum allowable vibration amplitude and magnitude of the force transmitted into the 
stationary part are satisfied, in dependence on the speed of the rotor rotation. The combination of these 
results is depicted in Figure 8. It is evident that the condition for allowed values of parameters of the 
rotor steady state vibration can be satisfied in the whole extent of the operating speeds except for the 
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ones from a small velocity range approximately between 150 and 180 rad/s. In this speed interval 
amplitude of the vibration cannot be reduced without exceeding the allowed value of the transmitted 
force. 
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Fig. 6:  Current - angular velocity relationship from the point of view of allowed vibration  
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Fig. 7:  Current - angular velocity relationship from the point of view of allowed force  
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Fig. 8:  Current - angular velocity relationship for allowed vibration and force  
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A detailed analysis of the frequency response characteristics given in Figures 3, 4 and 5 shows that 
to achieve the optimum performance of the damping device in the velocity interval above 
approximately 200 rad/s the electric current should be switched off. The decrease of the damping 
arrives at considerable reduction of the force transmitted into the rotor casing and increase of the rotor 
vibration amplitude is only negligible. 

5. Conclusions 

The damping effect of the new proposed damping element is produced by squeezing two layers of 
lubricating liquids, which are mutually separated by a ring. The layers are formed by normal and 
magnetorheological oils. The control of the damping force is accomplished by means of the change of 
magnetic flux passing through the film of magnetorheological liquid. Results of the carried out 
computational simulations show that a suitable setting of magnitude of the applied current makes it 
possible to reach the optimum compromise between attenuation of the rotor vibration and reduction of 
the force transmitted into the stationary part and into the foundation plate. It is evident that at lower 
angular velocities a higher damping effect is needed to suppress both the vibration and the transmitted 
force. In the interval of higher velocities large damping arrives at a strong increase of the transmitted 
force but only at little attenuation of the rotor oscillations. This implies that for these operating 
conditions it is desirable to switch off the auxiliary magnetorheological damping or to apply only a 
very small electric current. 
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APPLICATION OF SENSITIVITY ANALYSIS IN DESIGN OF 
CHARACTERISTICS OF DAMPING JOINTS IN LOCOMOTIVE 

RUNNING GEAR 

J. Zelenka*, M. Kohout** 

Abstract: Operation of railway vehicles at higher speeds is conditioned by assurance of a stable run of 
the vehicle in straight track with a high level of geometric parameters. This property is usually reached 
by retrofitting of a joint between the vehicle body and the bogies with an efficient damping with suitable 
characteristics. Because the relative motion between the vehicle body and the bogies in the straight track 
shows low amplitudes and high velocities, special longitudinal dampers – so-called yaw dampers – are 
used for these purposes. The aim of this paper is a theoretical analysis of the yaw damper characteristics 
on the stability limit of a locomotive performed by means of sensitivity analysis. 

Keywords:  Sensitivity analysis, stability of vehicle run, critical speed, yaw dampers, simulations. 

1. Introduction 

Nowadays, computer simulations of running and guiding behaviour create an integral part of 
development of new or modernized rail vehicles. The simulations are practically the only possible way 
for verification of dynamic properties of the vehicle in the design stage. It is possible to use them for 
optimization of suspension and damping parameters, as well. 

Jan Perner Transport Faculty of the University of Pardubice co-operates with the company CZ 
LOKO, a.s. on solving of R&D project “TIP” of the Ministry of Industry and Trade of the Czech 
Republic; the aim of this project is manufacturing of a prototype of a locomotive Class 744.0 as well 
as preparation of a broad-gauged version of this locomotive according to the GOST standards. The 
computer simulations of dynamic behaviour of the new locomotive create one of the main parts at the 
project solving. 

2. Locomotive Class 744.0 CZ LOKO 

The locomotive Class 744.0 CZ LOKO (see fig. 1) is a four-axled diesel-electric locomotive with 
AC/AC or AC/DC power transmission which is intended for track as well as shunting service. The 
maximum speed is 120 km/h. The modular conception of the locomotive allows manufacturing of 
various versions with a maximum power of combustion engine of 800 up to 1500 kW. Traction drive 
is assured by means of four asynchronous or serial direct-current axle-mounted nose-suspended 
traction motors with roller bearing. Each of these motors belongs to one wheelset and has a maximum 
power of 360 kW. 

The main frame of the locomotive is mounted on two two-axled bogies (see fig. 2 and Kopal, 
2009) by means of flexi-coil springs. The longitudinal force transmission between the bogie and the 
locomotive body is performed with a central pivot. The wheelset guiding in the bogie frame is 
performed by means of connection rods; the primary suspension is created by two flexi-coil springs at 
each journal box. The vertical (primary as well as secondary) suspension is supplemented by hydraulic 
dampers; damping of lateral oscillations between the vehicle body and the bogies is performed by two 
lateral hydraulic dampers per bogie. 
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Besides the locomotive for European track gauge 1435 mm, a broad-gauged version of the 
locomotive for eastern market is developed parallelly. This locomotive, which comes out from the 
standard-gauged locomotive to a maximum degree, is intended for the “Russian” track gauge 
1520 mm and is designed according to the GOST standards. Besides indispensable modifications of 
the bogie frames and usage of new wheelsets it is necessary to perform a modification of parameters 
of the suspension (because of the intended total weight of the locomotive from the range of 80 up to 
90 t) and to verify the influence of these modifications on the dynamic behaviour of the locomotive. 

 
Fig. 1 Visualization of the Class 744.0. 

 
Fig. 2 A bogie of the Class 744.0. 

3. Simulations of dynamic behaviour of the locomotive 

The computer simulations of dynamic behaviour of the new locomotive are performed by means of an 
original multi-body simulation software (Zelenka, 2009). The first simulation results of the broad-
gauged version of the locomotive Class 744.0 CZ LOKO are shown in paper (Zelenka & Michálek, 
2011). On the basis of current documentation and measurement of real parameters of the locomotive 
suspension (Zelenka et al., 2011), simulation input data were specified. Investigation of the influence 
of change of relevant parameters, which is related with the modification of the locomotive for the 
broad track gauge, was also performed and its results are shown in paper (Kohout et al., 2011). 

The main input parameters of the dynamic model of the locomotive (i.e. the mass and geometric 
parameters, characteristics of elastic and damping joints etc.) were determined with the project 
documentation and they are gradually specified during the development and subsequent manufacturing 
of the locomotive by the project manager. A substantial influence on the dynamic behaviour also has 
the characteristics of wheel/rail contact geometry which characterize the joint between the wheelset 
and the track. In this stage, simulations were performed for two different sets of characteristics of 
wheel/rail contact geometry – λekv = 0.207 (theoretical wheel profiles and rail profiles 60E1/1:40) and 
λekv = 0.403 (operationally worn wheel and rail profiles). In fig. 3, there are shown curves of delta-r 
function and equivalent conicity. In the next, the relevant wheel/rail contact geometry will always be 
named by means of value of the equivalent conicity for the wheelset amplitude y0 = 3 mm. 
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Fig. 3 Characteristics of wheel/rail contact geometry. 

From the point of view of the vehicle dynamics, the locomotive comprises complicated non-linear 
dynamic system. Therefore, for purposes of determination of influence of different input parameters 
on dynamic behaviour of the whole locomotive a sensitivity analysis can be used. The sensitivity 
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analysis allows acquisition of an image describing a qualitative behaviour of such complicated system 
(locomotive) with respect to variable input parameters. One of the most important parameter of the rail 
vehicle is its critical speed. The critical speed represents the maximum speed at which the rail vehicle 
shows so-called stable run, i.e. running behaviour without lateral oscillations of wheelsets, bogies and 
the vehicle body. Value of the critical speed is influenced by many parameters and exceeding of this 
speed can lead to exceeding of the safety limits of the vehicle run (see the EN 14363) and degradation 
of the ride comfort. For purposes of sensitivity analysis of the locomotive Class 744.0, four weight 
variants (with a total weight of 80, 84, 86 and 90 t) were considered. Besides to that, influence of some 
other parameters was observed, above all the equivalent conicity (i.e. the wheel/rail contact geometry), 
friction coefficient in the wheel/rail contact and the influence of yaw dampers. 

4. Assessment of stability of run of the locomotive 

For purposes of assessment of the stability of vehicle run (i.e. determination of the critical speed of the 
vehicle), several methods are usually used – see paper (Polách, 2010), for example. In case of the 
locomotive Class 744.0, the sensitivity analysis was performed by means of non-linear method on 
theoretical straight track; the excitation of the dynamic model of the locomotive was carried out with 
isolated lateral track unevenness. For purposes of the stability assessment, lateral motion of the 
wheelsets (lateral oscillations) was observed at the decreasing vehicle speed. 
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Lok744/1520 - bez tlumičů vrtivých pohybů podvozků 744 1520  s tlumiči vrtivých pohybů podvozků

 
Fig. 4 Amplitude of the lateral motion of the 1st wheelset after the excitation on the ideal straight track 

for various total weight of locomotive and various contact conditions (decreasing speed; value of 
a friction coefficient in the wheel/rail contact: 0.40; red – λekv = 0.403, black – λekv = 0.207). 

In the graphs in fig. 4 there are shown curves of the amplitudes of lateral motion of the 1st wheelset 
of the broad-gauged version of the locomotive. These curves were obtained by means of simulations 
of response of the locomotive on lateral unevenness at the speed 150 km/h. Four weight variants (with 
a total weight of 80, 84, 86 and 90 t), two different conditions of the wheel/rail contact geometry (red 
lines – λekv = 0.403, black lines – λekv = 0.207) and a value of friction coefficient in the wheel/rail 
contact of 0.4 were considered here. On the left side there are shown the results of the locomotive 
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without yaw dampers, the results on the right side represent the locomotive equipped with yaw 
dampers (two pieces per bogie). As it is evident from the graphs in fig. 4, the critical speed is higher 
than ca. 140 km/h in all considered cases. Especially in case of locomotive with yaw dampers, the 
wheelset oscillations disappear immediately after the excitation. From this reason, analogous 
assessment of the stability was performed at higher initial speed (200 km/h); relevant results for 
locomotives with total weight 80 and 90 t are shown in fig. 5. It is apparent that the yaw dampers can 
shift the critical speed to higher values; however, the wheel/rail contact geometry influences the 
stability very significantly, as well. 
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Fig. 5 Amplitude of the lateral motion of the 1st wheelset after the excitation on the ideal straight track 

for various total weight of locomotive and various contact conditions (decreasing speed; value of 
a friction coefficient in the wheel/rail contact: 0.35; red – λekv = 0.403, black – λekv = 0.207). 
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Fig. 6 Lateral motion of the 1st wheelset after the excitation on the ideal straight track for the 

standard- (left) as well as broad-gauged (right) version of the locomotive with total weight 84 t 
without yaw dampers, for various friction coefficient and various contact conditions 

(decreasing speed; red – λekv = 0.403, blue – λekv = 0.207). 

In the graphs in fig. 6 there is demonstrated influence of the friction coefficient in wheel/rail 
contact on the critical speed. The simulations were performed in the same way as in case of results in 
fig. 4. However, the broad-gauged version as well as the standard gauged version of the locomotive 
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with a total weight of 84 and without the yaw dampers was considered in this case. The friction 
coefficient in wheel/rail contact ranged from 0.10 up to 0.50. It is apparent that increasing value of the 
friction coefficient in wheel/rail contact shifts the critical speed to lower values. The graphs in fig. 6 
also show that a difference between the standard-gauged and broad-gauged version of the locomotive 
is negligible from the point of view of the stability of run. 

The second way, how to investigate the stability of run of a rail vehicle, is usage of simulations of 
the run on the ideal straight track at constant speed; see (Polách, 2010 or Zelenka & Kohout, 2011), 
for example. After the excitation of the vehicle by means of isolated lateral track unevenness, the 
lateral wheelset motion stabilizes in a steady state which is characterized with its amplitude. Then, the 
qualitative change of the dynamic behaviour at the parameter change can be presented by means of 
bifurcation diagrams. In case of stability assessment, the bifurcation diagrams usually represent 
dependency of the amplitude of lateral wheelset motion on the vehicle speed. For better clearness, this 
method is demonstrated on example of an electric locomotive – see also the paper (Zelenka & Kohout, 
2011). In fig. 7 there are shown the simulation results (i.e. histories of lateral motion of the 1st and 3rd 
wheelset of the locomotive) at different speeds for concrete conditions given by wheel/rail contact 
geometry (λekv = 0.033) and characteristics of yaw dampers (named as “Os4”, in this case). 
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Fig. 7 Lateral motion of the 1st (top) and 3rd (bottom) wheelset of investigated locomotive for concrete 
conditions given by wheel/rail contact geometry and characteristics of yaw dampers at various speeds. 
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Fig. 8 Bifurcation diagrams – amplitudes of the 1st (top) and 3rd (bottom) wheelset of investigated 
locomotive for concrete wheel/rail contact geometry and various characteristics of yaw dampers. 
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In fig. 8 there are presented relevant bifurcation diagrams (i.e. dependencies of amplitudes of the 
lateral motion of the 1st and 3rd wheelset on the vehicle speed) for the concrete wheel/rail contact 
geometry (λekv = 0.033) and for various characteristics of yaw dampers. It is evident that the 
characteristics of the yaw dampers can influence dynamic behaviour of the whole locomotive very 
significantly; even it can change the type of Hopf’s bifurcation. Besides yaw dampers, characteristics 
of the wheel/rail contact geometry can influence the stability of the run very significantly, as well. In 
fig. 9 there are shown examples of bifurcation diagrams of the lateral motion of the 1st wheelset of the 
electric locomotive for various condition of the wheel/rail contact geometry (left – λekv = 0.185, right – 
λekv = 0.403; see also fig. 3) and for various characteristics of used yaw dampers. 
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Fig. 9 Bifurcation diagrams – amplitudes of the 1st wheelset of investigated locomotive for various 

conditions of wheel/rail contact geometry and various characteristics of yaw dampers. 

The results of this method are more exact and allow more detailed assessment of the dynamic 
behaviour of the rail vehicle at the stability limit, but they are equivalent to the usage of the above 
described method of the stability assessment using the decreasing vehicle speed at the simulations (see 
fig. 4 and 5), practically. Especially in case of the locomotive Class 744.0 CZ LOKO without the yaw 
dampers (see fig. 5), the wheel/rail contact geometry also has a significant influence on the dynamic 
behaviour of the whole locomotive. The contact with equivalent conicity λekv = 0.207 seems to lead to 
the subcritical Hopf’s bifurcation; the other one (λekv = 0.403) leads to the supercritical Hopf’s 
bifurcation evidently. Application of the considered yaw dampers shifts the critical speed to higher 
values in both cases. More detailed description of methods of determination of the bifurcation 
diagrams is presented in the paper (Polách, 2010). 

5. Conclusions 

This paper deals with application of sensitivity analysis at the assessment of dynamic behaviour of 
railway vehicles by means of computer simulations. By means of the sensitivity analysis, many 
different parameters and above all an influence of their changes on the dynamic behaviour of the 
vehicles can be observed in the design stage of these vehicles. In this way, the computer simulations of 
running and guiding behaviour allow the optimization of design and properties of some important 
constructional parts of newly developed vehicles. 

In chapter 4, an analysis of stability of the run of the new diesel-electric locomotive Class 744.0 
CZ LOKO for the “Russian” track gauge 1520 mm is performed. By means of sensitivity analysis, 
influences of the total weight of locomotive (from the range of 80 up to 90 t), application of the yaw 
dampers into the running gear, various conditions of the wheel/rail contact geometry and various 
values of the friction coefficient in the wheel/rail contact on the critical speed were observed. In all 
cases the critical speed seems to be higher than the intended maximum speed of this locomotive. At 
this assessment, the stability analysis performed on an ideal straight track with isolated lateral 
unevenness at decreasing vehicle speed was used. 

Besides to this, another method of the stability analysis, which serves for determination of so-
called bifurcation diagrams is described and presented on example of en electric locomotive in chapter 
4, as well. This method is used for purposes of assessment of influence of characteristics of yaw 
dampers and wheel/rail contact geometry on dynamic behaviour of the vehicle at the stability limit. 
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In the next stage, authors will deal with analysis of influence of other simulation input parameters 
on dynamic behaviour of the new locomotive. Areas of sudden increase of amplitudes of lateral 
oscillations of the wheelsets in bifurcation diagrams – i.e. the dynamic behaviour of the vehicle at the 
stability limit – will be observed for purposes of acquisition of a more detailed image of dynamic 
properties of the whole non-linear dynamic system of the rail vehicle. Knowledge, which will be 
obtained in this way, will be used for verification of dynamic behaviour of other types of rail vehicles, 
subsequently. 
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KINEMATICAL EXCITED VIBRATION OF THE NUCLEAR FUEL ASSEMBLY

V. Zeman, Z. Hlaváč ∗

Abstract: The paper deals with modelling of the hexagonal type nuclear fuel assembly vibration caused
by kinematical excitation determined by motion of the support plates in the reactor core. The support plate
motion is excited by pressure pulsations generated by circulation pumps in the main circulation loops. The
cyclic and central symmetry of the system is advantageous for the fuel assembly decomposition into six
identical revolved fuel rod segments, central tube and skeleton linked by several spacer grids in horizontal
planes. The modal synthesis method with condensation of the fuel rod segments is used for determination
of steady vibration.

Keywords: Vibrations, nuclear fuel assembly, kinematic excitation, modal synthesis method, DOF num-
ber reduction.

1. Introduction

The hexagonal nuclear fuel assembly TVSA/T (further FA) (Fig.1) is in term of mechanics very compli-
cated system of beam type (Sýkora (2009)). Because of the cyclic and central symmetry of the whole
system (Fig.2) the FA decomposition into six rod segments (S), centre tube (CT) and load-bearing skele-
ton (LS) shall be applied (Zeman & Hlaváč (2011b)). Each rod segment (on Fig.2 circumscribed by
triangles) is composed of 52 fuel rods with fixed bottom ends in the lower support plate and 3 guide
thimbles fully restrained in the lower and upper support plates in reactor core. The centre tube is fully
restrained. The skeleton is created of 6 angle pieces (AP) coupled by divided grid rims (GR) at all levels
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Plzeň, tel. 420 377 63 23 32, e-mail zemanv@kme.zcu.cz

m
2012

. 18thInternational Conference
ENGINEERING MECHANICS 2012 pp. 1597–1602
Svratka, Czech Republic, May 14 – 17, 2012 Paper #19



of spacer grigs (SG). All FA components are linked by transverse spacer grids which elastic properties
are expressed by linear springs with stiffness kg placed on 8 different horizontal planes g = 1, . . . , 8.

2. Mathematical model of the system

The vectors of generalized coordinates of the fully restrained subsystems (rod segments and centre tube)
loosed in kinematical excited nodes can be partitioned in the form

qs = [(q
(s)
L )T , (q

(s)
F )T , (q

(s)
U )T ]T , s = 1, . . . , 6, CT , (1)

and the skeleton s =LS fixed only in bottom ends in the form

qLS = [(q
(LS)
L )T , (q

(LS)
F )T ]T . (2)

The coordinates of subvectors q(s)L and q
(s)
U are displacements of end-nods of fuel assembly components

coupled with moving rigid support plates and displacements of free system nodes are integrated in vectors
q
(s)
F ∈ Rns . The conservative mathematical models of the loosed subsystems in the decomposed block

form corresponding to partitioned vectors can be written as⎡⎢⎣ M
(s)
L M

(s)
L,F 0

M
(s)
F,L M

(s)
F M

(s)
F,U

0 M
(s)
U,F M

(s)
U

⎤⎥⎦
⎡⎢⎣ q̈

(s)
L

q̈
(s)
F

q̈
(s)
U

⎤⎥⎦+

⎡⎢⎣ K
(s)
L K

(s)
L,F 0

K
(s)
F,L K

(s)
F K

(s)
F,U

0 K
(s)
U,F K

(s)
U

⎤⎥⎦
⎡⎢⎣ q

(s)
L

q
(s)
F

q
(s)
U

⎤⎥⎦ =

⎡⎢⎣ f
(s)
L

f
(s)
C

f
(s)
U

⎤⎥⎦ (3)

for the s = 1, . . . , 6, CT and for the skeleton as[
M

(LS)
L M

(LS)
L,F

M
(LS)
F,L M

(LS)
F

][
q̈
(LS)
L

q̈
(LS)
F

]
+

[
K

(LS)
L K

(LS)
L,F

K
(LS)
F,L K

(LS)
F

][
q
(LS)
L

q
(LS)
F

]
=

[
f
(LS)
L

f
(LS)
C

]
. (4)

The force subvectors f
(s)
C express the coupling forces between subsystem s and adjacent subsystems

transmitted by spacer grids. The displacements of the end-nodes of the subsystem components coupled
with support plates can be expressed by the displacements of the lower and upper plates in the form

q
(s)
L = T

(s)
L qL, s = 1, . . . , 6, CT,NS ; q

(s)
U = T

(s)
U qU , s = 1, . . . , 6, CT . (5)

The second set of equations extracted from (3) and (4) for each subsystem is

M
(s)
F q̈

(s)
F +K

(s)
F q

(s)
F = −M (s)

F,LT
(s)
L q̈L −M

(s)
F,UT

(s)
U q̈U −K

(s)
F,LT

(s)
L qL −K

(s)
F,UT

(s)
U qU + f

(s)
C ,

(6)
where M (LS)

F,U = 0, K
(LS)
F,U = 0. The global model of the FA has to large DOF number for calculation of

dynamic response excited by support plate motion. Therefore we assemble the condensed model using
the modal synthesis method presented in the paper Zeman & Hlaváč (2011a). Let the modal properties of
the conservative models of the mutually uncoupled subsystems with the strengthened end-nodes coupled
with immovable support plates be characterized by spectral Λs and modal V s matrices of order ns,
suitable to orthonormality conditions

V T
s M

(s)
F V s = E , V T

s K
(s)
F V s = Λs, s = 1, . . . , 6, CT, LS . (7)

The vectors q
(s)
F of dimension ns, corresponding to free nodes of subsystems, can be approximately

transformed in the form

q
(s)
F =mV sxs , xs ∈ Rms , s = 1, . . . , 6, CT, LS , (8)

where mV s ∈ Rns,ms are modal submatrices of chosen ms master eigenvectors of fixed subsystems.
The equations (6) can be rewritten using (7) and (8) in the form

ẍs +
mΛsxs = −mV T

s (M
(s)
F,LT

(s)
L q̈L +M

(s)
F,UT

(s)
U q̈U +K

(s)
F,LT

(s)
L qL +K

(s)
F,UT

(s)
U qU ) +

mV T
s f

(s)
C ,
(9)
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s = 1, . . . , 6, CT, LS ,

where spectral submatrices mΛs ∈ Rms,ms correspond to chosen master eigenvectors in mV s. The
models (9) of all subsystems can be written in the configuration space x = [xs], s = 1, . . . , 6, CT, LS

of dimension m =
∑
s

ms as

ẍ(t) +Λx(t) = −V T (MLQ̈L +MUQ̈U +KLQL +KUQU ) + V TfC , (10)

where fC = [f
(s)
C ] ∈ Rn, n =

∑
s

ns is global vector of coupling forces between subsystems and

matrices

Λ = diag[mΛs] ∈ Rm,m; V = diag[mV s] ∈ Rn,m; XX = diag[X
(s)
F,XT

(s)
X ] ∈ Rn,48;

QX = [qTX , . . . , qTX ]T ∈ R48; X = M ,K; X = L,U ; s = 1, . . . , 6, CT, LS

are block diagonal, composed from corresponding matrices of subsystems. The global vector of coupling
forces between subsystems can be calculated from identity

fC = −∂Ep

∂qF
= −KCqF , qF = [q

(s)
F ] , (11)

where Ep is potential (deformation) energy of the all spacer grids (springs) between subsystems. The
expressions (11) can be substituted in (10) and then we get the condensed model of the nuclear fuel
assembly of order m

ẍ(t) + (Λ+ V TKCV )x(t) = −V T (MLQ̈L(t) +MUQ̈U (t) +KLQL(t) +KUQU (t)) . (12)

3. Application

The VVER 1000 reactor core is formed from 163 nuclear fuel assemblies. Each fuel assembly is placed
in the core basket between core support plate and lower supporting plate of the block of protection tubes
by means of lower support tailpiece (LP) and headpiece (HP) (see Fig.1). These support plates and pieces
can be considered in transverse direction as rigid bodies.

Let us consider the steady vibration of both mentioned support plates excited by pressure pulsations
generated by circulation pumps in the main circulation loops (Pečı́nka - Krupa & Klátil (1997)). The
force effect of pressure pulsations in the gap between core barrel and pressure vessel walls can be ex-
pressed in the global model of the reactor by excitation vector in the complex form (Zeman & Hlaváč
(2008))

f(t) =
∑
j

∑
k

f
(k)
j eikωj t , (13)

where f (k)
j is vector of complex amplitudes of k−th excitation harmonic component caused by hydrody-

namic forces generated in one j−th circulation pump. Corresponding angular rotational frequency of the
j−th pump ωj = 2πfj is defined by pump revolutions per minute nj [rpm], where can be for particular
pumps slightly different. Steady dynamic response of the reactor in generalized coordinates is given by
identical form

q(t) =
∑
j

∑
k

q
(k)
j eikωj t . (14)

The vectors of complex amplitudes q(k)j must be transformed into vectors of Q(k)
X,j (X = L,U) describ-

ing steady vibration of the support plates caused by k−th harmonic of j−th pump.
In consequence of lightly damped fuel assembly components we consider modal damping of the sub-

systems characterized in the space of modal coordinates xs by diagonal matricesDs = diag[2D
(s)
ν Ω

(s)
ν ],

where D(s)
ν are damping factors of natural modes and Ω

(s)
ν are eigenfrequencies of the mutually uncou-

pled subsystems. The damping of spacer grids can be approximative expressed by damping matrix
BC = βKC proportional to stiffness matrix KC by coefficient β.
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That being simplifying supposed and the polyharmonic excitation (13) the conservative condensed
model (12) will be completed in the complex form

ẍ(t) + (D + βV TKCV )ẋ(t) + (Λ+ V TKCV )x(t) =

= −V T
∑
j

∑
k

[
(KL − k2ω2

jML)Q
(k)
L,j + (KU − k2ω2

jMU )Q
(k)
U,j

]
eikωj t . (15)

Steady response of the fuel assembly subsystems according to (8) is

q
(s)
F (t) =

∑
j

∑
k

mVsx
(k)
s,j e

ikωj t , s = 1, . . . , 6, CT, LS , (16)

where x(k)
s,j are subvectors of the global vector x(k)

j of the complex amplitudes

x
(k)
j = −[Λ+ (1 + iβkωj)V

TKCV + ikωjD]−1·

·V T
∑
j

∑
k

[
(KL − k2ω2

jML)Q
(k)
L,j + (KU − k2ω2

jMU )Q
(k)
U,j

]
(17)

corresponding to subsystem s. Subscript j ∈ {1, 2, 3, 4} is assigned to the operating circulation pump
and subscript k to the harmonic component of pressure pulsations.

−1.5 −1 −0.5 0 0.5 1 1.5

x 10−4

−1

0

1

x 10−4

ξ [m]

η 
[m

]

grid 2
grid 4
grid 6

Fig. 3: Orbits of the fuel rod centre r =14 in the first fuel rod segment on the level spacer grids 2,4,6

The methodology was applied for steady polyharmonic response of the Russian TVSA-T fuel as-
sembly in the VVER 1000 reactor core in NPP Temelı́n. As an illustration, the orbits in transverse
planes of the random selected (r =14) fuel rod centre in the first fuel rod segment (s = 1) on the
level spacer grids g =2,4,6 caused by pressure pulsations generated by all circulation pumps (Zeman &
Hlaváč (2008)) are shown in Fig.3 and separately in Fig.4. The rotational frequencies of the particular
pumps were f1 = f2 =16,635 Hz and f3 = f4 = 16, 645 Hz. The condensed model (15) with 3272
DOF (ms = 500, mCT = nCT = 32, mLS = nLS = 240) was used for the calculation of the orbits.
The accuracy of condensed model was tested in terms of relative errors of 125 lowest fuel assembly
eigenfrequencies defined in the form

εν =
|fν(ms)− fν |

fν
, ν = 1, . . . , 125 , (18)
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Fig. 4: Orbits from the figure 3 depicted separately

where fν are eigenfrequencies of the full (noncondensed) model with 10832 DOF. The relative errors
εν for different condensation level of the rod segments expressed by number of the rod segment master
eigenvectorsms =100,300,500 is shown in Fig.5. Relative errors decrease with decreasing condensation
level (ms increases) in all FA eigenfrequencies. The orbits of these particular models distinguish only
little.
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4. Conclusion

The described method enables to investigate effectively the combined flexural and torsional kinematic
excited vibrations of the nuclear fuel assembly. The fuel assembly vibrations are caused by motion
of the two support horizontal plates in the reactor core. The special coordinate system of radial and
orthogonal lateral axes for each fuel rod and guide thimbles on the all spacer grid levels makes possible to
separate the central symmetrical fuel assembly into several identical revolved rod segments characterized
by identical mass, damping and stiffness matrices.

The presented new approach based on the system decomposition into subsystems linked by spacer
grids and modal synthesis method with reduction of DOF number was applied to hexagonal type nuclear
fuel assembly vibration. The developed methodology, mathematical model and software in MATLAB
was used for modelling and dynamic deformation analysis of the Russian type nuclear fuel assembly
components caused by motion of the support plates excited by pressure pulsations generated by circula-
tion pumps in the main reactor circulation loops.
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Zeman, V., Hlaváč, Z., (2008), Dynamic response of VVER 1000 type reactor excited by pressure pulsations.
Engineering Mechanics, 15, pp. 435-446.
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Zeman, V., Hlaváč, Z., (2011b), Modelling and modal properties of the nuclear fuel assembly. Applied and Com-
putational Mechanics, 5, pp. 253-266.

1602 Engineering Mechanics 2012, #19



$%2��3�45�5%263%462��%7�5�
8>26
>$�9>5>���
%2�38��86&3%46
>$�&34*
3*4�&�

�������"�

���	
��	�����+ :!4�!� ��< :�4!� �� < :� !�=� :�,&� 4,,=,,�=�!� <� , �=� 54�4�=,� �� !�=���,! :�A4�� ,!:�A!�:=,�
:=+:=,=�!,�54!4� <�<4���:=�5="=� +�=�!	�:4A&,����!�=�� 45�8=4:����-4��,�4:=� �=� <�!�=� 8,=:"=5�<4���:=,	�
9��,� 4:!�A�=� < A�,=,�  �� :=�4:&48�=� �=!� 5�  <� 54�4�=� �=4,�:=�=�!>� !�=�:� � ���!=:�� � ��! :����
4�5�5="�A=,��,=5�< :��=4,�:=�=�!	�

����
������
�����������������
�����������������������������������������
�������������������

��� ��	
����	����

��������������	
�� ������
���� �� �
���� ���	�	��� ��� ������	�
���� ������ ���� �
��	�� ��� ��	� ����	��	������
�
��������������������
�������
����
	����	�������������
	�����
��������
���
����
����������	������������
�	������� �
� 	�	�� ���	�� ��� ���	�� �����	�
	������ 
�����	�������
���� ����	������	� �	�	����	����
�����	�� ����� ���	� ����	� ������
	�� �
	� �	
 � ����� ����
	�����	� � ������� !�� ����� ��	�������	
�� �
����
������
�������������
	��
���������	�	���
 ��
��	�	
�������������	��
�����	�	����	����

"�	������������	���
	�	���� ���	����	�
���
����	���	
	�������
����
�	
�����	�	
�	�������	������
�������	� �	������ #���� 
	���������� ����
�� � ���� �	���
	�	��� �������� � �
	� ��	������ ����
�����
��������	������	��	������"�	��	���
��
	$��
	�	��������������	
������������� ������
��	����	�
���
��	����� ����� ��	� �	���
	�	��� ��	�� ��	�� ��� ����	� ��	������
����� ��
����
	� ��� ���������� ��	�� 	����
������		���� ���
��� �����
��� �������� �
�
	���
��������
��� ���	� ����	� ��	
	�� "�	
	� �
	� �	�	
��� 	%����	��
���	������ ���� 	���������� ����	��	���
	�	��� ����� ���	� �		�� ���	� �����	������
����� ��
����
	��
�����	��'	���*	��������������� 	�
�������	����	
��

��� ������������
����
����	����������������	�����	����

�+���	���	���	���������	����	�����	���
	���	��������	�	�����������������
��	�	
����	����	���	������	�
����	��
�������	�����������	�����������	�	
��� ��	����
�����
	��������
��	�	
���
����	
�������	�	
���
��������!	���
����� ����	��	��������� �����	�����	� �����	��	���
	����
����
	� ������	�� ��� ����� �����
��	������
��������������������������	���/�����������
���	����	
�	�		������������������	��������������
�
�
���������������	��
	�	��	���������
����
��������������	����	����������������"�	��	���
	�	�������	��
��������� 
	��
��������� ����	� ��� ��������������	��	�� �
�������� ���	;����	������ ���	
� ����� ���<�� �����
��	��� ����� ���	� ��� �	� ���	�� ����������� � ��
�������� ��	�������
���� ����	���
����
	� �������� 
����
��������"�	�������
�����	���	��������	�������	������
���������������
�����������	�=�������	�	
��� 	�
�>��
��	�� �������
�� � ���	�����	� ���������� /�� ����	� �� ����� ���� �
��	� ���<�� �	� 	%�
	�	� � ������ "�	�����	��
�	����� ���� ����� ������ �	���
���� ��	��	��	
���
	� �������
	�� ����	��
����� �	��	
���
	� ������	�
����
	�����	� ������� � ����	���
� �����	��	
� �	����	� ���� ��	����
������� ��� 
	�	����� ����	� 	����������
��	������	��	�	����	����

��� ����������
��������� !"�

"�	� ���	�
� ��
����	� ��	
	������ �
����
�	
�� =�?�">� ���	� �	
����� ����������� 	���
	�� ���� �	�	�����
����� ���������	
��	� 
��� ��	�
� �����	����� �� ������ �
������	�� �� ��	
�������
� 
��� ��	����	
�����
���� �	����$�	�� ��	�� ��� ���� �����
�������� @��������� ���
���	
������� �
	� �	�����	� �
� ��������� �� ��	�
�	���
��
���
����	����	��

���������������������������������������� ��������
Q���/����X��	��Y\��^�/�������	���"�	�
	����������+����	��_	��������+!��*������������X
��	��`�{|}~�����}|�||��X
���	;��Y��	�
����^�'��������������'�

m
2012

. 18thInternational Conference
ENGINEERING MECHANICS 2012 pp. 1603–1610
Svratka, Czech Republic, May 14 – 17, 2012 Paper #291



�

�
#��	� ���������̂��::F9�,=�, :,�

#
��	���$#
���%&�
�	����

������ � ��	
	� ��� ��� �	��������� �������� �	��		�� ��	� �?�"��� ��
	� ���� ����� ���	��� � ��	
	�
	� ���

�������� �
������� �
� ��	� ���	
� ���
�	� �� 
������� ��� ��	
	�� "���� 	���
	� ��� ��
������
� � ��	��� ���
�������	�	����	���
	�	�������������
	������������	���������������� ��	����

������	��������	����

!���	� �?�"� ��	
��	�� ��� 	�	��
�����	���� ��������� �
������	�� ��� �� 
�������
		� ��
����
	�� ��� ����
�	���
	�������	������ ������������	�������	���
	�����������"����������	�
	������������������ ���������	��
��� �� ���	�����	�����?�"�����������������	
�������	�������������� ���
	����������"�	�	����	�����
��
��������	��?�"�����������������
	�	�������� ��

'�����	���(���������������

�	����	� ��	
	� ��� ��
���� ���� �������� �	��		�� ��	��?�"��� ��
	� ���� ����� ��
����
	�� �����
��� ���� 
���
���	��	
� �
� �	�
� ����� "���� �	���� ����� �?�"� 	���
	�� �������	�� �	��������� ��	�� "���� ����
� ���
	��	����� � ����
����� ��������
	�������� � �����	
�������������	���������� ����������������	
���������� ���
��	����	���������
��������	������
��������	�����

)��*����+���)����	�,�	��

�?�"�
	������� ������������ ��	���
	������� ��	���������%�������� ����	�	
��� � ���	������	� ����
�����%���
�����������	���
	��
��������
����������������"������?�"����������� ���	
��	������������	
�	�		������
������������� ������������������	�� �
� ����������������	��	
�� ���� ��� ���	����	
	� ��	� ��
	� ��	�����
�
��	��������
	���	� ���
���������	��

-�,�
�����	����������	�

"�	����	
��������������
��������	����$�	����	��������	��������?�"�
	����������
���	�����
���	��	���
�
����� ��� 
������ ��� �� ��
�	� � �� 	���
���	����� ������������ �������� �� �������� ��� �����	�� � � 	��% �
	������������� ����� ��	� ���	�� 
	�������� ��� ���	
��
� ������
	� ���� ������� � 
	�������	�� ��� �	��� ��� ��	�
��������� �������	�������������������������������������
�������	�	�����������%	���+�����	����	
���������
�	
�	������ �����	�������	���������'	����	�		������	%�	
����+���	�����

����� ��	����	����� ��	���
	��
	����	�����

������
	���������	����������� ��	����	������������������
�����	�	���������	���� ���	���� @�
� ����	� ������������� ��	
	� ��	� �	���
������ ���������� 	%����
	� ���
�������	��
���

����	������
��������$������
���	
��	�����
	���
�'	����������	����	�������������	��� �
�����	��	
�	������ ��	��	������������
�	� ����	�������
��	��	����
����
 ��?�"��������	
��	���	
���
�	
 � ���	� �	��	
���
	� 
���	�� ���� �� 
	$��
	��� ��	 � ���� �	� �
����	�� ��� ��	
��	� ����� ��� �
 ��	����
�	��	
���
	���

.����/���	���&��	�����	��

"�	�������������?�"������
��������������������	%�
	�	� ������	�����
	�	�����	��	�	����	
������	
 ����	�
��	
�������	��	
���
	�
���	��"�������	���?�"��	
�
������	�����������������������	���
� �������	��
���������
���� ��	����������������	
�
����	��	
���������	�����
��	�����

1604 Engineering Mechanics 2012, #291



�

������	��%�	&�	�

�?�"��������������	���������	���	����������	�����������
	�	�������������	���	��"�����	��������������	�
	�	���������������	
����	����������������	���
����?�"�����������	���������	����	��	���
����� ��	��
���
	���
�	����?�"��������������	�������	���	����	������������	�
	���	����	
�����
	�����

	���

0�� 1�
2��*�&
����&���

"�	����	�
���
����	���	
	�������
����
�	
�=�?�">�������	%�	��	����	���	��
�����	
������	���������
�������	�	�����������	�	��
�������������/�������	�	���� 	���������
�	���
�	� ����
������	
�������������
��
����� �������	�	���� �
	���
	�� ���	�	
������� �
�	� ���� �	��	
���
	�� /��#�*�� �� ��� ������ �� ���	������
������
�������������	�
���
����	���	
	�������
����
�	
�	���� 	��������������	�	����	���
��������	��
�
��
��	�����������������	�������
�����

�

#��	�#���������6��>A�=�4!�A�����,!:4!� �� <����=4:�"4:�48�=�5�<<=:=�!�4��!:4�,< :�=:�=�+� $=5�4,�4�5�,+�4A=�=�!�
,=�, :�< :�� ��! :���� <�A:4A&�

/�� ��	� ���
	��	� ���� �		� �
������ ��	�����������	����	�	����	������ ����	���
	��"�	���� ���
�?�"�������������������	� ��%	���������������	����������	��
����������������
	�
��������	

��	���
	�
�����	����	
�������+����	�
���	
	�������
����
�	
�������
		����������	
 ��������������	���
	����������
���	����	
	��� 	�	��
�������������+�� ��	���
	����	��������� ��	�������� �����
�	�� ��	�������� ���������	�
�	��		����	��
���
 �����	�����	�����
 �����������������	��	�����
 ��	���������
	������� ������	��
�����	��
���
 �������	����	
��	�����
 ��	���������
	�����	� ������	���"�	������	�����
 ��������
	�
��
	�� ��� �	
�	�� ������������ ���� ����	$�	��� � ��	� ������� ������	� ����� ��� ��	� ��	
	��	� �	��		�� ��	�
������	���	�	���	�����	�����	�����
 �=����������������������		�#�*���>��/����� ��	�
����� ������
���	��
�
����
�	
��������������������������
���	����	���
	���������	��	��	
��������	��		����	������	�����
 �
�������

"�	�������������	�	��������	��|���������	�����	�	��
��������	�
��	����
�����=�	��������
>��
���	

	��
���������	�	�����������	������"�	��������������	���������	��	��������
��
�� ���������	�
���
����	�
��	
	�������
����
�	
������������������
	����������������	�����#�*��0��

#��	�&���������̂��>A�=�4!�A�5�4�:4�� <�!�=����=4:�"4:�48�=�5�<<=:=�!�4��!:4�,< :�=:�A�:A��!�

Zı́ma P. 1605



�

3�� !�	���������	�������	���

_���� �� ��	� ����� ����	
�� ��������	� ��� ��	� ��
�	�� ��������� ��	� 
	$��
	�	���� �� ��	� �������	
��
������
���� 	%�		�������� ���� �
��	� �	�	�� �� �||�|||� �Y��� /�� ������ �	� ��	�������� ��� ��	� ��	�� �
�
�����
���� ���	� ��� ���
� � ���	
������ �	����	� ��	 � �
	� �	����	�� �
� �	�������� �	���
	�	���� ���
����
���
�	�� �
� ��� ������ "�	
	�
	� ��	� �+_� ����	
� �� �
��	� ������ �|�|||� �Y������ ����	��� /�� ����
�	�	���	�������������������������������� ����	
��
�
	$��
	�	����������������	���� ���
�	
��� � /�� ���
��	�� �
� ��� �  	�
�� ��� ����� �
� ������
���� ��
����� �� ������ ��
��	�	
�� =�	��	
���
	�� 
	�����	�
������� ���
	���
	���������	�	�����	���>���/�������	�	$����	��������������������	���
��	���
��������	�
��
����	�� ���� ��� �	���
	�� ��� �{����� 
	���������� *	�������� �
��	� �� ��	� � ��	�� ��� �	�	
���	�� � � ��	�
����	
��������	���
	$��
	��������	
	�
	�� ���	�����	
�����	�������	���

"���� � ��	�� ���� ��� 
	�	���  	�
�� 
	�
����	�� ����� ���	
� ��������� ��%����
 � ������� ����� ��� 
	���	�
����	���������������	
������!_������	��	�����������	�!_!��	����	������	�	��	������	�����	
���
�
� ���
����� � ��	�� ������ ����
� �	����� !_!��	����	�� �	��� ��������	� ����	�� �
	� ��	�� �
� 
	��
�����
	�	
�	�� ����������������	�������
	�����	���=	%�		�������	������������	���	���������	�	����
���		��
�� ���
	��	� �� �	���
���� ��
����	�� 	���>�� �	� ���� ������ �����������	�� ������
���� � ��	�� ����� �����
����������	�	������	�	
	�������������

4�� /
��	������&&����	��������� !"��������	�
��*�

"�	� ����	� �	�����	�� � ��	�� ���� ��
	�� � ��	�� ��� ��� � �
��	���� 
	���	�� ��� 
	�����
������� ����
�
	�	
��������������
����������	�����

�%����	������	^�

����������
�������
��������"	��������	���
������
��������	��	�	
��
���������	��	������
���������	�
�����	�

����������
������#�� �"
���� ��������������������
��������
	�����
�������
����������
���� �� �
����� ��� ��	� ������ �� ��	� ����
����	� ���
��� ��� !��\�
�`� !�����	� ��
���� ����


	�����
�������
����������
�������
����������	�����������	�X
���	���	��"����#����
����������
����������
	�������	�������������	�@
���������������	
 ����������
����������
������ ��	����	�	����� ��	� 
���������
��	���
�	
������
���� ��	������	
�� ����	��� ��	�

���������_��	������X
���	�
�������� ����������	�������	��
�������	��
��������
����#��'���!���	
�X��������
����������
����������
������ ��	����� ��	�
���� ���	
� �������\���	�������\�������	� ��� ��	�
����� �

���	����\�����
	��	��
����������
�������#�	�����

�
"��������	%����	����������	����������������
�������
����
	���������	 ��
	�����
���
���������	�	
������
��
	��	��� ���	���� ��� ��	�
� �	�����
������ ��

	��� � ��	� ������
���� �� �
����� ���	�� ����	� �������
�����
����������	�����!��� �����<�����
��� �������`�#�
������?��	
� ���!���	
����	� ���!�
�������
X�
�����X
���	��

�

#��	�(���������6��F� �!+�!�<: ��=�=A!: ��A,�4,�4�<��A!� �� <�A :=�+ ,�!� ��

1606 Engineering Mechanics 2012, #291



�

5�� -+��&�����������	�
��*�
����	��

5�����(���	�
��*���������
������	���,���	�����	���#
��������������	�
����������

_�����
��������	���
����
	��������������
����||������||{��"�	�����������������	
 ������	
����������
�		�� ���
���	�� � � �� �	�� �� �
������ �		������ ���"�	� ���������� �� �?�"� �	���
�� ��� �� ���� �� �
	� �����
��
�	�� ��� ��	� �����
	������
�����	
	����	� �������	���
	�� ����� ���� ��	����	�	���� �� ��	� �
�����
���	��		��	������	���
���	�	���
	��	���
	�	�����		�������������������������	���	
	���	��
������	�����
�������������
	��������"�	��	��	
���
	������	��?�"����������������	���
	����		������
��

�
#��	�@���������6��:4A&��=!�4�5�+ ,�!� ����� <�!�=�,=�, :,����!�=�"4��!,�

�
#��	�A���������6��: "=�=�!,� <�!�=���::F9� ��

Zı́ma P. 1607



�

�
#��	�3���������6��: "=�=�!,� <�A:4A&��::F9�#��

�
�
�

�
#��	�
���������6��: "=�=�!,� <�A:4A&��::F9�&��

�

1608 Engineering Mechanics 2012, #291



�

�
#��	�E���������6��9=�+=:4!�:=����!�=�+ ,�!� �,� <�::F9�

���������������������������������������������������������������� ���!�"���

_�����
���� ��� ��	���
����
	� ������������������ ����������	���� ������ ��	�
	�����
��������� ��	�
���
��������
�	������|����"�	
	��
	���
�	��
����������	����������������	����	������	
	�
	�������
��������	�
�
�	�	����	�����
������	�
	�����
������������		������	��	���"��������������
��?�"��	���
��������	
�
���	�����	���������	
	���	�����	�������������	
���
�����	
	�����	�������	��
�������	��+����	��	%����	��
��	����	
�����	��
��	���
��������	�����	���"�	��	���
��	�������������������	������#$���

"�	�������������
���<�����	�	����������	
�	�� 
��� ��	� 
	��
�����?�"�����	�� ��	� 
�������

	���	������ ��	� 
	�����
����������
�	��� �		������##��	�����#��	�	
�� ��	
	� �������������������	����
��	�
	��
�����?�"���
�����������	��"�	�����������	�	����	�������	��
�����������	�������
	�����
����
�����������������	�������

�

������ �
#��	� ����������6��::F9�,=!��+>�4��4�����=:�,�5=� <�!�=�-4��>�8�4��=.!=:� :�,�5=� <�!�=�� 45�8=4:����-4���

Zı́ma P. 1609



�

�

�
#��	�  6�: "=�=�!,� <�A:4A&,����>!	�%4A 87,���:A���

�

%����������
�
�`�����_���Y\����X��=�||{>�: ��! : "8�9�+ :�A��,&�9+& ";�&�=�8$�"�&�8�!=2=�#:4�!��&8���"�*454����Y�
`���

�"+_�+?��*�������
����"+_�+?��*��X
�����
�
�`�����_��=�||�>�:$8:4�;��=! 5$�5�4�� ,!�&$>�� ��! : "8�9�4�4�4�1&$�+ :�A����,! :�A&1A��& �,!:�&A9�4�
�4!=:�8����?��	�������� �?�"����
��������	�#���������\���������
���\����� �����������������/!���{|�����
��������?�"/�_��
�����||��

_��
��!	���
�^�C ,�!� ��>=�,����> ��!� �,����������� ��
����
	�

1610 Engineering Mechanics 2012, #291



INDIRECT DETERMINATION OF MATERIAL MODEL
PARAMETERS FOR SINGLE TRABECULA BASED ON

NANOINDENTATION AND THREE-POINT BENDING TEST

P. Zlámal*, O. Jiroušek, D. Kytýř, T. Doktor**

Abstract: The aim of the paper is to develop a procedure for determination of elasto-visco-plastic consti-
tutive model with damage for human single trabecula. The procedure is suited for indirect establishing of
material model based on nanoindentation and three-point bending test. Constants of the material model are
identified by Finite Element (FE) simulations and curve fitting using an algorithm based pn least squares
fitting of the experimental curves. In the case of nanoindentation, the penetration depth of tip during the
FE analyses (FEA) is fitted to experimental nanoindentation curves. In the case of three-point bending,
displacements of nodes are compared with displacements of markers observed during the experiment using
digital image correlation.

Keywords: elasto-visco-plastic-damage model, FEM, trabecular bone, three-point bending

1. Introduction

A single trabecula is the basic beam-shaped element of bone structure and knowledge of mechanical
properties at this level is important for understanding of overall deformation behaviour of bone tissue as
well as for simulation of osteoporotic changes. Recently, one of the powerful methods used to measure
the elastic properties of samples at microscale level is nanoindentation. Nanoindentation is usually used
for determination of elastic properties of material, whereas yield properties as well as softening behaviour
can not be directly measured. On the other hand, mechanical testing (tension test, three-point bending
test etc.) is often carried out to describe nonelastic deformation behaviour. In this study an elasto-visco-
plastic constitutive model with damage for human single trabecula was developed using two different
procedures including experimental tests and FEA. First procedure is based on nanoindentation and in-
verse FE modelling. During the procedure the numerical results were fitted to experimental indentation
curves to obtain nonelastic constants of material model. In the second procedure a three-point bending is
performed and the constants are identified from displacement of nodes in FEA. Displacements of nodes
of numerical model are compared with displacements of markers observed experimentally using digital
image correlation (DIC) technique.

2. Materials and Methods

2.1. Nanoindentation test

For nanoindentation test a 3mm thick sample was cutted from human (72-year male) femoral head using
precision saw (Isomet 1000, Buehler GmbH, Germany). The sample was delipidated in 1% Alconox
(Alconox detergent, Alconox Inc., USA) detergent lotion in ultrasonic bath (Sonic 3, Polsonic, Poland)
for 15 minutes and then rinsed with distilled water. The temperature of the bath has not exceeded 40◦C.
In our test an indentation depth during nanoindentation was approximately 1 μm, therefore it was nec-
essary reduce the surface roughness of the sample to a minimal possible value. For this reason the
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cleaned sample was embedded into a low shrinkage epoxy resin (EpoxyCure, Buehler GmbH, Germany)
and grinded using polishing machine (LaboPol-4, Struers, Denmark) with diamond grinding discs (grain
sizes: 35 μm and 15 μm) and monocrystalline diamond suspensions (9 μm, 3 μm, 1 μm). Final polish-
ing was performed by aluminium-oxide suspension (Al2O3) with grain size 0.05 μm. Average surface
roughness achieved using the procedure was 25 nm [Kytyr (2011)].

Fig. 1: Trabecular bone indentation area with grid of indents (left), selected indentation curves for FEA
(description of legend: peak force - holding time - loading rate - Young’s modulus) (right)

During the nanoindentation the applied force and penetration depth of diamond indenter (Berkovich
tip) were measured. For statistically significant FEM fitting procedure of nanoindentation test multiple
indents (approximately 300) with two peak forces (10, 20 mN), three holding times (10, 20, 40 s) and
loading rates (20, 120, 240 mN/min) were performed. The indents were made with 10 μm grid size
(Fig. 1-left). Young’s modulus was determined directly from nanoindentation curves (Fig. 1-right) by
Oliver-Pharr method [Oliver and Pharr (1992)]:

1

Er
=

1− ν2

E
+

1− ν2i
Ei

(1)

where Ei, νi is Young’s modulus and Poisson’s ratio of the diamond tip; E, ν is Young’s modulus and
Poisson’s ratio of the specimen (ν is expertly estimated). Reduced modulus Er can be calculated:

Er =

√
π

2

S√
A
, S =

dP

dh
(2)

where A is the projected area of elastic contact , S is stiffness of the upper portion of the unloading
data, P is applied load and h is penetration depth. Obtained values of Young’s modulus for selected
indentation curves for FEA are shown in the legend of Fig. 1-right.

2.2. Numerical simulation of nanoindentation test

For FE simulations of the nanoindentation test a rotationally axisymmetric plane model was used. The
Berkovich indenter (three sided pyramid) was replaced with a cone with equivalent contact surface
[Lucchini (2011)]. For better numerical convergence the sharp tip of the cone is usually rounded
100÷ 300 nm. Radius 200 nm was chosen based on the study of Chen (2009). The FE model (see
Fig. 2) was composed from 13,806 2-D structural solid elements (6,997 nodes) with linear shape func-
tion and contact elements inserted between the model of indenter and the specimen. For the indenter a
pure elastic material model with Young’s modulus Ei =1140 GPa and Poisson’s ratio μi = 0.07 was
applied. For the model of trabecular bone elasto-visco-plastic material model with damage was used.
From experimental indentation curves, especially from the shape during the unloading phase, the neces-
sity to use damage model was apparent. Usage of the damage model was a logical step to extend the
elasto-plastic material model previously published in Jirousek (2011). For the considered model it is
necessary to identify 10 material constants:
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• two elastic constants: Young’s modulus (E) and Poisson’s ratio (ν)

• two constants for plasticity with von Mises yield criterion and bilinear isotropic hardening: yield
point (σy) and tangent modulus (Etan)

• four constants (C1, C2, C3, C3) for implicit creep with time hardening according to the equation:

ε̇cr = C1σ
C2tC3e−C4/T (3)

where ε̇cr is the change in equivalent creep strain with respect to time, σ is the equivalent stress, t
is the time at end of substep and T is the temperature

• constants (D1,D2) for damage model published in Zhang (2010):

Enew = (1− dc)E0 (4)

dc = D1(1− e−D2 · εpleqa) (5)

where Enew is the degradated Young’s modulus of the element which is calculated at the end
of each loadstep, E0 is the initial Young’s modulus of the element and εpleqa is the accumulated
equivalent plastic strain in the element at the end of loadstep according to:

εpleqa =
∑

Δεpleq (6)

Δεpleq =

√
2

3
[(Δεplx −Δεply )

2 + (Δεply −Δεplz )
2 + (Δεplz −Δεplx )

2

+
3

2
(Δγpl

2

xy +Δγpl
2

yz +Δγpl
2

xz )]
1
2

(7)

where εx, εy, · · · are appropriate strain components. Equation 7 is derived from von Mises equa-
tion:

εeq =
1√

2(1 + ν ′)
[(εx − εy)

2 + (εy − εz)
2 + (εz − εx)

2 +
3

2
(γ2xy + γ2yz + γ2xz)]

1
2 (8)

where ν ′ is the effective Poison’s ratio and in case of plastic deformation it is ν ′ = 0.5.

Fig. 2: FE model of nanoindentation with damage model application zone (red box)(left), equivalent
plastic strain distribution (right)
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Fig. 3: Flowchart of the algorithm for material constants optimization

The size of the damage model application zone was determined according to nonzero equivalent plastic
strain values obtained during the analyses. Equivalent plastic strain distribution caused by 20 mN peak
force and the size of damage zone are shown in Fig 2.

Material constants (except the elastic constants which were determined directly from experiment)
were identified using FEA of the nanoindentation test. Nanoindentation curves were sampled and load
values were applied to model of the indenter in each loadstep. Resulting penetration depths were com-
pared to experimentally obtained ones by least squares method and R2 error was calculated. Initial
values of material constants were modified in each simulation using custom grid optimisation algorithm
(described in the flowchart in Fig. 3) to minimalize R2.

2.3. Three-point bending test

Samples of trabeculae were extracted under magnifying glass (4 x magnification) from the same proximal
human femur (Fig. 4) as in the case of the nanoindentation using a sharp-tip scalpel and pair of tweezers.
Trabeculae were cleaned off marrow and grease in a detergent in an ultrasonic bath.

Fig. 4: Cross-section of human femur with harvesting area (left), single trabecula captured by SEM
(right)
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For three-point bending test an experimental setup (Fig. 5) composed from translation stages (Standa
Ltd., Lithuania) was developed. Loading is controlled by steeper motor (SX16, Microcon, Czech Re-
public) and the load is applied using a precision linear stage (M-UMR3.5, Newport Corp., USA) with
differential micrometer (DM11-5, Newport Corp., USA) with 0.1 μm sensitivity and 5 mm travel range.
Applied force is measured using 2.2 N load sensor (FBB350, FUTEK Advanced Sensor Technology
Inc., USA). For optical measurement of deformations the setup is equipped with a CCD camera (CCD
1300-F, VDS Vosskuhler GmbH, Germany) with 1280x1024 px resolution attached to an optical micro-
scope (Navitar Inc., USA). This configuration enables to acquire images of deformation behaviour of

Fig. 5: Experimental setup (left), CCD camera capturing (middle), detail of the loading area (right)

the single trabecula during the bending test. Groups of markers were selected in the captured image data
(Fig. 6-left) and their position were tracked using DIC toolkit [Jandejsek (2010)] based on Lucas-Kanade
algorithm. During the tracking it is possible that correlation is lost in some of the markers (significant
change in the brightness of the pixel in an image due to reflections, blur, large movement etc.). The
markers with lost correlation are automatically identified and eliminated from further strain calculation.
Loss of the correlation for one marker is shown in Fig. 6-bottom left and marked by a green circle. From
the identified vertical displacements (Fig. 6-right) of middle span markers (6,7,8), strain values were
determined according to equation for flexural strain of simply supported beam:

εf =
6uh

l2
(9)

where u is the average deflection of mid-span markers, h is the trabecula height in place of the applied
load and l is the length between the supports.

Fig. 6: Deflection of the single trabecula with group of markers (left), displacements of markers during
the bending test (right)

For stress calculation, moment of inertia of the sample in the mid-span and the measured force
were used. Young’s modulus and the yield stress were established from stress-strain curve by the 0.2%
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offset method [McNamara (2006)]. For estimation of measurement errors a precision of the setup was
evaluated for materials with known properties, namely for BoPET film (Biaxially-oriented polyethylene
terephthalate, DuPont, USA) and for Co-Ni wire. Overall precision of measurement was determined as
upper limit of all measurement: Young’s modulus 5% and yield stress 7% [Zlamal (2011)].

2.4. Numerical simulation of three-point bending test

For numerical simulation of the three-point bending test it is necessary to develop accurate geometrical
model of the single trabecula. To facilitate this, each trabecular sample was mounted on a rotational stage
and 360 images (with 1◦ step size) were captured using the CCD camera. The shape-from-silhouette
method based on inverse Radon transform [Pintavirooj (2002)] was employed for geometrical model
development. The volumetric model was created from the reconstructed data based on marching cubes
algorithm [Lorensen (1987)] and segmentation techniques using our in-house segmentation and mod-
elling software [Vavrik (2010)]. Volumetric model was meshed and exported to general purpose FE
software Ansys (v12.1, Ansys Inc., USA). Example of the developed FE model of trabecula is shown in
Fig. 7. The FE model of trabecula was composed from 3-D 10-nodes tetrahedral elements with quadratic

Fig. 7: The FE model development: captured image (left), final FE model (right)

shape functions. Nodes corresponding with position of correlation markers were selected on the surface
of the model and the same boundary conditions as in the experiment were applied. To simulate the bend-
ing test, the same material model for the single trabecula as in case of the nanoindentation was used. In
contrast to identification from the nanoindentation test, elastic constants (Young’s modulus and Poisson’s
ration) were also identified. All ten constants were varied using the modified algorithm (described in Fig.
3) and resulting displacements of nodes were compared with displacements of the markers. The best set
of material constants was determined based on R2 error calculation.

3. Results and discussions

From the nanoindentation experiment, only the elastic constants were directly identified. Remaining
constants for the elasto-visco-plastic material model with damage were identified using FEA of the
nanoindentation test. For the statistically significant results, the emphasis was given to variety of control
parameters (peak forces, holding times, loading rates) in the set (n=6) of curves for the FEA. Resulting
constants were found using minimizing error based on least squares method in the optimization proce-
dure and are shown in Tab. 1. A comparison of nanoindentation curves for the experiment and the FEA
for the resulting constants are shown in Fig. 8-left. From the results it is evident that some constants
have standard deviations larger than 20%, namely σy, C1, C3, D2. This deviation may be due to several
aspects, e.g: (i) the trabecular bone is biological material and its material properties are site-dependent.
The indentation curves used in FEA were obtained from various indentation matrix, consequently, on
various trabeculae; (ii) different material model sensitivity on identified constants. The second assump-
tion was tested by sensitivity study.

The sensitivity study was performed for one indent and resulting curves are shown in Fig. 9. From
the curves we can make following assumptions: (i) from graph for yield point it is obvious that the
sensitivity is decreases with increasing σy value and for values above 100 MPa the changes between
the curves are minimal. Small changes of curves in observed range 100÷ 300 MPa are the reason for
relatively large deviation (24.3%) for the resulting mean value σy =180 MPa; (ii) values of C1 should
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Tab. 1: Resulting constants from the nanoindentation of human trabecular bone

mean value standard deviation

Young’s modulus [GPa] 15.39 1.4 (9.1%)

Poisson’s ratio [-] 0.21 -

σy [MPa] 180 43 (24.3%)

Etan [MPa] 1854 336 (18.1%)

C1 [-] 3.1e-18 4.08e-18 (135%)

C2 [-] 6.1 0.42 (6.9%)

C3 [-] 0.88 0.71 (80.7%)

C4 [-] 0 -2

D1 [-] 0.73 0.037 (5.1%)

D2 [-] 25.3 7.48 (29.4%)
1 expertly determined
2 not varied

Fig. 8: Resulting nanoindentation curves for the best set of constants (left), damage variable as a function
of the equivalent strain for variable values of D1 and D2

be varied in range up to order e-18. Lower values have no effect on the FEM curves. After exclusion of
the low values (lower than 1 · e-18), standard deviation was decreased to 2.06e-18±9.72e-19 (48%); (iii)
constant C2 is useful varied up to 6.5, higher values produced large creep which was not observed during
the experiment; (iv) from equation 3 and graph in Fig. 9 (row 3, column 1) it is evident that constant
C3 has significant effect only for values larger than 1.9. Identified resulting value 0.88±0.71 is lower
than this threshold and its influence for the material model is insignificant; (v) insensitivity to constant
C4 in varied range confirms zero effect of temperature creep during the FEA and C4 constant can not be
varied; (vi) the damage model as a function of the equivalent strain depends on variables D1 and D2 and
this dependency is shown in Fig. 8-right. Constant D1 determines the maximum degradation rate and
constant D2 governs the rate which degradation approaches this limiting value. The influence of these
constants on the nanoindentation curve is predictable and shown in Fig. 9 (row 4, column 1 and 2). For
increasing values of D1 and D2 increased penetration depth for the same value of load was observed.
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Fig. 9: Sensitivity study
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Tab. 2: Resulting constants from the three-point bending test of human trabecular bone

exp:mean value exp:STD FEM:mean value FEM:STD

Young’s modulus [GPa] 9.34 1.36 (14.5%) 12.093 0.727 (6%)

Poisson’s ratio [-] - - 0.2 0.05 (24%)

σy [MPa] 185.6 42 (22.6%) 170 4.96 (2.9%)

Etan [MPa] - - 1924 263 (13%)

C1 [-] - - 8.6e-18 5.1e-18 (59.4%)

C2 [-] - - 4.7 0.88 (18.6%)

C3 [-] - - 2.1 0.67 (32.7%)

C4 [-] - - 0 -

D1 [-] - - 0.52 0.08 (16%)

D2 [-] - - 30.1 1.4 (4.6%)

From the three-point bending test of the single trabecula Young’s modulus and yield stress were
directly determined. The experimental results, namely displacements of correlation markers and the ap-
plied force were used for FEA with goal to identify the constants for a material model same as in case of
the nanoindentation. Resulting constants is shown in Tab. 2 and the comparison of displacements of the
markers for the experiment and FEA are shown in Fig. 10-left, final distribution of vertical displacements
is shown in Fig. 10-right. Experimentally measured values of Young’s modulus for the single trabecula
in the case of the nanoindentation and three-point bending were 15.3±1.4 GPa and 9.34±1.36 GPa,
respectively. Difference in values can be explained by the nature of experiments, the nanoindentation
measurement of elastic properties is very localised and depend on place of indent. Usual procedure is
to indent a polished sample not necessarily taken perpendicularly to the longitudinal axis of trabecula
and thus measured elastic constants can be significantly different. It was shown by Brennan (2009) that
Young’s modulus measured by nanoindentation can vary in the cross-section of a trabecula in 5 GPa
range. On the other hand, Young’s modulus measured by three-point bending is expected to the aver-
age of values measured by nanoindentation in the cross-section. Second aspect is related to place of
harvesting that was not the exactly same.

Fig. 10: Comparison of displacements of markers (left), distribution of vertical displacements

4. Conclusions

In this study elasto-visco-plastic material model with damage for the human single trabecula based on
the nanoindentation test and three-bending test using the very similar procedure was established. Results
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from FE simulation of experiments were fitted to experimentally measured values. Measured depen-
dencies during the nanoindentation and three-point bending were force-penetration depth and force-
displacements of the markers, respectively. From the numerical fitting procedure, the constants of ma-
terial model were identified. Some of the constants can be directly determined from experiments. In
the case of the nanoindentation the Young’s modulus was 15.39±1.4 GPa and in the case of the three-
point bending test the Young’s modulus and the yield stress were 9.34±1.36 GPa and 185.64±42 MPa,
respectively. The visco-plastic constants and constants for the damage model were assessed from in-
verse FE modelling in both experiments. Young’s modulus (E=12.093±0.72 GPa) and yield stress
(170±4.96 MPa) were also determined by numerical analyses but only for the three-bending test. In-
fluence of individual constants were investigated using sensitivity analysis of the nanoindentation test.
The study confirms the possibility of using the indirect determination of the numerical material model
for single trabecula based on FEM and experimental methods (nanoindentation and the micromechanical
testing).
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FEM SIMULATION OF HIGH VELOCITY SHOCK WAVES IN FIBER 
REINFORCED COMPOSITES 

M. Žmindák*, Z.Pelagič* 

Abstract:  Fiber reinforced composites are very efficient in damping shock waves. Computational 
simulations enable to evaluate the damping properties and to design the structure of the fiber reinforced 
materials (FRM) and response of the whole structure to explosion and impact load. Especially important 
is the case when fibers are much stiffer than the matrix. The shock waves reflect, refract and interact in 
such material and the shock wave is damped and attenuated in this way. Material properties of fibers, 
matrix and volume content of both components are material design parameters, which define the 
structural response to explosion and impact load in computational simulations by multi-level modeling. 
We will present computational models for elastic material. The modulus of elasticity of fibres is 100 times 
larger than that of the matrix. . 

Keywords:  Computational simulation, high velocity impact, fiber reinforced composite. 

1. Introduction 

Composite materials have been used more extensively in the recent years in many fields of industry. 
Composite materials reinforced by stiff particles or fibers are important materials possessing excellent 
mechanical and also thermal and electro-magnetic properties. The main advantages of such materials 
are high strength and stiffness together with low weight, and possibility of designing desired 
mechanical properties of the structure in different locations and directions. This fact involves higher 
demands on the computational analysis, especially when compared to corresponding analysis of 
conventional materials. One of the important tasks is to assess the critical stress state for static or 
dynamic loadings. There are many criteria which are used to predict the failure of composite materials. 
The accuracy of prediction of failure strongly depends on the criterion (Kormaníková, et al., 2011).  

Properties of fiber composites reinforced by long fibers significantly depend on the selection of 
fiber and matrix and on the way of how they are combined, fiber volume fraction, fiber length, fiber 
orientation, laminate thickness and presence of bond medium for improvement of fiber-matrix bond. 
Glass fibers have high strength at low costs; carbon fibers have very high strength, stiffness and low 
density. Kevlar fibers have high strength and low density, they prevent the spread of fire and are 
penetrable by transparent to radio waves. Polyesters are most often used matrices, because they offer 
good properties at relatively low costs. The best properties of epoxies and application of polyamides at 
temperatures predestinate them to special use, but they are expensive. Strength of composites 
increases by fiber volume fraction and fiber orientation parallel to load direction. By increasing length 
of fibers, the reinforcement is more effective at load carrying. Shorter fibers are better for 
manufacturing and less expensive. 

In present time creating new scientific discipline „ Simulation-Based Engineering Science 
(SBES)“, which on basis of mathematical methods and computer simulated engineering system 
behavior. Computer simulation represents an extension of theoretical science in that it is based on 
mathematical models. Simulation also provides a powerful alternative to the techniques of 
experimental science and the observation when phenomena are not observable or when measurements 
are impractical or too expensive.  
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Wave propagation in heterogeneous material is a very old and complex problem (Brepta, 1997; 
Okrouhlik, 2001).  The phenomenon of material and geometric dispersion are so far very little studied. 
It is a complex problem with regard to interaction of pressure and tension phase waves generated on 
the boundary of an inhomogeneous material. The smaller the particles, the greater the number of 
material interfaces, which interact with each other and wave progresses, the greater the reduction and 
dispersion. Interaction of the bow shock wave with the secondary pressure waves resulting dissipation, 
shock-wave attenuation. 

Currently, for wave propagation modeling in composite structures at high speeds are mainly used 
the Finite Element Method (FEM) (Bathe, 2011), Boundary Element Method (BEM) (Sládek, 2002), 
Fast Multipole BEM (Liu, 2009), respectively, Finite Volume Method (FVM), mesh free formulations 
and recently connection of FEM and element free based formulations, used in commercial program 
systems LS-DYNA (LS-DYNA ,2006), AUTODYN and PAM CRASH etc.. However very effective 
methods appear to be spectral FEM (SFEM) and wavelet methods. The SFEM is a numerical method 
evolved from the Fourier Transform based method. More details about the solution is given in (Tsai, 
2006; Gopalakrishnan, 2008). 

Shock wave propagation in heterogeneous materials is a complex matter (Datta, 2009). 
Phenomenon of material and geometric dispersion is yet poorly understood as complex pattern is 
generated by a continuous interaction of compression and rarefaction waves generated by inter-face in 
non-homogeneous material. The smaller is the particle size, the greater is the number of interfaces that 
interact with propagating stress waves and the higher is attenuation and dispersion. Interaction of 
leading shock front with secondary compression waves results in dissipation of the shock wave. The 
behaviour of materials by shock wave loading can be simulated and studied by commercial softwares 
like LS DYNA, AUTODYN, DYTRAN, ABAQUS, PAM-SHOCK, etc., but the models require large 
number of equations that have to be solved and resolved during propagation of the shock waves and 
so, very efficient computers/supercomputers are necessary for modelling of complicated problems. 

The aim of this paper is to contribute better understanding and modelling of scattering and 
dispersion of shock waves using commercial software. It is supposed that readers are familiar with 
basics of continuum mechanics and basic methods of simulation classical problems of statics and 
dynamics using FEM. Some special methods and corresponding governing equations used especially 
in simulations of shock propagation in solids are introduced.  

2. Wave propagation in elastic solids  

In this section we first present the basic considerations about physical problems and then we 
mentioned about most important wave forms in solids. We note that we consider only an elastic, 
isotropic homogeneous isotropic medium. 

2.1 Governing equations  

We will not present here all governing equations for shock wave propagation as it would contain basic 
relations of continuum mechanics, which can the reader find in textbook of continuum mechanics 
(Malvern, 2007, Meyres, 1999 & Wu, 2005). These equations are used to describe:  

N the kinematics of solid continuum, the equations which present relation between 
displacements and corresponding displacement gradient for finite displacements in material 
and spatial description, strain tensors for finite strain formulation, strain measures and strain 
rate tensors, 

N material and spatial time derivatives of deformations, velocity and velocity gradients, 
N corresponding stress measures, 
N formulation of equilibrium, 
N conservation equations (conservation of mass, momentum and energy), 

 
Thermodynamic laws give: 

N the first law – the conservation of  total energy, 
N the second law – change in entropy, 
N thermodynamic potentials – internal energy, enthalpy, Helmholtz and Gibbs free energy. 

1632 Engineering Mechanics 2012, #319



 

 
Further, the constitutive equations, which have to be thermodynamically consistent, give the 

relation between stress and strain measures.  Dynamic deformation processes, especially when shock 
wave formation is involved, are usually modelled by decomposed stress tensor. The decomposition 
splits the stress tensor into a deviatoric tensor Sij  

 ijijij pS �4 ��  (1) 

The usefulness of the decomposition results from the needed nonlinear character of equations of 
state (EOS) to describe shock waves. In general, a pure material can be solid, fluid and gas.  

We will deal further with solids and only with special problems concerning shock waves 
propagation. More general problems can be found in textbooks, e.g. (Hiermaier, 2008; Malvern 1969; 
Meyers at al., 1999; Wu, 2005). Dynamic compressive behaviour of materials at strain rates in the 
regime of 106 [s-1] is typical for shock loading resulting elastic-plastic characteristic. 

For most engineering applications involving equations of states, empirical relations with 
experimentally derived data are used. It is most simple representation is the so called linear equation 
of state which assumes isothermal processes and a linear pressure-volume or pressure-density relation. 
Via the bulk modulus K the linear equation of state is formulated as: 

 BAA- K)/(KKp kk ���� 10  (2) 

with the compression term μ describing the ratio of change in volume and density ρ from its initial 
state, ρ0. 

For isotropic materials, the bulk modulus K is linked to the Young’s modulus E and the shear 
modulus G via the Poisson ratio ν by: 

 )/()(G)v/(EK CC 631263 �����  (3) 

meaning that the knowledge of any two other elastic constants provides the needed material dependent 
input for the linear equation of state. 

Whenever the linear elastic region described in equation (2) is left, which is for example the 
case when a wide spectrum of pressure and energy shall be covered by the EOS, nonlinear relations 
are needed. A polynomial description of an equation of state can for instance be written as: 

 010332211 ABBBB )BB(KKKp �����   (4) 

where Ki and Bi are material constants usually defined separately for compression and expansion, 
respectively. An important difference to the linear equation (2) is marked by the energy dependency, e, 
of the last term in (4). Whereas the linear equation is only a compression curve along an isotherm, the 
latter can really be called equation of state in the sense of (4). 

The observation of shock wave propagation can provide information to identify the material 
parameters in (4). The underlying theory is composed of the thermomechanics of shock waves, i.e. 
essentially the Rankine-Hugoniot equations providing a line of reference configurations on the state 
surface, used to identify the parameters Ki and an assumption on the pressure change of the Hugoniot-
line along isochores, defining the constants Bi. 

In the case of quasi-static loads, wave effects are not investigated since the loading duration is 
long compared to the duration of multiple reflections throughout the structure. In addition, the 
resulting structural deformation and material state is not influenced in a comparable way by single 
wave transition. However, if the induced waves take the shape and amplitude of shock waves or the 
load speed is in the order of magnitude of the local sound speed, then wave effects and their 
propagation through the structure needs to be resolved in time and space. 

2.2 Wave forms 

Waves in solids are basically perturbations in the velocity field propagating through the continuum in 
different forms and at related different velocities. The propagating perturbation leads to wave form 
specific motion of the particles. The most important wave forms in solids are: 
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N Longitudinal waves of compressive or tensile type which cause particle deflections along 

propagating direction. They are the fastest wave forms in solids and are also called primary 
waves and the velocity is given by 

 
A
EcL �  (5) 

The next fastest waves are the shear or secondary waves causing particle motion 
perpendicular to the wave propagation. The speed is given by 

 
A
GcS �  (6) 

where G is shear modulus of material. 
N Along the surface of solids propagate so called Rayleigh waves setting surface particles into 

elliptic motion and decaying in direction perpendicular to the surface. 
N In structures of finite bending stiffness flexural wave propagate upon dynamic loading. In 

structures of complicated form a complicated combination of all basic wave forms can be 
observed. 

  
Characteristic properties of all shock waves are extremely short rise times as well as high pressure, 
density and temperature amplitudes. Basically, shock waves can arise as a sequence of both wave 
superposition and dispersion effects: 
 
N If the source of a pressure disturbance is moving at a speed of sound of the surrounding medium 

or faster, superposition of the propagated disturbance and thus pressure waves leads to increased 
amplitudes and pressure gradients. 

N In case of nonlinear pressure-density relations the corresponding dispersion effects lead to the 
formation of shock waves if faster wave components overtake earlier induced waves of lower 
propagation speed. 
 

External dynamic compressive loads, initiated e.g. by impact or detonation, can possibly cause very 
strong waves with extremely short rise times inside structure. Superposition of different wave 
components is responsible for the steepening of the wave front. Superposition takes place as a 
consequence of dispersion, an effect that arises with nonlinear compressive behaviour. 

In the initial elastic regime (p0, V0) compressive waves are propagated at the elastic wave speed 
(see Fig.1) 

 
0

20
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V
p

V
ccelastic O

O
���  (7) 

As the load rises to higher pressures beyond the plastic threshold, the gradient and thus the 
propagation speed decreases drastically. Enhancement of pressure beyond the state of ( 1p , 1V ) leads 
to a gradual increase of the modulus. From that turn around point onwards, pressure waves are 
initiated that propagate faster than others before. Consequently, a superposition of slower wave 
packages by faster ones with higher amplitude occurs.  

In the light of these observations and with a mathematical description for the slopes in the 
Vp �  diagram of Chyba! Nenašiel sa žiaden zdroj odkazov., conditions for the formation of shock 

waves can be formulated as: 
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In materials with an elastic-plastic compressive behaviour according Chyba! Nenašiel sa žiaden 
zdroj odkazov., only loading conditions achieving pressures of p1 or more can lead to shock waves. 
In gases and fluids, however, compression shocks can arise from ambient pressures onwards since no 
regions with 	 
 022 QOO Vp  exist. 

Another necessary precondition for the shock formation 
is the rapid loading. Imagine a quasi-static load 
application to a pressure level indicated by 1p  in 
Chyba! Nenašiel sa žiaden zdroj odkazov.. Still, 
information about the applied load would be 
transported by waves at the sound speed defined by 
dispersion effects, i.e. depending on ∂p/∂V. But time 
delay for each pressure increment along a certain 
equilibrium path would avoid the formation of a shock 
wave. 

Only if the load application is fast enough, the wave 
fronts of the faster packages keep up with the earlier 
wave fronts. The result is a steepened wave front and 
shorter rise times to higher pressures. Often, the wave 

components from the elastic regime are fast enough that a so called elastic precursor is formed. It is, 
however, also possible that even the elastic precursor is overtaken by very fast plastic waves. Whether 
or not this happens is only a matter of the load application speed and the achieved maximum pressure 
level. 

3. Computational simulations 

As it was shown in the previous section the shock wave velocity is influenced by material properties, 
modulus of elasticity, material density, temperature, etc. Modern composite materials are reinforced 
by particles, fibres or layers from materials of much higher stiffness than that of the matrix. Such 
materials are important for many applications, as its stiffness and strength is often much higher than 
that of the homogeneous material (Harper, 1971;  Kompiš et al., 2010; Kompiš et al., 2011). Also the 
dynamical properties of such materials differ from homogeneous materials by much higher damping 
which is important for impact by low and high velocities, but also by other loading conditions. 
Computational simulations described below document great importance of the damping in materials 
reinforced by fibres. 

In following example  the composite material with modulus of elasticity and density equal to 210 GPa 
and 7830 kg m-3, respectively, is reinforced by straight fibres regularly distributed parallel to the upper 
surface (see Fig. 2). The modulus of elasticity of fibres is 100 times larger than that of the matrix. The 
loading of the material is perpendicular to the surface and it is increasing from zero to 0.0315 GPa in 
0.05 μs and decreasing back to zero in same time.  

In order to describe the stress behaviour of a FRM, the material is modelled as a Representative 
Volume Element (RVE). This element describes the homogenous behaviour of the two phases, matrix 
and fiber, inside the RVE. Simulations are carried out with fibers with different diameters and volume 
fraction of fibers. We assume perfect adhesion between the fibers and matrix. 

It is a 2D problem (plain stress, t =1) and computational simulations were performed in FE software 
ABAQUS. The geometric parameters of the RVE are given in fig. 2. The regular FE mesh of the 
model consist CPS4R, 4-noded, bilinear plane stress quadrilateral element with linear base functions 
with hourglass control. Most number of elements (27 348) and nodes (27856) has variant 3. The 
problem was solved in 2000 cycles with time step 2.5 x 10-10 s in the model. 

Boundary conditions, FE mesh are described in fig 2a and in fig. 2b is described the mesh of 14 fibers.  
Dimensions are the same as for RVE with 6 fibers. The pressure load is applied on the upper side of 
RVE. The bottom side of RVE is fixed in the Y-direction and axis symmetry was applied on the both 
vertical sides. Calculations were made for following 4 variants: 

 Variant 0 -  model without fibers. 

 
Fig. 1 Nonlinear compression curve of a solid 

elastic-plastic material allowing for 
dispersion driven shock waves. 
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Variant 1 -  model with fiber radius rf = 1 mm and volume fraction of fiber vf = 35%. 
Variant 2 -  model with rf = 0.5 mm and vf  = 17,5%.  
Variant 3 -  model with rf = 0.5mm and vf = 35%. 
 

In fig. 3a  are described coordinates of investigated point for all four variants and in tab. 1 are their 
numerical values.   
 

 
a) Boundary conditions and FEM mesh 

 

 

b) Mesh of 14 fibers 

Fig. 2 Problem definition and boundary conditions 
 

Tab. 1: Coordinates of investigated points 
Point: 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 
X[mm] 0 0 0 0 0 1.5 1.5 1.5 1.5 1.5 3 3 3 3 3 
Y[mm] 6 3 0 -3 -6 6 3 0 -3 -6 6 3 0 -3 -6 
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a) evaluated points b) Point 1, t = 2.3275 E-07 s 

 
 

c) Point 2, t =8.4774 E-07 s d) Point 3, t = 1.1477 E-06 s 

 

 
 

 

 

e) Point 4, t = 2.6301 E-06 s f) Point 5, t = 2.81165 E-06 

Fig. 3 Von Mises stress in investigate points 1 to 5 for  variant 1 
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a) Variant 2, t = 3.0227 E-06 b) Variant 3, t =3.005 E-06 
Fig. 4 Von Mises stress in point 5 

 
At beginning the wave propagates parallel to the surface without any interaction (Fig.3b). After 
reaching first fibres the wave reflects from the fibre and interact with reflected part, however, the front 
of the wave is still expressive (Fig.3c). After the front of wave continues to propagate to lower part 
under the surface, the maximum in corresponding point is not as high as in many other points closer to 
the surface. Fig. 3e and fig.3f corresponds to the moment when the effective stress is maximal in point 
5, but the stresses in points closer to the upper surface are larger because of complicated interactions 
of the waves. 
Fig. 4a and fig. 4b shows the same situation for variant 2 and variant 3.  Fig.5 to fig.6 shows time 
course of the von Misses stresses after the shock achieving the surface of the material all in points 1 to 
5. The red colour corresponds to the point 1 close to the surface and other colours to the other points 
below the first one. From the figures we can find the movement of the front as well the maximum of 
the stress in time. In fig.7 and fig.8 are described time courses of the von Mises stress for variant 2 and 
variant 3.  
 

 
Fig. 5 Time course of the von Mises  stress for variant 0 
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Fig. 6 Time course of the von Mises  stress for variant 1 

 

 
Fig. 7 Time course of the von Mises  stress for variant 2 

 

 
Fig. 8 Time course of the von Mises  stress for variant 3 
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Finally, all results are summarised in tab.1, which gives maximum von Mises stress for all 4 variants 
in 15 investigated points throughout the period of time. In fig.9 is course of maximum von Mises 
stress for all variants and all investigated points. The sharp drop in maximum von Mises stress from 
point 1 to point 2 and 11 to 12 for variant 3 is due to passing stress wave through the fiber. The von 
Mises stress drop is modest from point 6 to 11 because the plane defined by points 6-10 is between 
fibers. 

 
Tab. 1: maximum von Mises stresses (Pa) in points for different variants 

Point Variant 0 Variant 1 Variant 2 Variant 3 
1 2.51873E+007 2.46752E+007 2.50021E+007 2.97331E+007 
2 1.58461E+007 1.53314E+007 1.60142E+007 9.27268E+006 

3 1.18519E+007 6.27792E+006 6.53354E+006 6.94687E+006 

4 1.03242E+007 5.28174E+006 7.27257E+006 6.0145E+006 
5 8.54604E+006 5.08785E+006 6.58414E+006 7.32889E+006 

6 2.51873E+007 2.47847E+007 2.43585E+007 2.96361E+007 

7 1.52088E+007 1.25627E+007 1.47267E+007 1.94574E+007 
8 1.08391E+007 6.52019E+006 1.05614E+007 1.1574E+007 

9 9.49899E+006 3.99877E+006 7.04418E+006 7.59478E+006 

10 9.75734E+006 5.03414E+006 7.21751E+006 5.78076E+006 
11 2.80318E+007 2.44781E+007 2.80414E+007 7.74334E+007 

12 1.7466E+007 6.97456E+006 1.01383E+007 1.98204E+007 

13 1.3209E+007 6.71266E+006 8.95498E+006 1.49838E+007 
14 1.18789E+007 5.92797E+006 7.30872E+006 1.07567E+007 

15 1.04222E+007 3.62426E+006 1.02094E+007 1.09097E+007 

 
If we define damping ratio as von Mises stress drop in 3 planes vertical to the upper surface defined by 
investigated points 1-5, 6-10 and 11-15 as  

 
	 
 	 


	 
invο

4invοinvο

σ
σσratioDamping ��

� , i = 5, 10, 15, (10) 

then damping ratios of stress waves for going through indicated planes are given in tab. 2. As 
expected, the largest value of damping ratio is for variant 3 in plane 11-15 and is 0.8591. This means 
that the drop of maximum von Mises stress is almost 86 percentage. 
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Fig. 9 Course of von Mises stress in investigated points 

 
Tab: 2 Damping ratios of stress waves 

Plane  Variant 0 Variant 1 Variant 2  Variant3 
1 - 5 0.6607 0.7938 0.7367 0.7535 

6-10 0.6126 0.7969 0.7037 0.8049 

11-15 0.6282 0.8519 0.6359 0.8591 
 
We note that computational models do not contain any other damping except of the interaction of the 
shock wave with fibres (each material contains some imperfections in the structure and in material 
properties and so, there is some material damping also in homogeneous material) and shows as the 
reinforcing fibres because of very different material properties of both material components result in 
very efficient damping of shock waves and thus such composite can be very efficient in defence 
against explosion. 

The shock wave in homogeneous material is not influenced by propagation through material and only 
when it is reflected on the boundaries there is an interaction with propagated wave [Hermaier, (2008); 
Kompiš, at al. (2010)]. On the other side there is very complicated interaction of the wave by 
reflection, and refraction on the interface between softer matrix and stiffer fibres leading to strong 
damping of the shock wave. 

4. Conclusions 

The problem of shock wave propagation was studied in this work. Computational simulations were 
performed in FE software ABAQUS. The FEM simulation was based on the RVE model. Simulations 
are carried out with fibers with different diameters and volume fraction of fiber.  The proposed 
procedure allow very effectively without expensive experiments to study the behaviour of composite 
materials from all points of view, the material structure topology, material properties of components, 
percentage of reinforcement, etc. That the longest calculation time was for variant 3 and used CPU 
time was only 1:47:17 on Pentium desktop computer with Intel core i5 with 2,6 GHz frequency and 8 
GB RAM.  
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Červenka, M. . . . . MCT-177, #88
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Hasnı́ková, H. . . . .HIS-355, #74
Havelka, F. . . . . . . MCT-363, #175
Havelka, J. . . . . . . SOL-377, #249
Havlı́k, R. . . . . . . . BIO-1087, #184
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Hlaváček, P. . . . . . FRA-391, #211
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Holušová, T. . . . . . FRA-1497, #186
Holzer, R. . . . . . . . . HIS-87, #320
Hora, P. . . . . . . . . . CME-399, #161
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Stránský, J. . . . . . . SOL-1237, #18
Stratil, L. . . . . . . . . FRA-1253, #108
Strzelecki, P. . . . . . FRA-1259, #94



164716471647

Suhajda, K. . . . . . . FLU-1189, #62

Susan-Resiga, R. F. FLU-1331, #57
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Šperl, M. . . . . . . . . FRA-323, #67 HIS-231, #241
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Tesař, V. . . . . . . . . . FLU-1381, #73 FLU-1395, #278
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Učeň, O. . . . . . . . . . BIO-301, #251

Ulbin, M. . . . . . . . . CME-317, #162

Uruba, V. . . . . . . . . FLU-523, #78

Urushadze, S. . . . . DYN-1041, #96 DYN-1449, #16
DYN-1457, #22 HIS-1565, #75
HIS-231, #241

V
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Vořechovská, D. . .FRA-383, #225
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